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Iғ ɂɒɑɂ ЎԔɍȼ ȾȺɋɌɍɊɂ 

Ʉɢɪɢɲ 

 

ɀɚɦɢɹɬ ɬɚɪɚԕԕɢɺɬɢ ɧɚɮɚԕɚɬ ɦɚɦɥɚɤɚɬ ɢԕɬɢɫɨɞɢɣ ɫɚɥɨԟɢɹɬɢɧɢɧɝ 
ɸɤɫɚɤɥɢɝɢ ɛɢɥɚɧ, ɛɚɥɤɢ ɛɭ ɫɚɥɨԟɢɹɬ ԟɚɪ ɛɢɪ ɢɧɫɨɧɧɢɧɝ ɤɚɦɨɥ ɬɨɩɢɲɢ ɜɚ 
ɭɣԑɭɧ ɪɢɜɨɠɥɚɧɢɲɢɝɚ ԕɚɧɱɚɥɢɤ ɣўɧɚɥɬɢɪɢɥɝɚɧɥɢɝɢ, ɢɧɧɨɜɚɰɢɹɥɚɪɧɢ ɬɚɞɛɢԕ 
ɷɬɢɥɝɚɧɥɢɝɢ ɛɢɥɚɧ ԟɚɦ ўɥɱɚɧɚɞɢғ Ⱦɟɦɚɤ, ɬɚɴɥɢɦ ɬɢɡɢɦɢ ɫɚɦɚɪɚɞɨɪɥɢɝɢɧɢ 
ɨɲɢɪɢɲ, ɩɟɞɚɝɨɝɥɚɪɧɢ ɡɚɦɨɧɚɜɢɣ ɛɢɥɢɦ ԟɚɦɞɚ ɚɦɚɥɢɣ ɤўɧɢɤɦɚ ɜɚ ɦɚɥɚɤɚɥɚɪ 
ɛɢɥɚɧ ԕɭɪɨɥɥɚɧɬɢɪɢɲ, ɱɟɬ ɷɥ ɢɥԑɨɪ ɬɚɠɪɢɛɚɥɚɪɢɧɢ ўɪɝɚɧɢɲ ɜɚ ɬɚɴɥɢɦ 
ɚɦɚɥɢɺɬɢɝɚ ɬɚɞɛɢԕ ɷɬɢɲ ɛɭɝɭɧɝɢ ɤɭɧɧɢɧɝ ɞɨɥɡɚɪɛ ɜɚɡɢɮɚɫɢɞɢɪғ 
“Ɇɚɬɟɦɚɬɢɤɚɧɢɧɝ ɫɨԟɚɥɚɪɝɚ ɬɚɞɛɢԕɥɚɪɢ” ɦɨɞɭɥɢ ɚɣɧɚɧ ɦɚɧɚ ɲɭ 
ɣўɧɚɥɢɲɞɚɝɢ ɦɚɫɚɥɚɥɚɪɧɢ ԟɚɥ ɷɬɢɲɝɚ ԕɚɪɚɬɢɥɝɚɧғ  

 

Ɇɨɞɭɥɧɢɧɝ ɦɚԕɫɚɞɢ ɜɚ ɜɚɡɢɮɚɥɚɪɢ 

 

“Ɇɚɬɟɦɚɬɢɤɚɧɢɧɝ ɫɨԟɚɥɚɪɝɚ ɬɚɞɛɢԕɥɚɪɢ” ɦɨɞɭɥɢɧɢɧɝ ɦɚԕɫɚɞɢ 
ɩɟɞɚɝɨɝ ɤɚɞɪɥɚɪɧɢ ɢɧɧɨɜɚɰɢɨɧ ɺɧɞɨɲɭɜɥɚɪ ɚɫɨɫɢɞɚ ɦɚɬɟɦɚɬɢɤɚɧɢɧɝ 

ɫɨԟɚɥɚɪɝɚ ɬɚɞɛɢԕɥɚɪɢ ɠɚɪɚɺɧɥɚɪɢɧɢ ɢɥɦɢɣ-ɦɟɬɨɞɢɤ ɞɚɪɚɠɚɞɚ 
ɥɨɣɢԟɚɥɚɲɬɢɪɢɲ, ɦɚɬɟɦɚɬɢɤɚ ɫɨԟɚɫɢɞɚɝɢ ɢɥԑɨɪ ɬɚɠɪɢɛɚɥɚɪ, ɡɚɦɨɧɚɜɢɣ 
ɛɢɥɢɦ ɜɚ ɦɚɥɚɤɚɥɚɪɧɢ ўɡɥɚɲɬɢɪɢɲ ɜɚ ɚɦɚɥɢɺɬɝɚ ɠɨɪɢɣ ɷɬɢɲɥɚɪɢ ɭɱɭɧ ɡɚɪɭɪ 
ɛўɥɚɞɢɝɚɧ ɤɚɫɛɢɣ ɛɢɥɢɦ, ɤўɧɢɤɦɚ ɜɚ ɦɚɥɚɤɚɥɚɪɢɧɢ ɬɚɤɨɦɢɥɥɚɲɬɢɪɢɲ, 
ɲɭɧɢɧɝɞɟɤ ɭɥɚɪɧɢɧɝ ɢɠɨɞɢɣ ɮɚɨɥɥɢɝɢɧɢ ɪɢɜɨɠɥɚɧɬɢɪɢɲɞɚɧ ɢɛɨɪɚɬғ 

“Ɇɚɬɟɦɚɬɢɤɚɧɢɧɝ ɫɨԟɚɥɚɪɝɚ ɬɚɞɛɢԕɥɚɪɢ” ɦɨɞɭɥɢɧɢɧɝ 

ɜɚɡɢɮɚɥɚɪɢ: 
- “Ɇɚɬɟɦɚɬɢɤɚ” ɣўɧɚɥɢɲɢɞɚ ɩɟɞɚɝɨɝ ɤɚɞɪɥɚɪɧɢɧɝ ɤɚɫɛɢɣ ɛɢɥɢɦ, 

ɤўɧɢɤɦɚ, ɦɚɥɚɤɚɥɚɪɢɧɢ ɬɚɤɨɦɢɥɥɚɲɬɢɪɢɲ ɜɚ ɪɢɜɨɠɥɚɧɬɢɪɢɲҲ  
- ɩɟɞɚɝɨɝɥɚɪɧɢɧɝ ɢɠɨɞɢɣ-ɢɧɧɨɜɚɰɢɨɧ ɮɚɨɥɥɢɤ ɞɚɪɚɠɚɫɢɧɢ ɨɲɢɪɢɲҲ 

- ɦɚɬɟɦɚɬɢɤɚɧɢɧɝ ɫɨԟɚɥɚɪɝɚ ɬɚɞɛɢԕɥɚɪɢɧɢ ўԕɢɬɢɲ ɠɚɪɚɺɧɢɝɚ 
ɡɚɦɨɧɚɜɢɣ ɚɯɛɨɪɨɬ-ɤɨɦɦɭɧɢɤɚɰɢɹ ɬɟɯɧɨɥɨɝɢɹɥɚɪɢɧɢ ɫɚɦɚɪɚɥɢ ɬɚɞɛɢԕ 
ɷɬɢɥɢɲɢɧɢ ɬɚɴɦɢɧɥɚɲҲ 

- ɦɚɬɟɦɚɬɢɤɚɧɢɧɝ ɫɨԟɚɥɚɪɝɚ ɬɚɞɛɢԕɥɚɪɢɧɢ ўԕɢɬɢɲɧɢɧɝ ɢɧɧɨɜɚɰɢɨɧ 
ɬɟɯɧɨɥɨɝɢɹɥɚɪɢ ɜɚ ɢɥԑɨɪ ɯɨɪɢɠɢɣ ɬɚɠɪɢɛɚɥɚɪɢɧɢ ўɡɥɚɲɬɢɪɢɲҲ 

- “Ɇɚɬɟɦɚɬɢɤɚ” ɣўɧɚɥɢɲɢɞɚ ԕɚɣɬɚ ɬɚɣɺɪɥɚɲ ɜɚ ɦɚɥɚɤɚ ɨɲɢɪɢɲ 
ɠɚɪɚɺɧɥɚɪɢɧɢ ɮɚɧ ɜɚ ɢɲɥɚɛ ɱɢԕɚɪɢɲɞɚɝɢ ɢɧɧɨɜɚɰɢɹɥɚɪ ɛɢɥɚɧ ўɡɚɪɨ 
ɢɧɬɟɝɪɚɰɢɹɫɢɧɢ ɬɚɴɦɢɧɥɚɲ 
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Ɇɨɞɭɥ ɛўɣɢɱɚ ɬɢɧɝɥɨɜɱɢɥɚɪɧɢɧɝ ɛɢɥɢɦɢ, ɤўɧɢɤɦɚ ɜɚ ɦɚɥɚɤɚɥɚɪɢɝɚ 
ԕўɣɢɥɚɞɢɝɚɧ ɬɚɥɚɛɥɚɪ 

 

“Ɇɚɬɟɦɚɬɢɤɚɧɢɧɝ ɫɨԟɚɥɚɪɝɚ ɬɚɞɛɢԕɥɚɪɢ” ɦɨɞɭɥɢɧɢ ўɡɥɚɲɬɢɪɢɲ 
ɠɚɪɚɺɧɢɞɚ ɚɦɚɥɝɚ ɨɲɢɪɢɥɚɞɢɝɚɧ ɦɚɫɚɥɚɥɚɪ ɞɨɢɪɚɫɢɞɚ  ɬɢɧɝɥɨɜɱɢɥɚɪ: 

- ɦɚɬɟɦɚɬɢɤ ɦɚɫɚɥɚɥɚɪɧɢ ɦɚɬɟɦɚɬɢɤ ɬɢɡɢɦɥɚɪɞɚ ɟɱɢɲɧɢ ɜɚ ɫɬɚɧɞɚɪɬ 
ɮɭɧɤɰɢɹɥɚɪɞɚɧ ɮɨɣɞɚɥɚɧɢɲɧɢҲ 

- ɦɚɬɟɦɚɬɢɤɚɧɢ ўԕɢɬɢɲɞɚ ɭɧɢɧɝ ɬɚɞɛɢԕɥɚɪɢ ɛɢɥɚɧ ɬɭɲɭɧɬɢɪɢɲɧɢ, 
ԟɚɺɬɢɣ ɜɚ ɫɨԟɚɝɚ ɨɢɞ ɦɢɫɨɥɥɚɪɧɢҲ 

- ɦɚɬɟɦɚɬɢɤ ɮɚɧɥɚɪɧɢ ўԕɢɬɢɲɧɢɧɝ ɡɚɦɨɧɚɜɢɣ ɭɫɭɥɥɚɪɢɧɢ ɛɢɥɢɲɢ 
ɤɟɪɚɤғ 
- ɦɚɬɟɦɚɬɢɤ ɚɧɚɥɢɡ ɜɚ ɞɢɮɮɟɪɟɧɰɢɚɥ ɬɟɧɝɥɚɦɚɥɚɪɧɢ ɛɢɨɦɚɬɟɦɚɬɢɤɚ, 

ɦɟɯɚɧɢɤɚ, ɨɦɦɚɜɢɣ ɯɢɡɦɚɬ ɧɚɡɚɪɢɹɫɢ, ɢԕɬɢɫɨɞɢɣ ɫɨԟɚɥɚɪ ɜɚ ɛɨɲԕɚ ɫɨԟɚɥɚɪɞɚ 
ɤɟɧɝ ԕўɥɥɚɲҲ 

- ɦɚɬɟɦɚɬɢɤ ɮɚɧɥɚɪɧɢ ўԕɢɬɢɲɞɚ ɢɧɧɨɜɚɰɢɨɧ ɬɚɴɥɢɦ ɦɟɬɨɞɥɚɪɢ ɜɚ 
ɜɨɫɢɬɚɥɚɪɢɧɢ ɚɦɚɥɢɺɬɞɚ ԕўɥɥɚɲ  ɤўɧɢɤɦɚɥɚɪɢɝɚ ɷɝɚ ɛўɥɢɲɢ ɥɨɡɢɦғ 

- ɦɚɬɟɦɚɬɢɤɚɧɢ ўԕɢɬɢɲ ɢɧɧɨɜɚɰɢɨɧ ɠɚɪɚɺɧɢɧɢ ɥɨɣɢԟɚɥɚɲɬɢɪɢɲ ɜɚ 
ɬɚɲɤɢɥɥɚɲɬɢɪɢɲɧɢɧɝ ɡɚɦɨɧɚɜɢɣ ɭɫɭɥɥɚɪɢɧɢ ԕўɥɥɚɲ ɦɚɥɚɤɚɥɚɪɢɝɚ ɷɝɚ 
ɛўɥɢɲɢ ɥɨɡɢɦғ 

- ɦɚɬɟɦɚɬɢɤɚɧɢ ɬɭɪɥɢ ɫɨԟɚɥɚɪɝɚ ɬɚɬɛɢԕ ɷɬɢɲ ɤɨɦɩɟɬɟɧɰɢяɫɢɝɚ ɷɝɚ 
ɛўɥɢɲɢ ɥɨɡɢɦ. 

Ɇɨɞɭɥɧɢɧɝ ўԕɭɜ ɪɟɠɚɞɚɝɢ ɛɨɲԕɚ ɦɨɞɭɥɥɚɪ ɛɢɥɚɧ ɛɨԑɥɢԕɥɢɝɢ ɜɚ 
ɭɡɜɢɣɥɢɝɢ 

 

“Ɇɚɬɟɦɚɬɢɤɚɧɢɧɝ ɫɨԟɚɥɚɪɝɚ ɬɚɞɛɢԕɥɚɪɢ” ɦɨɞɭɥɢ ўԕɭɜ ɪɟɠɚɞɚɝɢ “Ўɥɱɨɜ 
ɧɚɡɚɪɢɹɫɢ ɜɚ ɭɧɢɧɝ ԕўɥɥɚɧɢɲɢ” ɜɚ “Ɂɚɦɨɧɚɜɢɣ ɝɟɨɦɟɬɪɢɹ” ɦɨɞɭɥɥɚɪɢ ɛɢɥɚɧ 
ɱɚɦɛɚɪɱɚɫ ɛɨԑɥɢԕ ɜɚ ɩɟɞɚɝɨɝ ɤɚɞɪɥɚɪɧɢɧɝ ɭɦɭɦɢɣ ɬɚɣɺɪɝɚɪɥɢɤ ɞɚɪɚɠɚɫɢɧɢ 
ɨɲɢɪɢɲɝɚ ɯɢɡɦɚɬ ԕɢɥɚɞɢғ 

 

Ɇɨɞɭɥɧɢɧɝ ɨɥɢɣ ɬɚъɥɢɦɞɚɝɢ ўɪɧɢ 

 

Ɇɨɞɭɥɧɢ ўɡɥɚɲɬɢɪɢɲ ɨɪԕɚɥɢ ɬɢɧɝɥɨɜɱɢɥɚɪ ɦɚɬɟɦɚɬɢɤɚɧɢɧɝ ɛɨɲԕɚ 
ɫɨԟɚɥɚɪɞɚɝɢ ɤɟɧɝ ɬɚɞɛɢԕɥɚɪɢɧɢɧɝ ўɪɧɢ ɜɚ ɢɫɬɢԕɛɨɥɥɢ ɣўɧɚɥɢɲɥɚɪɢ ɛўɣɢɱɚ 
ɦɨɫ ɡɚɪɭɪɢɣ ɛɢɥɢɦ, ɤўɧɢɤɦɚ ɜɚ ɦɚɥɚɤɚɥɚɪɧɢ ўɡɥɚɲɬɢɪɚɞɢɥɚɪғ 
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Ɇɨɞɭɥ ɛўɣɢɱɚ ɫɨɚɬɥɚɪ ɬɚԕɫɢɦɨɬɢ: 
 

№ Ɇɨɞɭɥ ɦɚɜɡɭɥɚɪɢ 

Ɍɢɧɝɥɨɜɱɢɧɢɧɝ ўԕɭɜ ɸɤɥɚɦɚɫɢ, 
ɫɨɚɬ 

Ԟ
ɚɦ

ɦɚ
ɫɢ

 

Ⱥɭɞɢɬɨɪɢɹ ўԕɭɜ 
ɸɤɥɚɦɚɫɢ 

Ʉ
ўɱ

ɦɚ
 ɦ

ɚɲ
ԑɭ

ɥɨ
ɬ 

ɠ
ɚɦ

ɢ 

ɠɭɦɥɚɞɚɧ 

ɇ
ɚɡ

ɚɪ
ɢɣ

 

Ⱥ
ɦɚ

ɥɢ
ɣ 

ɦɚ
ɲ

ԑɭ
ɥɨ

ɬ 

1.  

Ɍɟɧɝɥɚɦɚɥɚɪ ɜɚ ɭɥɚɪɧɢɧɝ ɬɚɞɛɢԕɥɚɪɢғ 
Ɇɚɬɪɢɰɚɥɚɪ ɜɚ ɭɥɚɪɧɢɧɝ ɬɚɞɛɢԕɥɚɪɢғ 
ȼɟɤɬɨɪɥɚɪ ɜɚ ɭɥɚɪɧɢɧɝ ɬɚɞɛɢԕɥɚɪɢғ 

6 6 2 4  

2.  
Ɏɭɧɤɰɢɹɥɚɪ ɜɚ ɭɥɚɪɧɢɧɝ ɬɚɞɛɢԕɥɚɪɢғ 
Ԟɨɫɢɥɚ ɜɚ ɭɧɢɧɝ ɬɚɞɛɢԕɥɚɪɢ 

4 4 2 2  

3.  
ɂɧɬɟɝɪɚɥ ɜɚ ɭɧɢɧɝ ɬɚɞɛɢԕɥɚɪɢғ 
Ԕɚɬɨɪɥɚɪ ɜɚ ɭɥɚɪɧɢɧɝ ɬɚɞɛɢԕɥɚɪɢ 

4 4 2 2  

4.  

Ⱦɢɮɮɟɪɟɧɰɢɚɥ ɬɟɧɝɥɚɦɚɥɚɪ ɜɚ 
ɭɥɚɪɧɢɧɝ ɬɚɞɛɢԕɥɚɪɢғ Ɇɚɬɟɦɚɬɢɤɚ ɜɚ 
ɫɚɴɧɚɬғ Ɇɚɬɟɦɚɬɢɤɚ ɜɚ ɦɭԟɚɧɞɢɫɥɢɤ 

6 6 2 4  

 ɀɚɦɢ: 20 20 8 12  

 

ɇȺɁȺɊɂɃ  ɆȺɒԐɍɅɈɌɅȺɊ ɆȺɁɆɍɇɂ 

 

1-Ɇɚɜɡɭ:  Ɍɟɧɝɥɚɦɚɥɚɪ ɜɚ ɭɥɚɪɧɢɧɝ ɬɚɞɛɢԕɥɚɪɢғ Ɇɚɬɪɢɰɚɥɚɪ ɜɚ 
ɭɥɚɪɧɢɧɝ ɬɚɞɛɢԕɥɚɪɢғ ȼɟɤɬɨɪɥɚɪ ɜɚ ɭɥɚɪɧɢɧɝ ɬɚɞɛɢԕɥɚɪɢ 

Қғ Ɍɟɧɝɥɚɦɚɥɚɪ ɜɚ ɭɥɚɪɧɢɧɝ ɬɚɛɢɣɢɣ ɮɚɧɥɚɪɞɚɝɢ ɬɚɞɛɢԕɥɚɪɢ 

қғ Ɇɚɬɪɢɰɚɥɚɪ ɜɚ ɭɥɚɪɧɢɧɝ ɢԕɬɢɫɨɞɢɺɬɞɚɝɢ ɬɚɞɛɢԕɥɚɪɢ 

3ғ ȼɟɤɬɨɪɥɚɪ ɜɚ ɭɥɚɪɧɢɧɝ ɬɚɞɛɢԕɥɚɪɢ 

 

2-Ɇɚɜɡɭ:  Ɏɭɧɤɰɢɹɥɚɪ ɜɚ ɭɥɚɪɧɢɧɝ ɬɚɞɛɢԕɥɚɪɢғ 
Ԟɨɫɢɥɚ ɜɚ ɭɧɢɧɝ ɬɚɞɛɢԕɥɚɪɢ 
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Қғ Ɏɭɧɤɰɢɹɥɚɪ ɜɚ ɭɥɚɪɧɢɧɝ ɬɚɛɢɣɢɣ ɮɚɧɥɚɪɞɚɝɢ ɬɚɞɛɢԕɥɚɪɢ 

қғ Ԟɨɫɢɥɚ ɜɚ ɭɧɢɧɝ ɢԕɬɢɫɨɞɢɺɬɞɚɝɢ ɬɚɞɛɢԕɥɚɪɢ 

3-Ɇɚɜɡɭ:  ɂɧɬɟɝɪɚɥ ɜɚ ɭɧɢɧɝ ɬɚɞɛɢԕɥɚɪɢғԔɚɬɨɪɥɚɪ ɜɚ ɭɥɚɪɧɢɧɝ 
ɬɚɞɛɢԕɥɚɪɢ 

Қғ ɂɧɬɟɝɪɚɥ ɜɚ ɭɧɢɧɝ ɮɚɧɥɚɪɞɚɝɢ ɬɚɞɛɢԕɥɚɪɢ 

қғ Ԕɚɬɨɪɥɚɪ ɜɚ ɭɥɚɪɧɢɧɝ ɬɚɞɛɢԕɥɚɪɢ 

 

4-Ɇɚɜɡɭ:  Ⱦɢɮɮɟɪɟɧɰɢɚɥ ɬɟɧɝɥɚɦɚɥɚɪ ɜɚ ɭɥɚɪɧɢɧɝ ɬɚɞɛɢԕɥɚɪɢғ 
Ɇɚɬɟɦɚɬɢɤɚ ɜɚ ɫɚъɧɚɬғ Ɇɚɬɟɦɚɬɢɤɚ ɜɚ ɦɭԟɚɧɞɢɫɥɢɤ 

Қғ Ⱦɢɮɮɟɪɟɧɰɢɚɥ ɬɟɧɝɥɚɦɚɥɚɪ ɜɚ ɭɥɚɪɧɢɧɝ ɬɚɛɢɣɢɣ ɮɚɧɥɚɪɞɚɝɢ 
ɬɚɞɛɢԕɥɚɪɢ 

қғ Ɇɚɬɟɦɚɬɢɤɚ ɜɚ ɫɚɴɧɚɬ  

3ғ Ɇɚɬɟɦɚɬɢɤɚ ɜɚ ɦɭԟɚɧɞɢɫɥɢɤ 

 

ȺȾȺȻɂЁɌɅȺɊ ɊЎɃɏȺɌɂ 

 

 Қғ Ⱥɧɞɪɟɚ ɉɪɨɫɩɟɪɟɬɬɢ, ȺɞɜɚɧМɟɞ ɆɚɬԟɟɦɚɬɢМɫ ɮɨɪ ȺɩɩɥɢМɚɬɢɨɧɫ, 
Cɚɦɛɪɢɞɝɟ ɍɧɢɜɟɪɫɢɬɣ ɉɪɟɫɫ, қ0ҚҚғ 
 қғ ɗɜɚɧ Ɇғ Ƚɥɚɡɟɪ, ɀɨԟɧ Ағ ɆМCɨɧɧɟɥɥ Ɋɟɚɥ-Ʌɢɮɟ Ɇɚɬԟ: ɗɜɟɪɣɞɚɣ 
ɍɫɟ ɨɮ ɆɚɬԟɟɦɚɬɢМɚɥ CɨɧМɟɩɬɫ, қ0Қ3ғ 
 3ғ ɂғ Ɇғ Ɋɢɤԟɫɢɛɨɟɜ ɚɧɞ ɇғ ɋғ Ɇɨԟɚɦɟɞ, ɗɧɝɢɧɟɟɪɢɧɝ ɆɚɬԟɟɦɚɬɢМɫ қ, 
Ɇɚɥɚɣɫɢɚ, қ0Қ9ғ 
 4ғ ɀɢɦ Ʌɢɛɛɣ, Ɇɚɬԟ ɮɨɪ Ɋɟɚɥ Ʌɢɮɟ: Ɍɟɚɱɢɧɝ ɉɪɚМɬɢМɚɥ ɍɫɟɫ ɮɨɪ 
Ⱥɥɝɟɛɪɚ, Ƚɟɨɦɟɬɪɣ ɚɧɞ Ɍɪɢɝɨɧɨɦɟɬɪɣ// қ0Қ9, қ34ɩғ  
 5ғ Ɇɚɪɝɚɪɟɬ Ʌғ Ʌɢɚɥ, Ɍԟɨɦɚɫ Ағ Ԟɭɧɝɟɪɮɨɪɞ, ɀɨԟɧ ɉғ ԞɨɥМɨɦɛ, 
Ȼɟɪɧɚɞɟɬɬɟ Ɇɭɥɥɢɧɫ, ɆɚɬԟɟɦɚɬɢМɫ аɢɬԟ ȺɩɩɥɢМɚɬɢɨɧɫ ɂɧ ɬԟɟ Ɇɚɧɚɝɟɦɟɧɬ, 
ɇɚɬɭɪɚɥ ɚɧɞ ɋɨМɢɚɥ ɋМɢɟɧМɟɫ (ҚҚɬԟ ɗɞɢɬɢɨɧ), ɉɟɚɪɫɨɧɛ қ0Қ8.  

 6ғ Ɇɭɫɥɢɦɨɜ ɇғȺ ɜɚ ɛɨɲԕɚɥɚɪ. ɂɧɧɨɜɚɰɢɨɧ ɬɚɴɥɢɦ ɬɟɯɧɨɥɨɝɢɹɥɚɪɢғ 
Ўԕɭɜ-ɦɟɬɨɞɢɤ ԕўɥɥɚɧɦɚғ – Ɍғ: “ɋɚɧɨ-ɫɬɚɧɞɚɪɬ”, қ0Қ5ғ – қ08 ɛғ 
 7ғ Ⱥɸɩɨɜ ɒғ Ⱥғ, ɂɛɪɚɝɢɦɨɜ ɆғɆғ, Ʉɭɞɚɣɛɟɪɝɟɧɨɜ ɄғɄғ Ɏɭɧɤɫɢɨɧɚɥ 
ɚɧɚɥɢɡɞɚɧ ɦɢɫɨɥ ɜɚ ɦɚɫɚɥɚɥɚɪғ – ɇɭɤɭɫ, Ȼɢɥɢɦ, қ009ғ 30қ ɛғ 
 8ғ ɇɭɪɠɚɧɨɜ ɈғȾғ Áɩɢаɚɣı ɞɢɮɮɟɪɟɧМɢɚɥɥıԕ ɬɟńɥɟɦɟɥɟɪғ – ɇяɤɢɫ, 
Ԕɚɪɚԕɚɥɩɚԕɫɬɚɧ, қ0Қ9ғ 400 ɛғ  

ɂɧɬɟɪɧɟɬ ɫɚɣɬɥɚɪɢ 

 1. ааағɷɞɭғɭɡ   

2. ааағɛɢɦɦғɭɡ 

3. www.ɡɢɺɧɟɬғɭɡ  

4. ԟɬɬɩɫ://ɨɩɟɧɟɞɭғɪɭ/ 
5. ԟɬɬɩɫ://ааағɨɧɥɢɧɟɫɬɭɞɢɟɫғМɨɦ/Cɨɭɪɫɟɫ/ɆɚɬԟɟɦɚɬɢМɫ/ɗɭɪɨɩɟ/ 

http://www.edu.uz/
http://www.bimm.uz/
http://www.ziyonet.uz/
https://openedu.ru/
https://www.onlinestudies.com/Courses/Mathematics/Europe/
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IIғ ɆɈȾɍɅɇɂ ЎԔɂɌɂɒȾȺ ɎɈɃȾȺɅȺɇɂɅȺȾɂȽȺɇ ɂɇɌɊȿɎȺɈɅ 
ɌȺЪɅɂɆ ɆȿɌɈȾɅȺɊɂ 

 

Ɇɚɲԑɭɥɨɬɥɚɪ ɠɚɪɚɺɧɢɞɚ “Ⱥԕɥɢɣ ԟɭɠɭɦ” ɜɚ “ɏɨɬɢɪɚɧɢ ɱɚɪɯɥɚɣɦɢɡ” 
ɭɫɭɥɥɚɪɢ ԕўɥɥɚɧɢɥɚɞɢғ 

 

Ⱥԕɥɢɣ ɯɭɠɭɦ - (ɛɪɟɣɧɫɬɨɪɦɢɧɝ – ɦɢɹ ɛўɪɨɧɢ), ɚɦɚɥɢɣ ɜɚ ɢɥɦɢɣ 
ɦɭɚɦɦɨɥɚɪɧɢ ɟɱɢɲɞɚ ɠɚɦɨɚ ɛɢɥɚɧ ɦɚɴɥɭɦɨɬ ɣɢԑɢɲ 

ɍɫɭɥɧɢ ɚɫɨɫɢɣ 
ԑɨɹɫɢ 

- ԑɨɹɥɚɪ ɬўɩɥɚɲ, ɭɥɚɪɧɢ ɛɚԟɨɥɚɲ ɜɚ ɬɚԟɥɢɥ ԕɢɥɢɲ, 
ɚɠɪɚɬɢɲғ “Ⱥԕɥɢɣ ԟɭɠɭɦ”ɧɢ ɨɥɢɛ ɛɨɪɭɜɱɢɧɢɧɝ ԟɚɬɬɢ-

ԟɚɪɚɤɚɬɢ ɭɱɭɧ ɛɭ ԑɨɹ ɚɫɨɫɢɣ ɤўɪɫɚɬɝɢɱ ɛўɥɢɛ, 
ɢɲɬɢɪɨɤɱɢɥɚɪɧɢ ɢɦɤɨɧɢɹɬ ԕɚɞɚɪ ɤўɩ ԑɨɹɥɚɪ ɬɚɤɥɢɮ 
ԕɢɥɢɲɝɚ ɭɧɞɚɣɞɢғ ɏɨɬɢɪɚɧɢ ɱɚɪɯɥɚɣɦɢɡ ɭɫɭɥɢ ɛўɣɢɱɚ 
ɫɚɜɨɥɥɚɪ ɷɤɪɚɧɞɚ ɧɚɦɨɣɢɲ ԕɢɥɢɧɚɞɢғ 
(1-ɦɚɜɡɭ, Қɚ- ɢɥɨɜɚ); (1-ɦɚɜɡɭ, Қɛ- ɢɥɨɜɚ)Ҳ 

Ԕɨɢɞɚɥɚɪɢ - ɢɦɤɨɧɢ ɛɨɪɢɱɚ ɤўɩɪɨԕ ԑɨɹɥɚɪɧɢ ɬɚɤɥɢɮ ɷɬɢɲ (ɠɚɦɥɚɲ), 
ɭɥɚɪɧɢ ɬɚɥԕɢɧ ԕɢɥɢɲ, ɦɭɚɦɦɨɥɚɪɧɢ ɟɱɢɲ ɜɚ ɭɥɚɪɧɢ 
ԕɚɣɞ ɷɬɢɲғ 

Ɍɚъɥɢɦ ɛɟɪɭɜɱɢ - ɢɲɬɢɪɨɤɱɢɥɚɪɧɢ ԕўɥɥɚɛ-ԕўɜɜɚɬɥɚɣɞɢ (ɢɦɨ-ɢɲɨɪɚ, 
ɠɢɥɦɚɣɢɲ, ԟɚ-ɣўԕ ɫўɡɥɚɪɢ ɛɢɥɚɧ)Ҳ  

- ɫўɪɨɜɝɚ ɤɢɪɢɲɢɛ ɤɟɬɢɲɢɝɚ ɺɪɞɚɦ ɛɟɪɢɲ ɜɚ ɩɫɢɯɨɥɨɝɢɤ 
ɬўɫԕɢɧɥɢɤɧɢ ɣўԕɨɬɢɲ ɭɱɭɧ, ɨɥɞɢɧɝɢ ɺɤɢ ɲɭ ɞɚɪɫɞɚɧ 
ɤɭɬɢɥɦɚɝɚɧ, ɨɪɢɝɢɧɚɥ ɫɚɜɨɥɥɚɪ ɛɟɪɢɛ ɦɚɲԕ ўɬɤɚɡɚɞɢ 
(ɛɥɢɰ ɫўɪɨɜ)ғ Ԕɚɬɧɚɲɱɢɥɚɪɧɢ ɠɚɜɨɛɥɚɪɢɧɢ ɬɚԟɥɢɥ 
ԕɢɥɚɞɢ ɭɦɭɦɢɣ ɯɭɥɨɫɚ ɛɟɪɚɞɢғ 

- ԟɚɪ ɛɢɪ ɠɚɜɨɛ ɬɟɤɲɢɪɢɥɚɞɢ (1-ɦɚɜɡɭ, қ- ɢɥɨɜɚ) 
- ɯɭɥɨɫɚɥɚɪ ɱɢԕɚɪɢɥɚɞɢ(1-ɦɚɜɡɭ, 3- ɢɥɨɜɚ) 
 

Ɏɢɞɛɷɣɤ - ԟɚɪ ɛɢɪ ԑɨɹɧɢ ɦɭԟɨɤɚɦɚ ԕɢɥɢɲҲ (2-ɦɚɜɡɭ, қ-ɢɥɨɜɚ) 

- ɷɧɝ ɬўԑɪɢ ԑɨɹɥɚɪɧɢ ԕўɥɥɚɛ-ɤɭɜɜɚɬɥɚɲ (қ ɦɚɜɡɭ, 3-ɢɥɨɜɚ) 

1-ɦɚɜɡɭ ɭɱɭɧ (Қɚ- ɢɥɨɜɚ) 
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Ɍɚъɪɢɮ: ɇɨɦɚɴɥɭɦ ԕɚɬɧɚɲɝɚɧ ɬɟɧɝɥɢɤɤɚ ɬɟɧɝɥɚɦɚ ɞɟɣɢɥɚɞɢғ 
ɇɨɦɚɴɥɭɦɧɢɧɝ ɛɭ ɬɟɧɝɥɚɦɚɧɢ ɫɨɧɥɢ ɚɣɧɢɹɬɝɚ ɚɣɥɚɧɬɢɪɭɜɱɢ ԕɢɣɦɚɬɢ 
ɬɟɧɝɥɚɦɚɧɢɧɝ ɢɥɞɢɡɢ, ɛɚɪɱɚ ɢɥɞɢɡɥɚɪ ɬўɩɥɚɦɢ ɷɫɚ ɬɟɧɝɥɚɦɚɧɢɧɝ ɷɱɢɦɢ 
ɛўɥɚɞɢғ 

ҚғɆɢɫɨɥғ (ɯ+Қ)*(ɯ–қ)*(ɯ+3) = 0 ɬɟɧɝɥɚɦɚɧɢɧɝ ɢɥɞɢɡɥɚɪɢ ɯ1 = – Қ , ɯ2 = 2 

, ɯ3 = – 3 ԕɢɣɦɚɬɥɚɪɞɚɧ, ɷɱɢɦɢ ɷɫɚ ɯ = д –3; –ҚҲ қж ɬўɩɥɚɦɞɚɧ ɢɛɨɪɚɬғ 

қғ Ɇɢɫɨɥғ ɯ2
 + 4 = 0 ɺɤɢ ɯ2

 = – 4ғ Ɍɟɧɝɥɢɤɧɢɧɝ ɱɚɩ ԕɢɫɦɢ ɯ ɧɢɧɝ ԟɚɪ 
ԕɚɧɞɚɣ ԕɢɣɦɚɬɢɞɚ ɦɭɫɛɚɬ, ɯ20, ўɧɝ ԕɢɫɦɢ ɷɫɚ ɦɚɧɮɢɣɞɢɪғ Ⱦɟɦɚɤ, ɛɟɪɢɥɝɚɧ 
ɬɟɧɝɥɢɤ ɛɚɠɚɪɢɥɦɚɣɞɢ, ɷɱɢɦ ɦɚɜɠɭɞ ɷɦɚɫ: ɯ = . ɚ) Ɍɚъɪɢɮғ Ȼɢɪɢɧɱɢ 
ɞɚɪɚɠɚɥɢ ɛɢɪ ɧɨɦɚɴɥɭɦɥɢ ɬɟɧɝɥɚɦɚ ɞɟɛ, ɚɯ + ɛ = 0 (Қ) ɤўɪɢɧɢɲɢɞɚɝɢ 
ɬɟɧɝɥɚɦɚɥɚɪɝɚ ɚɣɬɢɥɚɞɢғ Ȼɭɧɞɚ ɯ – ɧɨɦɚɴɥɭɦ ɫɨɧ, ɚ ɜɚ ɛ – ɨɡɨɞ ԟɚɞғ 

Ɍɚɴɪɢɮғ ɚɯ2
 + ɛɯ + М = 0 (қ) ɛɭɧɞɚ ɚ  0 ɤўɪɢɧɢɲɞɚɝɢ ɬɟɧɝɥɚɦɚ ɤɜɚɞɪɚɬ 

ɬɟɧɝɥɚɦɚ ɞɟɣɢɥɚɞɢғ 

 

Ɍɟɨɪɟɦɚ: (ȼɢɟɬ ɬɟɨɪɟɦɚɫɢ) ɤɟɥɬɢɪɢɥɝɚɧ ɤɜɚɞɪɚɬ ɬɟɧɝɥɚɦɚɞɚ ɢɥɞɢɡɥɚɪɢɧɢɧɝ 
ɣɢԑɢɧɞɢɫɢ ԕɚɪɚɦɚ-ԕɚɪɲɢ ɢɲɨɪɚ ɛɢɥɚɧ ɨɥɢɧɝɚɧ ɛɢɪɢɧɱɢ ɞɚɪɚɠɚɥɢ ɧɨɦɚɴɥɭɦ 
ɨɥɞɢɞɚɝɢ ɢɤɤɢɧɱɢ ɤɨɟɮɮɢɬɫɢɟɧɬ (–ɪ) ɝɚ, ɢɥɞɢɡɥɚɪɢɧɢɧɝ ɤўɩɚɣɬɦɚɫɢ ɷɫɚ 

ɨɡɨɞԟɚɞ ԕ ɝɚ ɬɟɧɝɞɢɪ 

Тɚъɪɢɮ: Ⱥ(ɯ) > Ȼ(ɯ) , Ⱥ(ɯ) ҳ Ȼ(ɯ) , Ⱥ(ɯ)  Ȼ(ɯ) , Ⱥ(ɯ)  Ȼ(ɯ) 
ɦɭɧɨɫɚɛɚɬɥɚɪɝɚ ɯ ɧɨɦɚɴɥɭɦɥɢ ɬɟɧɝɫɢɡɥɢɤɥɚɪ ɞɟɣɢɥɚɞɢғ 

1-ɦɚɜɡɭ ɭɱɭɧ (Қɛ- ɢɥɨɜɚ) 

 

 

 

 

 

 

 

 

1-̥̌̏̚у ̍ў̛̜ч̌ ̭̌̏олл̬̌: 

1. NШmɚЙХЮm qɚЭЧɚsСРɚЧ ЭОЧРХТФФɚ ЧТmК НОвТХɚНТғ  
2. ɚx

2
 + Лб + М = 0 (қ) ЛЮЧНɚ a  0 ФШЙrТЧТsСНɚРТ ЭОЧРХɚmɚ ФvɚНrɚЭ ЭОЧРХɚmɚ 

НОвТХɚНТғ 
3. m  ta satrli va n  ЭК ЮsЭЮЧХТ ЭШ’Р’rТ ЛЮrМСКФХТ nm   ta elementdan tuzilgan jadvali 

nm   nima  deyiladi. 

4. 0det A  bo’lsa,  qanday matritsa  deyiladi. 

5. 1121 ,,, nnn aaa   elementlar joylashgan diagonali qanday diagonal deyiladi. 

6. Bosh diagonaldagi elementlar 0dan farqli boshqa barcha elemaentlari 0 ga teng 

kvadrat matritsa qanday matritsa deyiladi. 

7. Diagonaldagi barcha elementlari 1 ga teng diagonal matritsa qanday matritsa 

deyiladi. 

8. Matritsalarni ustida qanday amallar bajarish mumkin 
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2-ɦɚɜɡɭ ɭɱɭɧ (Қɚ- ɢɥɨɜɚ) 

 

 

 

 

Ɏɭɧɤɰɢɹ ɬɚъɪɢɮɢ, ɛɟɪɢɥɢɲ 
ɭɫɭɥɥɚɪɢғ 

Ⱥɝɚɪ X  ɬўɩɥɚɦɞɚɝɢ 
ԟɚɪ ɛɢɪ x  ɫɨɧɝɚ 

ɛɢɪɨɪ f   ԕɨɢɞɚɝɚ 
ɤўɪɚ Y  ɬўɩɥɚɦɞɚɧ 
ɛɢɬɬɚ y  ɫɨɧ  ɦɨɫ 

ԕўɣɢɥɝɚɧ ɛўɥɫɚ, X  

ɬўɩɥɚɦɞɚ ɮɭɧɤɰɢɹ 
ɛɟɪɢɥɝɚɧ 

ɚɧɢԕɥɚɧɝɚɧ
ɞɟɣɢɥɚɞɢ  во̚ 

кеч̛лд̛;

Ʉўɩɢɧɱɚ x  ɜɚ y  

ўɡɝɚɪɭɜɱɢɥɚɪ 
ɨɪɚɫɢɞɚɝɢ ɛɨԑɥɚɧɢɲ 

ɮɨɪɦɭɥɚɥɚɪ 
ɺɪɞɚɦɢɞɚ 

ɢɮɨɞɚɥɚɧɚɞɢғ Ȼɭ 
ɮɭɧɤɰɢɹɧɢɧɝ 

ɚɧɚɥɢ ɬɢɤ ɭɫɭɥɞɚ 
ɛɟɪɢɥɢɲɢ ɞɟɣɢɥɚɞɢ

Ȼɚɴɡɢ ԟɨɥɥɚɪɞɚ Xx , Yy  ўɡɝɚɪɭɜɱɢɥɚɪ 

ɨɪɚɫɢɞɚɝɢ ɛɨԑɥɚɧɢɲ ɠɚɞɜɚɥ ɨɪԕɚɥɢ ɛўɥɢɲɢ 

ɦɭɦɤɢɧ. Ɇɚɫɚɥɚɧ, ɤɭɧ ɞɚɜɨɦɢɞɚ ԟɚɜɨ ԟɚɪɨɪɚɬɢɧɢ 

ɤɭɡɚɬɝɚɧɢɦɢɡɞɚ, 1t  ɜɚԕɬɞɚ ԟɚɜɨ ԟɚɪɨɪɚɬɢ 1T , 2t  

ɜɚԕɬɞɚ ԟɚɜɨ ԟɚɪɨɪɚɬɢ 2T  ɜɚ ԟ.ɤ. ɛўɥɫɢɧ. ɇɚɬɢɠɚɞɚ 

ԕɭɣɢɞɚɝɢ ɠɚɞɜɚɥ ԟɨɫɢɥ ɛўɥɚɞɢ. 
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2-ɦɚɜɡɭ ɭɱɭɧ (Қɚ- ɢɥɨɜɚ) 

 

Қу̛̜д̛̌̐ ̭̌̏олл̬̌̐̌ ̛̦̌қ ̏̌ ̭̌о̭л̛ ̙̌̏о̍ ̍е̛̬̦ 

1. Ⱥɝɚɪ ɲɭɧɞɚɣ ўɡɝɚɪɦɚɫ M  ɫɨɧɢ ɬɨɩɢɥɫɚɤɢ,  Xx  ɭɱɭɧ   Mxf   

ɬɟɧɝɫɢɡɥɢɤ ɛɚɠɚɪɢɥɫɚ,  xf  ɮɭɧɤɰɢɹ X  ɬўɩɥɚɦɞɚ ɧɢɦɚ ɞɟɣɢɥɚɞɢғ 

2. Ⱥɝɚɪ ɲɭɧɞɚɣ ўɡɝɚɪɦɚɫ m  ɫɨɧɢ ɬɨɩɢɥɫɚɤɢ, Xx  ɭɱɭɧ   mxf   

ɬɟɧɝɫɢɡɥɢɤ ɛɚɠɚɪɢɥɫɚ,  xf  ɮɭɧɤɰɢɹ X  ɬўɩɥɚɦɞɚ ɧɢɦɚ 

ɞɟɣɢɥɚɞɢғ 
3. Ⱥɝɚɪ  xf  ɮɭɧɤɰɢɹ X  ɬўɩɥɚɦɞɚ ԟɚɦ ɸԕɨɪɢɞɚɧ, ԟɚɦ ԕɭɣɢɞɚɧ 

ɱɟɝɚɪɚɥɚɧɝɚɧ ɛўɥɫɚ,  xf  ɮɭɧɤɰɢɹ X  ɬўɩɥɚɦɞɚ ɧɢɦɚ ɞɟɣɢɥɚɞɢғ 

4. Ⱥɝɚɪ ɲɭɧɞɚɣ ўɡɝɚɪɦɚɫ  0TT  ɫɨɧ ɦɚɜɠɭɞ ɛўɥɫɚɤɢ, Xx  

ɭɱɭɧ  

1)  XTx  , XTx   

2)     xfTxf   

ɛўɥɫɚ,  xf  ɧɢɦɚ ɞɟɣɢɥɚɞɢ 
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1-Ɇɚɜɡɭ:  Ɍɟɧɝɥɚɦɚɥɚɪ ɜɚ ɭɥɚɪɧɢɧɝ ɬɚɞɛɢԕɥɚɪɢғ Ɇɚɬɪɢɰɚɥɚɪ ɜɚ 
ɭɥɚɪɧɢɧɝ ɬɚɞɛɢԕɥɚɪɢғ ȼɟɤɬɨɪɥɚɪ ɜɚ ɭɥɚɪɧɢɧɝ ɬɚɞɛɢԕɥɚɪɢ 

Қғ Ɍɟɧɝɥɚɦɚɥɚɪ ɜɚ ɭɥɚɪɧɢɧɝ ɬɚɛɢɣɢɣ ɮɚɧɥɚɪɞɚɝɢ ɬɚɞɛɢԕɥɚɪɢ 

қғ Ɇɚɬɪɢɰɚɥɚɪ ɜɚ ɭɥɚɪɧɢɧɝ ɢԕɬɢɫɨɞɢɺɬɞɚɝɢ ɬɚɞɛɢԕɥɚɪɢ 

3ғ ȼɟɤɬɨɪɥɚɪ ɜɚ ɭɥɚɪɧɢɧɝ ɬɚɞɛɢԕɥɚɪɢ 

 

IIIғ ɇȺɁȺɊɂɃ  ɆȺɒԐɍɅɈɌ  ɆȺɌȿɊɂȺɅɅȺɊɂ 

 

 

 

 

 

 

Ɍɚъɪɢɮ: ɇɨɦɚɴɥɭɦ ԕɚɬɧɚɲɝɚɧ ɬɟɧɝɥɢɤɤɚ ɬɟɧɝɥɚɦɚ ɞɟɣɢɥɚɞɢғ 
ɇɨɦɚɴɥɭɦɧɢɧɝ ɛɭ ɬɟɧɝɥɚɦɚɧɢ ɫɨɧɥɢ ɚɣɧɢɹɬɝɚ ɚɣɥɚɧɬɢɪɭɜɱɢ ԕɢɣɦɚɬɢ 
ɬɟɧɝɥɚɦɚɧɢɧɝ ɢɥɞɢɡɢ, ɛɚɪɱɚ ɢɥɞɢɡɥɚɪ ɬўɩɥɚɦɢ ɷɫɚ ɬɟɧɝɥɚɦɚɧɢɧɝ ɷɱɢɦɢ 
ɛўɥɚɞɢғ 

ҚғɆɢɫɨɥғ (ɯ+Қ)*(ɯ–қ)*(ɯ+3) = 0 ɬɟɧɝɥɚɦɚɧɢɧɝ ɢɥɞɢɡɥɚɪɢ ɯ1 = – Қ , ɯ2 = 2 , 

ɯ3 = – 3 ԕɢɣɦɚɬɥɚɪɞɚɧ, ɷɱɢɦɢ ɷɫɚ ɯ = д –3; –ҚҲ қж ɬўɩɥɚɦɞɚɧ ɢɛɨɪɚɬғ 

қғ Ɇɢɫɨɥғ ɯ2
 + 4 = 0 ɺɤɢ ɯ2

 = – 4ғ Ɍɟɧɝɥɢɤɧɢɧɝ ɱɚɩ ԕɢɫɦɢ ɯ ɧɢɧɝ ԟɚɪ 
ԕɚɧɞɚɣ ԕɢɣɦɚɬɢɞɚ ɦɭɫɛɚɬ, ɯ20, ўɧɝ ԕɢɫɦɢ ɷɫɚ ɦɚɧɮɢɣɞɢɪғ Ⱦɟɦɚɤ, ɛɟɪɢɥɝɚɧ 
ɬɟɧɝɥɢɤ ɛɚɠɚɪɢɥɦɚɣɞɢ, ɷɱɢɦ ɦɚɜɠɭɞ ɷɦɚɫ: ɯ = . ɚ) Ɍɚъɪɢɮғ Ȼɢɪɢɧɱɢ 
ɞɚɪɚɠɚɥɢ ɛɢɪ ɧɨɦɚɴɥɭɦɥɢ ɬɟɧɝɥɚɦɚ ɞɟɛ, ɚɯ + ɛ = 0 (Қ) ɤўɪɢɧɢɲɢɞɚɝɢ 
ɬɟɧɝɥɚɦɚɥɚɪɝɚ ɚɣɬɢɥɚɞɢғ Ȼɭɧɞɚ ɯ – ɧɨɦɚɴɥɭɦ ɫɨɧ, ɚ ɜɚ ɛ – ɨɡɨɞ ԟɚɞғ 

Ȼɢɪɢɧɱɢ ɞɚɪɚɠɚɥɢ ɛɢɪ ɧɨɦɚɴɥɭɦɥɢ ɬɟɧɝɥɚɦɚ (Қ) ɤўɪɢɧɢɲɞɚ ɛўɥɦɚɫɚ, 
ɭɧɢ ԕɭɣɢɞɚɝɢ ɬɚɪɬɢɛɞɚ ɷɱɢɥɚɞɢғ 

Қ) ɬɟɧɝɥɚɦɚ ɤɚɫɪ ɤўɪɢɧɢɲɢɞɚ ɛўɥɫɚ, ɭɧɢ ɤɚɫɪԟɚɞɥɚɪɞɚɧ ɤɭɬɤɚɪɢɲғ 

қ) ԕɚɜɫɥɚɪ ɛўɥɫɚ, ɭɥɚɪɧɢ ɨɱɢɲғ 

3) ɧɨɦɚɴɥɭɦ ԟɚɞɥɚɪɧɢ ɬɟɧɝɥɚɦɚɧɢɧɝ ɛɢɪ ԕɢɫɦɢɝɚ, ɦɚɴɥɭɦɥɚɪɢɧɢ ɛɢɪ 
ԕɢɫɦɢɝɚ ɭɬɤɚɡɢɲғ 

4) ўɯɲɚɲ ԟɚɞɥɚɪɧɢ ɢɯɱɚɦɥɚɲғ 

5) ɬɟɧɝɥɚɦɚɧɢɧɝ ɢɤɤɚɥɚ ԕɢɫɦɢɧɢ ɧɨɦɚɴɥɭɦɧɢɧɝ ɤɨɟɮɮɢɬɫɢɟɧɬɢɝɚ ɛўɥɢɲ 
ɤɟɪɚɤғ 

ɛ) Ɍɚɴɪɢɮғ ɚɯ2
 + ɛɯ + М = 0 (қ) ɛɭɧɞɚ ɚ  0 ɤўɪɢɧɢɲɞɚɝɢ ɬɟɧɝɥɚɦɚ 

ɤɜɚɞɪɚɬ ɬɟɧɝɥɚɦɚ ɞɟɣɢɥɚɞɢғ 
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Ʉɜɚɞɪɚɬ ɬɟɧɝɥɚɦɚɥɚɪɧɢ ɭɪɝɚɧɢɲɞɚ ɯ ɧɨɦɚɴɥɭɦɧɢɧɝ ɯɚɤɢɤɢɣ ԕɢɣɦɚɬɥɚɪɢ 
ɬўɩɥɚɦɢɧɢ ɤɨɦɩɥɟɤɫ ɫɨɧɥɚɪɧɢɧɝ ɛɭɬɭɧ ɬўɩɥɚɦɢ ɞɟɛ ɯɢɫɨɛɥɚɲɝɚ ɲɚɪɬɥɚɲɢɛ 
ɨɥɚɦɢɡғ 

ɚ, ɛ ɜɚ c ɤɨɟɮɮɢɬɫɢɟɧɬɥɚɪɧɢ ɯɚԕɢԕɢɣ ɫɨɧɥɚɪ ɞɟɛ ɯɢɫɨɛɥɚɲɢɦɢɡғ 

(қ) Ɍɟɧɝɥɚɦɚ ɷɱɢɦɢ ԕɭɣɢɞɚɝɢɱɚ ɚɧɢԕɥɚɧɚɞɢғ 

ɯ1,2 = a

acbb

2

4
2 

 , Ⱦ = ɛ2
 – 4ɚc – ɞɢɫɤɪɢɦɢɧɚɧɬ 

Ⱦ > 0 , ɯ1,2 =
a

Ⱦb

2


 – ɯɚԕɢԕɢɣ ɫɨɧɥɚɪ 

Ⱦ = 0 , ɯ1 = ɯ2 = – a

b

2  – ɯɚԕɢԕɢɣ ɫɨɧɥɚɪ 

Ⱦ ҳ 0 ɞɚ Ⱦ  ɦɚɜɯɭɦ ɫɨɧ ɯ1,2 = a

Ⱦb

2



 – ԕўɲɦɚ ɤɨɦɩɥɟɤɫ ɫɨɧɥɚɪɞɢɪғ 
Ⱥɝɚɪ (қ) ɞɚ М=0 ɛўɥɫɚ, 

ɚɯ2
 + ɛɯ = 0 (3) ɯ(ɚɯ + ɛ) = 0 ɯ1 = 0 ɯ2 = – ɛ/ɚ 

 Ⱥɝɚɪ ɛ = 0 ɛўɥɫɚ 

ɚɯ2
 + c = 0 (4) ɯ1,2 =   – c/ɚ 

 Ⱥɝɚɪ ɛ = 0, М=0 ɛўɥɫɚ 

ɚɯ2
 = 0 (5) ɯ1,2 = 0 

3Ҳ 4Ҳ 5 ɬɟɧɝɥɚɦɚɥɚɪ ɱɚɥɚ ɤɜɚɞɪɚɬ ɬɟɧɝɥɚɦɚɥɚɪ ɞɟɣɢɥɚɞɢғ 

ɯ2
 + ɪɯ+ԕ=0 (6) – ɤɟɥɬɢɪɢɥɝɚɧ ɤɜɚɞɪɚɬ ɬɟɧɝɥɚɦɚ ɞɟɣɢɥɚɞɢғ 

 

Ɍɟɨɪɟɦɚ: (ȼɢɟɬ ɬɟɨɪɟɦɚɫɢ) ɤɟɥɬɢɪɢɥɝɚɧ ɤɜɚɞɪɚɬ ɬɟɧɝɥɚɦɚɞɚ 

ɢɥɞɢɡɥɚɪɢɧɢɧɝ ɣɢԑɢɧɞɢɫɢ ԕɚɪɚɦɚ-ԕɚɪɲɢ ɢɲɨɪɚ ɛɢɥɚɧ ɨɥɢɧɝɚɧ ɛɢɪɢɧɱɢ 
ɞɚɪɚɠɚɥɢ ɧɨɦɚɴɥɭɦ ɨɥɞɢɞɚɝɢ ɢɤɤɢɧɱɢ ɤɨɟɮɮɢɬɫɢɟɧɬ (–ɪ) ɝɚ, ɢɥɞɢɡɥɚɪɢɧɢɧɝ 
ɤўɩɚɣɬɦɚɫɢ ɷɫɚ ɨɡɨɞԟɚɞ ԕ ɝɚ ɬɟɧɝɞɢɪғ 

ɜ) )(

)(

xQ

xP

= 0 (7) – ɤўɪɢɧɢɲɢɞɚɝɢ ɬɟɧɝɥɚɦɚ ɤɚɫɪ ɪɚɬɫɢɨɧɚɥ ɬɟɧɝɥɚɦɚ 

ɞɟɣɢɥɚɞɢ, ɛɭ ɷɪɞɚ  
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ɉ(ɯ) ɜɚ Ԕ(ɯ) ɥɚɪ ɤўɩԟɚɞɥɚɪғ 

Ɋɚɬɫɢɨɧɚɥ ɬɟɧɝɥɚɦɚɧɢ ɷɱɢɲ ɭɱɭɧ: 

Қғ Ȼɚɪɱɚ ɤɚɫɪɥɚɪɧɢɧɝ ɭɦɭɦɢɣ ɦɚɯɪɚɠɢ ɬɨɩɢɥɚɞɢғ 

қғ Ȼɟɪɢɥɝɚɧ ɬɟɧɝɥɚɦɚɧɢɧɝ ɢɤɤɚɥɚ ɬɨɦɨɧɢɧɢ ɭɦɭɦɢɣ ɦɚɯɪɚɠɝɚ ɤўɩɚɣɬɢɪɢɛ, 
ɭɧɢ ɛɭɬɭɧ ɬɟɧɝɥɚɦɚɝɚ ɤɟɥɬɢɪɢɥɚɞɢғ 

3ғ ɏɨɫɢɥ ԕɢɥɢɧɝɚɧ ɛɭɬɭɧ ɬɟɧɝɥɚɦɚ ɷɱɢɥɚɞɢғ 

4ғ ɍɧɢɧɝ ɢɥɞɢɡɥɚɪɢ ɢɱɢɞɚɧ ɭɦɭɦɢɣ ɦɚɯɪɚɠɧɢ ɧɨɥɝɚ 

ɚɣɥɚɧɬɢɪɚɞɢɝɚɧɥɚɪɢɧɢ ɱɢɤɚɪɢɛ ɸɛɨɪɢɥɚɞɢғ 

 

Тɚъɪɢɮ: Ⱥ(ɯ) > Ȼ(ɯ) , Ⱥ(ɯ) ҳ Ȼ(ɯ) , Ⱥ(ɯ)  Ȼ(ɯ) , Ⱥ(ɯ)  Ȼ(ɯ) 
ɦɭɧɨɫɚɛɚɬɥɚɪɝɚ ɯ ɧɨɦɚɴɥɭɦɥɢ ɬɟɧɝɫɢɡɥɢɤɥɚɪ ɞɟɣɢɥɚɞɢғ 

Ɍɟɧɝɫɢɡɥɢɤɧɢɧɝ ɷɱɢɦɢ ɞɟɛ, ɧɨɦɚɴɥɭɦɧɢɧɝ ɲɭ ɬɟɧɝɫɢɡɥɢɤɧɢ 
ԕɚɧɨɚɬɥɚɧɬɢɪɚɞɢɝɚɧ ɛɚɪɱɚ ԕɢɣɦɚɬɥɚɪ ɬўɩɥɚɦɢɝɚ ɚɣɬɢɥɚɞɢғ 

Ⱥɝɚɪ ɬɟɧɝɫɢɡɥɢɤɞɚ > ɺɤɢ < ɢɲɨɪɚ ɛўɥɫɚ, ɭɧɢ ɤɚɬɴɢɣ ɬɟɧɝɫɢɡɥɢɤ (ɦɚɫɚɥɚɧ 
қɯ + Қ > 5, ɯ + қ ҳ 3) 

 ɺɤɢ  ɢɲɨɪɚ ɛўɥɫɚ, ɭɧɢ ɤɚɬɴɢɣɦɚɫ ɬɟɧɝɫɢɡɥɢɤ (Ɇɚɫɚɥɚɧ, ɚ2
 – 1  0 , 5ɯ2

 

+ 3  0) ɞɟɣɢɥɚɞɢғ 

 

ɚ) ɚɯ + ɛ > 0 ɺɤɢ (ɚɯ + ɛ ҳ 0) ɚ  0 , ɛ ɷɧɝ ɫɨɞɞɚ ɬɟɧɝɫɢɡɥɢɤ ɷɱɢɦɢ ɯ  a

b

 

ɺɤɢ ɯ  a

b

 ɞɚɧ ɢɛɨɪɚɬ, ɭɧɞɚɝɢ a

b

 ɫɨɧɢ ɚɯ + ɛ = 0 ɬɟɧɝɥɚɦɚɧɢɧɝ ɢɥɞɢɡɢ ɚ > 0 

ɛўɥɝɚɧɞɚ ɚɯ + ɛ ҳ 0 ɬɟɧɝɫɢɡɥɢɤɧɢɧɝ ɷɱɢɦɢ (– ; – a

b

), ɚ ҳ 0 ɞɚ ( – a

b

; ) 

ɬўɩɥɚɦɞɚɧ ɢɛɨɪɚɬғ 

Ɇɚɬɪɢɰɚɥɚɪ ɜɚ ɭɥɚɪɧɢɧɝ ɬɚɞɛɢԕɥɚɪɢғ 
1 Ɇɚɬɪɢɬɫɚɥɚɪ ҳɚқɢɞɚ ɭɦɭɦɢɣ ɬɭɲɭɧɱɚɥɚɪ. ɋɢɫɬɟɦɚɧɢ 
ɦɨɞɟɥɥɚɲɬɢɪɢɲɞɚ ɦɚɬɪɢɬɫɚɥɚɪ ɚɥɝɟɛɪɚɫɢ ɞɟɝɚɧ ɬɭɲɭɧɱɚ ɦɭԟɢɦ ɚԟɚɦɢɹɬɝɚ 
ɷɝɚғ Ɋɟɠɚɥɚɲɬɢɪɢɲ ɦɭɚɦɦɨɥɚɪɢ, ɹɥɩɢ ɦɚԟɫɭɥɨɬ, ɠɚɦɢ ɦɟԟɧɚɬ ɫɚɪɮɢ, ɧɚɪɯɧɢ 
ɚɧɢԕɥɚɲ ɜɚ ɛɨɲԕɚ ɦɚɫɚɥɚɥɚɪ ԟɚɦɞɚ ɭɥɚɪɞɚ ɤɨɦɩɴɸɬɟɪɥɚɪɧɢ ԕўɥɥɚɲ 
ɦɚɬɪɢɬɫɚɥɚɪ ɚɥɝɟɛɪɚɫɢɧɢ ԕɚɪɚɲɝɚ ɨɥɢɛ ɤɟɥɚɞɢғ ɂɲɥɚɛ ɱɢԕɚɪɢɲɧɢ 
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ɪɢɜɨɠɥɚɧɬɢɪɢɲ, ɦɨɞɞɢɣ ɢɲɥɚɛ ɱɢԕɚɪɢɲ ɨɪɚɫɢɞɚɝɢ ɦɚɜɠɭɞ ɛɨԑɥɚɧɢɲɥɚɪɧɢ 
ɢɮɨɞɚɥɚɲɞɚ ɜɚ ɛɨɲԕɚɥɚɪɞɚ, ɦɚɴɥɭɦ ɞɚɪɚɠɚɞɚ ɬɚɪɬɢɛɥɚɧɝɚɝ ɚɯɛɨɪɨɬɥɚɪ 
ɫɢɫɬɟɦɚɫɢɝɚ ɚɫɨɫɥɚɧɝɚɧ ɛўɥɢɲɢ ɥɨɡɢɦғ Ȼɭ ɬɚɪɬɢɛɥɚɧɝɚɧ ɚɯɛɨɪɨɬɥɚɪ 
ɫɢɫɬɟɦɚɫɢ ɦɭɚɣɹɧ ɠɚɞɜɚɥɥɚɪ ɤўɪɢɧɢɲɢɞɚ ɢɮɨɞɚɥɚɧɝɚɧ ɛўɥɚɞɢғ Ɇɢɫɨɥ 
ўɪɧɢɞɚ ɦɨɞɞɢɣ ɢɲɥɚɛ ɱɢԕɚɪɢɲ ɬɚɪɦɨԕɥɚɪɢ ɨɪɚɫɢɞɚɝɢ ўɡɚɪɨ ɛɨԑɥɢԕɥɢɤ 
ɚɯɛɨɪɨɬɥɚɪɢ ɫɢɫɬɟɦɚɫɢɧɢ ԕɚɪɚɣɥɢɤғ ɂɲɥɚɛ ɱɢԕɚɪɢɲ 5 ɬɚ (ɦɚɫɚɥɚɧ, 
ɦɚɲɢɧɚɫɨɡɥɢɤ, ɷɥɟɤɬɪɨɟɧɟɪɝɢɹ, ɦɟɬɚɥ, ɤўɦɢɪ, ɪɟɡɢɧɚ ɢɲɥɚɛ ɱɢԕɚɪɢɲ 
ɫɚɧɨɚɬɥɚɪɢ) ɬɚɪɦɨԕɞɚɧ ɢɛɨɪɚɬ ɛўɥɫɢɧғ Ȼɭɧɞɚ ɭɥɚɪ ɨɪɚɫɢɞɚɝɢ ўɡɚɪɨ 
ɛɨԑɥɢԕɥɢɤ Қ-ɠɚɞɜɚɥ ɛɢɥɚɧ ɢɮɨɞɚɥɚɧɫɢɧғ  

 

1-ɠɚɞɜɚɥ. 

Ɍɚɪɦɨԕɥ
ɚɪ 

1 2 3 4 5 

1 
11a  

12a  
13a  

14a  
15a  

2 
21a  

22a  
23a  

24a  
25a  

3 
31a  

32a  
33a  

34a  
35a  

4 
41a  

42a  
43a  

44a  
45a  

5 
51a  

52a  
53a  

54a  
55a  

 

Ȼɭ ɠɚɞɜɚɥɞɚ  )5,4,3,2,1,( jiaij   ɥɚɪ ɛɢɥɚɧ, i -ɬɚɪɦɨԕɧɢɧɝ  j - 

ɬɚɪɦɨԕԕɚ ɬɟɬɤɚɡɢɛ ɛɟɪɚɞɢɝɚɧ ɦɚԟɫɭɥɨɬɢ ɦɢԕɞɨɪɢ ɛɟɥɝɢɥɚɧɝɚɧ, ɱɭɧɨɧɱɢ, 
21a , 

22a , ..., 
25a  ɥɚɪ қ-ɬɚɪɦɨԕɧɢɧɝ ɦɨɫ ɪɚɜɢɲɞɚ ԟɚɦɦɚ ɬɚɪɦɨԕɥɚɪɝɚҲ 

31a , 
32a , ..., 

35a  ɥɚɪ ɷɫɚ  3-ɬɚɪɦɨԕɧɢɧɝ ɦɨɫ ɪɚɜɢɲɞɚ ԟɚɦɦɚ ɬɚɪɦɨԕɥɚɪɝɚ ɟɬɤɚɡɢɛ 
ɛɟɪɚɞɢɝɚɧ ɦɚԟɫɭɥɨɬɥɚɪɢ ɦɢԕɞɨɪɢɧɢ ɛɢɥɞɢɪɚɞɢғ 

22a , 
33a  ɥɚɪ ɦɨɫ ɪɚɜɢɲɞɚ 

2,3- ɬɚɪɦɨԕɥɚɪɧɢɧɝ ўɡ ɷԟɬɢɺɠɥɚɪɢɝɚ ɫɚɪɮɢɧɢ ɢɮɨɞɚɥɚɣɞɢғ 

ɘԕɨɪɢɞɚɝɢɥɚɪ ўɯɲɚɲ ɢɲɥɚɛ ɱɢԕɚɪɢɲ ɦɟɡɨɧɢ (ɧɨɪɦɚɫɢ) ɚɯɛɨɪɨɬɥɚɪɢ 
ɫɢɫɬɟɦɚɫɢɝɚ ɫɨɧɥɢ ɦɢɫɨɥ ԕɢɥɚɣɥɢɤғ Ʉɨɪɯɨɧɚ 3 ɬɭɪɞɚɝɢ ɯɨɦ ɚɲɺ ɢɲɥɚɬɢɛ 4 
ɯɢɥɞɚɝɢ ɦɚԟɫɭɥɨɬ ɢɲɥɚɛ ɱɢԕɚɪɚɞɢɝɚɧ ɛўɥɫɢɧ, ɛɭɧɞɚ ɯɨɦ ɚɲɺ ɫɚɪɮɢ ɧɨɪɦɚɫɢ 
ɫɢɫɬɟɦɚɫɢ қ-ɠɚɞɜɚɥ ɛɢɥɚɧ ɛɟɪɢɥɝɚɧ ɛўɥɫɢɧғ  
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2-ɠɚɞɜɚɥ. 

ɏɨɦ Ɇɚԟɫɭɥɨɬɥɚɪ 

ɚɲɺɥɚɪ 1 2 3 4 

1 2 3 2 0 

2 4 0 3 5 

3 3 5 2 4 

 

2-ɠɚɞɜɚɥɞɚ ɦɚɫɚɥɚɧ, Қ-ɬɭɪɞɚɝɢ ɯɨɦ ɚɲɺ ɫɚɪɮɢ ɧɨɪɦɚɫɢ ɦɨɫ ɪɚɜɢɲɞɚ Қ,қ,3,4-

ɯɢɥɞɚɝɢ ɦɚԟɫɭɥɨɬɥɚɪ ɢɲɥɚɛ ɱɢԕɚɪɢɲ ɭɱɭɧ қ,3,қ,0 ɛўɥɚɞɢғ 

  Қ ɜɚ қ ɠɚɞɜɚɥɥɚɪ, ɦɚɬɟɦɚɬɢɤɚɞɚ ўɪɝɚɧɢɥɚɞɢɝɚɧ ɦɚɬɪɢɬɫɚɥɚɪ ɬɭɲɭɧɱɚɫɢɧɢɧɝ 
ɦɢɫɨɥɥɚɪɢ ɛўɥɚ ɨɥɚɞɢғ Ɇɚɬɪɢɬɫɚɥɚɪ ɢԕɬɢɫɨɞɢɣ ɢɡɥɚɧɢɲɥɚɪɞɚ ɤɟɧɝ 
ԕўɥɥɚɧɢɥɦɨԕɞɚ, ɯɭɫɭɫɚɧ, ɭɥɚɪɞɚɧ ɮɨɣɞɚɥɚɧɢɲ ɢɲɥɚɛ ɱɢԕɚɪɢɲɧɢ 
ɪɟɠɚɥɚɲɬɢɪɢɲɧɢ ɨɫɨɧɥɚɲɬɢɪɢɛ, ɦɟԟɧɚɬ ɫɚɪɮɢɧɢ ɤɚɦɚɣɬɢɪɚɞɢ, ԟɚɦɞɚ 
ɪɟɠɚɧɢɧɝ ԟɚɪ ɯɢɥ ɜɚɪɢɚɧɬɥɚɪɢɧɢ ɬɭɡɢɲɧɢ ɢɯɱɚɦɥɚɲɬɢɪɚɞɢғ Ȼɭɧɞɚɧ 
ɬɚɲԕɚɪɢ ԟɚɪ ɯɢɥ ɢԕɬɢɫɨɞɢɣ ɤўɪɫɚɬɤɢɱɥɚɪ ɨɪɚɫɢɞɚɝɢ ɛɨԑɥɢԕɥɢɤɧɢ 
ɬɟɤɲɢɪɢɲɧɢ ɨɫɨɧɥɚɲɬɢɪɚɞɢғ Ȼɭ ԟɨɥɚɬɥɚɪ ɦɚɬɪɢɬɫɚɥɚɪɧɢ ɭɦɭɦɢɣ ԟɨɥɞɚ 
ԕɚɪɚɲɝɚ ɨɥɢɛ ɤɟɥɚɞɢғ   

1-ɬɚɴɪɢɮғ  m  ɬɚ ɫɚɬɪɥɢ ɜɚ n  ɬɚ ɭɫɬɭɧɥɢ ɬўԑɪɢ ɛɭɪɱɚɤɥɢ nm   ɬɚ 
ɷɥɟɦɟɧɬɞɚɧ ɬɭɡɢɥɝɚɧ ɠɚɞɜɚɥ  

  






















mnmm

n

n

aaa

aaa

aaa

A







21

22221

11211

 

nm  ўɥɱɚɦɥɢ ɦɚɬɪɢɬɫɚ ɞɟɣɢɥɚɞɢғ A  ɦɚɬɪɢɬɫɚɧɢ ԕɢɫԕɚɱɚ 
),...1,,...1()( njmiaij   ɛɢɥɚɧ ԟɚɦ ɛɟɥɝɢɥɚɲ ɦɭɦɤɢɧғ Ɇɚɬɪɢɬɫɚɥɚɪɞɚ 

ɫɚɬɪɥɚɪ ɫɨɧɢ ɭɫɬɭɧɥɚɪ ɫɨɧɢɝɚ ɬɟɧɝ ɛўɥɫɚ, ɛɭɧɞɚɣ ɦɚɬɪɢɬɫɚɥɚɪ ɤɜɚɞɪɚɬ  
ɦɚɬɪɢɬɫɚɥɚɪ ɞɟɣɢɥɚɞɢғ  

 Ԟɚɪ ɛɢɪ n  ɬɚɪɬɢɛɥɢ ɤɜɚɞɪɚɬ ɦɚɬɪɢɬɫɚ ɭɱɭɧ ɭɧɢɧɝ ɷɥɟɦɟɧɬɥɚɪɢɞɚɧ 
ɬɭɡɢɥɝɚɧ ɞɟɬɟɪɦɢɧɚɧɬɧɢ ԟɢɫɨɛɥɚɲ ɦɭɦɤɢɧ, ɛɭ ɞɟɬɟɪɦɢɧɚɧɬɝɚ A  

ɦɚɬɪɢɬɫɚɧɢɧɝ ɞɟɬɟɪɦɢɧɚɧɬɢ ɞɟɣɢɥɚɞɢ ɜɚ Adet  ɺɤɢ  A  ɛɢɥɚɧ ɛɟɥɝɢɥɚɧɚɞɢғ 
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0det A  ɛўɥɫɚ, A  ɦɚɬɪɢɬɫɚɝɚ ɦɚɯɫɭɫ ɦɚɬɪɢɬɫɚ, 0det A  ɛўɥɫɚ,  
ɦɚɯɫɭɫɦɚɫ ɦɚɬɪɢɬɫɚ  ɞɟɣɢɥɚɞɢғ Ʉɜɚɞɪɚɬ ɦɚɬɪɢɬɫɚɧɢɧɝ nnaaa ,,, 2211   

ɷɥɟɦɟɧɬɥɚɪ ɠɨɣɥɚɲɝɚɧ ɞɢɚɝɨɧɚɥɢ ɛɨɲ ɞɢɚɝɨɧɚɥ, 1121 ,,, nnn aaa   

ɷɥɟɦɟɧɬɥɚɪ ɠɨɣɥɚɲɝɚɧ ɞɢɚɝɨɧɚɥɢ ёɪɞɚɦɱɢ ɞɢɚɝɨɧɚɥ ɞɟɣɢɥɚɞɢғ Ȼɨɲ 
ɞɢɚɝɨɧɚɥɞɚɝɢ ɷɥɟɦɟɧɬɥɚɪ 0ɞɚɧ ɮɚɪԕɥɢ ɛɨɲԕɚ ɛɚɪɱɚ ɷɥɟɦɚɟɧɬɥɚɪɢ 0 ɝɚ ɬɟɧɝ 
ɤɜɚɞɪɚɬ ɦɚɬɪɢɬɫɚ ɞɢɚɝɨɧɚɥ ɦɚɬɪɢɬɫɚ ɞɟɣɢɥɚɞɢғ  Ɇɚɫɚɥɚɧ, 
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ɦɚɬɪɢɬɫɚ ɞɢɚɝɨɧɚɥ ɦɚɬɪɢɬɫɚɞɢɪғ Ⱦɢɚɝɨɧɚɥɞɚɝɢ ɛɚɪɱɚ ɷɥɟɦɟɧɬɥɚɪɢ Қ ɝɚ ɬɟɧɝ 
ɞɢɚɝɨɧɚɥ ɦɚɬɪɢɬɫɚ ɛɢɪɥɢɤ ɦɚɬɪɢɬɫɚ ɞɟɣɢɥɚɞɢ ɜɚ   
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ɛɢɥɚɧ  ɛɟɥɝɢɥɚɧɚɞɢғғ  

 Ɏɚԕɚɬ ɛɢɬɬɚ ɫɚɬɪɞɚɧ ɢɛɨɪɚɬ  14131211 aaaa  ɦɚɬɪɢɬɫɚɝɚ ɫɚɬɪ 

ɦɚɬɪɢɬɫɚ ɞɟɣɢɥɚɞɢғ Ɏɚԕɚɬ ɛɢɬɬɚ ɭɫɬɭɧɞɚɧ ɢɛɨɪɚɬ  
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ɦɚɬɪɢɬɫɚɝɚ  ɭɫɬɭɧ ɦɚɬɪɢɬɫɚ ɞɟɣɢɥɚɞɢғ 

 Ȼɚɪɱɚɟɥɟɦɟɧɬɥɚɪɢ 0 ɥɚɪɞɚɧ ɢɛɨɪɚɬ ɛўɥɝɚɧ ɦɚɬɪɢɬɫɚɝɚ ɧɨɥ ɦɚɬɪɢɬɫɚ 
ɞɟɣɢɥɚɞɢ ɜɚ O  ɛɢɥɚɧ ɛɟɥɝɢɥɚɧɚɞɢғ  

Ⱥ ɦɚɬɪɢɬɫɚɝɚ ԕɭɣɢɞɚɝɢ ɦɚɬɪɢɬɫɚɧɢ ɦɨɫ ԕўɣɢɲ ɦɭɦɤɢɧ:  
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Ȼɭ ɦɚɬɪɢɬɫɚɧɢɧɝ ԟɚɪ ɫɚɬɪɢ А  ɦɚɬɪɢɬɫɚɧɢɧɝ ɭɧɝɚ ɦɨɫ ɭɫɬɭɧɢɞɚɧ ɢɛɨɪɚɬғ ТА  

ɦɚɬɪɢɬɫɚɧɢ  А ɦɚɬɪɢɬɫɚɝɚ ɧɢɫɛɚɬɚɧ ɬɪɚɧɫɩɨɧɢɪɥɚɧɝɚɧ ɞɟɣɢɥɚɞɢғ  

 ijaA   ɜɚ   )1,1( njmibB ij    ɦɚɬɪɢɬɫɚɥɚɪɧɢɧɝ ɦɨɫ 

ɷɥɟɦɟɧɬɥɚɪɢ ijij ba   ɬɟɧɝ ɛўɥɫɚ, ɛɭɧɞɚɣ ɦɚɬɪɢɬɫɚɥɚɪ ɬɟɧɝ ɦɚɬɪɢɬɫɚɥɚɪ 
ɞɟɣɢɥɚɞɢғ 

2. Ɇɚɬɪɢɬɫɚɥɚɪ ɭɫɬɢɞɚ ɚɦɚɥɥɚɪ. Ɇɚɬɪɢɬɫɚɥɚɪɧɢ ԕўɲɢɲ, ɫɨɧɝɚ 
ɤўɩɚɣɬɢɪɢɲ ɜɚ ɛɢɪ-ɛɢɪɢɝɚ ɤўɩɚɣɬɢɪɢɲ ɦɭɦɤɢɧғ 

Ȼɢɪ ɯɢɥ ўɥɱɚɦɥɢ )( ijaA   ɜɚ )( ijbB  )1,1( njmi   

ɦɚɬɪɢɬɫɚɥɚɪɧɢɧɝ ɣɢԑɢɧɞɢɫɢ ɞɟɛ, ɷɥɟɦɟɧɬɥɚɪɢ ijijij bac   ɪɚɜɢɲɞɚ 

ɚɧɢԕɥɚɧɚɞɢɝɚɧ ɭɱɢɧɱɢ )( ijcC   ɦɚɬɪɢɫɚɝɚ ɚɣɬɢɥɚɞɢғ Ɋɚɜɲɚɧɤɢ, C  

ɦɚɬɪɢɬɫɚɧɢɧɝ ўɥɱɚɦɢ ɨɥɞɢɧɝɢ ɦɚɬɪɢɬɫɚɥɚɪɧɢɧɝ  ўɥɱɚɦɢ ɛɢɥɚɧ ɛɢɪ ɯɢɥ 
ɛўɥɚɞɢғ  

 

Ɇɚɬɪɢɬɫɚɥɚɪɧɢ ԕɨɲɢɲɞɚ  ɛɢɪɨɪ ɦɚɬɪɢɫɚɝɚ O  ɦɚɬɪɢɫɚɧɢ ԕўɲɢɲ ɨɞɚɬɞɚɝɢ 
ɫɨɧɥɚɪɧɢ ԕўɲɢɲɞɚɝɢ ɧɨɥ ɫɨɧɢ ɪɨɥɢɧɢ ўɣɧɚɣɞɢ, ɹɴɧɢ  

                                             .AOA   

ɦɚɫɚɥɚɧ, 

                           



















































333231

232221

131211

333231

232221

131211

000

000

000

aaa

aaa

aaa

aaa

aaa

aaa

. 

А ɦɚɬɪɢɫɚɧɢ  ɫɨɧɝɚ ɤўɩɚɣɬɢɪɢɲ ɞɟɛ ɭɧɢɧɝ ԟɚɦɦɚ ɷɥɟɦɟɧɬɥɚɪɢɧɢ ɲɭ 
ɫɨɧɝɚ ɤўɩɚɣɬɢɪɢɲɝɚ ɚɣɬɢɥɚɞɢ, ɹɴɧɢ   
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km   ўɥɱɚɦɥɢ )( ijaA  ɦɚɬɪɢɫɚɧɢɧɝ nk   ўɥɱɚɦɥɢ )( ijbB   ɦɚɬɪɢɫɚɝɚ, 

ɤўɩɚɣɬɦɚɫɢ ɞɟɛ nm   ўɥɱɚɦɥɢ ɲɭɧɞɚɣ )( ijcC  ɦɚɬɪɢɫɚɝɚ ɚɣɬɢɥɚɞɢɤɢ ɭɧɢɧɝ 

ijc  ɷɥɟɦɟɧɬɢ A  ɦɚɬɪɢɫɚɝɚ  i -ɫɚɬɪɢ ɷɥɟɦɟɧɬɥɚɪɢɧɢ B  ɦɚɬɪɢɫɚ j -ɭɫɬɭɧɢɧɝ 
ɦɨɫ ɷɥɟɦɟɧɬɥɚɪɢɝɚ ɤўɩɚɣɬɦɚɥɚɪɢ ɣɢԑɢɧɞɢɫɢɝɚ ɬɟɧɝ, ɹɴɧɢ:  

kjikjijiij bababac  2211  

Ɇɚɬɪɢɫɚɥɚɪ ɤўɩɚɣɬɦɚɫɢ ABC   ɛɢɥɚɧ ɛɟɥɝɢɥɚɧɚɞɢғ  Ⱦɟɦɚɤ, 
ɦɚɬɪɢɫɚɥɚɪɧɢ ɤўɩɚɣɬɢɪɢɲ ɭɱɭɧ ɛɢɪɢɧɱɢ ɤўɩɚɣɬɭɜɱɢɧɢɧɝ ɭɫɬɭɧɥɚɪɢ ɫɨɧɢ, 
ɢɤɤɢɧɱɢ ɤўɩɚɣɬɭɜɱɢɧɢɧɝ ɭɫɬɭɧɥɚɪɢ ɫɨɧɢɝɚ ɬɟɧɝ ɛўɥɢɲɢ ɬɚɥɚɛ ԕɢɥɢɧɚɞɢғ 
ɒɭ ɫɚɛɚɛɥɢ, ɭɦɭɦɚɧ BAAB  . 

Ɇɚɬɪɢɫɚɥɚɪɧɢ ɤɨ;ɩɚɣɬɢɪɢɲ ɭɲɛɭ  

                           CABBCA   

Ƚɭɪɭԟɥɚɲ ԟɚɦɞɚ    

                     BCACCBA    

Ɍɚԕɫɢɦɨɬ ɯɨɫɫɚɫɢɝɚ ɷɝɚғɏɨɫɫɚ ўɪɢɧɥɢ ɛўɥɚɞɢ.  

   ɂɫɬɚɥɝɚɧ ɤɜɚɞɪɚɬ ɦɚɬɪɢɫɚ A  ɧɢ ɦɨɫ ɛɢɪɥɢɤ E  ɦɚɬɪɢɫɚɝɚ ɤўɩɚɣɬɢɪɝɚɧɞɚ  

                   AEAAE   

ɬɟɧɝɥɢɤ ўɪɢɧɥɢ ɛўɥɚɞɢ, ɦɚɫɚɥɚɧ  

ɏɭɞɞɢ ɲɭɧɝɚ ўɯɲɚɲ AEA   ɬɟɧɝɥɢɤɧɢ ԟɚɦ ɬɟɤɲɢɪɢɛ ɤўɪɢɲ ɦɭɦɤɢɧ (ɛɭɧɢ 
ɛɚɠɚɪɢɲɧɢ ўԕɭɜɱɢɝɚ ԟɚɜɨɥɚ ԕɢɥɚɦɢɡ) 

3.Ɇɚɬɪɢɫɚɧɢɧɝ ɪɚɧɝɢ ɜɚ ɭɧɢ ҳɢɫɨɛɥɚɲ. A  nm  ўɥɱɨɜɥɢ ɦɚɬɪɢɫɚɞɚ 

k  ɫɚɬɪ ɜɚ  k  ɬɚ ɭɫɬɭɧɢɧɢ ɚɠɪɚɬɚɦɢɡ, ɛɭɧɞɚ, mk,  ɜɚ n   ɫɨɧɥɚɪɞɚɧ ɤɢɱɢɤ ɺɤɢ 
ɭɥɚɪɧɢɧɝ ɤɢɱɢɝɢɝɚ ɬɟɧɝ ɛўɥɢɲɢ ɦɭɦɤɢɧғ Ⱥɠɪɚɬɢɥɝɚɧ ɫɚɬɪɥɚɪ ɜɚ 
ɭɫɬɭɧɥɚɪɧɢɧɝ ɤɟɫɢɲɭɜɢɞɚ ԟɨɫɢɥ ɛўɥɝɚɧ k -ɬɚɪɬɢɛɥɢ ɞɟɬɟɪɦɢɧɚɧɬɝɚ A  

ɦɚɬɪɢɫɚɧɢɧɝ k -ɬɚɪɬɢɛɥɢ ɦɢɧɨɪɢ ɞɟɣɢɥɚɞɢ. 
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Тɚɪъɪɢɮ. A  ɦɚɬɪɢɫɚɧɢɧɝ 0 ɞɚɧ ɮɚɪԕɥɢ ɦɢɧɨɪɥɚɫɪɢɧɢɧɝ ɷɧɝ ɸԕɨɪɢ 
ɬɚɪɬɢɛɢɝɚ A  ɦɚɬɪɢɫɚɧɢɧɝ ɦɢɧɨɪɢ ɞɟɣɢɥɚɞɢғ A  ɦɚɬɪɢɫɚɧɢɧɝ ɪɚɧɝɢ  rangA  

ɺɤɢ )(Ar  ɛɢɥɚɧ ɛɟɥɝɢɥɚɧɚɞɢғ 

Ɇɚɬɪɢɫɚ ɪɚɧɝɢɧɢ ɛɟɜɨɫɢɬɚ ԟɢɫɨɛɥɚɲɞɚ ɤўɩ ɫɨɧɞɚɝɢ ɞɟɬɟɪɦɢɧɚɧɬɥɚɪɧɢ 
ԟɢɫɨɛɥɚɲɝɚ ɬўԑɢ ɤɟɥɚɞɢғ Ԕɭɣɢɞɚɝɢ ɚɦɚɥɥɚɪɞɚɧ ɮɨɣɞɚɥɚɧɢɛ ɦɚɬɪɢɫɚ ɪɚɧɝɢɧɢ 
ԟɢɫɨɛɥɚɲ ԕɭɥɚɣɪɨԕғ Ɇɚɬɪɢɫɚɞɚ: Қ)ɮɚԕɚɬ 0 ɥɚɪɞɚɧ ɢɛɨɪɚɬ ɫɚɬɪɢ (ɭɫɬɭɧɢ)ɧɢ 
ўɱɢɪɢɲɞɚɧɥɚɪɞɚɧҲ қ) ɢɤɤɢɬɚ ɫɚɬɪ (ɭɫɬɭɧ)ɧɢɧɝ ўɪɢɧɥɚɪɢɧɢ ɚɥɦɚɲɬɢɪɢɲɞɚɧҲ 
3) ɛɢɪɨɪ ɫɚɬɪ (ɭɫɬɭɧ)ɧɢɧɝ ɷɥɟɦɟɧɬɥɚɪɢɧɢ ɛɢɪɨɪ 0  ɫɨɧɝɚ ɤўɩɚɣɬɢɪɢɛ, 
ɛɨɲԕɚ ɫɚɬɪ (ɭɫɬɭɧ) ɦɨɫ ɷɥɟɦɟɧɬɥɚɪɢɝɚ ԕўɲɢɲҲ 4) ɦɚɬɪɢɫɚɧɢ 
ɬɪɚɧɫɩɨɧɢɪɥɚɲɞɚɧ, ɭɧɢɧɝ ɪɚɧɝɢ ўɡɝɚɪɦɚɣɞɢғ  Ȼɭ ɚɦɚɥɥɚɪɝɚ ɨɞɚɬɞɚ ɷɥɟɦɟɧɬɚɪ 
ɚɥɦɚɲɬɢɪɢɲɥɚɪ ɞɟɣɢɥɚɞɢғ  

 

        4. Тɟɫɤɚɪɢ ɦɚɬɪɢɫɚ ɜɚ ɭɧɢ ɬɨɩɩɢɲ. A  ɤɜɚɞɪɚɬ ɦɚɬɪɢɫɚ ɭɱɭɧ 
EBAAB  ɛɢɪɥɢɤ ɦɚɬɪɢɫɚ ɛўɥɫɚ,  B  ɤɜɚɞɪɚɬ ɦɚɬɪɢɫɚ A  ɦɚɬɪɢɫɚɝɚ 

ɬɟɫɤɚɪɢ ɦɚɬɪɢɫɚ ɞɟɣɢɥɚɞɢғ Ɉɞɚɬɞɚ, A  ɦɚɬɪɢɫɚɝɚ ɬɟɫɤɚɪɢ ɦɚɬɪɢɫɚ  1
A   

ɛɢɥɚɧ ɛɟɥɝɢɥɚɧɚɞɢғ  

Ɍɟɨɪɟɦɚ:  A  ɤɜɚɞɪɚɬ ɦɚɬɪɢɫɚ ɬɟɫɤɚɪɢ ɦɚɬɪɢɫɚɝɚ ɷɝɚ ɛўɥɢɲɢ ɭɱɭɧ A  

ɦɚɬɪɢɫɚɧɢɧɝ ɞɟɬɟɪɦɢɧɚɧɬɢ 0 ɞɚɧ ɮɚɪԕɥɢ ɛўɥɢɲɢ ɡɚɪɭɪ ɜɚ ɷɬɚɪɥɢɞɢɪғ ɞɚɧ 

ɮɚɪԕɥɢ ɛўɥɢɲɢ ɡɚɪɭɪ ɜɚ ɟɬɚɪɥɢɞɢɪ.  

A  ɤɜɚɞɪɚɬ ɦɚɬɪɢɫɚ ɭМɱɭɧ  0det A  ɛўɥɫɚ , ɭɧɝɚ ɬɟɫɤɚɪɢ ɛўɥɝɚɧ ɹɝɨɧɚ 
ɦɚɬɪɢɫɚ 1

A  ɦɚɜɠɭɞғ  
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ɦɚɬɪɢɫɚɝɚ ɬɟɫɤɚɪɢ 1
A  ɦɚɬɪɢɫɚ 
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Ɏɨɪɦɭɥɚ ɛɢɥɚɧ ɬɨɩɢɥɚɞɢғ Ȼɭɧɞɚ ijA  ɦɨɫ ɪɚɜɢɲɞɚ ija  ɷɥɟɦɟɧɬɥɚɪɧɢɧɝ 
ɚɥɝɟɛɪɚɢМ ɬўɥɞɢɪɭɜɱɢɥɚɪɢ ɜɚ Adet .  

ɑɢɡɢԕɥɢ ɬɟɧɝɥɚɦɚɥɚɪ ɫɢɫɬɟɦɚɫɢɧɢ ɦɚɬɪɢɫɚɥɚɪ ɺɪɞɚɦɢɞɚ ɟɱɢɲғ ɗɧɞɢ 
ɦɚɬɪɢɫɚɥɚɪ ɺɪɞɚɦɢɞɚ ɱɢɡɢԕɥɢ ɬɟɧɝɥɚɦɚɥɚɪ ɫɢɫɬɟɦɚɫɢɧɢ ɟɱɢɲɝɚ ўɬɚɦɢɡғ   
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    (7) 

 

n  ɧɨɦɚɴɥɭɦɥɢ, n  ɬɚ ɬɟɧɝɥɚɦɚɥɪ ɫɢɫɬɟɦɚɫɢ ɛɟɪɢɥɝɚɧ ɛўɥɫɢɧғ 
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ɛɟɥɝɢɥɚɲɥɚɪɧɢ ɤɢɪɢɬɚɦɢɡғ ɗɧɞɢ (7) ɫɢɫɬɟɦɚɧɢ ɦɚɬɪɢɫɚɥɚɪɧɢ ɤўɩɚɣɬɢɪɢɲ 
ԕɨɢɞɚɫɢɞɚɧ ɮɨɣɞɚɥɚɧɢɛ,  

                          BAX            (8) 

 

ɤўɪɢɧɢɲɞɚ ɺɡɢɲ ɦɭɦɤɢɧғ 0det A  ɛўɥɫɚ, ɬɟɫɤɚɪɢ ɦɚɬɪɢɫɚ 1
A  ɦɚɜɠɭɞ ɜɚ 

BAAXA
11    ԟɨɫɢɥ ɛўɥɚɞɢғ ɒɭɧɞɚɣ ԕɢɥɢɛ, ɧɨɦɚɴɥɭɦ X  ɦɚɬɪɢɫɚ BA

1
 

ɦɚɬɪɢɫɚɝɚ ɬɟɧɝ ɛўɥɚɞɢ, ɹɴɧɢ  
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                                               X = BA
1

.  

Ȼɭ  (7) ɬɟɧɝɥɚɦɚɥɪ ɫɢɫɬɟɦɚɫɢɧɢ ɟɱɢɲɧɢɧɝ ɦɚɬɪɢɫɚɜɢɣ ɺɡɭɜɢɧɢ ɛɢɥɞɢɪɚɞɢғ  

 

 

2-Ɇɚɜɡɭ:  Ɏɭɧɤɰɢɹɥɚɪ ɜɚ ɭɥɚɪɧɢɧɝ ɬɚɞɛɢԕɥɚɪɢғ 
Ԟɨɫɢɥɚ ɜɚ ɭɧɢɧɝ ɬɚɞɛɢԕɥɚɪɢ 

Қғ Ɏɭɧɤɰɢɹɥɚɪ ɜɚ ɭɥɚɪɧɢɧɝ ɬɚɛɢɣɢɣ ɮɚɧɥɚɪɞɚɝɢ ɬɚɞɛɢԕɥɚɪɢ 

қғ Ԟɨɫɢɥɚ ɜɚ ɭɧɢɧɝ ɬɚɞɛɢԕɥɚɪɢ 

 

 

1
0ғ Ɏɭɧɤɰɢɹ ɬɚъɪɢɮɢ, ɛɟɪɢɥɢɲ ɭɫɭɥɥɚɪɢғ Ȼɢɡ қ-ɦɚɴɪɭɡɚɞɚ E  

ɬўɩɥɚɦɧɢ F  ɬўɩɥɚɦɝɚ ɚɤɫɥɚɧɬɢɪɢɲ 

FEf :  

ɧɢ ўɪɝɚɧɝɚɧ ɷɞɢɤғ 

ɗɧɞɢ FE  , RF   ɞɟɛ ɨɥɚɦɢɡғ ɍɧɞɚ ԟɚɪ ɛɢɪ ԟɚԕɢԕɢɣ  x  ɫɨɧɝɚ  ɛɢɪɨɪ 
ԟɚԕɢԕɢɣ ɣ ɫɨɧɧɢ ɦɨɫ ԕўɸɜɱɢ 

RFf :    ( yx
f

 ) 

ɚɤɫɥɚɧɬɢɪɢɲɝɚ ɤɟɥɚɦɢɡғ Ȼɭ ɷɫɚ ɮɭɧɤɰɢɹ ɬɭɲɭɧɱɚɫɢɝɚ ɨɥɢɛ ɤɟɥɚɞɢғ 

Ɏɭɧɤɰɢɹ ɬɭɲɭɧɱɚɫɢ ўԕɭɜɱɢɝɚ ўɪɬɚ ɦɚɤɬɚɛ ɦɚɬɟɦɚɬɢɤɚ ɤɭɪɫɢɞɚɧ 
ɦɚɴɥɭɦғ ɒɭɧɢ ɷɴɬɢɛɨɪɝɚ ɨɥɢɛ ɮɭɧɤɰɢɹ ԟɚԕɢɞɚɝɢ ɞɚɫɬɥɚɛɤɢ ɦɚɴɥɭɦɨɬɥɚɪɧɢ 
ԕɢɫԕɚɪɨԕ ɛɚɺɧ ɷɬɢɲɧɢ ɥɨɡɢɦ ɬɨɩɞɢɤғ  

Ⱥɣɬɚɣɥɢɤ, RX  , RY   ɬўɩɥɚɦɥɚɪ  ɛɟɪɢɥɝɚɧ ɛўɥɢɛ, x  ɜɚ y  

ўɡɝɚɪɭɜɱɢɥɚɪ ɦɨɫ ɪɚɜɢɲɞɚ ɲɭ ɬўɩɥɚɦɥɚɪɞɚ ўɡɝɚɪɫɢɧ: Xx ,   Yy . 

1-ɬɚъɪɢɮғ Ⱥɝɚɪ X  ɬўɩɥɚɦɞɚɝɢ ԟɚɪ ɛɢɪ x  ɫɨɧɝɚ ɛɢɪɨɪ f   ԕɨɢɞɚɝɚ ɤўɪɚ 
Y  ɬўɩɥɚɦɞɚɧ ɛɢɬɬɚ y  ɫɨɧ  ɦɨɫ ԕўɣɢɥɝɚɧ ɛўɥɫɚ, X  ɬўɩɥɚɦɞɚ ɮɭɧɤɰɢɹ 
ɛɟɪɢɥɝɚɧ (ɚɧɢԕɥɚɧɝɚɧ) ɞɟɣɢɥɚɞɢ  ɜɚ 

yxf :  ɺɤɢ  xfy   
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ɤɚɛɢ ɛɟɥɝɢɥɚɧɚɞɢғ Ȼɭɧɞɚ X - ɮɭɧɤɰɢɹɧɢɧɝ ɚɧɢԕɥɚɧɢɲ ɬўɩɥɚɦɢ (cɨԟɚɫɢ), 

Y  - ɮɭɧɤɰɢɹɧɢɧɝ ўɡɝɚɪɢɲ ɬўɩɥɚɦɢ (cɨԟɚɫɢ) ɞɟɣɢɥɚɞɢғ x - ɷɪɤɥɢ 
ўɡɝɚɪɭɜɱɢ ɺɤɢ ɮɭɧɤɰɢɹ ɚɪɝɭɦɟɧɬɢ, ɣ ɷɫɚ ɷɪɤɫɢɡ ўɡɝɚɪɭɜɱɢ ɺɤɢ ɮɭɧɤɰɢɹ  

ɞɟɣɢɥɚɞɢғ 

 Ɏɚɪɚɡ ԕɢɥɚɣɥɢɤ,  xfy   ɮɭɧɤɰɢɹ RX   ɬўɩɥɚɦɞɚ ɛɟɪɢɥɝɚɧ ɛўɥɫɢɧғ 
Xx 0  ɧɭԕɬɚɝɚ ɦɨɫ ɤɟɥɭɜɱɢ 0y  ɦɢԕɞɨɪ   xfy   ɮɭɧɤɰɢɹɧɢɧɝ 0xx   

ɧɭԕɬɚɞɚɝɢ ɯɭɫɭɫɢɣ ԕɢɣɦɚɬɢ ɞɟɣɢɥɚɞɢ ɜɚ   00 yxf   ɤɚɛɢ ɛɟɥɝɢɥɚɧɚɞɢғ 

Ⱥɣɬɚɣɥɢɤ,  xf1  ɮɭɧɤɰɢɹ RX 1  ɬўɩɥɚɦɞɚ,  xf2  ɮɭɧɤɰɢɹ ɷɫɚ RX 2  

ɬўɩɥɚɦɞɚ ɚɧɢԕɥɚɧɝɚɧ ɛўɥɫɢɧғ 

Ⱥɝɚɪ  

1)  21 XX   

2)  1Xx  ɞɚ    xfxf 21   

ɛўɥɫɚ,  xf1  ԟɚɦɞɚ  xf2  ɮɭɧɤɰɢɹɥɚɪ ўɡɚɪɨ ɬɟɧɝ ɞɟɣɢɥɚɞɢ ɜɚ    xfxf 21   

ɤɚɛɢ ɛɟɥɝɢɥɚɧɚɞɢғ  

2-ɬɚъɪɢɮғ Ⱥɝɚɪ ɲɭɧɞɚɣ ўɡɝɚɪɦɚɫ M  ɫɨɧɢ ɬɨɩɢɥɫɚɤɢ,  Xx  ɭɱɭɧ 
  Mxf   ɬɟɧɝɫɢɡɥɢɤ ɛɚɠɚɪɢɥɫɚ,  xf  ɮɭɧɤɰɢɹ X  ɬўɩɥɚɦɞɚ ɸԕɨɪɢɞɚɧ 

ɱɟɝɚɪɚɥɚɧɝɚɧ ɞɟɣɢɥɚɞɢғ Ⱥɝɚɪ ɲɭɧɞɚɣ ўɡɝɚɪɦɚɫ m  ɫɨɧɢ ɬɨɩɢɥɫɚɤɢ, Xx  

ɭɱɭɧ   mxf   ɬɟɧɝɫɢɡɥɢɤ ɛɚɠɚɪɢɥɫɚ,  xf  ɮɭɧɤɰɢɹ X  ɬўɩɥɚɦɞɚ ԕɭɣɢɞɚɧ 
ɱɟɝɚɪɚɥɚɧ-ɝɚɧ ɞɟɣɢɥɚɞɢғ  

3-ɬɚъɪɢɮғ Ⱥɝɚɪ  xf  ɮɭɧɤɰɢɹ X  ɬўɩɥɚɦɞɚ ԟɚɦ ɸԕɨɪɢɞɚɧ, ԟɚɦ 
ԕɭɣɢɞɚɧ ɱɟɝɚɪɚɥɚɧɝɚɧ ɛўɥɫɚ,  xf  ɮɭɧɤɰɢɹ X  ɬўɩɥɚɦɞɚ ɱɟɝɚɪɚɥɚɧɝɚɧ 

ɞɟɣɢɥɚɞɢғ 

4-ɬɚъɪɢɮғ Ⱥɝɚɪ ԟɚɪ ԕɚɧɞɚɣ 0M  ɫɨɧ ɨɥɢɧɝɚɧɞɚ ԟɚɦ ɲɭɧɞɚɣ Xx 0  

ɧɭԕɬɚ ɬɨɩɢɥɫɚɤɢ,  

  Mxf 0  

ɬɟɧɝɫɢɡɥɢɤ ɛɚɠɚɪɢɥɫɚ,  xf  ɮɭɧɤɰɢɹ X  ɬўɩɥɚɦɞɚ ɸԕɨɪɢɞɚɧ 
ɱɟɝɚɪɚɥɚɧɦɚɝɚɧ ɞɟɣɢɥɚɞɢғ 
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5-ɬɚъɪɢɮғ  Ⱥɝɚɪ ɲɭɧɞɚɣ ўɡɝɚɪɦɚɫ  0TT  ɫɨɧ ɦɚɜɠɭɞ ɛўɥɫɚɤɢ, 
Xx  ɭɱɭɧ  

1)  XTx  , XTx     

2)     xfTxf   

ɛўɥɫɚ,  xf  ɞɚɜɪɢɣ ɮɭɧɤɰɢɹ ɞɟɣɢɥɚɞɢ, T  ɫɨɧ ɷɫɚ  xf  ɮɭɧɤɰɢɹɧɢɧɝ ɞɚɜɪɢ 
ɞɟɣɢɥɚɞɢғ 

6-ɬɚъɪɢɮ. Ⱥɝɚɪ Xx  ɭɱɭɧ    xfxf   ɬɟɧɝɥɢɤ ɛɚɠɚɪɢɥ-ɫɚ,  xf  

ɠɭɮɬ ɮɭɧɤɰɢɹ ɞɟɣɢɥɚɞɢғ Ⱥɝɚɪ Xx  ɭɱɭɧ    xfxf   ɬɟɧɝɥɢɤ 
ɛɚɠɚɪɢɥɫɚ,  xf  ɬɨԕ ɮɭɧɤɰɢɹ ɞɟɣɢɥɚɞɢғ 

Эɥɟɦɟɧɬɚɪ ɮɭɧɤɰɢɹɥɚɪ ɤɢɬɨɛɯɨɧɝɚ ўɪɬɚ ɦɚɤɬɚɛ ɦɚɬɟɦɚɬɢɤɚ 
ɤɭɪɫɢɞɚɧ ɦɚъɥɭɦғ Ȼɢɡ ԕɭɣɢɞɚ ɷɥɟɦɟɧɬɚɪ ɮɭɧɤɰɢɹɥɚɪ ԟɚԕɢɞɚɝɢ ɚɫɨɫɢɣ 
ɦɚъɥɭɦɨɬɥɚɪɧɢ ɛɚɺɧ ɷɬɚɦɢɡғ 

1
0ғ Ȼɭɬɭɧ ɪɚɰɢɨɧɚɥ ɮɭɧɤɰɢɹɥɚɪғ 

ɍɲɛɭ  

n
n

n
n xaxaxaxaay  


1
1

2
210 ...  

ɤўɪɢɧɢɲɞɚɝɢ ɮɭɧɤɰɢɹ ɛɭɬɭɧ ɪɚɰɢɨɧɚɥ ɮɭɧɤɰɢɹ ɞɟɣɢɥɚɞɢғ Ȼɭɧɞɚ naaa ,...,, 10 – 

ўɡɝɚɪɦɚɫ ɫɨɧɥɚɪ, Nn ғ Ȼɭ ɮɭɧɤɰɢɹ ),( R  ɞɚ ɚɧɢԕɥɚɧɝɚɧғ 

Ȼɭɬɭɧ ɪɚɰɢɨɧɚɥ ɮɭɧɤɰɢɹɧɢɧɝ ɛɚɴɡɢ ɯɭɫɭɫɢɣ ԟɨɥɥɚɪɢ: 

ɚ)  ɑɢɡɢԕɥɢ ɮɭɧɤɰɢɹғ Ȼɭ ɮɭɧɤɰɢɹ 

)0(  abaɯy  

ɤўɪɢɧɢɲɝɚ ɷɝɚ, ɛɭɧɞɚ ba ,  ўɡɝɚɪɦɚɫ ɫɨɧɥɚɪғ 

ɑɢɡɢԕɥɢ ɮɭɧɤɰɢɹ ),(   ɞɚ ɚɧɢԕɥɚɧɝɚɧ 0a  ɛўɥɝɚɧɞɚ ўɫɭɜɱɢ, 
0a  ɛўɥɝɚɧɞɚ ɤɚɦɚɸɜɱɢ: ɝɪɚɮɢɝɢ ɬɟɤɢɫɥɢɤɞɚɝɢ  ɬўԑɪɢ ɱɢɡɢԕɞɚɧ ɢɛɨɪɚɬғ 

ɛ) Ʉɜɚɞɪɚɬ ɮɭɧɤɰɢɹғ Ȼɭ ɮɭɧɤɰɢɹ  

)0(2  acbxaɯy  

ɤўɪɢɧɢɲɝɚ ɷɝɚ, ɛɭɧɞɚ cba ,,  – ўɡɝɚɪɦɚɫ ɫɨɧɥɚɪ. 

Ʉɜɚɞɪɚɬ ɮɭɧɤɰɢɹ R  ɞɚ ɚɧɢԕɥɚɧɝɚɧ ɛўɥɢɛ, ɭɧɢɧɝ ɝɪɚɮɢɝɢ ɩɚɪɚɛɨɥɚɧɢ 
ɢɮɨɞɚɥɚɣɞɢғ 
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Ɋɚɜɲɚɧɤɢ,  

.
4

4

2

22

2

a

acb

a

b
xɚcbxaɯy









   

ɉɚɪɚɛɨɥɚɧɢɧɝ ɬɟɤɢɫɥɢɤɞɚ ɠɨɣɥɚɲɢɲɢ a  ԟɚɦɞɚ acbD 42   ɥɚɪɧɢɧɝ 

ɢɲɨɪɚɫɢɝɚ ɛɨԑɥɢԕ ɛўɥɚɞɢ. Ɇɚɫɚɥɚɧ, 0a , 0D  ɜɚ 0a , 0D  ɛўɥɝɚɧɞɚ 
ɭɧɢɧɝ ɝɪɚɮɢɝɢ  3-ɱɢɡɦɚɞɚ ɬɚɫɜɢɪɥɚɧɝɚɧ ɩɚɪɚɛɨɥɚɥɚɪ ɤўɪɢɧɢɲɢɞɚ ɛўɥɚɞɢғ 

 

3-ɱɢɡɦɚғ 

 

2
0ғ Ʉɚɫɪ ɪɚɰɢɨɧɚɥ ɮɭɧɤɰɢɹɥɚɪғ ɍɲɛɭ 

m
m

n
n

xbxbxbb

xaxaxaa
y





...

...
2

210

2
210  

ɤўɪɢɧɢɲɞɚɝɢ ɮɭɧɤɰɢɹ ɤɚɫɪ ɪɚɰɢɨɧɚɥ ɮɭɧɤɰɢɹ ɞɟɣɢɥɚɞɢғ Ȼɭɧɞɚ naaa ...,,, 10  

ɜɚ mbbb ...,,, 10  ɥɚɪ ўɡɝɚɪɦɚɫ ɫɨɧɥɚɪ Nn ,  Nm ғ Ȼɭ ɮɭɧɤɰɢɹ           

}0...|{\),( 10  m
m xbxbbxX  

ɬўɩɥɚɦɞɚ ɚɧɢԕɥɚɧɝɚɧ. 

Ʉɚɫɪ ɪɚɰɢɨɧɚɥ ɮɭɧɤɰɢɹɧɢɧɝ ɛɚɴɡɢ ɯɭɫɭɫɢɣ ԟɨɥɥɚɪɢ: 

ɚ) Ɍɟɫɤɚɪɢ ɩɪɨɩɨɪɰɢɨɧɚɥ ɛɨԑɥɚɧɢɲғ ɍ  

)0( constɚɯ
ɯ
a

y   

ɤўɪɢɧɢɲɝɚ ɷɝɚғ  Ȼɭ ɮɭɧɤɰɢɹ  

}0{\),0()0,( RX    
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ɬўɩɥɚɦɞɚ ɚɧɢԕɥɚɧɝɚɧ, ɬɨԕ ɮɭɧɤɰɢɹ, a  ɧɢɧɝ ɢɲɨɪɚɫɢɝɚ ԕɚɪɚɛ ɮɭɧɤɰɢɹ 

)0,(  ɜɚ ),0(   ɨɪɚɥɢԕɥɚɪɧɢɧɝ ԟɚɪ ɛɢɪɢɞɚ ɤɚɦɚɸɜ-ɱɢ ɺɤɢ ўɫɭɜɱɢ ɛўɥɚɞɢ 
(4-ɱɢɡɦɚ)ғ 

 

4-ɱɢɡɦɚ 

 

ɛ) Ʉɚɫɪ ɱɢɡɢԕɥɢ ɮɭɧɤɰɢɹғ  ɍ  ɭɲɛɭ 

dcɯ
baɯ

y



  

ɤўɪɢɧɢɲɝɚ ɷɝɚғ Ȼɭ ɮɭɧɤɰɢɹ  

)0(\ 






 c

c

d
RX  

ɬўɩɥɚɦɞɚ  ɚɧɢԕɥɚɧɝɚɧ: 

  

 

Ɋɚɜɲɚɧɤɢ, 

.
1

2 c

a

c

dɯc

adbc

dcɯ
baɯ

y 









  

Ⱦɟɦɚɤ, 

.,,,
2







 







c

a

c

d

c

adbc

ɯ
y 
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ɍɧɢɧɝ ɝɪɚɮɢɝɢɧɢ 
x

a
y   ɮɭɧɤɰɢɹ ɝɪɚɮɢɝɢ ɺɪɞɚɦɢɞɚ ɱɢɡɢɲ ɦɭɦɤɢɧғ 

3
0ғ Ⱦɚɪɚɠɚɥɢ ɮɭɧɤɰɢɹғ  ɍɲɛɭ 

)0(,  xxy
a  

ɤўɪɢɧɢɲɞɚɝɢ ɮɭɧɤɰɢɹ ɞɚɪɚɠɚɥɢ ɮɭɧɤɰɢɹ ɞɟɣɢɥɚɞɢғ 

Ȼɭ ɮɭɧɤɰɢɹɧɢɧɝ ɚɧɢԕɥɚɧɢɲ ɬўɩɥɚɦɢ a  ɝɚ ɛɨԑɥɢԕғ Ⱦɚɪɚɠɚɥɢ ɮɭɧɤɰɢɹ 
0a , ɛўɥɝɚɧɞɚ ),0(   ɞɚ ўɫɭɜɱɢ, 0a  ɛўɥɝɚɧɞɚ ɤɚɦɚɸɜɱɢ ɛўɥɚɞɢғ ɚɯɭ   

ɮɭɧɤɰɢɹ ɝɪɚɮɢɝɢ ɬɟɤɢɫɥɢɤ-ɧɢɧɝ  0,0  ɜɚ  1,1  ɧɭԕɬɚɥɚɪɢɞɚɧ  ўɬɚɞɢғ 

4
0ғ Ʉўɪɫɚɬɤɢɱɥɢ ɮɭɧɤɰɢɹғ  ɍɲɛɭ 

ɯɚɭ   

ɤўɪɢɧɢɲɞɚɝɢ ɮɭɧɤɰɢɹ ɤўɪɫɚɬɤɢɱɥɢ ɮɭɧɤɰɢɹ ɞɟɣɢɥɚɞɢғ Ȼɭɧɞɚ Ra , 0a , 

1a ғ Ʉўɪɫɚɬɤɢɱɥɢ ɮɭɧɤɰɢɹ ),(   ɚɧɢԕ-ɥɚɧɝɚɧ, Rɯ  ɞɚ 0x
a ; 1a  

ɛўɥɝɚɧɞɚ ўɫɭɜɱɢҲ 10  a  ɛўɥɝɚɧɞɚ ɤɚɦɚɸɜɱɢ ɛўɥɚɞɢғ 

ɏɭɫɭɫɚɧ, ea   ɛўɥɫɚ, ɦɚɬɟɦɚɬɢɤɚɞɚ ɦɭԟɢɦ ɪɨɥ ўɣɧɚɣɞɢ-ɝɚɧ ɯɟɭ   

ɮɭɧɤɰɢɹ ԟɨɫɢɥ ɛўɥɚɞɢғ 

Ʉўɪɫɚɬɤɢɱɥɢ ɮɭɧɤɰɢɹɧɢɧɝ ɝɪɚɮɢɝɢ Ox  ўԕɢɞɚɧ ɸԕɨɪɢɞɚ ɠɨɣɥɚɲɝɚɧ ɜɚ 
ɬɟɤɢɫɥɢɤɧɢɧɝ  1,0  ɧɭԕɬɚɫɢɞɚɧ ўɬɚɞɢғ 

5
0ғ Ʌɨɝɚɪɢɮɦɢɤ ɮɭɧɤɰɢɹғ ɍɲɛɭ 

xɭ ɚlog  

ɤўɪɢɧɢɲɞɚɝɢ ɮɭɧɤɰɢɹ ɥɨɝɚɪɢɮɦɢɤ ɮɭɧɤɰɢɹ ɞɟɣɢɥɚɞɢғ Ȼɭɧɞɚ 0a , 1a . 

Ʌɨɝɚɪɢɮɦɢɤ ɮɭɧɤɰɢɹ ),0(   ɞɚ ɚɧɢԕɥɚɧɝɚɧ, ɯɚɭ   ɮɭɧɤ-ɰɢɹɝɚ 
ɧɢɫɛɚɬɚɧ ɬɟɫɤɚɪɢҲ 1a  ɛўɥɝɚɧɞɚ ўɫɭɜɱɢ, 10  a  ɛўɥɝɚɧɞɚ ɤɚɦɚɸɜɱɢ 
ɛўɥɚɞɢғ 

Ʌɨɝɚɪɢɮɦɢɤ ɮɭɧɤɰɢɹɧɢɧɝ ɝɪɚɮɢɝɢ Oy  ўԕɢɧɢɧɝ ўɧɝ ɬɨɦɨɧɢɞɚ 
ɠɨɣɥɚɲɝɚɧ ɜɚ ɬɟɤɢɫɥɢɤɧɢɧɝ  1,0  ɧɭԕɬɚɫɢɞɚɧ ўɬɚɞɢғ 

6
0ғ Ɍɪɢɝɨɧɨɦɟɬɪɢɤ ɮɭɧɤɰɢɹɥɚɪғ  ɍɲɛɭ 
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ecxyxy

ctgxytgxyxyxɭ
cos,sec

,,,cos,sin




 

ɮɭɧɤɰɢɹɥɚɪ ɬɪɢɝɨɧɨɦɟɬɪɢɤ ɮɭɧɤɰɢɹɥɚɪ ɞɟɣɢɥɚɞɢғ 

xyxɭ cos,sin   ɮɭɧɤɰɢɹɥɚɪ ),( R  ɞɚ ɚɧɢԕɥɚɧɝɚɧ, 2  

ɞɚɜɪɥɢ ɮɭɧɤɰɢɹɥɚɪ Rɯ  ɞɚ  

1cos1,1sin1  xx  

ɛўɥɚɞɢғ ɍɲɛɭ 

,tgxy   

ɮɭɧɤɰɢɹ 







  ...,2,1,0;

2
)12(|\ kkxRxRX


 

ɬўɩɥɚɦɞɚ ɚɧɢԕɥɚɧɝɚɧ   ɞɚɜɪɥɢ ɮɭɧɤɰɢɹ, xxx cosec,sec,ctg  ɮɭɧɤɰɢɹɥɚɪ 
xxx tg,cos,sin  ɥɚɪ ɨɪԕɚɥɢ ԕɭɣɢɞɚɝɢɱɚ ɢɮɨɞɚɥɚ-ɧɚɞɢ: 

x
ecx

x
x

tgx
ctgx

sin

1
cos,

cos

1
sec,

1
 . 

7
0ғ Ƚɢɩɟɪɛɨɥɢɤ ɮɭɧɤɰɢɹɥɚɪғ   Ʉўɪɫɚɬɤɢɱɥɢ ɯ

eɭ   ɮɭɧɤ-ɰɢɹ ɺɪɞɚɦɢɞɚ 
ɬɭɡɢɥɝɚɧ ɭɲɛɭ 

xx

xx

xx

xxxxxx

ɟɟ
ɟɟ

ɟɟ
ɟɟɟɟɟɟ















,,
2

,
2

 

ɮɭɧɤɰɢɹɥɚɪ ɝɢɩɟɪɛɨɥɢɤ (ɦɨɫ ɪɚɜɢɲɞɚ ɝɢɩɟɪɛɨɥɢɤ ɫɢɧɭɫ, ɝɢɩɟɪɛɨɥɢɤ 
ɤɨɫɢɧɭɫ, ɝɢɩɟɪɛɨɥɢɤ ɬɚɧɝɟɧɫ, ɝɢɩɟɪɛɨɥɢɤ ɤɚɬɚɧɝɟɧɫ) ɮɭɧɤɰɢɹɥɚɪ 
ɞɟɣɢɥɚɞɢ ɜɚ ɭɥɚɪ ԕɭɣɢɞɚɝɢɱɚ 

xx

xx

xx

xxxxxx

ɟɟ
ɟɟ

cthx
ɟɟ
ɟɟ

thx
ɟɟ

chx
ɟɟ

shx 




















 ,,
2

,
2

 

ɛɟɥɝɢɥɚɧɚɞɢғ 

8
0
. Ɍɟɫɤɚɪɢ ɬɪɢɝɨɧɨɦɟɬɪɢɤ ɮɭɧɤɰɢɹɥɚɪғ Ɇɚɴɥɭɦɤɢ, xy sin  

ɮɭɧɤɰɢɹ R  ɞɚ ɚɧɢԕɥɚɧɝɚɧ ɜɚ ɭɧɢɧɝ ԕɢɣɦɚɬɥɚɪɢ ɬўɩɥɚɦɢ 

]1,1[fY  
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ɛўɥɚɞɢғ 

Ⱥɝɚɪ 





2
,

2


x  ɛўɥɫɚ, ɭ ԟɨɥɞɚ  





2
,

2


X  ɜɚ ]1,1[fY  

ɬўɩɥɚɦɥɚɪɧɢɧɝ ɷɥɟɦɟɧɬɥɚɪɢ ўɡɚɪɨ ɛɢɪ ԕɢɣɦɚɬɥɢ ɦɨɫɥɢɤɞɚ ɛўɥɚɞɢ.  

xy sin  ɮɭɧɤɰɢɹɝɚ ɧɢɫɛɚɬɚɧ ɬɟɫɤɚɪɢ ɮɭɧɤɰɢɹ  

xɚrcɭ sin  

ɤɚɛɢ ɛɟɥɝɢɥɚɧɚɞɢғ 

ɒɭɧɝɚ ўɯɲɚɲ ctgxytgxyxy  ,,cos  ɮɭɧɤɰɢɹɥɚɪɝɚ ɧɢɫ-ɛɚɬɚɧ 
ɬɟɫɤɚɪɢ ɮɭɧɤɰɢɹɥɚɪ ɦɨɫ ɪɚɜɢɲɞɚ 

,,,arccos arcctgxyarctgxyxy   

ɤɚɛɢ ɛɟɥɝɢɥɚɧɚɞɢғ 

ɍɲɛɭ xɚrcɭ sin , xɚrcɭ cos , ɚrctgбɭ  , ɚrcctgбɭ   ɮɭɧɤɰɢɹ-ɥɚɪ  
ɬɟɫɤɚɪɢ ɬɪɢɝɨɧɨɦɟɬɪɢɤ ɮɭɧɤɰɢɹɥɚɪ  ɞɟɣɢɥɚɞɢғ 

Ԟɨɫɢɥɚ 

1
0ғ Ɏɭɧɤɰɢɹ ԟɨɫɢɥɚɫɢɧɢɧɝ ɬɚъɪɢɮɢғ Ɇɢɫɨɥɥɚɪғ Ɏɚɪɚɡ ԕɢɥɚɣɥɢɤ, 

 xf  ɮɭɧɤɰɢɹ   Rba ,  ɞɚ ɛɟɪɢɥɝɚɧ ɛўɥɢɛ,  bax ,0  ,  baxx ,0   

ɛўɥɫɢɧғ 

Ɇɚɴɥɭɦɤɢ ɭɲɛɭ 

     000 xfxxfxf   

ɚɣɢɪɦɚ  xf  ɮɭɧɤɰɢɹɧɢɧɝ 0x  ɧɭԕɬɚɞɚɝɢ ɨɪɬɬɢɪɦɚɫɢ ɞɟɣɢɥɚɞɢғ 

1-ɬɚъɪɢɮғ Ⱥɝɚɪ ɭɲɛɭ 

x

xfxxf

x 




)()(
lim 00

0
 

ɥɢɦɢɬ ɦɚɜɠɭɞ ɜɚ ɱɟɤɥɢ ɛўɥɫɚ, ɭ  xf  ɮɭɧɤɰɢɹɧɢɧɝ 0x  ɧɭԕɬɚɞɚɝɢ ԟɨɫɢɥɚɫɢ 

ɞɟɣɢɥɚɞɢ ɜɚ 
dx

xdf )( 0 , ɺɤɢ ),( 0xf   ɺɤɢ 
0

))(( xxf   ɤɚɛɢ ɛɟɥɝɢɥɚɧɚɞɢғ  Ⱦɟɦɚɤ, 

                
x

xfxxf
xf

x 





)()(
lim)( 00

0
0 .                    (1) 
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Ⱥɝɚɪ xxx 0  ɞɟɣɢɥɫɚ, ɭɧɞɚ 0xxx   ɜɚ 0x  ɞɚ 0xx   ɛўɥɢɛ, 
(Қ) ɦɭɧɨɫɚɛɚɬ ԕɭɣɢɞɚɝɢ 

                      
0

0
0

)()(
lim)(

0 xx

xfxf
xf

xx 





                       (2) 

ɤўɪɢɧɢɲɝɚ  ɤɟɥɚɞɢғ 

2
0ғ Ɏɭɧɤɰɢɹɧɢɧɝ ўɧɝ ɜɚ ɱɚɩ ԟɨɫɢɥɚɥɚɪɢғ Ɏɚɪɚɡ ԕɢɥɚɣɥɢɤ,  xf  

ɮɭɧɤɰɢɹ RX   ɬўɩɥɚɦɞɚ ɛɟɪɢɥɝɚɧ ɛўɥɢɛ, Xxx  ),( 00   )0(   ɛўɥɫɢɧғ  

2-ɬɚъɪɢɮғ Ⱥɝɚɪ ɭɲɛɭ  

0

0

0

)()(
lim

0 xx

xfxf

xx 



 

ɥɢɦɢɬ ɦɚɜɠɭɞ ɛўɥɫɚ, ɛɭ ɥɢɦɢɬ  xf  ɮɭɧɤɰɢɹɧɢɧɝ 0x  ɧɭԕɬɚɞɚɝɢ ɱɚɩ 
ԟɨɫɢɥɚɫɢ ɞɟɣɢɥɚɞɢ ɜɚ )0( 0  xf  ɤɚɛɢ ɛɟɥɝɢɥɚɧɚɞɢ: 

0

0

0
0

)()(
lim)0(

0 xx

xfxf
xf

xx 





. 

Ⱥɣɬɚɣɥɢɤ,  xf  ɮɭɧɤɰɢɹ RX   ɬўɩɥɚɦɞɚ ɛɟɪɢɥɝɚɧ ɛўɥɢɛ, 
Xxx  ),( 00   )0(   ɛўɥɫɢɧғ 

3-ɬɚъɪɢɮғ Ⱥɝɚɪ ɭɲɛɭ  

0

0

0

)()(
lim

0 xx

xfxf

xx 



 

ɥɢɦɢɬ ɦɚɜɠɭɞ ɛўɥɫɚ, ɛɭ ɥɢɦɢɬ  xf  ɮɭɧɤɰɢɹɧɢɧɝ 0x  ɧɭԕɬɚɞɚɝɢ ўɧɝ 
ԟɨɫɢɥɚɫɢ ɞɟɣɢɥɚɞɢ ɜɚ )0( 0  xf  ɤɚɛɢ ɛɟɥɝɢɥɚɧɚɞɢ: 

0

0

0
0

)()(
lim)0(

0 xx

xfxf
xf

xx 





. 

ɘԕɨɪɢɞɚ ɤɟɥɬɢɪɢɥɝɚɧ ɬɚɴɪɢɮɥɚɪɞɚɧ ԕɭɣɢɞɚɝɢ ɯɭɥɨɫɚɥɚɪ ɤɟɥɢɛ 
ɱɢԕɚɞɢ: 

Қғ Ⱥɝɚɪ  xf  ɮɭɧɤɰɢɹ 0x  ɧɭԕɬɚɞɚ )(
0

xf   ԟɨɫɢɥɚɝɚ ɷɝɚ ɛўɥɫɚ, ɭ ԟɨɥɞɚ ɛɭ 
ɮɭɧɤɰɢɹ ɯ0 ɧɭԕɬɚɞɚ ўɧɝ )0( 0  xf  ԟɚɦɞɚ ɱɚɩ )0( 0  xf  ԟɨɫɢɥɚɥɚɪɝɚ ɷɝɚ ɜɚ 

)0()()0 000  xfxfxf  ɬɟɧɝɥɢɤɥɚɪ ўɪɢɧɥɢ ɛўɥɚɞɢғ 
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қғ Ⱥɝɚɪ  xf  ɮɭɧɤɰɢɹ 0x  ɧɭԕɬɚɞɚ ўɧɝ )0(' 0 xf  ԟɚɦɞɚ ɱɚɩ  )0( 0  xf  

ԟɨɫɢɥɚɥɚɪɝɚ ɷɝɚ ɛўɥɢɛ, )0()0( 00  xfxf  ɛўɥɫɚ, ɭ ԟɨɥɞɚ  xf  ɮɭɧɤɰɢɹ 0x  

ɧɭԕɬɚɞɚ  )(
0

xf   ԟɨɫɢɥɚɝɚ ɷɝɚ ɜɚ )0()()0( 000  xfxfxf  ɬɟɧɝɥɢɤɥɚɪ 
ўɪɢɧɥɢ ɛўɥɚɞɢғ 

3
0ғ Ԟɨɫɢɥɚɧɢɧɝ ɝɟɨɦɟɬɪɢɤ ԟɚɦɞɚ ɦɟɯɚɧɢɤ ɦɚъɧɨɥɚɪɢғ  Ɏɚɪɚɡ 

ԕɢɥɚɣɥɢɤ,  xf  ɮɭɧɤɰɢɹ  ba ,  ɞɚ ɛɟɪɢɥɝɚɧ ɛўɥɢɛ,  bax ,0   ɧɭԕɬɚɞɚ )('
0

xf  

ԟɨɫɢɥɚɝɚ ɷɝɚ ɛўɥɫɢɧғ Ȼɭ  xf  ɮɭɧɤɰɢɹ-ɧɢɧɝ ɝɪɚɮɢɝɢ 5-ɱɢɡɦɚɞɚ ɬɚɫɜɢɪɥɚɧɝɚɧ 
Ƚ  ɷɝɪɢ ɱɢɡɢԕɧɢ ɢɮɨɞɚɥɚɫɢɧ: 

 

5-ɱɢɡɦɚғ 

 

Ȼɭ Ƚ  ɱɢɡɢԕɞɚ  000 , yxM ,  yxM ,  ɧɭԕɬɚɥɚɪɧɢ ɨɥɢɛ, ɭɥɚɪ ɨɪԕɚɥɢ 
ўɬɭɜɱɢ l  ɤɟɫɭɜɱɢɧɢ ԕɚɪɚɣɦɢɡғ 

   ȽxfxM 000 , ,    ȽxfxM , , 0MM   ɞɚ l  ɤɟɫɭɜɱɢ ɥɢɦɢɬ 
ԟɨɥɚɬɢ Ƚ  ɱɢɡɢԕԕɚ 0M  ɧɭԕɬɚɞɚ ўɬɤɚɡɢɥɝɚɧ ɭɪɢɧɦɚ ɞɟɣɢɥɚɞɢғ 

Ɋɚɜɲɚɧɤɢ,   ɛɭɪɱɚɤ x  ɝɚ ɛɨɻɥɢԕ:  x .  xf  ɮɭɧɤɰɢɹɧɢɧɝ 
ɝɪɚɮɢɝɢɝɚ 0M  ɧɭԕɬɚɞɚ ўɬɤɚɡɢɥɝɚɧ ɭɪɢɧɦɚɧɢɧɝ ɦɚɜɠɭɞ ɛўɥɢɲɢ ɭɱɭɧ 

 


)(lim
0

x
x

 

ɧɢɧɝ ɦɚɜɠɭɞ ɛўɥɢɲɢ ɥɨɡɢɦғ Ȼɭɧɞɚ  –ɭɪɢɧɦɚɧɢɧɝ OX  ўԕɢ-ɧɢɧɝ ɦɭɫɛɚɬ 
ɣўɧɚɥɢɲɢ ɛɢɥɚɧ ɬɚɲɤɢɥ ɷɬɝɚɧ ɛɭɪɱɚɤғ 

MPM 0  ɭɱɛɭɪɱɚɤɞɚɧ: 

x

xfxxf

PM

MP
xtg





)()(

)( 00

0
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ɛўɥɢɛ, ɭɧɞɚɧ 

x

xfxxf
arctgx





)()(

)( 00  

ɛўɥɢɲɢ ɤɟɥɢɛ ɱɢԕɚɞɢғ Ɏɭɧɤɰɢɹ ɭɡɥɭɤɫɢɡɥɢɝɢɞɚɧ ɮɨɣɞɚɥɚɧɢɛ ɬɨɩɚɦɢɡ: 







 x

xfxxf
arctgx

xx

)()(
lim)(lim 00

00
  

).(
)()(

lim 0
00

0
xfarctg

x

xfxxf
arctg

x












 

Ⱦɟɦɚɤ,  0x  ɞɚ  x  ɧɢɧɝ ɥɢɦɢɬɢ ɦɚɜɠɭɞ ɜɚ  

)( 0xfarctg  . 

Ʉɟɣɢɧɝɢ ɬɟɧɝɥɢɤɞɚɧ 

tgxf  )( 0  

ɛўɥɢɲɢ ɤɟɥɢɛ ɱɢԕɚɞɢғ  

Ⱦɟɦɚɤ, ɮɭɧɤɰɢɹɧɢɧɝ 0x  ɧɭԕɬɚɞɚɝɢ )('
0

xf  ԟɨɫɢɥɚɫɢ ɭɪɢɧ-ɦɚɧɢɧɝ 
ɛɭɪɱɚɤ ɤɨɷɮɮɢɰɟɧɬɢɧɢ ɢɮɨɞɚɥɚɣɞɢғ Ȼɭɧɞɚ ɭɪɢɧɦɚɧɢɧɝ ɬɟɧɝɥɚɦɚɫɢ  

))(()( 000 xxxfxfy   

ɤўɪɢɧɢɲɞɚ ɛўɥɚɞɢ.  

Ⱥɣɬɚɣɥɢɤ, P  ɧɭԕɬɚ ɬўɻɪɢ ɱɢɡɢԕ ɛўɣɥɚɛ )(tss   ԕɨɧɭɧ ɛɢɥɚɧ ԟɚɪɚɤɚɬ 

ԕɢɥɫɢɧ, ɛɭɧɞɚ t ɜɚԕɬ, s ўɬɢɥɝɚɧ ɣўɥ. Ⱥɝɚɪ ɜɚԕɬɧɢɧɝ 1t  ɜɚ 2t  )( 21 tt   

ԕɢɣɦɚɬɥɚɪɢɞɚɝɢ ўɬɢɥɝɚɧ ɣўɥ )(),( 21 tsts  ɛўɥɫɚ, ɭɧɞɚ ɭɲɛɭ ɧɢɫɛɚɬ 

12

12 )()(

tt

tsts




 

],[ 21 tt  ɜɚԕɬ ɨɪɚɥɢɻɢɞɚɝɢ ўɪɬɚɱɚ ɬɟɡɥɢɤɧɢ ɢɮɨɞɚɥɚɣɞɢғ  

Ԕɭɣɢɞɚɝɢ 

12

12 )()(
lim

012 tt

tsts

tt 
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ɥɢɦɢɬ ԟɚɪɚɤɚɬɞɚɝɢ ɧɭԕɬɚɧɢɧɝ 1t  ɜɚԕɬɞɚɝɢ ɨɧɢɣ ɬɟɡɥɢɝɢɧɢ ɛɢɥɞɢɪɚɞɢғ 

Ⱦɟɦɚɤ, ԟɚɪɚɤɚɬɞɚɝɢ P  ɧɭԕɬɚɧɢɧɝ t  ɜɚԕɬɞɚɝɢ ɨɧɢɣ ɬɟɡɥɢɝɢ )(tv , ўɬɢɥɝɚɧ 
)(ts  ɣўɥɧɢɧɝ ԟɨɫɢɥɚɫɢɞɚɧ ɢɛɨɪɚɬ ɛўɥɚɞɢ: 

).()( tstv   

4
0ғ Ԟɨɫɢɥɚɝɚ ɷɝɚ ɛўɥɝɚɧ ɮɭɧɤɰɢɹɧɢɧɝ ɭɡɥɭɤɫɢɡɥɢɝɢғ Ɏɚɪɚɡ 

ԕɢɥɚɣɥɢɤ, )(xf  ɮɭɧɤɰɢɹ Rba ),(  ɞɚ ɛɟɪɢɥɝɚɧ ɛўɥɫɢɧғ  

Ɍɟɨɪɟɦɚғ Ⱥɝɚɪ )(xf  ɮɭɧɤɰɢɹ ),(0 bax   ɧɭԕɬɚɞɚ ɱɟɤɥɢ )( 0xf   

ԟɨɫɢɥɚɝɚ ɷɝɚ ɛўɥɫɚ, ɭ ԟɨɥɞɚ )(xf  ɮɭɧɤɰɢɹ 0x  ɧɭԕɬɚɞɚ ɭɡɥɭɤɫɢɡ ɛўɥɚɞɢғ 

◄ Ⱥɣɬɚɣɥɢɤ, )(xf  ɮɭɧɤɰɢɹ  ),(0 bax   ɧɭԕɬɚɞɚ ɱɟɤɥɢ )( 0xf   ԟɨɫɢɥɚɝɚ 
ɷɝɚ ɛўɥɫɢɧғ Ɍɚɴɪɢɮɝɚ ɛɢɧɨɚɧ 

x

xfxxf

x

xf
xf

xx 










)()(
lim

)(
lim)( 00

0

0

0
0  

ɹɴɧɢ 

0x  ɞɚ )(
)(

0
0 xf

x

xf 


  

ɛўɥɚɞɢғ 

ɗɧɞɢ  

)(
)(

0
0 xf

x

xf 



  

ɞɟɛ ɛɟɥɝɢɥɚɣɦɢɡғ 

Ɋɚɜɲɚɧɤɢ,  

0x  ɞɚ .0  

Ʉɟɣɢɧɝɢ ɬɟɧɝɥɢɤɥɚɪɞɚɧ ɬɨɩɚɦɢɡ: 

.)()( 00 xxxfxf    

Ɉɞɚɬɞɚ, ɛɭ ɬɟɧɝɥɢɤ ɮɭɧɤɰɢɹ ɨɪɬɬɢɪɦɚɫɢɧɢɧɝ ɮɨɪɦɭɥɚɫɢ ɞɟɣɢɥɚɞɢғ ɍɧɞɚɧ 

0)(lim 0
0




xf
x
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ɛўɥɢɲɢ ɤɟɥɢɛ ɱɢԕɚɞɢғ Ȼɭ )(xf  ɮɭɧɤɰɢɹɧɢɧɝ 0x  ɧɭԕɬɚɞɚ ɭɡɥɭɤɫɢɡ ɷɤɚɧɢɧɢ 
ɛɢɥɞɢɪɚɞɢғ ► 

Эɫɥɚɬɦɚғ Ɏɭɧɤɰɢɹɧɢɧɝ ɛɢɪɨɪ ɧɭԕɬɚɞɚ ɭɡɥɭɤɫɢɡ ɛўɥɢɲɢ-ɞɚɧ ɭɧɢɧɝ ɲɭ 
ɧɭԕɬɚɞɚ ɱɟɤɥɢ ԟɨɫɢɥɚɝɚ ɷɝɚ ɛўɥɢɲɢ ԟɚɪ ɞɨɢɦ ԟɚɦ ɤɟɥɢɛ ɱɢԕɚɜɟɪɦɚɣɞɢғ 
Ɇɚɫɚɥɚɧ, ||)( xxf   ɮɭɧɤɰɢɹ 0x  ɧɭԕɬɚɞɚ ɭɡɥɭɤɫɢɡ, ɚɦɦɨ ɭ ɲɭ ɧɭԕɬɚɞɚ 
ԟɨɫɢɥɚɝɚ ɷɝɚ ɷɦɚɫғ 

 

 

3-Ɇɚɜɡɭ:  ɂɧɬɟɝɪɚɥ ɜɚ ɭɧɢɧɝ ɬɚɞɛɢԕɥɚɪɢғԔɚɬɨɪɥɚɪ ɜɚ ɭɥɚɪɧɢɧɝ 
ɬɚɞɛɢԕɥɚɪɢ 

Қғ ɂɧɬɟɝɪɚɥ ɜɚ ɭɧɢɧɝ ɮɚɧɥɚɪɞɚɝɢ ɬɚɞɛɢԕɥɚɪɢ 

қғ Ԕɚɬɨɪɥɚɪ ɜɚ ɭɥɚɪɧɢɧɝ ɬɚɞɛɢԕɥɚɪɢ 

 

 

 

ȺɇɂԔɆȺɋ ɂɇɌȿȽɊȺɅ  

Ɏɭɧɤɫɢɹɧɢɧɝ ԟɨɫɢɥɚɫɢɧɢ ɬɨɩɢɲ (ɬɨɩɢɲ ɚɦɚɥɢ) ɭɧɢ ɞɢɮɮɟɪɟɧɰɢɚɥɥɚɲ, 
ɮɭɧɤɫɢɹɧɢɧɝ ɛɢɪɨɪ ɧɭԕɬɚɞɚ ԟɨɫɢɥɚɝɚ ɷɝɚ ɛўɥɢɲɢɧɢ ɷɫɚ, ɭɧɢ ɲɭ ɧɭԕɬɚɞɚ 
ɞɢɮɮɟɪɟɧɰɢɚɥɥɚɧɭɜɱɢ ɞɟɣɢɥɢɲɢɧɢ ɚɣɬɢɛ ўɬɝɚɧ ɷɞɢɤғ 

Ʉўɩ ԟɨɥɥɚɪɞɚ ɮɭɧɤɫɢɹɧɢɧɝ ԟɨɫɢɥɚɫɢɝɚ ɤўɪɚ ɮɭɧɤɫɢɹɧɢɧɝ ўɡɢɧɢ ɬɨɩɢɲ 
ɥɨɡɢɦ ɛўɥɚɞɢғ Ɇɚɫɚɥɚɧ, ԟɚɪɚɤɚɬɞɚɝɢ ɦɨɞɞɢɣ ɧɭԕɬɚɧɢ ɬɟɡɥɢɝɢɝɚ ɤўɪɚ ԟɚɪɚɤɚɬ 
ԕɨɧɭɧɢɧɢ ɬɨɩɢɲɝɚ ɬўԑɪɢ ɤɟɥɚɞɢғ Ȼɭɧɞɚɣ ɦɚɫɚɥɚɥɚɪ ɞɢɮɮɟɪɟɧɰɢɚɥɥɚɲ 
ɚɦɚɥɢɝɚ ɬɟɫɤɚɪɢ ɛўɥɝɚɧ ɢɧɬɟɝɪɚɥɥɚɲ (ɢɧɬɟɝɪɚɥɥɚɲ ɚɦɚɥɢ) ɬɭɲɭɧɱɚɫɢɝɚ ɨɥɢɛ 
ɤɟɥɚɞɢғ 

Ⱥɧɢԕɦɚɫ ɢɧɬɟɝɪɚɥ ɬɭɲɭɧɱɚɫɢ  

Ⱥɣɬɚɣɥɢɤ,  f x  ɜɚ  F x  ɮɭɧɤɫɢɹɥɚɪɢ  ,a b  ɞɚ ɛɟɪɢɥɝɚɧ ɛўɥɢɛ,  F x  

ԟɨɫɢɥɚɝɚ ɷɝɚ ɛўɥɫɢɧғ 

 

 1-Ɍɚъɪɢɮғ Ⱥɝɚɪ  

      ,F x f x x a b    
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ɛўɥɫɚ,  ,a b  ɞɚ  F x  ɮɭɧɤɫɢɹ  f x  ɮɭɧɤɫɢɹɧɢɧɝ ɛɨɲɥɚɧԑɢɱ ɮɭɧɤɫɢɹɫɢ 

ɞɟɣɢɥɚɞɢғ 

Ɇɚɫɚɥɚɧ,  

    2 ,f x x x     

ɮɭɧɤɫɢɹɧɢɧɝ ɛɨɲɥɚɧԑɢɱ ɮɭɧɤɫɢɹɫɢ  

    
3

,
3

x
F x x      

ɛўɥɚɞɢ, ɱɭɧɤɢ  

   
3

2 21
3

3 3

x
F x x x f x

 
      

 
. 

Ⱥɝɚɪ  ,a b  ɞɚ  F x  ɮɭɧɤɫɢɹ  f x  ɧɢɧɝ ɛɨɲɥɚɧԑɢɱ ɮɭɧɤɫɢɹɫɢ ɛўɥɫɚ, ɭԟɨɥɞɚ  

 F x C  

ԟɚɦ  f x  ɧɢɧɝ ɛɨɲɥɚɧԑɢɱ ɮɭɧɤɫɢɹɫɢ ɛўɥɚɞɢ, ɛɭɧɞɚ C  ɢɯɬɢɺɪɢɣ ўɡɝɚɪɦɚɫ 
ɫɨɧғ 

 Ɇɚɴɥɭɦɤɢ,  

      ,F x f x x a b   . 

ɍɧɞɚ  

      F x C F x f x     

ɛўɥɢɛ,  F x C  ɮɭɧɤɫɢɹ  f x  ɧɢɧɝ ɛɨɲɥɚɧԑɢɱ ɮɭɧɤɫɢɹɫɢ ɷɤɚɧɢɧɢ ɬɨɩɚɦɢɡғ 
  

Ⱥɣɬɚɣɥɢɤ,  ,a b  ɞɚ  F x  ɜɚ  G x  ɮɭɧɤɫɢɹɥɚɪɢ ɛɢɬɬɚ  f x  ɧɢɧɝ 
ɛɨɲɥɚɧԑɢɱ ɮɭɧɤɫɢɹɫɢ ɛўɥɫɢɧ: 

   F x f x  , 

   G x f x  . 
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Ȼɭ ɬɟɧɝɥɢɤɥɚɪɞɚɧ  

    F x G x   

ɛўɥɢɲɢ ɤɟɥɢɛ ɱɢԕɚɞɢғ ɍɧɞɚ  

    G x F x C   

ɛўɥɚɞɢ, ɛɭɧɞɚ C  ўɡɝɚɪɦɚɫ ɫɨɧғ 

ɒɭɧɞɚɣ ԕɢɥɢɛ, ɛɟɪɢɥɝɚɧ  f x  ɮɭɧɤɫɢɹɧɢɧɝ ɛɢɬɬɚ ɛɨɲɥɚɧԑɢɱ 
ɮɭɧɤɫɢɹɫɢ  F x  ɦɚɴɥɭɦ ɛўɥɝɚɧɞɚ ɭɧɢɧɝ ɛɨɲԕɚ ɛɚɪɱɚ ɛɨɲɥɫɧԑɱ 
ɮɭɧɤɫɢɹɥɚɪɢ  F x  ɝɚ ɢɯɬɢɺɪɢɣ ўɡɝɚɪɦɚɫ ɫɨɧɧɢ ԕўɲɢɲɞɚɧ ԟɨɫɢɥ ɛўɥɚɞɢ ɜɚ  

  F x C  

ɢɮɨɞɚ  f x  ɧɢɧɝ ɛɨɲɥɚɧԑɢɱ ɮɭɧɤɫɢɹɥɚɪɧɢɧɝ ɭɦɭɦɢɣ ɤўɪɢɧɢɲɢɧɢ 
ɢɮɨɞɚɥɚɣɞɢғ 

 2-Ɍɚъɪɢɮғ ɍɲɛɭ  F x C  ɢɮɨɞɚ  f x  ɮɭɧɤɫɢɹɧɢɧɝ ɚɧɢԕɦɚɫ 

ɢɧɬɟɝɪɚɥɢ ɞɟɣɢɥɚɞɢ ɜɚ  f x dx  ɤɚɛɢ ɛɟɥɝɢɥɚɧɚɞɢ:  

    f x dx F x C  . 

Ȼɭɧɞɚ  ɢɧɬɟɝɪɚɥ ɛɟɥɝɢɫɢ,  f x  ɢɧɬɟɝɪɚɥ ɨɫɬɢɞɚɝɢ ɮɭɧɤɫɢɹ,  f x dx  ɷɫɚ 

ɢɧɬɟɝɪɚɥ ɨɫɬɢɞɚɝɢ ɢɮɨɞɚ ɞɟɣɢɥɚɞɢғ 

 

 Ɇɢɫɨɥɥɚɪ. Қғ ɍɲɛɭ  

 6
x dx  

ɢɧɬɟɝɪɚɥ ɬɨɩɢɥɫɢɧғ 

 Ȼɭ ɚɧɢԕɦɚɫ ɢɧɬɟɝɪɚɥ ɲɭɧɞɚɣ ɮɭɧɤɫɢɹɤɢ, (ɚɧɢԕɪɨԑɢ, ɲɭɧɞɚɣ 
ɮɭɧɤɫɢɹɥɚɪ ɬўɩɥɚɦɢɤɢ) ɭɧɢɧɝ ԟɨɫɢɥɚɫɢ (ɬўɩɥɚɦɞɚɝɢ ԟɚɪ ɛɢɪ ɮɭɧɤɫɢɹɧɢɧɝ 
ԟɨɫɢɥɚɫɢ) ɢɧɬɟɝɪɚɥ ɨɫɬɢɞɚɝɢ ɮɭɧɤɫɢɹɝɚ, ɹɴɧɢ 6

x  ɝɚ ɬɟɧɝғ Ɋɚɜɫɹɧɤɢ,  

 
7

7

x
F x   
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ɞɟɣɢɥɫɚ, ɭɧɞɚ  

 
7

6 61
7

7 7

x
F x x x

 
     

 
 

ɛўɥɚɞɢғ Ⱦɟɦɚɤ,  

 
7

6

7

x
x dx C  .  

Ʉɟɣɢɧɱɚɥɢɤ, ɚɧɢԕɦɚɫ ɢɧɬɟɝɪɚɥ ɢɛɨɪɚɫɢ ўɪɧɢɝɚ ɢɧɬɟɝɪɚɥ ɫўɡɢɧɢ 
ɢɲɥɚɬɚɜɟɪɚɦɢɡғ 

 1-Эɫɥɚɬɦɚғ  F x  ɮɭɧɤɫɢɹ  f x  ɧɢɧɝ ɛɨɲɥɚɧԑɱ ɮɭɧɤɫɢɹɫɢ ɛўɥɚɞɢɝɚɧ 
ɨɪɚɥɢԕ ɤўɪɫɚɬɢɥɦɚɝɚɧ ԟɨɥɞɚ ɨɪɚɥɢԕ ɫɢɮɚɬɢɞɚ ɮɭɧɤɫɢɹɧɢɧɝ ɚɧɢԕɥɚɧɢɲ 
ɫɨԟɚɫɢ ɬɭɲɭɧɢɥɚɞɢғ 

 2-Эɫɥɚɬɦɚғ Ԟɚɪ ɛɢɪ ɭɡɥɸɤɫɢɡ ɮɭɧɤɫɢɹɧɢɧɝ ɚɧɢԕɦɚɫ ɢɧɬɟɝɪɚɥɢɧɢɧɝ 
ɦɚɜɠɭɞ ɛўɥɢɲɢ ɤɟɣɢɧɱɚɥɢɤ ɤўɪɫɚɬɢɥɚɞɢғ 

 

Ⱥɫɨɫɢɣ ɮɨɪɦɭɥɚɥɚɪ 

Ԕɭɣɢɞɚɝɢ ɷɧɝ ɫɨɞɞɚ ɮɭɧɤɫɢɹɧɢɧɝ ɢɧɬɟɝɪɚɥɥɚɪɢɧɢ ɤɟɥɬɢɪɚɦɢɡ:   

    1. 1dx dx x C     ,  ɛɭɧɞɚ C  –  ўɡɝɚɪɦɚɫ, ɱɭɧɤɢ,   1x C    

ɛўɥɚɞɢғ 

    2.  
1

1
1

n
n x

x dx C n
n



  
  ɛўɥɚɞɢ, ɱɭɧɤɢ 1n   ɛўɥɝɚɧɞɚ   

1

1

n
nx

C x
n

  
   

 

ɛўɥɚɞɢғ Ⱥɝɚɪ 1n    ɛўɥɢɛ, 0x   ɛўɥɝɚɧɞɚ  

 ln
dx

x C
x
  , 

ɱɭɧɤɢ  
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   1
ln x C

x

  ; 

0x   ɛўɥɝɚɧɞɚ  

  ln
dx

x C
x
   , 

ɱɭɧɤɢ     1 1
ln 1x C

x x

     


 ɛўɥɚɞɢғ ɍɦɭɦɚɧ,  

 ln
dx

x C
x
  . 

    3.   0, 1
ln

x
x a

a dx C a a
a

    , ɱɭɧɤɢ ln

ln ln

x x
xa a a

C a
a a

  
   

 
 

ɛўɥɚɞɢғ 

 

    4.   x x
e dx e C  , ɱɭɧɤɢ  x x

e C e
  . 

 

    5.   sin cosxdx x C   , ɱɭɧɤɢ    cos sin sinx C x x      .  

 

    6.   cos sinxdx x C  , ɱɭɧɤɢ  sin cosx C x  .  

 

    7.  
2

arcsin
1

dx
x C

x
 

 , ɱɭɧɤɢ  
2

1
arcsin

1
x C

x

 


.  

 

    8.   
2

 arctg
1

dx
x C

x
 

 , ɱɭɧɤɢ   2

1
arctg

1
x C

x

 


. 

 

ɒɭɧɢɧɝɞɟɤ, 
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    9.   
2sin

dx
ctg x C

x
   , 

    10.   
2cos

dx
tg x C

x
  , 

 

    11.   sh chxdx x C  , 

 

    12.   ch shxdx x C  , 

 

    13.   
2 2

1
arctg

dx x
C

x a a a
 

 , 

 

         14.   
2 2

arcsin
dx x

C
ax a

 
  ɛўɥɚɞɢғ 

ɂɧɬɟɝɪɚɥɧɢɧɝ ɫɨɞɞɚ ԟɨɫɫɚɥɚɪɢ 

Ⱥɧɢԕɦɚɫ ɢɧɬɟɝɪɚɥɥɚɪɧɢ ԟɢɫɨɛɥɚɲɞɚ ɤўɩ ɮɨɣɞɚɥɚɧɢɥɚɞɢɝɚɧ 
ԟɨɫɫɚɥɚɪɧɢ ɤɟɥɬɢɪɚɦɢɡ (Аɧɢқɦɚɫ ɢɧɬɟɝɪɚɥ ɛɢɥɚɧ ɛɨғɥɢқ ɬɟɧɝɥɢɤɥɚɪ ўɡɝɚɪɦɚɫ 
ɫɨɧ ɚɧɢқɥɢɝɢɞɚɝɢ ɬɟɧɝɥɢɤɥɚɪ ɞɟɛ қɚɪɚɥɚɞɢ): 

Қ) Ⱥɝɚɪ 

       ,f x dx F x g x dx G x    

ɛўɥɫɚ, ɭ ԟɨɥɞɚ  

       f x g x dx F x G x                                       (1) 

ɛўɥɚɞɢғ 

 Ɋɚɜɲɚɧɤɢ, 

       f x dx F x F x f x   , 
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       g x dx G x G x g x   . 

ɍɧɞɚ  

           F x G x F x G x f x g x          

ɛўɥɢɛ, ɛɭ ɬɟɧɝɥɢɤɞɚɧ  

        f x g x dx F x G x      

ɛўɥɢɲɢ ɤɟɥɢɛ ɱɢԕɚɞɢғ   

(1) ɬɟɧɝɥɢɤ ԕɭɣɞɚɝɢɱɚ  
       f x g x dx f x dx g x dx        

ɺɡɢɥɢɛ, ɭ ɣɢԑɢɧɞɢɧɢɧɝ ɢɧɬɟɝɪɚɥɢ ɢɧɬɟɝɪɚɥɥɚɪ ɣɢԑɢɧɞɢɫɢɝɚ ɬɟɧɝ ɛўɥɢɲɢ 
ԕɨɢɞɚɫɢɧɢ ɢɮɨɞɚɥɚɣɞɢғ 

қ) Ⱥɝɚɪ  

    f x dx F x  

ɛўɥɫɚ, ɭ ԟɨɥɞɚ  

   kf x dx k F x                               (2) 

ɛўɥɚɞɢ, ɛɭɧɞɚ k  – ўɡɝɚɪɦɚɫ ɫɨɧ  0k  . 

 Ɋɚɜɲɚɧɤɢ,  

        f x dx F x F x f x   . 

ɍɧɞɚ  

      k F x k F x k f x       

ɛўɥɢɛ,  

   kf x dx k F x   

ɛўɥɚɞɢғ  

(қ) ɬɟɧɝɥɢɤ ԕɭɣɞɚɝɢɱɚ  
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    kf x dx k f x dx   

ɺɡɢɥɢɛ, ɭ ўɡɝɚɪɦɚɫ ɤўɩɚɣɬɭɜɱɢɧɢ ɢɧɬɟɝɪɚɥ ɛɟɥɝɢɫɢ ɨɫɬɢɞɚɧ ɱɢԕɚɪɢɲ 
ԕɨɢɞɚɫɢɧɢ ɢɮɨɞɚɥɚɣɞɢғ 

 ɆɢɫɨɥɥɚɪғҚғ ɍɲɛɭ  

  7 510 2 7x x dx   

ɢɧɬɟɝɪɚɥ ԟɢɫɨɛɥɚɧɫɢɧ 

 Ⱥɫɨɫɢɣ ɮɨɪɦɭɥɚɥɚɪ ԟɚɦɞɚ ɢɧɬɟɝɪɚɥɧɢɧɝ ɯɨɫɫɚɥɚɪɢɞɚɧ ɮɨɣɞɚɥɚɧɢɛ 
ɛɟɪɢɥɝɚɧ ɢɧɬɟɝɪɚɥɧɢ ԟɢɫɨɛɥɚɣɦɢɡ: 

 7 5 7 5 7 510 2 7 10 2 7 10 2 7x x dx x dx x dx dx x dx x dx dx                

8 6
8 65 1

10 2 7 7
8 6 4 3

x x
x C x x x C          .  

 

ɂɧɬɟɝɪɚɥɥɚɲ ɭɫɭɥɥɚɪɢ 

Ўɡɝɚɪɭɜɱɢɧɢ ɚɥɦɚɲɬɢɪɢɛ ɢɧɬɟɝɪɚɥɥɚɲ ɭɫɭɥɢ 

Ɏɚɪɚɡ ԕɢɥɚɣɥɢɤ,  f x  ɮɭɧɤɫɢɹɧɢɧɝ ɢɧɬɟɝɪɚɥɢ  

 f x dx  

ɛɟɪɢɥɝɚɧ ɛўɥɢɛ, ɭɧɢ ԟɢɫɨɛɥɚɲ ɤɟɪɚɤ ɛўɥɫɢɧғ 

Ȼɚɴɡɚɧ, ўɡɝɚɪɭɜɱɢ x  ɧɢ ɚɥɦɚɲɬɢɪɢɲ ɧɚɬɢɠɚɫɢɞɚ ɢɧɬɟɝɪɚɥɧɢ ԟɢɫɨɛɥɚɲ 
ɨɫɨɧ ɛўɥɚɞɢғ 

Ⱥɣɬɚɣɥɢɤ,  F x  ɮɭɧɤɫɢɹ  f x  ɧɢɧɝ ɛɨɲɥɚɧԑɢɱ ɮɭɧɤɫɢɹɫɢ ɛўɥɫɢɧ:  

   F x f x  .                      (1) 

ɍɧɞɚ  

   f x dx F x C                                   (2) 

ɛўɥɚɞɢғ 
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ɗɧɞɢ  x t  ɞɟɣɥɢɤ, ɛɭɧɞɚ  t  ɮɭɧɤɫɢɹ ɭɡɥɸɤɫɢɡ  t  ԟɨɫɢɥɚɝɚ 
ɷɝɚғ 

ɍɲɛɭ  ( )F t  ɮɭɧɤɫɢɹ    ( )f x t   ɮɭɧɤɫɢɹɧɢɧɝ ɛɨɲɥɚɧԑɢɱ 
ɮɭɧɤɫɢɹɫɢ ɛўɥɚɞɢғ 

Ɇɭɪɚɤɤɚɛ ɮɭɧɤɫɢɹɧɢɧɝ ԟɨɫɢɥɚɫɢɧɢ ԟɢɫɨɛɥɚɲ ԕɨɢɞɚɫɢɞɚɧ ԟɚɦɞɚ (Қ) 
ɞɚɧ ɮɨɣɞɚɥɚɧɢɛ ɬɨɩɚɦɢɡ:  

             F t F t t f t t             . 

Ʉɟɣɢɧɝɢ ɬɟɧɝɥɢɤɞɚɧ  

       f t t dt F t                                          (3) 

ɛўɥɢɲɢ ɤɟɥɢɛ ɱɢԕɚɞɢғ 

(қ) ɜɚ (3)ɦɭɧɨɫɚɛɚɬɥɚɪɞɚɧ  x t  ɛўɥɝɚɧɞɚ  

      f x dx f t t dt                                        (4) 

ɛўɥɢɲɢɧɢ ɬɨɩɚɦɢɡ. 

(4) ɮɨɪɦɭɥɚ ɢɧɬɟɝɪɚɥɞɚ ўɡɝɚɪɭɜɱɢɧɢ ɚɥɦɚɲɬɢɪɢɲ ɮɨɪɦɭɥɚɫɢ 

ɞɟɣɢɥɚɞɢғ 

 

 Ɇɢɫɨɥɥɚɪ: Қғ ɍɲɛɭ  

 100
2 3x dx  

ɢɧɬɟɝɪɚɥ ԟɢɫɨɛɥɚɧɫɢɧғ 

 

 Ȼɭ ɢɧɬɟɝɪɚɥɞɚ 2 3x t   ɚɥɦɚɲɬɢɪɢɲ ɛɚɠɚɪɚɦɢɡғ ɍɧɞɚ  

2 1
,

3 3

t
x dx dt


   

ɛўɥɢɛ,  
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101

100 101100 1001 1 1 1
2 3 2 3

3 3 3 101 303

t
x dx t dt t dt C x C             

ɛўɥɚɞɢғ  

 

 Эɫɥɚɬɦɚғ ɂԟɬɢɺɪɢɣ ўɡɝɚɪɦɚɫ a  ɞɚ  

x a , 

 0ax a   

ɥɚɪ ɭɱɭɧ  

 d x a dx  , 

     1
, 0d ax adx dx d ax a

a
    

ɛўɥɢɲɢ, ɛɚɴɡɢ ɢɧɬɟɝɪɚɥɥɚɪɧɢ ԟɢɫɨɛɥɚɲɧɢ ɛɢɪɦɭɧɱɚ ɷɧɝɢɥɥɚɲɬɢɪɚɞɢғ Ȼɭ 
ԟɨɥɞɚ 

  

     f x dx f x d x a   , 

     1
f x dx f x d ax

a
   

ɛўɥɚɞɢғ Ɇɚɫɚɥɚɧ,  

 2
ln 2

2 2

d xdx
x C

x x


   

   , 

 

         
1 3

3
2 2

2 2
3 3 3 3 3 3 3

3 3
x dx x d x x d x x C x C              

, 

 1 1
cos6 cos6 6 sin6

6 6
xdx xd x x C    , 
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 5 5 51 1
5

5 5

x x x
e dx e d x e C    , 

 

   1 1 1
ln

d ax d ax bdx
ax b C

ax b a ax b a ax b a


    

      

 

( ,a b  – ўɡɝɚɪɦɚɫ ɫɨɧɥɚɪ, 0a  ). 

 

Ɋɚɬɫɢɨɧɚɥ ɮɭɧɤɫɢɹɥɚɪɧɢ ɢɧɬɟɝɪɚɥɥɚɲ 

 

 
o1 ғ ɋɨɞɞɚ ɤɚɫɪɥɚɪ ɜɚ ɭɥɚɪɧɢ ɢɧɬɟɝɪɚɥɥɚɲғ  

 

ɍɲɛɭ  

   2 2
, , ,

n n

A A Bx C Bx C

x a x px qx a x px q

 
    

 

ɮɭɧɤɫɢɹɥɚɪ ɫɨɞɞɚ ɤɚɫɪɥɚɪ ɞɟɣɢɥɚɞɢ, ɛɭɧɞɚ , , , , ,A B C a p q  – ўɡɝɚɪɦɚɫ ɫɨɧɥɚɪ, 
n  – ɧɚɬɭɪɚɥ ɫɨɧ ɜɚ 2

x px q   – ɤɜɚɞɪɚɬ ɭɱԟɚɞ ԟɚԕɢԕɢɣ ɢɥɞɢɡɝɚ ɷɝɚ ɷɦɚɫғ Ȼɭ 
ɮɭɧɤɫɢɹɥɚɪɧɢɧɝ ɢɧɬɟɝɪɚɥɥɚɪɢɧɢ ԟɢɫɨɛɥɚɣɦɢɡғ 

Ɋɚɜɲɚɧɤɢ,  

 
ln

d x aA
dx A A x a C

x a x a


    

   , 

 
     

 
 

1

1

1
1 .

1 1

n

n

n n

x aA A
dx A x a d x a A C C n

n nx a x a

 





         

    
 

ɗɧɞɢ  

2

Bx C
J dx

x px q
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ɢɧɬɟɝɪɚɥɧɢ ԟɢɫɨɛɥɚɣɦɢɡғ ɂɧɬɟɝɪɚɥ ɨɫɬɢɞɚɝɢ  ɤɜɚɞɪɚɬ ɭɱԟɚɞɧɢ 
ԕɭɣɢɞɚɝɢɱɚ ɺɡɢɛ ɨɥɚɦɢɡ:  

22 2
2 2 22

2 4 4 2

p p p p
x px q x x q x a

           
 

, 

ɛɭɧɞɚ 
2

2 0
4

p
a q   . ɇɚɬɢɠɚɞɚ  

 
2

2

2

Bx C
J dx

p
x a




   
 

  

ɛўɥɚɞɢғ Ȼɭ ɢɧɬɟɝɪɚɥɞɚ  

2

p
x t   

ɚɥɦɚɲɬɢɪɢɲ ɛɚɠɚɪɚɦɢɡғ ɍɧɞɚ  

2 2

2

p
B t C

J dt
t a

   
 

  

ɛўɥɚɞɢғ Ʉɟɣɢɧɝɢ ɢɧɬɟɝɪɚɥ ԕɭɣɢɞɚɝɢɱɚ ԟɢɫɨɛɥɚɧɚɞɢ:  

2 2 2 2 2 2

2

2

p
B t C

tdt p dt
dt B C B

t a t a t a

                  

 
   

2 2

2 2

2 2

1 1
arctg ln

2 22

d t a p t
B C B B t a

a at a

              

 21
arctg ln

2 2

p t B
C B C x px q

a a

         
 

 

2 2

4 2arctg
2 4

4

p
x

p
C B C

q p p
q

       


 . 

Ⱦɟɦɚɤ,  
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 2

2
ln

2

Bx C B
dx x px q

x px q


   

   

2 2

1 2
2 arctg

2 4 4

p x p
C B C

q p q p

     
   

                            (*) 

ɛўɥɚɞɢғ 

ɗɧɞɢ  

 
 

2
1

n n

Bx C
J dx n

x px q


 

 
  

ɢɧɬɟɝɪɚɥɧɢ ԟɢɫɨɛɥɚɣɦɢɡғ Ȼɭ ɢɧɬɟɝɪɚɥɧɢ ԟɢɫɨɛɥɚɲɞɚ ɸԕɨɪɢɞɚɝɢ ɤɚɛɢ 
ɛɟɥɝɢɥɚɲ ɜɚ ɚɥɦɚɲɬɢɪɢɲɥɚɪ ɛɚɠɚɪɚɦɢɡғ 

ɇɚɬɢɠɚɞɚ  

   
 

 

2 2

2 2 2 2 2 22 2
n n n n

d t atdt Bp dt B
J B C

t a t a t a

      
   

    

     1
2 2 2 2 2 2

1 1

2 2 1 2
n n n

Bp dt B Bp dt
C C

nt a t a t a


                 
   

ɛўɥɚɞɢ, ɛɭɧɞɚ  

 2 2
n

dt

t a
  

ɢɧɬɟɝɪɚɥ ɪɟɤɤɭɪɪɟɧɬ ɮɨɪɦɭɥɚɞɚɧ ɬɨɩɢɥɚɞɢғ 

Ɇɚɫɚɥɚɧ,  

 2

2

1 1 1 2 1
ln 1 arctg

1 2 3 3

x x
dx x x C

x x

 
    

   

ɛўɥɚɞɢғ 
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o2 ғ Ɍўԑɪɢ ɤɚɫɪɥɚɪɧɢ ɫɨɞɞɚ ɤɚɫɪɥɚɪɝɚ ɺɣɢɲ 

Ɏɚɪɚɡ ԕɢɥɚɣɥɢɤ,  

 
 

P x

Q x
 

ɤɚɫɪ ɪɚɬɫɢɨɧɚɥ ɮɭɧɤɫɢɹ-ɬўԑɪɢ ɤɚɫɪ ɛɟɪɢɥɝɚɧ ɛўɥɫɢɧ, ɛɭɧɞɚ  P x  ɜɚ  Q x  

ɥɚɪ ɤўɩԟɚɞɥɚɪ ɛўɥɢɛ,  P x  ɤўɩԟɚɞɧɢɧɝ ɞɚɪɚɠɚɫɢ  Q x  ɤўɩԟɚɞɧɢɧɝ 
ɞɚɪɚɠɚɫɢɞɚɝɢ ɤɢɱɢɤғ Ⱥɣɬɚɣɥɢɤ, ɛɭ ɬўԑɪɢ ɤɚɫɪɧɢɧɝ ɦɚԟɪɚɠɢ  Q x  ɤўɩԟɚɞ 
ԕɭɣɢɞɚɝɢɱɚ  

         2 2...
r sn m

Q x x a x b x px q x px q            

ɢɮɨɞɚɥɚɧɫɢɧ, ɛɭɧɞɚ , ,..., , , ,a b p q p q  – ԟɚԕɢԕɢɣ ɫɨɧɥɚɪ, , ,..., ,n m r s  – ɧɚɬɭɪɚɥ 
ɫɨɧɥɚɪғ 

ɍ ԟɨɥɞɚ 

 
         

1 1 1 1

1 1
... ...n n m m

n n m m

P x A A A B B B

Q x x a x bx a x a x b x b

 
         

    
 

 

   
1 1 1 1

1 22 2
... ...r r r r

r r

C x D C x D C x D

x px qx px q x px q

 


  
     

    
                   (1) 

   
1 1 1 1

1 22 2
...s s s s

r r

E x F E x F E x F

x px qx px q x px q

 


  
   

    
 

ɛўɥɚɞɢ, ɛɭɧɞɚ 
1 1 1 1 1 1,..., , ,..., , , ,..., , , , ,..., ,n m r r s sA A B B C D C D E F E F  – ўɡɝɚɪɦɚɫ 

ɫɨɧɥɚɪ. 

(1) ɬɟɧɝɥɢɤ ɬўԑɪɢ ɤɚɫɪɧɢ ɫɨɞɞɚ ɤɚɫɪɥɚɪɝɚ ɺɣɢɥɢɲɢɧɢ ɢɮɨɞɚɥɚɣɞɢ. 

(Қ) ɬɟɧɝɥɢɤɧɢɧɝ ўɧɝ ɬɨɦɨɧɢɞɚɝɢ ўɡɝɚɪɦɚɫ ɫɨɧɥɚɪ ԕɭɣɢɞɚɝɢɱɚ ɬɨɩɢɥɚɞɢ: 

Қ) (Қ) ɬɟɧɝɥɢɤɧɢ ԟɚɪ ɢɤɤɢ ɬɨɦɨɧɢ  Q x  ɝɚ ɤўɩɚɣɬɢɪɢɥɚɞɢғ ɇɚɬɢɠɚɞɚ 
ɦɚԟɪɚɠɞɚɧ ԕɭɬɢɥɢɛ  

   P x R x  

ɬɟɧɝɥɢɤɤɚ ɤɟɥɢɧɚɞɢ, 
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қ) ɛɭ ɬɟɧɝɥɢɤɧɢɧɝ ԟɚɪ ɢɤɤɢ ɬɨɦɨɧɢɞɚɝɢ  ɧɢɧɝ ɛɢɪ ԟɢɥ ɞɚɪɚɠɚɥɚɪɢ 
ɨɥɞɢɞɚɝɢ ɤɨɟɮɮɢɬɫɢɟɧɬɥɚɪ ɬɟɧɝɥɚɲɬɢɪɢɥɚɞɢғ ɇɚɬɢɠɚɞɚ ўɡɝɚɪɦɚɫ ɫɨɧɥɚɪɧɢ 
ɬɨɩɢɲ ɭɱɭɧ ɬɟɧɝɥɚɦɚɥɚɪ ɫɢɫɬɟɦɚɫɢ ԟɨɫɢɥ ɛўɥɚɞɢ, 

3) ɬɟɧɝɥɚɦɚɥɚɪ ɫɢɫɬɟɦɚɫɢ ɷɱɢɥɢɛ, ɢɡɥɚɧɚɺɬɝɚɧ ўɡɝɚɪɦɚɫ ɫɨɧɥɚɪ 
ɬɨɩɢɥɚɞɢғ 

 Ɇɢɫɨɥɥɚɪғ Қғ ɍɲɛɭ  

3 2

5 7

2 2

x

x x x


  

 

ɤɚɫɪ ɫɨɞɞɚ ɤɚɫɪɥɚɪɝɚ ɺɣɢɥɫɢɧғ 

 Ⱥɜɜɚɥɨ ɛɟɪɢɥɝɚɧ ɤɚɫɪɧɢɧɝ ɦɚԟɪɚɠɢɧɢ ɤўɩɚɣɬɭɜɱɢɥɚɪɝɚ ɚɠɪɚɬɚɦɢɡ:  

          3 2 2 22 2 2 2 1 2 1 1 2x x x x x x x x x x x              . 

ɋўɧɝ (Қ) ɦɭɧɨɫɚɛɚɬɞɚɧ ɮɨɣɞɚɥɚɧɢɛ, ɛɟɪɢɥɝɚɧ ɤɚɫɪɧɢ ԕɭɣɢɞɚɝɢ  

   3 2

5 7 5 7

2 2 1 1 2 1 1 2

x x A B C

x x x x x x x x x

 
   

        
 

ɤўɪɢɧɢɲɢɞɚ ɺɡɚɦɢɡғ Ȼɭ ɬɟɧɝɥɢɤɧɢɧɝ ԟɚɪ ɢɤɤɢ ɬɨɦɨɧɢɧɢ    1 1 2x x x    

ɝɚ ɤўɩɚɣɬɢɪɢɛ ɬɨɩɚɦɢɡ: 

        5 7 1 2 1 2 1 1x A x x B x x C x x            

   2 3 2 2A B C x A B x A B C        . 

x  ɧɢɧɝ ɛɢɪ ԟɢɥ ɞɚɪɚɠɚɥɚɪɢ ɨɥɞɢɞɚɝɢ ɤɨɟɮɮɢɬɫɢɟɧɬɥɚɪɧɢ 
ɬɟɧɝɥɚɲɬɢɪɢɲ ɧɚɬɢɠɚɫɢɞɚ  

0A B C   , 

3 7A B  , 

2 2 5A B C     

ɬɟɧɝɥɚɦɚɥɚɪ ɫɢɫɬɟɦɚɫɢ ԟɨɫɢɥ ɛўɥɚɞɢғ ɍɧɢ ɟɱɢɛ ɬɨɩɚɦɢɡ:  

1, 2, 3A B C    . 

ɇɚɬɢɠɚɞɚ  
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3 2

5 7 1 2 3

2 2 1 1 2

x

x x x x x x


  

     
 

ɛўɥɚɞɢғ  

 

 
o

3 ғ Ɋɚɬɫɢɨɧɚɥ ɮɭɧɤɫɢɹɥɚɪɧɢ ɢɧɬɟɝɪɚɥɥɚɲғ 

ɍɲɛɭ  

   
 

P x
f x

Q x
  

ɪɚɬɫɢɨɧɚɥ ɮɭɧɤɫɢɹɧɢ ԕɚɪɚɣɥɢɤ, ɛɭɧɞɚ  P x  ɜɚ  Q x  – ɤўɩԟɚɞɥɚɪғ 

Ⱥɝɚɪ  

 
 
 

P x

Q x
 

ɞɚ ɫɭɪɚɬɢɞɚɝɢ ɤўɩԟɚɞɧɢɧɝ ɞɚɪɚɠɚɫɢ ɦɚԟɪɚɠɞɚɝɢ ɤўɩԟɚɞɧɢɧɝ ɞɚɪɚɠɚɫɢɞɚɧ 
ɤɚɬɬɚ ɛўɥɫɚ, ɭɧɢɧɝ ɫɭɪɚɬɢɧɢ ɦɚԟɪɚɠɢɝɚ ɛўɥɢɛ, ɛɭɬɭɧ ɪɚɬɫɢɨɧɚɥ ɮɭɧɤɫɢɹ 
ԟɚɦɞɚ ɬўԑɪɢ ɤɚɫɪ ɣɢԑɢɧɞɢɫɢ ɤўɪɢɧɢɲɞɚ ԕɭɣɢɞɚɝɢɱɚ ɢɮɨɞɚɥɚɛ ɨɥɢɧɚɞɢ:  

 
     

 
1P x P x

R x
Q x Q x

  . 

ɍ ԟɨɥɞɚ  

 
     

 
1P x P x

dx R x dx dx
Q x Q x

     

ɛўɥɚɞɢ, ɛɭɧɞɚ  R x dx  – ɛɭɬɭɧ ɪɚɬɫɢɨɧɚɥ ɮɭɧɤɫɢɹɧɢɧɝ ɢɧɬɟɝɪɚɥɢ ɫɢɮɚɬɢɞɚ 

ɨɫɨɧ ԟɢɫɨɛɥɚɧɚɞɢ,  
 

1P x
dx

Q x  – ɬўԑɪɢ ɤɚɫɪɧɢɧɝ ɢɧɬɟɝɪɚɥɢ, ɢɧɬɟɝɪɚɥ ɨɫɬɢɞɚɝɢ 

ɬўԑɪɢ ɤɚɫɪɧɢ ɫɨɞɞɚ ɤɚɫɪɝɚ ɺɣɢɛ ԟɢɫɨɛɥɚɧɚɞɢғ 

 Ɇɢɫɨɥɥɚɪғ Қғ ɍɲɛɭ  

2

3 2

3 8

4 4

x
dx

x x x
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ɢɧɬɟɝɪɚɥ ԟɢɫɨɛɥɚɧɫɢɧғ 

 ɂɧɬɟɝɪɚɥ ɨɫɬɢɞɚɝɢ ɬўԑɪɢ ɤɚɫɪɧɢ ɫɨɞɞɚ ɤɚɫɪɥɫɪɝɚ ɺɹɦɢɡ:  

   23 2 24 4 4 4 2x x x x x x x x        , 

 

   

2 2

2 23 2

3 8 3 8

4 4 22 2

x x A B C

x x x x xx x x

 
   

   
, 

   2 23 8 4 2 4x A B x A B C x A       , 

3,

4 2 0,

4 8

A B

A B C

A

 
   
 

 

2, 1, 10A B C    , 

 

2

23 2

3 8 2 1 10

4 4 2 2

x

x x x x x x


  

   
. 

ɇɚɬɢɠɚɞɚ 

 
 2

23 2

23 8 2 1 10
2

4 4 2 22

d xx dx
dx dx

x x x x x x xx

  
           

     

     2 210 10
10 2 2 2ln ln 2 ln 2

2 2
x d x x x C x x C

x x

           
   

ɛўɥɚɞɢ.  

 

Ȼɚъɡɢ ɢɪɪɚɬɫɢɨɧɚɥ ɮɭɧɤɫɢɹɥɚɪɧɢ ɢɧɬɟɝɪɚɥɥɚɲ 

Ʉўɩ ԟɨɥɥɚɪɞɚ ɢɪɪɚɫɢɨɧɚɥ ԟɚɦɞɚ ɬɪɢɝɨɧɨɦɟɬɪɢɤ ɮɭɧɤɫɢɹɥɚɪɧɢ 

ɢɧɬɟɝɪɚɥɥɚɲ ўɡɝɚɪɭɜɱɢɥɚɪɢɧɢ ɚɥɦɚɲɬɢɪɢɲ ɛɢɥɚɧ ɪɚɫɢɨɧɚɥ ɮɭɧɤɫɢɹɥɚɪɧɢ 

ɢɧɬɟɝɪɚɥɥɚɲɝɚ ɤɟɥɚɞɢ. 

Қ) Ⱥɣɬɚɣɥɢɤ,  f x  ɮɭɧɤɫɢɹ x  ɜɚ ɭɧɢɧɝ ɬɭɪɥɢ ɤɚɫɪ ɞɚɪɚɠɚɥɚɪɢ ɭɫɬɢɞɚ 
ɚɪɢɮɦɟɬɢɤ ɚɦɚɥɥɚɪ ɛɚɠɚɪɢɥɢɲɢɞɚɧ ɸɡɚɝɚ ɤɟɥɫɢɧғ Ɇɚɫɚɥɚɧ,  
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  1/ 2 1/ 3

1
f x

x x



,  

31

x
f x

x



,  

51

x
f x

x



 

Ȼɭɧɞɚɣ ɮɭɧɤɫɢɹɥɚɪɧɢ ɢɧɬɟɝɪɚɥɥɚɲ  

x t
  

ɚɥɦɚɲɬɢɪɢɲ ɛɢɥɚɧ ɪɚɬɫɢɨɧɚɥ ɮɭɧɤɫɢɹɥɚɪɧɢ ɢɧɬɟɝɪɚɥɥɚɲɝɚ ɤɟɥɚɞɢ, ɛɭɧɞɚ   

ɫɨɧ  f x  ɢɮɨɞɚɫɢɞɚɝɢ x  ɧɢɧɝ ɞɚɪɚɠɚɥɚɪɢɞɚ ԕɚɬɧɚɲɝɚɧ ɤɚɫɪɥɚɪ 
ɦɚԟɪɚɠɥɚɪɢɧɢɧɝ ɷɧɝ ɤɢɱɢɤ ɭɦɭɦɢɣ ɤɚɪɪɚɥɢɫɢғ 

 

 Ɇɢɫɨɥɥɚɪ Қғ ɍɲɛɭ  

 31

dx

x x  

ɢɧɬɟɝɪɚɥ ԟɢɫɨɛɥɚɧɫɢɧғ 

 ɂɧɬɟɝɪɚɥ ɨɫɬɢɞɚɝɢ ɮɭɧɤɫɢɹ  

  1 13
3 2

1 1

1
1

x x
x x


    
 

 

ɢɮɨɞɚɫɢɞɚɝɢ x  ɧɢɧɝ ɞɚɪɚɠɚɥɚɪɢ 1

2
 ɜɚ 1

3
 ɛўɥɨɛ, ɛɭ ɤɚɫɪ ɦɚԟɪɚɠɥɚɪɢ қ ɜɚ 3 

ɥɚɪɧɢɧɝ ɷɧɝ ɤɢɱɢɤ ɭɦɭɦɢɣ ɤɚɪɪɚɥɢɫɢ 6 ɝɚ ɬɟɧɝғ Ȼɢɧɨɛɚɪɢɧ  

6
x t  

ɚɥɦɚɲɬɢɪɢɲɢ ɥɨɡɢɦғ ɍɧɞɚ 56dx t dt  ɛўɥɢɛ  

   
5

2 33

6

11

dx t dt

t tx x


   

ɛўɥɚɞɢғ Ʉɟɣɢɧɝɢ ɢɧɬɟɝɪɚɥ ԕɭɣɢɞɚɝɢɱɚ ԟɢɫɨɛɥɚɧɚɞɢ:  

   
5 2 2 2

2 2 22 3

6 1
6 6 6 6 arctg

1 1 11

t dt t dt t t dt dt
dt t t C

t t tt t

                   . 

Ⱦɟɦɚɤ,  
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   6 6

3
6 arctg

1

dx
x x C

x x
  

 .  

4) Ⱥɣɬɚɣɥɢɤ,  f x  ɮɭɧɤɫɢɹ x  ɜɚ 2
ax bx c   ( , ,a b c  – ўɡɝɚɪɦɚɫ ɫɨɧɥɚɪ) 

ɭɫɬɢɞɚ ɚɪɢɮɦɟɬɢɤ ɚɦɚɥɥɚɪ ɛɚɠɚɪɢɥɢɲɢɞɚɧ ԟɨɫɢɥ ɛўɥɫɢɧғ 

Ɇɚɫɚɥɚɧ,  

 
2

1

6 5
f x

x x


 
,   

2

2

1 1

1

x x
f x

x x x

  


 
,   

 2 22 1 4

x
f x

x x


 
. 

Ȼɭɧɞɚɣ ɮɭɧɤɫɢɹɥɚɪɧɢ ɢɧɬɟɝɪɚɥɥɚɲɞɚ: 

ɚ) 0a   ɛўɥɝɚɧɞɚ  

2
ax bx c x a t     

ɚɥɦɚɲɬɢɪɢɲ ɛɢɥɚɧ, 

ɛ) 0c   ɛўɥɝɚɧɞɚ  

 
2

ax bx c xt c     

ɚɥɦɚɲɬɢɪɢɲ ɛɢɥɚɧ, 

ɜ) 2
ax bx c   ɤɜɚɞɪɚɬ ɭɱԟɚɞ ԟɚԕɢԕɢɣ   ɜɚ   ɢɥɞɢɡɥɚɪɝɚ ɷɝɚ ɛўɥɝɚɧɞɚ  

 2
ax bx c t x      

ɚɥɦɚɲɬɢɪɢɲ ɛɢɥɚɧ ɪɚɬɬɫɢɨɧɚɥ ɮɭɧɤɫɢɹɥɚɪɧɢ ɢɧɬɟɝɪɚɥɥɚɲɝɚ ɤɟɥɚɞɢғ 

 

 Ɇɢɫɨɥɥɚɪғ Қғɍɲɛɭ  

2 6 5

dx

x x   

ɢɧɬɟɝɪɚɥ ԟɢɫɨɛɥɚɧɫɢɧғ 

 Ȼɭ ɢɧɬɟɝɪɚɥɞɚ  

2 6 5x x x t     
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ɚɥɦɚɲɬɢɪɢɲ ɛɚɠɚɪɚɦɢɡ (ɱɭɧɤɢ, 1 0a   ). 

ɍɧɞɚ  

 2 26 5 , 6 5x x x t x x x t        ,   

2 2 26 5 2x x x xt t     , 

  26 2 5t x t   , 

2 5

6 2

t
x

t





, 

 
2 2 2

2

2

5 6 5 6 5
2 , 6 5

6 2 6 26 2

t t t t t
dx dt dt x x

t tt

       
        

 

ɛўɥɢɛ, 

 
2

2 22

6 2 6 5 2
2

6 5 6 26 26 5

dx t t t dt
dt

t t ttx x

   
   

        

 3
ln 3

3

d t
t C

t


     

  

ɛўɥɚɞɢғ 

Ⱦɟɦɚɤ,  

2

2
ln 3 6 5

6 5

dx
x x x C

x x
      

  .  

 

Ɍɪɢɝɨɧɨɦɟɬɪɢɤ ɮɭɧɤɫɢɹɥɚɪɧɢ ɢɧɬɟɝɪɚɥɥɚɲғ 

Ⱥɣɬɚɣɥɢɤ,  f x  ɮɭɧɤɫɢɹ sin x  ɜɚ cos x  ɥɚɪ ɭɫɬɢɞɚ ɚɪɢɮɦɟɬɢɤ ɚɦɚɥɥɚɪ 
ɛɚɠɚɪɢɥɢɲɢɞɚɧ ԟɨɫɢɥ ɛўɥɫɢɧғ 

Ɇɚɫɚɥɚɧ,  

  1

2sin cos 5
f x

x x


 
,   sin cos

sin cos

x x
f x

x x



,   2

sin 4cos

sin

x x
f x

x


 . 

 



55 

 

Ȼɭɧɞɚɣ ɮɭɧɤɫɢɹɥɚɪɧɢ ɢɧɬɟɝɪɚɥɥɚɲ  

tg
2

x
t   2arctgx t  

ɚɥɦɚɲɬɢɪɢɲ ɛɢɥɚɧ ɪɚɬɫɢɨɧɚɥ ɮɭɧɤɫɢɹɥɚɪɧɢ ɢɧɬɟɝɪɚɥɥɚɲɝɚ ɤɟɥɚɞɢғ Ȼɭ 
ɚɥɦɚɲɬɢɪɢɲ ɺɪɞɚɦɢɞɚ sin x ,  cos x  ɥɚɪ t  ɧɢɧɝ ɪɚɬɫɢɨɧɚɥ ɮɭɧɤɫɢɹɥɚɪɝɚ 
ɚɣɥɚɧɚɞɢ:  

2
2 2 2

2sin cos 2tg
22 2 2sin

1
sin cos 1 tg

2 2 2

x x x
t

x
x x x t

  
 

, 

2 2 2
2

2
2 2 2

cos sin 1 tg
12 2 2cos
1

sin cos 1 tg
2 2 2

x x x
t

x
x x x t

  
  

 
, 

  2

2
2arctg

1

t
dx d t dt

t
 


. 

  

           Ɇɢɫɨɥɥɚɪғ 1ғ ɍɲɛɭ  

3sin 4cos 5

dx

x x   

ɢɧɬɟɝɪɚɥ ԟɢɫɨɛɥɚɧɫɢɧғ 

 Ȼɭ ɢɧɬɟɝɪɚɥɞɚ  

 tg
2

x
t  

ɚɥɦɚɲɬɢɪɢɲ ɛɚɠɚɪɚɦɢɡғ ɍɧɞɚ  

2

2 2 2

2 1 2
sin , cos ,

1 1 1

t t
x x dx dt

t t t


  

  
 

ɛўɥɢɛ,  
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2

2 2 2

2 2

2

1
2 13sin 4cos 5 6 4 1 5 1

3 4 5
1 1

dt
dx dtt

t tx x t t t

t t

  
        

 

    

   2

2

2 2
2 2 3 3

6 9 3
3 tg

2

dt
t d t C C

xt t t

         
   

  . 

ɛўɥɚɞɢғ  

 

ɍɲɛɭ  

sin sinnx mxdx , cos cosnx mxdx  

ɜɚ  

sin cosnx mxdx  

ɤўɪɢɧɢɲɞɚɝɢ ɢɧɬɟɝɪɚɥɥɚɪɧɢ ԟɢɫɨɛɥɚɲɞɚ ԕɭɣɢɞɚɝɢ  

   

   

   

1
sin sin cos cos ,

2

1
cos cos cos cos ,

2

1
sin cos sin sin

2

     

     

     

     

     

     

                              (1) 

ɮɨɪɦɭɥɚɥɚɪɞɚɧ ɮɨɣɞɚɧɢɥɚɞɢғ 

 

 Ɇɢɫɨɥғ ɍɲɛɭ  

sin sinnx mxdx  

ɢɧɬɟɝɪɚɥ ԟɢɫɨɛɥɚɧɫɢɧғ 

 (Қ) ɮɨɪɦɭɥɚɞɚɧ ɮɨɣɞɚɥɚɧɢɛ ɬɨɩɚɦɢɡ:  

   1
sin sin cos cos

2
nx mxdx n m n m dx          
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   1
cos cos

2
n m dx n m dx       . 

ɚ) Ⱥɣɬɚɣɥɢɤ, n m  ɛўɥɫɢɧғ ɍ ԟɨɥɞɚ  

        1 1
cos cos sinn m dx n m d n m x n m x C

n m n m
       

   , 

   1
cos sinn m dx n m x C

n m
   

  

 

ɛўɥɢɛ,  

   1 1 1
sin sin sin sin

2
nx mxdx n m x n m x C

n m n m

           

ɛўɥɚɞɢғ 

ɛ) Ⱥɣɬɚɣɥɢɤ, n m  ɛўɥɫɢɧғ ɍ ԟɨɥɞɚ  

 cos n m xdx dx x C      

 

     1 1
cos cos2 cos2 2 sin 2

2 2
n m xdx nxdx nxd nx nx C

n n
         

ɛўɥɢɛ,  

1 1
sin sin sin 2

2 2
nx mxdx x nx C

n

        

ɛўɥɚɞɢғ  
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4-Ɇɚɜɡɭ:  Ⱦɢɮɮɟɪɟɧɰɢɚɥ ɬɟɧɝɥɚɦɚɥɚɪ ɜɚ ɭɥɚɪɧɢɧɝ ɬɚɞɛɢԕɥɚɪɢғ 
Ɇɚɬɟɦɚɬɢɤɚ ɜɚ ɫɚъɧɚɬғ Ɇɚɬɟɦɚɬɢɤɚ ɜɚ ɦɭԟɚɧɞɢɫɥɢɤ 

 

Қғ Ⱦɢɮɮɟɪɟɧɰɢɚɥ ɬɟɧɝɥɚɦɚɥɚɪ ɜɚ ɭɥɚɪɧɢɧɝ ɬɚɛɢɣɢɣ ɮɚɧɥɚɪɞɚɝɢ 
ɬɚɞɛɢԕɥɚɪɢɝɚ ɨɢɞ ɦɚɫɚɥɚɥɚɪ ɟɱɢɲ 

қғ Ɇɚɬɟɦɚɬɢɤɚ ɜɚ ɫɚɴɧɚɬғ Ɇɚɬɟɦɚɬɢɤɚ ɜɚ ɦɭԟɚɧɞɢɫɥɢɤ 

 

 Ⱦɢɮɮɟɪɟɧɫɢɚɥ ɬɟɧɝɥɚɦɚ ɬɭɲɭɧɱɚɫɢ 

Ɏɚɧ ɜɚ ɬɟɯɧɢɤɚɧɢɧɝ ɬɭɪɥɢ ɫɨԟɚɥɚɪɢɞɚ ɭɱɪɚɛ ɬɭɪɚɞɢɝɚɧ ɛɚ'ɡɢ ɦɚɫɚɥɚɥɚɪ 
ɧɨɦɚɴɥɭɦ ɮɭɧɤɫɢɹ ɜɚ ɭɧɢɧɝ ԟɨɫɢɥɚɥɚɪɢ ԕɚɬɧɚɲɝɚɧ ɬɟɧɝɥɚɦɚɥɚɪɝɚ ɤɟɥɚɞɢғ 
Ȼɭɧɞɚɣ ɬɟɧɝɥɚɦɚɥɚɪ ɜɚ ɭɥɚɪɧɢ ɟɱɢɲ ɭɫɭɥɥɚɪɢ ɨɥɢɣ ɦɚɬɟɦɚɬɢɤɚɧɢɧɝ ɦɭԟɢɦ 
ɛўɥɢɦɥɚɪɢɞɚɧ ɛɢɪɢ ɞɢɮɮɟɪɟɧɫɢɚɥ ɬɟɧɝɥɚɦɚɥɚɪ ɧɚɡɚɪɢɹɫɢɞɚ ўɪɝɚɧɢɥɚɞɢғ 

 

Қғ Ɇɚɫɚɥɚɥɚɪ  

Қ)ғ ɂɞɢɲɞɚ Қ40 ɥ ɚɪɚɥɚɲɦɚ ɛўɥɢɛ, ɭɧɢɧɝ ɬɚɪɤɢɛɢɞɚ Қ4 ɤɝғ ɬɭɡ ɛɨɪғ Ȼɭ 
ɢɞɢɲɝɚ ɢɤɤɢɬɚ ԕɭɜɭɪ ɭɥɚɧɝɚɧғ Ȼɢɪɢɧɱɢ ԕɭɜɭɪɞɚɧ ԟɚɪ ɞɚԕɢԕɚɞɚ ɬɚɪɤɢɛɢɞɚ Қ 
ɤɝ ɬɭɡ ɛўɥɝɚɧ 7 ɥ ɚɪɚɥɚɲɦɚ ɭɡɥɭɤɫɢɡ ɪɚɜɢɲɞɚ ԕɭɣɢɥɚɞɢ, ɢɤɤɢɧɱɢ ԕɭɜɭɪɞɚɧ 
ɷɫɚ ɲɭ ɬɟɡɥɢɤ ɛɢɥɚɧ ɚɪɚɥɚɲɦɚ ɨԕɢɡɢɥɚɞɢғ Ȼɢɪ ɫɨɚɬɞɚɧ ɫўɧɝ ɢɞɢɲɞɚɝɢ 
ɚɪɚɥɚɲɦɚ ɬɚɪɤɢɛɢɞɚ ԕɚɧɱɚ ɬɭɡ ɛўɥɚɞɢ? 

ȼɚԕɬɧɢ ɷɪɤɥɢ ўɡɝɚɪɭɜɱɢ ɫɢɮɚɬɢɞɚ ɨɥɢɛ, ɭɧɢ t  ɛɢɥɚɧ ɛɟɥɝɢɥɚɣɦɢɡғ ɍ 
ԟɨɥɞɚ ɚɪɚɥɚɲɦɚɞɚɝɢ ɬɭɡɧɢɧɝ ɦɢԕɞɨɪɢ y  ɲɭ t  ɝɚ ɛɨԑɥɢԕ ɛўɥɚɞɢ:  y y t . 

Ɇɚɴɥɭɦɤɢ, t t   ɩɚɣɬɞɚ ɚɪɚɥɚɲɦɚɞɚɝɢ ɬɭɡɧɢɧɝ ɦɢԕɞɨɪɢ  y t t   ɛўɥɢɛ, t  

ɜɚԕɬ ɨɪɚɥɢԑɢɞɚ ɬɭɡ ɦɢԕɞɨɪɢ    y t t y t    ɝɚ ўɡɝɚɪɞɢғ 

Ɇɚɫɚɥɚɧɢɧɝ ɲɚɪɬɢɝɚ ɤўɪɚ t  ɜɚԕɬ ɨɪɚɥɢԑɢɞɚ ɢɞɢɲɝɚ 1 t   ɤɝ ɬɭɡ 
ɬɭɲɚɞɢ ɜɚ ɢɞɢɲɞɚɧ 

   
7

140 20

y t y t
t t      ɤɝ 

ɬɭɡ ɱɢԕɢɛ ɤɟɬɚɞɢғ ɍɥɚɪɧɢɧɝ ɮɚɪԕɢ 

   
1 1

20 20

y t y t
t t t
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ɛўɥɚɞɢғ 

Ԟɚɪ ɞɚԕɢԕɚɞɚ ɢɞɢɲɞɚɝɢ ɚɪɚɥɚɲɦɚ ɬɚɪɤɢɛɢɞɚ ɬɭɡ ɦɢԕɞɨɪɢ ўɡɝɚɪɢɛ 
ɬɭɪɝɚɧɥɢɝɢ ɫɚɛɚɛɥɢ  

     
1

20

y t
y t t y t t

 
      

 
                                        (1) 

ɛўɥɚɞɢғ Ⱥɝɚɪ t  ɧɨɥɝɚ ɢɧɬɢɥɚ ɛɨɪɫɚ, (Қ) ɬɚԕɪɢɛɢɣ ɬɟɧɝɥɢɤ ԕɚɬɴɢɣ ɬɟɧɝɥɢɤɤɚ 
ɚɣɥɚɧɚ ɛɨɪɚɞɢғ Ȼɢɧɨɛɚɪɢɧ,  

     
0

lim 1
20t

y t t y t y t

t 

  
 


 

ɛўɥɚɞɢғ Ɇɚɴɥɭɦɤɢ,  

     
0

lim .
t

y t t y t
y t

t 

  



 

Ⱦɟɦɚɤ,  

   
1 .

20

y t
y t                          (2) 

ɒɭɧɞɚɣ ԕɢɥɢɛ, ɢɞɢɲɞɚɝɢ ɚɪɚɥɚɲɦɚ ɬɚɪɤɢɛɢɞɚɝɢ ɬɭɡ ɦɢԕɞɨɪɢɧɢ ɬɨɩɢɲ 
ɧɨɦɚɴɥɭɦ ɮɭɧɤɫɢɹ  y t  ɜɚ ɭɧɢɧɝ ԟɨɫɢɥɚɫɢ  y t  ԕɚɬɧɚɲɝɚɧ ɬɟɧɝɥɚɦɚɧɢ 
ɟɱɢɲɝɚ ɤɟɥɚɞɢғ 

қ)ғ Ԟɚɜɨ ԟɚɪɨɪɚɬɢ 0 C  ɛўɥɝɚɧ ɦɭԟɢɬɞɚ T C  ԟɚɪɨɪɚɬɥɢ  0T   ɠɢɫɦ 
ɫɨɜɭɬɢɥɚɺɬɝɚɧ ɛўɥɫɢɧғ ȼɚԕɬɧɢɧɝ 0t   ɜɚԕɬɢɞɚɧ ɛɨɲɥɚɛ ɠɢɫɦɧɢɧɝ ɫɨɜɭɲ 
ԕɨɧɭɧɢɹɬɢ ɬɨɩɢɥɫɢɧғ 

T  ԟɚɪɨɪɚɬ t  ɜɚԕɬɧɢɧɝ ɮɭɧɤɫɢɹɫɢ ɛўɥɚɞɢ:  T T t . ɇɸɬɨɧ ԕɨɧɭɧɢɝɚ 

ɛɢɧɨɚɧ T C  ԟɚɪɨɪɚɬɥɢ ɠɢɫɦɧɢɧɝ ɫɨɜɭɲ ɬɟɡɥɢɝɢ ɲɭ T C  ɝɚ ɩɪɨɩɨɪɫɢɨɧɚɥ 
ɛўɥɚɞɢғ Ⱥɝɚɪ ɬɟɡɥɢɤ  T t  ԟɨɫɢɥɚ ɷɤɚɧɥɢɝɢɧɢ ɷɴɬɢɛɨɪɝɚ ɨɥɫɚɤ ɜɚ 
ɩɪɨɩɨɪɫɢɨɧɚɥɥɢɤ ɤɨɟɮɮɢɬɫɢɟɧɬɢ  0K K   ɞɟɣɢɥɫɚ, ɭɧɞɚ ɇɸɬɨɧ ԕɨɧɭɧɢɝɚ 
ɤўɪɚ 

   T t KT t                         (3) 

ɛўɥɚɞɢғ 
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ɒɭɧɞɚɣ ԕɢɥɢɛ ɠɢɫɦɧɢɧɝ ɫɨɜɭɲ ԕɨɧɭɧɢɹɬɢ  T t  ɧɢ ɬɨɩɢɲ, ɧɨɦɚɴɥɭɦ 
ɮɭɧɤɫɢɹ  T t  ɜɚ ɭɧɢɧɝ ԟɨɫɢɥɚɫɢ  T t  ԕɚɬɧɚɲɝɚɧ ɬɟɧɝɥɚɦɚɧɢ ɟɱɢɲɝɚ ɤɟɥɚɞɢғ 

  

қғ Ⱦɢɮɮɟɪɟɧɫɢɚɥ ɬɟɧɝɥɚɦɚ  

 

Ⱥɣɬɚɣɥɢɤ,  ўɡɝɚɪɭɜɱɢ (ɷɪɤɥɢ ўɡɝɚɪɭɜɱɢ),  ɷɫɚ ɭɧɢɧɝ ɮɭɧɤɫɢɹɫɢ 

 y y x  ɛўɥɢɛ,  ,y y x    ,y y x   …,      n n
y y x  ɥɚɪ ɛɭ ɮɭɧɤɫɢɹɧɢɧɝ 

ɛɢɪɢɧɱɢ, ɢɤɤɢɧɱɢ ɜɚ ԟғɤғ n -ɬɚɪɬɢɛɥɢ ԟɨɫɢɥɚɥɚɪɢ ɛўɥɫɢɧғ x  ўɡɝɚɪɭɜɱɢ, 
ɧɨɦɚɴɥɭɦ y  ɮɭɧɤɫɢɹ ɜɚ ɭɧɢɧɝ ɬɭɪɥɢ ɬɚɪɬɢɛɞɚɝɢ ԟɨɫɢɥɚɥɚɪɢ ԕɚɬɧɚɲɝɚɧ 
ɬɟɧɝɥɚɦɚ  ɞɢɮɮɟɪɟɧɫɢɚɥ ɬɟɧɝɥɚɦɚ ɞɟɣɢɥɚɞɢғ 

ɘԕɨɪɢɞɚɝɢ (қ) ɜɚ (3) ɬɟɧɝɥɚɦɚɥɚɪ ɞɢɮɮɟɪɟɧɫɢɚɥ ɬɟɧɝɥɚɦɚɥɚɪ ɛўɥɚɞɢғ 

 
, , ,...,

n
x y y y  ɥɚɪɧɢ ɛɨԑɥɨɜɱɢ ɭɲɛɭ 

  , , ,..., 0
n

x y y y                                   (4) 

ɬɟɧɝɥɢɤ ɞɢɮɮɟɪɟɧɫɢɚɥ ɬɟɧɝɥɚɦɚɧɢɧɝ ɭɦɭɦɢɣ ɤўɪɢɧɢɲɢɧɢ ɢɮɨɞɚɥɚɣɞɢғ (4) 
ɞɢɮɮɟɪɟɧɫɢɚɥ ɬɟɧɝɥɚɦɚɞɚ ԕɚɬɧɚɲɝɚɧ ɧɨɦɚɴɥɭɦ ɮɭɧɤɫɢɹ ԟɨɫɢɥɚɫɢɧɢɧɝ 
ɸԕɨɪɢ ɬɚɪɬɢɛɢ (4) ɞɢɮɮɟɪɟɧɫɢɚɥ ɬɟɧɝɥɚɦɚɧɢɧɝ ɬɚɪɬɢɛɢ ɞɟɣɢɥɚɞɢғ 

Ɇɚɫɚɥɚɧ, 

2 32
sin , 2 3 0, 0, 0y y x xy y y x y x y x

x
             

ɛɢɪɢɧɱɢ ɬɚɪɬɢɛɥɢ ɞɢɮɮɟɪɟɧɫɢɚɥ ɬɟɧɝɥɚɦɚɥɚɪ, 

4 13 0, 2 cos 0, arcsiny y y y y x y x           

ɢɤɤɢɧɱɢ ɬɚɪɬɢɛɥɢ ɞɢɮɮɟɪɟɧɫɢɚɥ ɬɟɧɝɥɚɦɚɥɚɪ ɛўɥɚɞɢғ ɏɭɫɭɫɚɧ, ɛɢɪɢɧɱɢ 
ɬɚɪɬɢɛɥɢ ɞɢɮɮɟɪɟɧɫɢɚɥ ɬɟɧɝɥɚɦɚɧɢɧɝ ɭɦɭɦɢɣ ɤўɪɢɧɢɲɢ 

 , , 0,F x y y   

ɢɤɤɢɧɱɢ ɬɚɪɬɢɛɥɢ ɞɢɮɮɟɪɟɧɫɢɚɥ ɬɟɧɝɥɚɦɚɧɢɧɝ ɭɦɭɦɢɣ ɤўɪɢɧɢɲɢ ɷɫɚ  

 , , , 0F x y y y    
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ɲɚɤɥɞɚ ɺɡɢɥɚɞɢғ 

 

 3ғ Ⱦɢɮɮɟɪɟɧɫɢɚɥ ɬɟɧɝɥɚɦɚɧɢɧɝ ɟɱɢɦɢ 

 

ɍɦɭɦɢɣ ɤўɪɢɧɢɲɝɚ ɷɝɚ ɛўɥɝɚɧ  

  , , ,..., 0
n

x y y y                                   (4) 

ɞɢɮɮɟɪɟɧɫɢɚɥ ɬɟɧɝɥɚɦɚɧɢ ԕɚɪɚɣɥɢɤғ 

Ɏɚɪɚɡ ԕɢɥɚɣɥɢɤ,  x  ɮɭɧɤɫɢɹ ɛɢɪɨɪ ɨɪɚɥɢԕɞɚ ɚɧɢԕɥɚɧɝɚɧ ɜɚ ɭɡɥɭɤɫɢɡ 

ɛўɥɢɛ, ɲɭ ɨɪɚɥɢԕɞɚ        , ,...,
n

x x x     ԟɨɫɢɥɚɥɚɪɝɚ ɷɝɚ ɛўɥɫɢɧғ 

Ⱥɝɚɪ (4) ɬɟɧɝɥɚɦɚɞɚɝɢ y  ɧɢɧɝ ўɪɧɢɝɚ  x , y  ɧɢɧɝ ўɪɧɢɝɚ  x , y  

ɧɢɧɝ ўɪɧɢɝɚ  x  ɜɚ ԟғɤғ,  n
y  ɧɢɧɝ ўɪɧɢɝɚ    n

x  ԕўɣɢɥɝɚɧɞɚ (4) ɬɟɧɝɥɚɦɚ 
ɚɣɧɢɹɬɝɚ ɚɣɥɚɧɫɚ: 

          , , , ,..., 0,
n

x x x x x       

 x  ɮɭɧɤɫɢɹ (4) ɞɢɮɮɟɪɟɧɫɢɚɥ ɬɟɧɝɥɚɦɚɧɢɧɝ  ɟɱɢɦɢ ɞɟɣɢɥɚɞɢғ 

Ɇɚɫɚɥɚɧ, 2
y x  ɮɭɧɤɫɢɹ ɭɲɛɭ 

2 0xy y                       (5) 

ɛɢɪɢɧɱɢ ɬɚɪɬɢɛɥɢ ɞɢɮɮɟɪɟɧɫɢɚɥ ɬɟɧɝɥɚɦɚɧɢɧɝ ɟɱɢɦɢ ɛўɥɚɞɢғ Ԟɚԕɢԕɚɬɚɧ 

ԟɚɦ,  

2, 2y x y x   

ɥɚɪɧɢ (5) ɬɟɧɝɥɚɦɚɞɚɝɢ y  ɜɚ y  ɥɚɪ ўɪɧɢɝɚ ԕўɣɫɚɤ, ɭ ԟɨɥɞɚ  

22 2 0x x x     

ɛўɥɚɞɢғ Ⱥɣɧɢ ɩɚɣɬɞɚ  

2
y Cx    (C  – ўɡɝɚɪɦɚɫ ɫɨɧ)                                     (6) 

ɮɭɧɤɫɢɹ ԟɚɦ ɲɭ ɬɟɧɝɥɚɦɚɧɢɧɝ ɟɱɢɦɢ ɛўɥɚɞɢғ 
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ɑɭɧɤɢ,  

2, 2y Cx y Cx   

ɥɚɪɞɚ (5) ɬɟɧɝɥɚɦɚ ɚɣɧɢɹɬɝɚ ɚɣɥɚɧɚɞɢ:  

22 2 0.x Cx Cx     

Ⱦɢɮɮɟɪɟɧɫɢɚɥ ɬɟɧɝɥɚɦɚɧɢɧɝ (6) ɤўɪɢɧɢɲɞɚɝɢ ɟɱɢɦɢ ɭɧɢɧɝ  ɭɦɭɦɢɣ ɟɱɢɦɢ 

ɞɟɣɢɥɚɞɢғ Ȼɭ ɭɦɭɦɢɣ ɟɱɢɦɞɚ ɢɯɬɢɺɪɢɣ ўɡɝɚɪɦɚɫ C  ɧɢɧɝ ɛɢɪɨɪ ɬɚɣɢɧ 
0C  

ԕɢɣɦɚɬɢɞɚɝɢ 2

0C x  ɟɱɢɦ (5) ɬɟɧɝɥɚɦɚɧɢɧɝ  ɯɭɫɭɫɢɣ ɟɱɢɦɢ ɞɟɣɢɥɚɞɢғ 

Ⱦɟɦɚɤ, ɞɢɮɮɟɪɟɧɫɢɚɥ ɬɟɧɝɥɚɦɚɧɢɧɝ ɭɦɭɦɢɣ ɟɱɢɦɞɚɝɢ ɢɯɬɢɺɪɢɣ 
ўɡɝɚɪɦɚɫ  ɧɢɧɝ ɬɭɪɥɢ ԕɢɣɦɚɬɥɚɪɢɞɚ ɞɢɮɮɟɪɟɧɫɢɚɥ ɬɟɧɝɥɚɦɚɧɢɧɝ ɯɭɫɭɫɢɣ 
ɟɱɢɦɥɚɪɢ (ɭɥɚɪ ɱɟɤɫɢɡ ɤўɩ ɛўɥɚɞɢ) ԟɨɫɢɥ ɛўɥɢɛ, ɭɦɭɦɢɣ ɟɱɢɦ ɛɭ ɯɭɫɭɫɢɣ 
ɟɱɢɦɥɚɪɧɢɧɝ ɛɚɪɱɚɫɢɧɢ ўɡɢɞɚ ɦɭɠɚɫɫɚɦɥɚɲɬɢɪɚɞɢғ Ȼɨɲԕɚɱɚ ԕɢɥɢɛ ɚɣɬɝɚɧɞɚ 
ɭɦɭɦɢɣ ɟɱɢɦɞɚɧ ɬɟɧɝɥɚɦɚɧɢɧɝ ɛɚɪɱɚ ɯɭɫɭɫɢɣ ɟɱɢɦɥɚɪɢ ɤɟɥɢɛ ɱɢԕɚɞɢғ 

Ⱥɦɦɨ ɟɱɢɦɝɚ ɷɝɚ ɛўɥɝɚɧ (ɛɭ ɟɱɢɦɧɢ  x  ɞɟɣɥɢɤ) ɲɭɧɞɚɣ 
ɞɢɮɮɟɪɟɧɫɢɚɥ ɬɟɧɝɥɚɦɚɥɚɪ ɛɨɪɤɢ, ɛɭ  x  ɟɱɢɦ ԕɚɪɚɥɚɺɬɝɚɧ ɞɢɮɮɟɪɟɧɫɢɚɥ 
ɬɟɧɝɥɚɦɚɧɢɧɝ ɭɦɭɦɢɣ ɟɱɢɦɞɚɧ (ɢɯɬɢɺɪɢɣ ўɡɝɚɪɦɚɫ  ɧɢɧɝ ԟɟɱ ɛɢɪ 
ԕɢɣɦɚɬɢɞɚɧ) ɤɟɥɢɛ ɱɢԕɦɚɣɞɢғ Ɇɚɫɚɥɚɧ,  

  2 4y y y y x                                       (7) 

ɞɢɮɮɟɪɟɧɫɢɚɥ ɬɟɧɝɥɚɦɚɧɢɧɝ ɭɦɭɦɢɣ ɟɱɢɦɢ  

 2
y x C   

ɛўɥɚɞɢғ ɑɭɧɤɢ,  

   2
, 2y x C y x C     

ɥɚɪ ɛɟɪɢɥɝɚɧ ɬɟɧɝɥɚɦɚɧɢ ɚɣɧɢɹɬɝɚ ɚɣɥɚɧɬɢɪɚɞɢ: 

   2 2
2 4 .x C x C      

Ⱥɣɧɢ ɩɚɣɬɞɚ   0y x   ɮɭɧɤɫɢɹ (7) ɞɢɮɮɟɪɟɧɫɢɚɥ ɬɟɧɝɥɚɦɚɧɢɧɝ ɟɱɢɦɢ 
ɛўɥɢɛ ( ɛɭ ɪɚɜɲɚɧ), ɭ ɭɦɭɦɢɣ ɟɱɢɦɞɚɧ (C  ɧɢɧɝ ԟɟɱ ɛɢɪ ԕɢɣɦɚɬɢɞɚ) ɛɭ ɟɱɢɦ 
ɤɟɥɢɛ ɱɢԕɦɚɣɞɢғ Ɉɞɚɬɞɚ ɛɭɧɞɚɣ ɟɱɢɦ ԕɚɪɚɥɚɺɬɝɚɧ ɞɢɮɮɟɪɟɧɫɢɚɥ 
ɬɟɧɝɥɚɦɚɧɢɧɝ  ɦɚɯɫɭɫ ɟɱɢɦɢ ɞɟɣɢɥɚɞɢғ Ⱦɢɮɮɟɪɟɧɫɢɚɥ ɬɟɧɝɥɚɦɚɧɢɧɝ ɭɦɭɦɢɣ 
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ɟɱɢɦɢɞɚɧ ɯɭɫɭɫɢɣ ɟɱɢɦ ɚɪɝɭɦɟɧɬɢ x  ɛɢɪɨɪ 
0x  ԕɢɣɦɚɬɧɢ ԕɚɛɭɥ ԕɢɥɝɚɧɞɚ 

 y x  ɮɭɧɤɫɢɹ ɛɟɪɢɥɝɚɧ 
0y  ԕɢɣɦɚɬɧɢ ԕɚɛɭɥ ԕɢɥɫɢɧ ɞɟɝɚɧ ɲɚɪɬ ɚɫɨɫɢɞɚ ԟɨɫɢɥ 

ԕɢɥɢɧɚɞɢғ Ȼɭɧɞɚ 
0 0,x y  ɛɨɲɥɚɧԑɢɱ ԕɢɣɦɚɬɥɚɪ ɞɟɣɢɥɚɞɢ, ɤɟɥɬɢɪɢɥɝɚɧ ɲɚɪɬ  

ɛɨɲɥɚɧԑɢɱ ɲɚɪɬ ɞɟɣɢɥɢɛ,  

0x x  ɛўɥɝɚɧɞɚ 
0y y  

ɺɤɢ  

0
0x x

y y


  

ɤɚɛɢ ɺɡɢɥɚɞɢғ 

ɍɦɭɦɢɣ ɟɱɢɦɞɚɝɢ C  ўɡɝɚɪɦɚɫ ɲɭ ɲɚɪɬ ɚɫɨɫɢɞɚ ɬɨɩɢɥɚɞɢғ Ɇɚɫɚɥɚɧ, 
ɸԕɨɪɢɞɚ ɤɟɥɬɢɪɢɥɝɚɧ  

2 0xy y    

ɞɢɮɮɟɪɟɧɫɢɚɥ ɬɟɧɝɥɚɦɚɧɢɧɝ ɭɦɭɦɢɣ ɟɱɢɦɢ  

2
y Cx  

ɝɚ ɤўɪɚ ɭɲɛɭ  

2
8

x
y


  

ɛɨɲɥɚɧԑɢɱ ɲɚɪɬɧɢ ԕɚɧɨɚɬɥɚɧɬɢɪɭɜɱɢ ɯɭɫɭɫɢɣ ɟɱɢɦɢ ԕɭɣɢɞɚɝɢɱɚ ɬɨɩɢɥɚɞɢ: 
2, 8x y   ɥɚɪɧɢ ɭɦɭɦɢɣ ɟɱɢɦɞɚɝɢ x  ɜɚ y  ɥɚɪɧɢɧɝ ўɪɧɢɝɚ ԕўɣɢɛ,  

8 4C   

ɛўɥɢɲɧɢ, ɭɧɞɚɧ ɷɫɚ 2C   ɷɤɚɧɢɧɢ ɚɧɢԕɥɚɣɦɢɡғ C  ɧɢɧɝ ɛɭ ԕɢɣɦɚɬɢɧɢ 
ɭɦɭɦɢɣ ɟɱɢɦɞɚɝɢ C  ɧɢɧɝ ўɪɧɢɝɚ ԕўɣɢɛ, ɢɡɥɚɧɚɺɬɝɚɧ ɯɭɫɭɫɢɣ ɟɱɢɦ  

22y x  

ɛўɥɢɲɢɧɢ ɬɨɩɚɦɢɡғ 

Ⱦɢɮɮɟɪɟɧɫɢɚɥ ɬɟɧɝɥɚɦɚɧɢɧɝ ɛɨɲɥɚɧԑɢɱ ɲɚɪɬɧɢ ԕɚɧɨɚɬɥɚɧɬɢɪɭɜɱɢ 
ɟɱɢɦɢɧɢ ɬɨɩɢɲ ɞɢɮɮɟɪɟɧɫɢɚɥ ɬɟɧɝɥɚɦɚɥɚɪ ɧɚɡɚɪɢɹɫɢɧɢɧɝ ɦɭԟɢɦ 
ɦɚɫɚɥɚɥɚɪɢɞɚɧ ɛɢɪɢ ԟɢɫɨɛɥɚɧɚɞɢғ Ɉɞɚɬɞɚ ɛɭ ɦɚɫɚɥɚ Ʉɨɲɢ ɦɚɫɚɥɚɫɢ 
ɞɟɣɢɥɚɞɢғ  
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  4ғ Ⱦɢɮɮɟɪɟɧɫɢɚɥ ɬɟɧɝɥɚɦɚɥɚɪ ɧɚɡɚɪɢɹɫɢɧɢɧɝ ɚɫɨɫɢɣ ɦɚɫɚɥɚɥɚɪɢ 

 

Ⱦɢɮɮɟɪɟɧɫɢɚɥ ɬɟɧɝɥɚɦɚɥɚɪ ɧɚɡɚɪɢɹɫɢɞɚ ԕɭɣɢɞɚɝɢ ɦɚɫɚɥɚɥɚɪ ɚɫɨɫɢɣ 
ɦɚɫɚɥɚɥɚɪ ԟɢɫɨɛɥɚɧɚɞɢ: 

Қ) Ⱦɢɮɮɟɪɟɧɫɢɚɥ ɬɟɧɝɥɚɦɚ ɷɱɢɦɢɧɢɧɝ ɦɚɜɠɭɞɥɢɝɢ ɜɚ ɹɝɨɧɚɥɢɝɢғ 
Ⱦɢɮɮɟɪɟɧɫɢɚɥ ɬɟɧɝɥɚɦɚɥɚɪ ɟɱɢɦɢɧɢɧɝ ɦɚɜɠɭɞɥɢɝɢ ɜɚ ɹɝɨɧɚɥɢɝɢɧɢ 
ɢɮɨɞɚɥɨɜɱɢ ɬɟɨɪɟɦɚɥɚɪ ɦɚɜɠɭɞғ Ȼɭɧɞɚɣ ɬɟɨɪɟɦɚɥɚɪɞɚ ɬɟɧɝɥɚɦɚ ɟɱɢɦɢɧɢɧɝ 
ɦɚɜɠɭɞ ɜɚ ɹɝɨɧɚ ɛўɥɢɲɢɧɢɧɝ ɟɬɚɪɥɢ ɲɚɪɬɥɚɪɢ ɤɟɥɬɢɪɢɥɝɚɧғ Ɇɚɜɠɭɞɥɢɤ 
ɬɟɨɪɟɦɚɥɚɪɢ ɞɢɮɮɟɪɟɧɫɢɚɥ ɬɟɧɝɥɚɦɚɥɚɪɝɚ ɨɢɞ ɦɚɯɫɭɫ ɚɞɚɛɢɺɬɥɚɪɞɚ 
ɢɫɛɨɬɥɚɧɝɚɧғ Ȼɢɡ ɤɟɣɢɧɝɢ ɩɚɪɚɝɪɚɮɥɚɪɞɚ ɦɚɜɠɭɞɥɢɤ ɬɟɨɪɟɦɚɥɚɪɢɧɢ 
ɤɟɥɬɢɪɢɲ ɛɢɥɚɧɝɢɧɚ ɤɢɮɨɹɥɚɧɚɦɢɡҲ 

қ) Ⱦɢɮɮɟɪɟɧɫɢɚɥ ɬɟɧɝɥɚɦɚɥɚɪɧɢ ɟɱɢɲғ Ⱦɢɮɮɟɪɟɧɫɢɚɥ ɬɟɧɝɥɚɦɚɥɚɪɧɢ 
ɟɱɢɲ (ɟɱɢɦɢɧɢ ɬɨɩɢɲ), ɟɱɢɲ ɭɫɭɥɥɚɪɢɧɢ ɚɧɢԕɥɚɲ ɷɧɝ ɦɭԟɢɦ 
ɦɚɫɚɥɚɥɚɪɞɚɧɞɢɪғ Ʉўɩɝɢɧɚ ɬɟɧɝɥɚɦɚɥɚɪ (ԟɚɬɬɨ ɭɥɚɪɧɢɧɝ ɟɱɢɦɢ ɦɚɜɠɭɞɥɢɝɢ 
ɦɚɴɥɭɦ ɛўɥɫɚ ԟɚɦ) ɟɱɢɥɚɜɟɪɦɚɣɞɢғ Ʉɟɣɢɧɝɢ ɩɚɪɚɝɪɚɮɥɚɪɞɚ ɟɱɢɥɚɞɢɝɚɧ 
ɬɟɧɝɥɚɦɚɥɚɪ ԕɚɪɚɥɚɞɢ ɜɚ ɭɥɚɪɧɢ ɟɱɢɲ ɭɫɭɥɥɚɪɢ ɛɚɺɧ ɷɬɢɥɚɞɢҲ 

3) Ⱦɢɮɮɟɪɟɧɫɢɚɥ ɬɟɧɝɥɚɦɚɥɚɪɢɧɢɧɝ ɬɚɬɛɢԕɥɚɪɢғ Ⱦɢɮɮɟɪɟɧɫɢɚɥ 
ɬɟɧɝɥɚɦɚɥɚɪɧɢɧɝ ɬɚɬɛɢԕ ɞɨɢɪɚɫɢ ɠɭɞɚ ɤɟɧɝғ Ɏɚɧ ɜɚ ɬɟɯɧɢɤɚɧɢɧɝ ɬɭɪɥɢ 
ɫɨԟɚɥɚɪɢɞɚɝɢ (ɝɟɨɦɟɬɪɢɹ, ɮɢɡɢɤɚ, ɦɟɯɚɧɢɤɚ, ɬɟɯɧɢɤɚ, ɬɚɛɢɚɬɲɭɧɨɫɥɢɤ ɜɚ ԟғɤ) 
ɦɚɫɚɥɚɥɚɪ ɞɢɮɮɟɪɟɧɫɢɚɥ ɬɟɧɝɥɚɦɚɥɚɪ ɺɪɞɚɦɢɞɚ ԟɚɥ ɷɬɢɥɚɞɢғ 

 

Ȼɢɪɢɧɱɢ ɬɚɪɬɢɛɥɢ ɞɢɮɮɟɪɟɧɫɢɚɥ ɬɟɧɝɥɚɦɚɥɚɪ 

 

Ɇɚɴɥɭɦɤɢ, ɛɢɪɢɧɱɢ ɬɚɪɬɢɛɥɢ ɞɢɮɮɟɪɟɧɫɢɚɥ ɬɟɧɝɥɚɦɚ ɭɦɭɦɢɣ 
ɤўɪɢɧɢɲɞɚ ԕɭɣɢɞɚɝɢɱɚ  

 , , 0x y y   

ɢɮɨɞɚɥɚɧɚɞɢғ Ȼɭɧɞɚ, x  – ɷɪɤɥɢ ўɡɝɚɪɭɜɱɢ (ɮɭɧɤɫɢɹ ɚɪɝɭɦɟɧɬɢ)  y y x – 

ɧɨɦɚɴɥɭɦ ɮɭɧɤɫɢɹ, y  ɷɫɚ – ɧɨɦɚɴɥɭɦ ɮɭɧɤɫɢɹɧɢɧɝ ԟɨɫɢɥɚɫɢғ Ȼɭ ɬɟɧɝɥɚɦɚɧɢ 
 ɝɚ ɧɢɫɛɚɬɚɧ ɟɱɢɥɝɚɧ ԟɨɥɢ ɛўɥɝɚɧ  

   , ,
dy

y f x y f x y
dx

    
 

                                       (1) 



65 

 

ɬɟɧɝɥɚɦɚɧɢ ўɪɝɚɧɚɦɢɡғ Ɉɞɚɬɞɚ, (Қ) ɬɟɧɝɥɚɦɚ ԟɨɫɢɥɚɝɚ ɧɢɫɛɚɬɚɧ ɟɱɢɥɝɚɧ 
ɞɢɮɮɟɪɟɧɫɢɚɥ ɬɟɧɝɥɚɦɚ ɞɟɛ ԟɚɦ ɸɪɢɬɢɥɚɞɢғ (Қ) ɬɟɧɝɥɚɦɚ ɭɱɭɧ ɬɟɧɝɥɚɦɚɧɢɧɝ 
ɟɱɢɦɢ (ɭɦɭɦɢɣ ɜɚ ɯɭɫɭɫɢɣ ɟɱɢɦɥɚɪɢ), ɛɨɲɥɚɧԑɢɱ ɲɚɪɬ, Ʉɨɲɢ ɦɚɫɚɥɚɥɚɪɢ 
ɬɭɲɭɧɱɚɥɚɪɢ Қ-§ ɞɚ ɤɟɥɬɢɪɢɥɝɚɧ ɬɭɲɭɧɱɚɥɚɪ ɤɚɛɢ ɤɢɪɢɬɢɥɚɞɢғ  

 

Қғ Ⱦɢɮɮɟɪɟɧɫɢɚɥ ɬɟɧɝɥɚɦɚ ɟɱɢɦɢɧɢɧɝ ɦɚɜɠɭɞɥɢɝɢ ɜɚ ɹɝɨɧɚɥɢɝɢғ  

 ɍɲɛɭ  

 ,y f x y   

ɞɢɮɮɟɪɟɧɫɢɚɥ ɬɟɧɝɥɚɦɚɧɢ ԕɚɪɚɣɥɢɤғ Ɋɚɜɲɚɧɤɢ, ɛɭ ɬɟɧɝɥɚɦɚ ɟɱɢɦɢɧɢɧɝ 
ɦɚɜɠɭɞɥɢɝɢ ɜɚ ɭɧɢɧɝ ɟɱɢɦɢ  ,f x y  ɮɭɧɤɫɢɹɝɚ ɛɨԑɥɢԕғ Ⱥɣɬɚɣɥɢɤ, ɮɭɧɤɫɢɹ 
ɬɟɤɢɫɥɢɤɞɚɝɢ ɺɩɢԕ ɬўԑɪɢ ɬўɪɬɛɭɪɱɚɤ 

  0 0 0 0, : ,D x y x a x x a y b y y b          

ɞɚ ɛɟɪɢɥɝɚɧ ɛўɥɫɢɧ, ɛɭɧɞɚ a  ɜɚ b  ɥɚɪ ɦɭɫɛɚɬ ɫɨɧɥɚɪғ 

 

 Ɍɟɨɪɟɦɚғ Ⱥɝɚɪ  ,f x y  ɮɭɧɤɫɢɹ D  ɞɚ ɭɡɥɭɤɫɢɡ ɛўɥɢɛ, ɭɡɥɭɤɫɢɡ 

 ,
y

f x y   ɯɭɫɭɫɢɣ ԟɨɫɢɥɚɝɚ ɷɝɚ ɛўɥɫɚ, ɭ ԟɨɥɞɚ (Қ) ɞɢɮɮɟɪɟɧɫɢɚɥ ɬɟɧɝɥɚɦɚ 
ɛɨɲɥɚɧԑɢɱ ɲɚɪɬ  

0 0,x x y y   

ɧɢ ԕɚɧɨɚɬɥɚɧɬɢɪɭɜɱɢ ɟɱɢɦɝɚ ɷɝɚ ɜɚ ɭ ɹɝɨɧɚ ɛўɥɚɞɢғ 

 

 Эɫɥɚɬɦɚғ Ɍɟɨɪɟɦɚɞɚ ɤɟɥɬɢɪɢɥɝɚɧ ɲɚɪɬ (Қ) ɬɟɧɝɥɚɦɚ ɟɱɢɦɢ ɦɚɜɠɭɞ 
ɛўɥɢɲɢɧɢɧɝ ɟɬɚɪɥɢ ɲɚɪɬɢɧɢ ɢɮɨɞɚɥɚɣɞɢғ Ȼɢɧɨɛɚɪɢɧ, ɛɭ ɲɚɪɬ 
ɛɚɠɚɪɢɥɦɚɝɚɧɞɚ ԟɚɦ (Қ) ɬɟɧɝɥɚɦɚ ɟɱɢɦɝɚ ɷɝɚ ɛўɥɢɲɢ ɦɭɦɤɢɧғ ɘԕɨɪɢɞɚ 
ɚɣɬɢɛ ўɬɝɚɧɢɦɢɡɞɟɤ, (Қ) ɬɟɧɝɥɚɦɚ ɟɱɢɦɢ  ,f x y  ɮɭɧɤɫɢɹɝɚ (ɭɧɢɧɝ 
ɤўɪɢɧɢɲɢɝɚ) ɛɨԑɥɢԕ ɛўɥɚɞɢғ Ȼɭ ɮɭɧɤɫɢɹɧɢɧɝ ɦɚɯɫɭɫ ɤўɪɢɧɢɲɥɚɪɢɞɚ ɸɡɚɝɚ 
ɤɟɥɚɞɢɝɚɧ ɞɢɮɮɟɪɟɧɫɢɚɥ ɬɟɧɝɥɚɦɚɥɚɪɧɢ ɤɟɥɬɢɪɚɦɢɡ: 

Қ) Ⱥɣɬɚɣɥɢɤ, 

     ,f x y x y    



66 

 

ɛўɥɫɢɧ, ɛɭɧɞɚ  x  ɜɚ  y  ɭɡɥɭɤɫɢɡ ɮɭɧɤɫɢɹɥɚɪғ Ȼɭ ԟɨɥɞɚ (Қ) ɬɟɧɝɥɚɦɚ 
ɭɲɛɭ  

   dy
x y

dx
                             (2) 

ɤўɪɢɧɢɲɝɚ ɤɟɥɚɞɢғ ɍɧɢ ўɡɝɚɪɭɜɱɢɥɚɪɢ ɚɠɪɚɥɚɞɢɝɚɧ ɞɢɮɮɟɪɟɧɫɢɚɥ ɬɟɧɝɥɚɦɚ 
ɞɟɣɢɥɚɞɢғ 

қ) Ⱥɣɬɚɣɥɢɤ,  

     ,f x y q x p x y    

ɛўɥɫɢɧ, ɛɭɧɞɚ  p x  ɜɚ  q x  – ɭɡɥɭɤɫɢɡ ɮɭɧɤɫɢɹɥɚɪғ Ȼɭ ԟɨɥɞɚ (Қ) ɬɟɧɝɥɚɦɚ 
ɭɲɛɭ 

     y p x y q x y py q                                           (3) 

ɤўɪɢɧɢɲɝɚ ɤɟɥɚɞɢғ ɍɧɢ ɱɢɡɢԕɥɢ ɞɢɮɮɟɪɟɧɫɢɚɥ ɬɟɧɝɥɚɦɚ ɞɟɣɢɥɚɞɢғ 

3) Ⱥɣɬɚɣɥɢɤ  

     , m
f x y q x y p x y    

ɛўɥɫɢɧ, ɛɭɧɞɚ    ,p x q x  – ɭɡɥɭɤɫɢɡ ɮɭɧɤɫɢɹɥɚɪҲ m  – ўɡɝɚɪɦɚɫ ɫɨɧғ 

Ȼɭ ԟɨɥɞɚ (Қ) ɬɟɧɝɥɚɦɚ ɭɲɛɭ  

    m
y p x y q x y                               (4) 

ɤўɪɢɧɢɲɝɚ ɤɟɥɚɞɢғ ɍɧɢ Ȼɟɪɧɭɥɥɢ ɬɟɧɝɥɚɦɚɫɢ ɞɟɣɢɥɚɞɢғ 

4) Ⱥɣɬɚɣɥɢɤ,  

   
 

,
,

,

P x y
f x y

Q x y
   

ɛўɥɫɢɧғ Ȼɭ ԟɨɥɞɚ (Қ) ɬɟɧɝɥɚɦɚ ɭɲɛɭ  

   , , 0P x y dx Q x y dy                                        (5)  

ɤўɪɢɧɢɲɝɚ ɤɟɥɚɞɢғ Ʉɟɣɢɧɝɢ ɬɟɧɝɥɢɤɧɢɧɝ ўɧɝ ɬɨɦɨɧɢɞɚɝɢ  

   , ,P x y dx Q x y dy  
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ɢɮɨɞɚ ɛɢɪɨɪ  ,F x y  ɮɭɧɤɫɢɹɧɢɧɝ ɬўɥɢԕ ɞɢɮɮɟɪɟɧɫɢɚɥɢ 

(      , , ,dF x y P x y dx Q x y dy  ) 

ɛўɥɢɲɢ ɦɭɦɤɢɧғ Ȼɭɧɞɚɣ ɜɚɡɢɹɬɞɚ (5) (  , 0dF x y  ) ɬɟɧɝɥɚɦɚ ɬўɥɢԕ 
ɞɢɮɮɟɪɟɧɫɢɚɥ ɬɟɧɝɥɚɦɚ ɞɟɣɢɥɚɞɢғ 

5) Ⱥɣɬɚɣɥɢɤ,  ,f x y  ɮɭɧɤɫɢɹ ɭɲɛɭ  

   , ,f tx ty f x y  

ɲɚɪɬɧɢ ԕɚɧɨɚɬɥɚɧɬɢɪɫɢɧ, ɛɭɧɞɚ t  – ɢɯɬɢɺɪɢɣ ɫɨɧ (ɛɭɧɞɚɣ ԟɨɥɞɚ  ,f x y  ɧɨɥ 
ўɥɱɨɜɥɢ ɛɢɪ ɠɢɧɫɥɢ ɮɭɧɤɫɢɹ ɞɟɣɢɥɚɞɢғ) Ȼɭ ԟɨɥɞɚ (Қ) ɬɟɧɝɥɚɦɚ ɭɲɛɭ  

1,
dy y y

f
dx x x

       
   

 

ɤўɪɢɧɢɲɝɚ ɤɟɥɚɞɢғɍɧɢ ɛɢɪ ɠɢɧɫɥɢ ɞɢɮɮɟɪɟɧɫɢɚɥ ɬɟɧɝɥɚɦɚ ɞɟɣɢɥɚɞɢғ 
ɘԕɨɪɢɞɚ ɤɟɥɬɢɪɢɥɝɚɧ (қ), (3), (4) ɜɚ (5) ɞɢɮɮɟɪɟɧɫɢɚɥ ɬɟɧɝɥɚɦɚɥɚɪ ɟɱɢɦɝɚ 
ɷɝɚ (ɭɥɚɪɧɢɧɝ ɟɱɢɦɝɚ ɷɝɚ ɛўɥɢɲɢ,  ,f x y  ɮɭɧɤɫɢɹɧɢɧɝ ɤўɪɢɧɢɲɢ ԟɚɦɞɚ 
ɦɚɜɠɭɞɥɢɤ ɬɟɨɪɟɦɚɫɢɧɢɧɝ ɲɚɪɬɥɚɪɢɧɢɧɝ ɛɚɠɚɪɢɥɢɲɢɞɚɧ ɤɟɥɢɛ ɱɢԕɚɞɢ)ғ 

       Ʉɟɣɢɧɝɢ ɩɚɪɚɝɪɚɮɥɚɪɞɚ ɲɭɧɞɚɣ ɬɟɧɝɥɚɦɚɥɚɪɧɢ ɟɱɢɲ ɭɫɭɥɥɚɪɢ ɛɢɥɚɧ 
ɬɚɧɢɲɚɦɢɡғ 

Ȼɢɪ ɠɢɧɫɥɢ ɞɢɮɮɟɪɟɧɫɢɚɥ ɬɟɧɝɥɚɦɚɥɚɪ 

 

Ɇɚɴɥɭɦɤɢ,  

 ,y f x y                      (1) 

ɞɢɮɮɟɪɟɧɫɢɚɥ ɬɟɧɝɥɚɦɚɞɚ  ,f x y  ɮɭɧɤɫɢɹ  

    , ,f tx ty f x y  

ɲɚɪɬɧɢ ԕɚɧɨɚɬɥɚɧɬɢɪɫɚ, (Қ) ɧɢ  ɛɢɪ ɠɢɧɫɥɢ ɞɢɮɮɟɪɟɧɫɢɚɥ ɬɟɧɝɥɚɦɚ 

ɞɟɣɢɥɚɞɢғ ɍɧɞɚ 1
t

x
   0x   ɞɟɣɢɥɢɲɢ ɛɢɥɚɧ  

 , 1,
y y

f x y f
x x
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ɛўɥɢɛ, ԕɚɪɚɥɚɺɬɝɚɧ (Қ) ɞɢɮɮɟɪɟɧɫɢɚɥ ɬɟɧɝɥɚɦɚ ɭɲɛɭ  

y
y

x
     
 

     
dy y

dx x
       

                                         (2) 

ɤўɪɢɧɢɲɝɚ ɤɟɥɚɞɢғ (қ) ɬɟɧɝɥɚɦɚɧɢ ɟɱɢɲ ɭɱɭɧ 

  y
u u u x

x
   

ɚɥɦɚɲɬɢɪɢɲ ɛɚɠɚɪɚɦɢɡғ ɇɚɬɢɠɚɞɚ 

 ,y ux y ux u xu      

ɛўɥɢɛ, (қ) ɬɟɧɝɥɚɦɚɝɚ ԕўɣɢɥɫɚ  

 u xu u   

ɹɴɧɢ  

 du
u x u

dx
   

ɬɟɧɝɥɚɦɚ ԟɨɫɢɥ ɛўɥɚɞɢғ Ȼɭ ɬɟɧɝɥɚɦɚɧɢ ԕɭɣɢɞɚɝɢɱɚ ɺɡɢɛ ɨɥɚɦɢɡ: 

 
.

du dx

u u x



 

Ʉɟɣɢɧɝɢ ɬɟɧɝɥɚɦɚ ўɡɝɚɪɭɜɱɢɥɚɪɢ ɚɠɪɚɥɚɞɢɝɚɧ ɬɟɧɝɥɚɦɚ ɛўɥɢɛ, ɭɧɢ 
ɢɧɬɟɝɪɚɥɥɚɲ ɛɢɥɚɧ  

 
ln

du y
x C u

u u x
        

ɛўɥɢɲɢɧɢ ɬɨɩɚɦɢɡғ Ȼɭ ɬɟɧɝɥɢɤ ɛɟɪɢɥɝɚɧ ɛɢɪ ɠɢɧɫɥɢ ɞɢɮɮɟɪɟɧɫɢɚɥ 
ɬɟɧɝɥɚɦɚɧɢɧɝ ɭɦɭɦɢɣ ɟɱɢɦɢɧɢ, y xu  ɮɭɧɤɫɢɹɧɢ ɢɮɨɞɚɥɚɣɞɢғ 

 

  Ɇɢɫɨɥғ ɍɲɛɭ  

2 2
x y

y
xy
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ɞɢɮɮɟɪɟɧɫɢɚɥ ɬɟɧɝɥɚɦɚɧɢɧɝ ɭɦɭɦɢɣ ɟɱɢɦɢ ɬɨɩɢɥɫɢɧғ 

 Ȼɟɪɢɥɝɚɧ ɬɟɧɝɥɚɦɚɞɚ  

 
2 2

,
x y

f x y
xy


  

ɛўɥɢɛ, ɭɧɢɧɝ ɭɱɭɧ  

     
  

   
2 2 2 2 2 2 2

2
, ,

t x ytx ty x y
f tx ty f x y

tx ty t xy xy

 
     

ɛўɥɚɞɢғ Ⱦɟɦɚɤ, ɛɟɪɢɥɝɚɧ ɬɟɧɝɥɚɦɚ ɛɢɪ ɠɢɧɫɥɢ ɬɟɧɝɥɚɦɚғ Ⱥɝɚɪ  

,
y

u y ux
x
   

ɞɟɣɢɥɫɚ, ɭɧɞɚ  

y u xu    

ɛўɥɢɛ, ɛɟɪɢɥɝɚɧ ɬɟɧɝɥɚɦɚ ɭɲɛɭ 

1du
x

dx u
  

ɤўɪɢɧɢɲɝɚ ɤɟɥɚɞɢғ Ȼɭ ɬɟɧɝɥɚɦɚɧɢ ɟɱɚɦɢɡ:  

dx
udu

x
 , 

dx
udu

x
  , 

2

ln ln
2

u
x C  , 

 2 2lnu x C . 

ɗɧɞɢ y xu  ɷɤɚɧɢɧɢ ɷɴɬɢɛɨɪɝɚ ɨɥɢɛ,  

 
2

2
2ln

y
x C

x
 , 
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2 22 lny x xC , 

2lny x xC  . 

ɛўɥɢɲɢɧɢ ɬɨɩɚɦɢɡғ Ȼɭ ɛɟɪɢɥɝɚɧ ɬɟɧɝɥɚɦɚɧɢɧɝ ɭɦɭɦɢɣ ɟɱɢɦɢ ɛўɥɚɞɢғ   
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1-Ɇɚɜɡɭ:  Ɍɟɧɝɥɚɦɚɥɚɪ ɜɚ ɭɥɚɪɧɢɧɝ ɬɚɞɛɢԕɥɚɪɢғ Ɇɚɬɪɢɰɚɥɚɪ ɜɚ 
ɭɥɚɪɧɢɧɝ ɬɚɞɛɢԕɥɚɪɢғ ȼɟɤɬɨɪɥɚɪ ɜɚ ɭɥɚɪɧɢɧɝ ɬɚɞɛɢԕɥɚɪɢ 

Қғ Ɍɟɧɝɥɚɦɚɥɚɪ ɜɚ ɭɥɚɪɧɢɧɝ ɬɚɛɢɣɢɣ ɮɚɧɥɚɪɞɚɝɢ ɬɚɞɛɢԕɥɚɪɢ 

қғ Ɇɚɬɪɢɰɚɥɚɪ ɜɚ ɭɥɚɪɧɢɧɝ ɢԕɬɢɫɨɞɢɺɬɞɚɝɢ ɬɚɞɛɢԕɥɚɪɢ 

3ғ ȼɟɤɬɨɪɥɚɪ ɜɚ ɭɥɚɪɧɢɧɝ ɬɚɞɛɢԕɥɚɪɢ 

 

IVғ ȺɆȺɅɂɃ  ɆȺɒԐɍɅɈɌ  ɆȺɌȿɊɂȺɅɅȺɊɂ 

 

 

 

 

 

 

Ɍɚъɪɢɮ: ɇɨɦɚɴɥɭɦ ԕɚɬɧɚɲɝɚɧ ɬɟɧɝɥɢɤɤɚ ɬɟɧɝɥɚɦɚ ɞɟɣɢɥɚɞɢғ 
ɇɨɦɚɴɥɭɦɧɢɧɝ ɛɭ ɬɟɧɝɥɚɦɚɧɢ ɫɨɧɥɢ ɚɣɧɢɹɬɝɚ ɚɣɥɚɧɬɢɪɭɜɱɢ ԕɢɣɦɚɬɢ 
ɬɟɧɝɥɚɦɚɧɢɧɝ ɢɥɞɢɡɢ, ɛɚɪɱɚ ɢɥɞɢɡɥɚɪ ɬўɩɥɚɦɢ ɷɫɚ ɬɟɧɝɥɚɦɚɧɢɧɝ ɷɱɢɦɢ 
ɛўɥɚɞɢғ 

ҚғɆɢɫɨɥғ (ɯ+Қ)*(ɯ–қ)*(ɯ+3) = 0 ɬɟɧɝɥɚɦɚɧɢɧɝ ɢɥɞɢɡɥɚɪɢ ɯ1 = – Қ , ɯ2 = 2 , 

ɯ3 = – 3 ԕɢɣɦɚɬɥɚɪɞɚɧ, ɷɱɢɦɢ ɷɫɚ ɯ = д –3; –ҚҲ қж ɬўɩɥɚɦɞɚɧ ɢɛɨɪɚɬғ 

қғ Ɇɢɫɨɥғ ɯ2
 + 4 = 0 ɺɤɢ ɯ2

 = – 4ғ Ɍɟɧɝɥɢɤɧɢɧɝ ɱɚɩ ԕɢɫɦɢ ɯ ɧɢɧɝ ԟɚɪ 
ԕɚɧɞɚɣ ԕɢɣɦɚɬɢɞɚ ɦɭɫɛɚɬ, ɯ20, ўɧɝ ԕɢɫɦɢ ɷɫɚ ɦɚɧɮɢɣɞɢɪғ Ⱦɟɦɚɤ, ɛɟɪɢɥɝɚɧ 
ɬɟɧɝɥɢɤ ɛɚɠɚɪɢɥɦɚɣɞɢ, ɷɱɢɦ ɦɚɜɠɭɞ ɷɦɚɫ: ɯ = . ɚ) Ɍɚъɪɢɮғ Ȼɢɪɢɧɱɢ 
ɞɚɪɚɠɚɥɢ ɛɢɪ ɧɨɦɚɴɥɭɦɥɢ ɬɟɧɝɥɚɦɚ ɞɟɛ, ɚɯ + ɛ = 0 (Қ) ɤўɪɢɧɢɲɢɞɚɝɢ 
ɬɟɧɝɥɚɦɚɥɚɪɝɚ ɚɣɬɢɥɚɞɢғ Ȼɭɧɞɚ ɯ – ɧɨɦɚɴɥɭɦ ɫɨɧ, ɚ ɜɚ ɛ – ɨɡɨɞ ԟɚɞғ 

Ȼɢɪɢɧɱɢ ɞɚɪɚɠɚɥɢ ɛɢɪ ɧɨɦɚɴɥɭɦɥɢ ɬɟɧɝɥɚɦɚ (Қ) ɤўɪɢɧɢɲɞɚ ɛўɥɦɚɫɚ, 
ɭɧɢ ԕɭɣɢɞɚɝɢ ɬɚɪɬɢɛɞɚ ɷɱɢɥɚɞɢғ 

Қ) ɬɟɧɝɥɚɦɚ ɤɚɫɪ ɤўɪɢɧɢɲɢɞɚ ɛўɥɫɚ, ɭɧɢ ɤɚɫɪԟɚɞɥɚɪɞɚɧ ɤɭɬɤɚɪɢɲғ 

қ) ԕɚɜɫɥɚɪ ɛўɥɫɚ, ɭɥɚɪɧɢ ɨɱɢɲғ 

3) ɧɨɦɚɴɥɭɦ ԟɚɞɥɚɪɧɢ ɬɟɧɝɥɚɦɚɧɢɧɝ ɛɢɪ ԕɢɫɦɢɝɚ, ɦɚɴɥɭɦɥɚɪɢɧɢ ɛɢɪ 
ԕɢɫɦɢɝɚ ɭɬɤɚɡɢɲғ 

4) ўɯɲɚɲ ԟɚɞɥɚɪɧɢ ɢɯɱɚɦɥɚɲғ 

5) ɬɟɧɝɥɚɦɚɧɢɧɝ ɢɤɤɚɥɚ ԕɢɫɦɢɧɢ ɧɨɦɚɴɥɭɦɧɢɧɝ ɤɨɟɮɮɢɬɫɢɟɧɬɢɝɚ ɛўɥɢɲ 
ɤɟɪɚɤғ 

ɛ) Ɍɚɴɪɢɮғ ɚɯ2
 + ɛɯ + М = 0 (қ) ɛɭɧɞɚ ɚ  0 ɤўɪɢɧɢɲɞɚɝɢ ɬɟɧɝɥɚɦɚ 

ɤɜɚɞɪɚɬ ɬɟɧɝɥɚɦɚ ɞɟɣɢɥɚɞɢғ 
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Ʉɜɚɞɪɚɬ ɬɟɧɝɥɚɦɚɥɚɪɧɢ ɭɪɝɚɧɢɲɞɚ ɯ ɧɨɦɚɴɥɭɦɧɢɧɝ ɯɚɤɢɤɢɣ ԕɢɣɦɚɬɥɚɪɢ 
ɬўɩɥɚɦɢɧɢ ɤɨɦɩɥɟɤɫ ɫɨɧɥɚɪɧɢɧɝ ɛɭɬɭɧ ɬўɩɥɚɦɢ ɞɟɛ ɯɢɫɨɛɥɚɲɝɚ ɲɚɪɬɥɚɲɢɛ 
ɨɥɚɦɢɡғ 

ɚ, ɛ ɜɚ c ɤɨɟɮɮɢɬɫɢɟɧɬɥɚɪɧɢ ɯɚԕɢԕɢɣ ɫɨɧɥɚɪ ɞɟɛ ɯɢɫɨɛɥɚɲɢɦɢɡғ 

(қ) Ɍɟɧɝɥɚɦɚ ɷɱɢɦɢ ԕɭɣɢɞɚɝɢɱɚ ɚɧɢԕɥɚɧɚɞɢғ 

ɯ1,2 = a

acbb

2

4
2 

 , Ⱦ = ɛ2
 – 4ɚc – ɞɢɫɤɪɢɦɢɧɚɧɬ 

Ⱦ > 0 , ɯ1,2 =
a

Ⱦb

2


 – ɯɚԕɢԕɢɣ ɫɨɧɥɚɪ 

Ⱦ = 0 , ɯ1 = ɯ2 = – a

b

2  – ɯɚԕɢԕɢɣ ɫɨɧɥɚɪ 

Ⱦ ҳ 0 ɞɚ Ⱦ  ɦɚɜɯɭɦ ɫɨɧ ɯ1,2 = a

Ⱦb

2



 – ԕўɲɦɚ ɤɨɦɩɥɟɤɫ ɫɨɧɥɚɪɞɢɪғ 
Ⱥɝɚɪ (қ) ɞɚ М=0 ɛўɥɫɚ, 

ɚɯ2
 + ɛɯ = 0 (3) ɯ(ɚɯ + ɛ) = 0 ɯ1 = 0 ɯ2 = – ɛ/ɚ 

 Ⱥɝɚɪ ɛ = 0 ɛўɥɫɚ 

ɚɯ2
 + c = 0 (4) ɯ1,2 =   – c/ɚ 

 Ⱥɝɚɪ ɛ = 0, М=0 ɛўɥɫɚ 

ɚɯ2
 = 0 (5) ɯ1,2 = 0 

3Ҳ 4Ҳ 5 ɬɟɧɝɥɚɦɚɥɚɪ ɱɚɥɚ ɤɜɚɞɪɚɬ ɬɟɧɝɥɚɦɚɥɚɪ ɞɟɣɢɥɚɞɢғ 

ɯ2
 + ɪɯ+ԕ=0 (6) – ɤɟɥɬɢɪɢɥɝɚɧ ɤɜɚɞɪɚɬ ɬɟɧɝɥɚɦɚ ɞɟɣɢɥɚɞɢғ 

 

Ɍɟɨɪɟɦɚ: (ȼɢɟɬ ɬɟɨɪɟɦɚɫɢ) ɤɟɥɬɢɪɢɥɝɚɧ ɤɜɚɞɪɚɬ ɬɟɧɝɥɚɦɚɞɚ 

ɢɥɞɢɡɥɚɪɢɧɢɧɝ ɣɢԑɢɧɞɢɫɢ ԕɚɪɚɦɚ-ԕɚɪɲɢ ɢɲɨɪɚ ɛɢɥɚɧ ɨɥɢɧɝɚɧ ɛɢɪɢɧɱɢ 
ɞɚɪɚɠɚɥɢ ɧɨɦɚɴɥɭɦ ɨɥɞɢɞɚɝɢ ɢɤɤɢɧɱɢ ɤɨɟɮɮɢɬɫɢɟɧɬ (–ɪ) ɝɚ, ɢɥɞɢɡɥɚɪɢɧɢɧɝ 
ɤўɩɚɣɬɦɚɫɢ ɷɫɚ ɨɡɨɞԟɚɞ ԕ ɝɚ ɬɟɧɝɞɢɪғ 

ɜ) )(

)(

xQ

xP

= 0 (7) – ɤўɪɢɧɢɲɢɞɚɝɢ ɬɟɧɝɥɚɦɚ ɤɚɫɪ ɪɚɬɫɢɨɧɚɥ ɬɟɧɝɥɚɦɚ 

ɞɟɣɢɥɚɞɢ, ɛɭ ɷɪɞɚ  
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ɉ(ɯ) ɜɚ Ԕ(ɯ) ɥɚɪ ɤўɩԟɚɞɥɚɪғ 

Ɋɚɬɫɢɨɧɚɥ ɬɟɧɝɥɚɦɚɧɢ ɷɱɢɲ ɭɱɭɧ: 

Қғ Ȼɚɪɱɚ ɤɚɫɪɥɚɪɧɢɧɝ ɭɦɭɦɢɣ ɦɚɯɪɚɠɢ ɬɨɩɢɥɚɞɢғ 

қғ Ȼɟɪɢɥɝɚɧ ɬɟɧɝɥɚɦɚɧɢɧɝ ɢɤɤɚɥɚ ɬɨɦɨɧɢɧɢ ɭɦɭɦɢɣ ɦɚɯɪɚɠɝɚ ɤўɩɚɣɬɢɪɢɛ, 
ɭɧɢ ɛɭɬɭɧ ɬɟɧɝɥɚɦɚɝɚ ɤɟɥɬɢɪɢɥɚɞɢғ 

3ғ ɏɨɫɢɥ ԕɢɥɢɧɝɚɧ ɛɭɬɭɧ ɬɟɧɝɥɚɦɚ ɷɱɢɥɚɞɢғ 

4ғ ɍɧɢɧɝ ɢɥɞɢɡɥɚɪɢ ɢɱɢɞɚɧ ɭɦɭɦɢɣ ɦɚɯɪɚɠɧɢ ɧɨɥɝɚ 

ɚɣɥɚɧɬɢɪɚɞɢɝɚɧɥɚɪɢɧɢ ɱɢɤɚɪɢɛ ɸɛɨɪɢɥɚɞɢғ 

 

Тɚъɪɢɮ: Ⱥ(ɯ) > Ȼ(ɯ) , Ⱥ(ɯ) ҳ Ȼ(ɯ) , Ⱥ(ɯ)  Ȼ(ɯ) , Ⱥ(ɯ)  Ȼ(ɯ) 
ɦɭɧɨɫɚɛɚɬɥɚɪɝɚ ɯ ɧɨɦɚɴɥɭɦɥɢ ɬɟɧɝɫɢɡɥɢɤɥɚɪ ɞɟɣɢɥɚɞɢғ 

Ɍɟɧɝɫɢɡɥɢɤɧɢɧɝ ɷɱɢɦɢ ɞɟɛ, ɧɨɦɚɴɥɭɦɧɢɧɝ ɲɭ ɬɟɧɝɫɢɡɥɢɤɧɢ 
ԕɚɧɨɚɬɥɚɧɬɢɪɚɞɢɝɚɧ ɛɚɪɱɚ ԕɢɣɦɚɬɥɚɪ ɬўɩɥɚɦɢɝɚ ɚɣɬɢɥɚɞɢғ 

Ⱥɝɚɪ ɬɟɧɝɫɢɡɥɢɤɞɚ > ɺɤɢ < ɢɲɨɪɚ ɛўɥɫɚ, ɭɧɢ ɤɚɬɴɢɣ ɬɟɧɝɫɢɡɥɢɤ (ɦɚɫɚɥɚɧ 
қɯ + Қ > 5, ɯ + қ ҳ 3) 

 ɺɤɢ  ɢɲɨɪɚ ɛўɥɫɚ, ɭɧɢ ɤɚɬɴɢɣɦɚɫ ɬɟɧɝɫɢɡɥɢɤ (Ɇɚɫɚɥɚɧ, ɚ2
 – 1  0 , 5ɯ2

 

+ 3  0) ɞɟɣɢɥɚɞɢғ 

 

ɚ) ɚɯ + ɛ > 0 ɺɤɢ (ɚɯ + ɛ ҳ 0) ɚ  0 , ɛ ɷɧɝ ɫɨɞɞɚ ɬɟɧɝɫɢɡɥɢɤ ɷɱɢɦɢ ɯ  a

b

 

ɺɤɢ ɯ  a

b

 ɞɚɧ ɢɛɨɪɚɬ, ɭɧɞɚɝɢ a

b

 ɫɨɧɢ ɚɯ + ɛ = 0 ɬɟɧɝɥɚɦɚɧɢɧɝ ɢɥɞɢɡɢ ɚ > 0 

ɛўɥɝɚɧɞɚ ɚɯ + ɛ ҳ 0 ɬɟɧɝɫɢɡɥɢɤɧɢɧɝ ɷɱɢɦɢ (– ; – a

b

), ɚ ҳ 0 ɞɚ ( – a

b

; ) 

ɬўɩɥɚɦɞɚɧ ɢɛɨɪɚɬғ 

Ɇɚɬɪɢɰɚɥɚɪ ɜɚ ɭɥɚɪɧɢɧɝ ɬɚɞɛɢԕɥɚɪɢғ 
1 Ɇɚɬɪɢɬɫɚɥɚɪ ҳɚқɢɞɚ ɭɦɭɦɢɣ ɬɭɲɭɧɱɚɥɚɪ. ɋɢɫɬɟɦɚɧɢ 
ɦɨɞɟɥɥɚɲɬɢɪɢɲɞɚ ɦɚɬɪɢɬɫɚɥɚɪ ɚɥɝɟɛɪɚɫɢ ɞɟɝɚɧ ɬɭɲɭɧɱɚ ɦɭԟɢɦ ɚԟɚɦɢɹɬɝɚ 
ɷɝɚғ Ɋɟɠɚɥɚɲɬɢɪɢɲ ɦɭɚɦɦɨɥɚɪɢ, ɹɥɩɢ ɦɚԟɫɭɥɨɬ, ɠɚɦɢ ɦɟԟɧɚɬ ɫɚɪɮɢ, ɧɚɪɯɧɢ 
ɚɧɢԕɥɚɲ ɜɚ ɛɨɲԕɚ ɦɚɫɚɥɚɥɚɪ ԟɚɦɞɚ ɭɥɚɪɞɚ ɤɨɦɩɴɸɬɟɪɥɚɪɧɢ ԕўɥɥɚɲ 
ɦɚɬɪɢɬɫɚɥɚɪ ɚɥɝɟɛɪɚɫɢɧɢ ԕɚɪɚɲɝɚ ɨɥɢɛ ɤɟɥɚɞɢғ ɂɲɥɚɛ ɱɢԕɚɪɢɲɧɢ 
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ɪɢɜɨɠɥɚɧɬɢɪɢɲ, ɦɨɞɞɢɣ ɢɲɥɚɛ ɱɢԕɚɪɢɲ ɨɪɚɫɢɞɚɝɢ ɦɚɜɠɭɞ ɛɨԑɥɚɧɢɲɥɚɪɧɢ 
ɢɮɨɞɚɥɚɲɞɚ ɜɚ ɛɨɲԕɚɥɚɪɞɚ, ɦɚɴɥɭɦ ɞɚɪɚɠɚɞɚ ɬɚɪɬɢɛɥɚɧɝɚɝ ɚɯɛɨɪɨɬɥɚɪ 
ɫɢɫɬɟɦɚɫɢɝɚ ɚɫɨɫɥɚɧɝɚɧ ɛўɥɢɲɢ ɥɨɡɢɦғ Ȼɭ ɬɚɪɬɢɛɥɚɧɝɚɧ ɚɯɛɨɪɨɬɥɚɪ 
ɫɢɫɬɟɦɚɫɢ ɦɭɚɣɹɧ ɠɚɞɜɚɥɥɚɪ ɤўɪɢɧɢɲɢɞɚ ɢɮɨɞɚɥɚɧɝɚɧ ɛўɥɚɞɢғ Ɇɢɫɨɥ 
ўɪɧɢɞɚ ɦɨɞɞɢɣ ɢɲɥɚɛ ɱɢԕɚɪɢɲ ɬɚɪɦɨԕɥɚɪɢ ɨɪɚɫɢɞɚɝɢ ўɡɚɪɨ ɛɨԑɥɢԕɥɢɤ 
ɚɯɛɨɪɨɬɥɚɪɢ ɫɢɫɬɟɦɚɫɢɧɢ ԕɚɪɚɣɥɢɤғ ɂɲɥɚɛ ɱɢԕɚɪɢɲ 5 ɬɚ (ɦɚɫɚɥɚɧ, 
ɦɚɲɢɧɚɫɨɡɥɢɤ, ɷɥɟɤɬɪɨɟɧɟɪɝɢɹ, ɦɟɬɚɥ, ɤўɦɢɪ, ɪɟɡɢɧɚ ɢɲɥɚɛ ɱɢԕɚɪɢɲ 
ɫɚɧɨɚɬɥɚɪɢ) ɬɚɪɦɨԕɞɚɧ ɢɛɨɪɚɬ ɛўɥɫɢɧғ Ȼɭɧɞɚ ɭɥɚɪ ɨɪɚɫɢɞɚɝɢ ўɡɚɪɨ 
ɛɨԑɥɢԕɥɢɤ Қ-ɠɚɞɜɚɥ ɛɢɥɚɧ ɢɮɨɞɚɥɚɧɫɢɧғ  

 

1-ɠɚɞɜɚɥ. 

Ɍɚɪɦɨԕɥ
ɚɪ 

1 2 3 4 5 

1 
11a  

12a  
13a  

14a  
15a  

2 
21a  

22a  
23a  

24a  
25a  

3 
31a  

32a  
33a  

34a  
35a  

4 
41a  

42a  
43a  

44a  
45a  

5 
51a  

52a  
53a  

54a  
55a  

 

Ȼɭ ɠɚɞɜɚɥɞɚ  )5,4,3,2,1,( jiaij   ɥɚɪ ɛɢɥɚɧ, i -ɬɚɪɦɨԕɧɢɧɝ  j - 

ɬɚɪɦɨԕԕɚ ɬɟɬɤɚɡɢɛ ɛɟɪɚɞɢɝɚɧ ɦɚԟɫɭɥɨɬɢ ɦɢԕɞɨɪɢ ɛɟɥɝɢɥɚɧɝɚɧ, ɱɭɧɨɧɱɢ, 
21a , 

22a , ..., 
25a  ɥɚɪ қ-ɬɚɪɦɨԕɧɢɧɝ ɦɨɫ ɪɚɜɢɲɞɚ ԟɚɦɦɚ ɬɚɪɦɨԕɥɚɪɝɚҲ 

31a , 
32a , ..., 

35a  ɥɚɪ ɷɫɚ  3-ɬɚɪɦɨԕɧɢɧɝ ɦɨɫ ɪɚɜɢɲɞɚ ԟɚɦɦɚ ɬɚɪɦɨԕɥɚɪɝɚ ɟɬɤɚɡɢɛ 
ɛɟɪɚɞɢɝɚɧ ɦɚԟɫɭɥɨɬɥɚɪɢ ɦɢԕɞɨɪɢɧɢ ɛɢɥɞɢɪɚɞɢғ 

22a , 
33a  ɥɚɪ ɦɨɫ ɪɚɜɢɲɞɚ 

2,3- ɬɚɪɦɨԕɥɚɪɧɢɧɝ ўɡ ɷԟɬɢɺɠɥɚɪɢɝɚ ɫɚɪɮɢɧɢ ɢɮɨɞɚɥɚɣɞɢғ 

ɘԕɨɪɢɞɚɝɢɥɚɪ ўɯɲɚɲ ɢɲɥɚɛ ɱɢԕɚɪɢɲ ɦɟɡɨɧɢ (ɧɨɪɦɚɫɢ) ɚɯɛɨɪɨɬɥɚɪɢ 
ɫɢɫɬɟɦɚɫɢɝɚ ɫɨɧɥɢ ɦɢɫɨɥ ԕɢɥɚɣɥɢɤғ Ʉɨɪɯɨɧɚ 3 ɬɭɪɞɚɝɢ ɯɨɦ ɚɲɺ ɢɲɥɚɬɢɛ 4 
ɯɢɥɞɚɝɢ ɦɚԟɫɭɥɨɬ ɢɲɥɚɛ ɱɢԕɚɪɚɞɢɝɚɧ ɛўɥɫɢɧ, ɛɭɧɞɚ ɯɨɦ ɚɲɺ ɫɚɪɮɢ ɧɨɪɦɚɫɢ 
ɫɢɫɬɟɦɚɫɢ қ-ɠɚɞɜɚɥ ɛɢɥɚɧ ɛɟɪɢɥɝɚɧ ɛўɥɫɢɧғ  
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2-ɠɚɞɜɚɥ. 

ɏɨɦ Ɇɚԟɫɭɥɨɬɥɚɪ 

ɚɲɺɥɚɪ 1 2 3 4 

1 2 3 2 0 

2 4 0 3 5 

3 3 5 2 4 

 

2-ɠɚɞɜɚɥɞɚ ɦɚɫɚɥɚɧ, Қ-ɬɭɪɞɚɝɢ ɯɨɦ ɚɲɺ ɫɚɪɮɢ ɧɨɪɦɚɫɢ ɦɨɫ ɪɚɜɢɲɞɚ Қ,қ,3,4-

ɯɢɥɞɚɝɢ ɦɚԟɫɭɥɨɬɥɚɪ ɢɲɥɚɛ ɱɢԕɚɪɢɲ ɭɱɭɧ қ,3,қ,0 ɛўɥɚɞɢғ 

  Қ ɜɚ қ ɠɚɞɜɚɥɥɚɪ, ɦɚɬɟɦɚɬɢɤɚɞɚ ўɪɝɚɧɢɥɚɞɢɝɚɧ ɦɚɬɪɢɬɫɚɥɚɪ ɬɭɲɭɧɱɚɫɢɧɢɧɝ 
ɦɢɫɨɥɥɚɪɢ ɛўɥɚ ɨɥɚɞɢғ Ɇɚɬɪɢɬɫɚɥɚɪ ɢԕɬɢɫɨɞɢɣ ɢɡɥɚɧɢɲɥɚɪɞɚ ɤɟɧɝ 
ԕўɥɥɚɧɢɥɦɨԕɞɚ, ɯɭɫɭɫɚɧ, ɭɥɚɪɞɚɧ ɮɨɣɞɚɥɚɧɢɲ ɢɲɥɚɛ ɱɢԕɚɪɢɲɧɢ 
ɪɟɠɚɥɚɲɬɢɪɢɲɧɢ ɨɫɨɧɥɚɲɬɢɪɢɛ, ɦɟԟɧɚɬ ɫɚɪɮɢɧɢ ɤɚɦɚɣɬɢɪɚɞɢ, ԟɚɦɞɚ 
ɪɟɠɚɧɢɧɝ ԟɚɪ ɯɢɥ ɜɚɪɢɚɧɬɥɚɪɢɧɢ ɬɭɡɢɲɧɢ ɢɯɱɚɦɥɚɲɬɢɪɚɞɢғ Ȼɭɧɞɚɧ 
ɬɚɲԕɚɪɢ ԟɚɪ ɯɢɥ ɢԕɬɢɫɨɞɢɣ ɤўɪɫɚɬɤɢɱɥɚɪ ɨɪɚɫɢɞɚɝɢ ɛɨԑɥɢԕɥɢɤɧɢ 
ɬɟɤɲɢɪɢɲɧɢ ɨɫɨɧɥɚɲɬɢɪɚɞɢғ Ȼɭ ԟɨɥɚɬɥɚɪ ɦɚɬɪɢɬɫɚɥɚɪɧɢ ɭɦɭɦɢɣ ԟɨɥɞɚ 
ԕɚɪɚɲɝɚ ɨɥɢɛ ɤɟɥɚɞɢғ   

1-ɬɚɴɪɢɮғ  m  ɬɚ ɫɚɬɪɥɢ ɜɚ n  ɬɚ ɭɫɬɭɧɥɢ ɬўԑɪɢ ɛɭɪɱɚɤɥɢ nm   ɬɚ 
ɷɥɟɦɟɧɬɞɚɧ ɬɭɡɢɥɝɚɧ ɠɚɞɜɚɥ  
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n

n

aaa

aaa

aaa

A
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22221
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nm  ўɥɱɚɦɥɢ ɦɚɬɪɢɬɫɚ ɞɟɣɢɥɚɞɢғ A  ɦɚɬɪɢɬɫɚɧɢ ԕɢɫԕɚɱɚ 
),...1,,...1()( njmiaij   ɛɢɥɚɧ ԟɚɦ ɛɟɥɝɢɥɚɲ ɦɭɦɤɢɧғ Ɇɚɬɪɢɬɫɚɥɚɪɞɚ 

ɫɚɬɪɥɚɪ ɫɨɧɢ ɭɫɬɭɧɥɚɪ ɫɨɧɢɝɚ ɬɟɧɝ ɛўɥɫɚ, ɛɭɧɞɚɣ ɦɚɬɪɢɬɫɚɥɚɪ ɤɜɚɞɪɚɬ  
ɦɚɬɪɢɬɫɚɥɚɪ ɞɟɣɢɥɚɞɢғ  

 Ԟɚɪ ɛɢɪ n  ɬɚɪɬɢɛɥɢ ɤɜɚɞɪɚɬ ɦɚɬɪɢɬɫɚ ɭɱɭɧ ɭɧɢɧɝ ɷɥɟɦɟɧɬɥɚɪɢɞɚɧ 
ɬɭɡɢɥɝɚɧ ɞɟɬɟɪɦɢɧɚɧɬɧɢ ԟɢɫɨɛɥɚɲ ɦɭɦɤɢɧ, ɛɭ ɞɟɬɟɪɦɢɧɚɧɬɝɚ A  

ɦɚɬɪɢɬɫɚɧɢɧɝ ɞɟɬɟɪɦɢɧɚɧɬɢ ɞɟɣɢɥɚɞɢ ɜɚ Adet  ɺɤɢ  A  ɛɢɥɚɧ ɛɟɥɝɢɥɚɧɚɞɢғ 
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0det A  ɛўɥɫɚ, A  ɦɚɬɪɢɬɫɚɝɚ ɦɚɯɫɭɫ ɦɚɬɪɢɬɫɚ, 0det A  ɛўɥɫɚ,  
ɦɚɯɫɭɫɦɚɫ ɦɚɬɪɢɬɫɚ  ɞɟɣɢɥɚɞɢғ Ʉɜɚɞɪɚɬ ɦɚɬɪɢɬɫɚɧɢɧɝ nnaaa ,,, 2211   

ɷɥɟɦɟɧɬɥɚɪ ɠɨɣɥɚɲɝɚɧ ɞɢɚɝɨɧɚɥɢ ɛɨɲ ɞɢɚɝɨɧɚɥ, 1121 ,,, nnn aaa   

ɷɥɟɦɟɧɬɥɚɪ ɠɨɣɥɚɲɝɚɧ ɞɢɚɝɨɧɚɥɢ ёɪɞɚɦɱɢ ɞɢɚɝɨɧɚɥ ɞɟɣɢɥɚɞɢғ Ȼɨɲ 
ɞɢɚɝɨɧɚɥɞɚɝɢ ɷɥɟɦɟɧɬɥɚɪ 0ɞɚɧ ɮɚɪԕɥɢ ɛɨɲԕɚ ɛɚɪɱɚ ɷɥɟɦɚɟɧɬɥɚɪɢ 0 ɝɚ ɬɟɧɝ 
ɤɜɚɞɪɚɬ ɦɚɬɪɢɬɫɚ ɞɢɚɝɨɧɚɥ ɦɚɬɪɢɬɫɚ ɞɟɣɢɥɚɞɢғ  Ɇɚɫɚɥɚɧ, 
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0030
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A  

ɦɚɬɪɢɬɫɚ ɞɢɚɝɨɧɚɥ ɦɚɬɪɢɬɫɚɞɢɪғ Ⱦɢɚɝɨɧɚɥɞɚɝɢ ɛɚɪɱɚ ɷɥɟɦɟɧɬɥɚɪɢ Қ ɝɚ ɬɟɧɝ 
ɞɢɚɝɨɧɚɥ ɦɚɬɪɢɬɫɚ ɛɢɪɥɢɤ ɦɚɬɪɢɬɫɚ ɞɟɣɢɥɚɞɢ ɜɚ   
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E  

ɛɢɥɚɧ  ɛɟɥɝɢɥɚɧɚɞɢғғ  

 Ɏɚԕɚɬ ɛɢɬɬɚ ɫɚɬɪɞɚɧ ɢɛɨɪɚɬ  14131211 aaaa  ɦɚɬɪɢɬɫɚɝɚ ɫɚɬɪ 

ɦɚɬɪɢɬɫɚ ɞɟɣɢɥɚɞɢғ Ɏɚԕɚɬ ɛɢɬɬɚ ɭɫɬɭɧɞɚɧ ɢɛɨɪɚɬ  
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ɦɚɬɪɢɬɫɚɝɚ  ɭɫɬɭɧ ɦɚɬɪɢɬɫɚ ɞɟɣɢɥɚɞɢғ 

 Ȼɚɪɱɚɟɥɟɦɟɧɬɥɚɪɢ 0 ɥɚɪɞɚɧ ɢɛɨɪɚɬ ɛўɥɝɚɧ ɦɚɬɪɢɬɫɚɝɚ ɧɨɥ ɦɚɬɪɢɬɫɚ 
ɞɟɣɢɥɚɞɢ ɜɚ O  ɛɢɥɚɧ ɛɟɥɝɢɥɚɧɚɞɢғ  

Ⱥ ɦɚɬɪɢɬɫɚɝɚ ԕɭɣɢɞɚɝɢ ɦɚɬɪɢɬɫɚɧɢ ɦɨɫ ԕўɣɢɲ ɦɭɦɤɢɧ:  
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Ȼɭ ɦɚɬɪɢɬɫɚɧɢɧɝ ԟɚɪ ɫɚɬɪɢ А  ɦɚɬɪɢɬɫɚɧɢɧɝ ɭɧɝɚ ɦɨɫ ɭɫɬɭɧɢɞɚɧ ɢɛɨɪɚɬғ ТА  

ɦɚɬɪɢɬɫɚɧɢ  А ɦɚɬɪɢɬɫɚɝɚ ɧɢɫɛɚɬɚɧ ɬɪɚɧɫɩɨɧɢɪɥɚɧɝɚɧ ɞɟɣɢɥɚɞɢғ  

 ijaA   ɜɚ   )1,1( njmibB ij    ɦɚɬɪɢɬɫɚɥɚɪɧɢɧɝ ɦɨɫ 

ɷɥɟɦɟɧɬɥɚɪɢ ijij ba   ɬɟɧɝ ɛўɥɫɚ, ɛɭɧɞɚɣ ɦɚɬɪɢɬɫɚɥɚɪ ɬɟɧɝ ɦɚɬɪɢɬɫɚɥɚɪ 
ɞɟɣɢɥɚɞɢғ 

2. Ɇɚɬɪɢɬɫɚɥɚɪ ɭɫɬɢɞɚ ɚɦɚɥɥɚɪ. Ɇɚɬɪɢɬɫɚɥɚɪɧɢ ԕўɲɢɲ, ɫɨɧɝɚ 
ɤўɩɚɣɬɢɪɢɲ ɜɚ ɛɢɪ-ɛɢɪɢɝɚ ɤўɩɚɣɬɢɪɢɲ ɦɭɦɤɢɧғ 

Ȼɢɪ ɯɢɥ ўɥɱɚɦɥɢ )( ijaA   ɜɚ )( ijbB  )1,1( njmi   

ɦɚɬɪɢɬɫɚɥɚɪɧɢɧɝ ɣɢԑɢɧɞɢɫɢ ɞɟɛ, ɷɥɟɦɟɧɬɥɚɪɢ ijijij bac   ɪɚɜɢɲɞɚ 

ɚɧɢԕɥɚɧɚɞɢɝɚɧ ɭɱɢɧɱɢ )( ijcC   ɦɚɬɪɢɫɚɝɚ ɚɣɬɢɥɚɞɢғ Ɋɚɜɲɚɧɤɢ, C  

ɦɚɬɪɢɬɫɚɧɢɧɝ ўɥɱɚɦɢ ɨɥɞɢɧɝɢ ɦɚɬɪɢɬɫɚɥɚɪɧɢɧɝ  ўɥɱɚɦɢ ɛɢɥɚɧ ɛɢɪ ɯɢɥ 
ɛўɥɚɞɢғ  

 

Ɇɚɬɪɢɬɫɚɥɚɪɧɢ ԕɨɲɢɲɞɚ  ɛɢɪɨɪ ɦɚɬɪɢɫɚɝɚ O  ɦɚɬɪɢɫɚɧɢ ԕўɲɢɲ ɨɞɚɬɞɚɝɢ 
ɫɨɧɥɚɪɧɢ ԕўɲɢɲɞɚɝɢ ɧɨɥ ɫɨɧɢ ɪɨɥɢɧɢ ўɣɧɚɣɞɢ, ɹɴɧɢ  

                                             .AOA   

ɦɚɫɚɥɚɧ, 
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А ɦɚɬɪɢɫɚɧɢ  ɫɨɧɝɚ ɤўɩɚɣɬɢɪɢɲ ɞɟɛ ɭɧɢɧɝ ԟɚɦɦɚ ɷɥɟɦɟɧɬɥɚɪɢɧɢ ɲɭ 
ɫɨɧɝɚ ɤўɩɚɣɬɢɪɢɲɝɚ ɚɣɬɢɥɚɞɢ, ɹɴɧɢ   
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km   ўɥɱɚɦɥɢ )( ijaA  ɦɚɬɪɢɫɚɧɢɧɝ nk   ўɥɱɚɦɥɢ )( ijbB   ɦɚɬɪɢɫɚɝɚ, 

ɤўɩɚɣɬɦɚɫɢ ɞɟɛ nm   ўɥɱɚɦɥɢ ɲɭɧɞɚɣ )( ijcC  ɦɚɬɪɢɫɚɝɚ ɚɣɬɢɥɚɞɢɤɢ ɭɧɢɧɝ 

ijc  ɷɥɟɦɟɧɬɢ A  ɦɚɬɪɢɫɚɝɚ  i -ɫɚɬɪɢ ɷɥɟɦɟɧɬɥɚɪɢɧɢ B  ɦɚɬɪɢɫɚ j -ɭɫɬɭɧɢɧɝ 
ɦɨɫ ɷɥɟɦɟɧɬɥɚɪɢɝɚ ɤўɩɚɣɬɦɚɥɚɪɢ ɣɢԑɢɧɞɢɫɢɝɚ ɬɟɧɝ, ɹɴɧɢ:  

kjikjijiij bababac  2211  

Ɇɚɬɪɢɫɚɥɚɪ ɤўɩɚɣɬɦɚɫɢ ABC   ɛɢɥɚɧ ɛɟɥɝɢɥɚɧɚɞɢғ  Ⱦɟɦɚɤ, 
ɦɚɬɪɢɫɚɥɚɪɧɢ ɤўɩɚɣɬɢɪɢɲ ɭɱɭɧ ɛɢɪɢɧɱɢ ɤўɩɚɣɬɭɜɱɢɧɢɧɝ ɭɫɬɭɧɥɚɪɢ ɫɨɧɢ, 
ɢɤɤɢɧɱɢ ɤўɩɚɣɬɭɜɱɢɧɢɧɝ ɭɫɬɭɧɥɚɪɢ ɫɨɧɢɝɚ ɬɟɧɝ ɛўɥɢɲɢ ɬɚɥɚɛ ԕɢɥɢɧɚɞɢғ 
ɒɭ ɫɚɛɚɛɥɢ, ɭɦɭɦɚɧ BAAB  . 

Ɇɚɬɪɢɫɚɥɚɪɧɢ ɤɨ;ɩɚɣɬɢɪɢɲ ɭɲɛɭ  

                           CABBCA   

Ƚɭɪɭԟɥɚɲ ԟɚɦɞɚ    

                     BCACCBA    

Ɍɚԕɫɢɦɨɬ ɯɨɫɫɚɫɢɝɚ ɷɝɚғɏɨɫɫɚ ўɪɢɧɥɢ ɛўɥɚɞɢ.  

   ɂɫɬɚɥɝɚɧ ɤɜɚɞɪɚɬ ɦɚɬɪɢɫɚ A  ɧɢ ɦɨɫ ɛɢɪɥɢɤ E  ɦɚɬɪɢɫɚɝɚ ɤўɩɚɣɬɢɪɝɚɧɞɚ  

                   AEAAE   

ɬɟɧɝɥɢɤ ўɪɢɧɥɢ ɛўɥɚɞɢ, ɦɚɫɚɥɚɧ  

ɏɭɞɞɢ ɲɭɧɝɚ ўɯɲɚɲ AEA   ɬɟɧɝɥɢɤɧɢ ԟɚɦ ɬɟɤɲɢɪɢɛ ɤўɪɢɲ ɦɭɦɤɢɧ (ɛɭɧɢ 
ɛɚɠɚɪɢɲɧɢ ўԕɭɜɱɢɝɚ ԟɚɜɨɥɚ ԕɢɥɚɦɢɡ) 

3.Ɇɚɬɪɢɫɚɧɢɧɝ ɪɚɧɝɢ ɜɚ ɭɧɢ ҳɢɫɨɛɥɚɲ. A  nm  ўɥɱɨɜɥɢ ɦɚɬɪɢɫɚɞɚ 

k  ɫɚɬɪ ɜɚ  k  ɬɚ ɭɫɬɭɧɢɧɢ ɚɠɪɚɬɚɦɢɡ, ɛɭɧɞɚ, mk,  ɜɚ n   ɫɨɧɥɚɪɞɚɧ ɤɢɱɢɤ ɺɤɢ 
ɭɥɚɪɧɢɧɝ ɤɢɱɢɝɢɝɚ ɬɟɧɝ ɛўɥɢɲɢ ɦɭɦɤɢɧғ Ⱥɠɪɚɬɢɥɝɚɧ ɫɚɬɪɥɚɪ ɜɚ 
ɭɫɬɭɧɥɚɪɧɢɧɝ ɤɟɫɢɲɭɜɢɞɚ ԟɨɫɢɥ ɛўɥɝɚɧ k -ɬɚɪɬɢɛɥɢ ɞɟɬɟɪɦɢɧɚɧɬɝɚ A  

ɦɚɬɪɢɫɚɧɢɧɝ k -ɬɚɪɬɢɛɥɢ ɦɢɧɨɪɢ ɞɟɣɢɥɚɞɢ. 
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Тɚɪъɪɢɮ. A  ɦɚɬɪɢɫɚɧɢɧɝ 0 ɞɚɧ ɮɚɪԕɥɢ ɦɢɧɨɪɥɚɫɪɢɧɢɧɝ ɷɧɝ ɸԕɨɪɢ 
ɬɚɪɬɢɛɢɝɚ A  ɦɚɬɪɢɫɚɧɢɧɝ ɦɢɧɨɪɢ ɞɟɣɢɥɚɞɢғ A  ɦɚɬɪɢɫɚɧɢɧɝ ɪɚɧɝɢ  rangA  

ɺɤɢ )(Ar  ɛɢɥɚɧ ɛɟɥɝɢɥɚɧɚɞɢғ 

Ɇɚɬɪɢɫɚ ɪɚɧɝɢɧɢ ɛɟɜɨɫɢɬɚ ԟɢɫɨɛɥɚɲɞɚ ɤўɩ ɫɨɧɞɚɝɢ ɞɟɬɟɪɦɢɧɚɧɬɥɚɪɧɢ 
ԟɢɫɨɛɥɚɲɝɚ ɬўԑɢ ɤɟɥɚɞɢғ Ԕɭɣɢɞɚɝɢ ɚɦɚɥɥɚɪɞɚɧ ɮɨɣɞɚɥɚɧɢɛ ɦɚɬɪɢɫɚ ɪɚɧɝɢɧɢ 
ԟɢɫɨɛɥɚɲ ԕɭɥɚɣɪɨԕғ Ɇɚɬɪɢɫɚɞɚ: Қ)ɮɚԕɚɬ 0 ɥɚɪɞɚɧ ɢɛɨɪɚɬ ɫɚɬɪɢ (ɭɫɬɭɧɢ)ɧɢ 
ўɱɢɪɢɲɞɚɧɥɚɪɞɚɧҲ қ) ɢɤɤɢɬɚ ɫɚɬɪ (ɭɫɬɭɧ)ɧɢɧɝ ўɪɢɧɥɚɪɢɧɢ ɚɥɦɚɲɬɢɪɢɲɞɚɧҲ 
3) ɛɢɪɨɪ ɫɚɬɪ (ɭɫɬɭɧ)ɧɢɧɝ ɷɥɟɦɟɧɬɥɚɪɢɧɢ ɛɢɪɨɪ 0  ɫɨɧɝɚ ɤўɩɚɣɬɢɪɢɛ, 
ɛɨɲԕɚ ɫɚɬɪ (ɭɫɬɭɧ) ɦɨɫ ɷɥɟɦɟɧɬɥɚɪɢɝɚ ԕўɲɢɲҲ 4) ɦɚɬɪɢɫɚɧɢ 
ɬɪɚɧɫɩɨɧɢɪɥɚɲɞɚɧ, ɭɧɢɧɝ ɪɚɧɝɢ ўɡɝɚɪɦɚɣɞɢғ  Ȼɭ ɚɦɚɥɥɚɪɝɚ ɨɞɚɬɞɚ ɷɥɟɦɟɧɬɚɪ 
ɚɥɦɚɲɬɢɪɢɲɥɚɪ ɞɟɣɢɥɚɞɢғ  

 

        4. Тɟɫɤɚɪɢ ɦɚɬɪɢɫɚ ɜɚ ɭɧɢ ɬɨɩɩɢɲ. A  ɤɜɚɞɪɚɬ ɦɚɬɪɢɫɚ ɭɱɭɧ 
EBAAB  ɛɢɪɥɢɤ ɦɚɬɪɢɫɚ ɛўɥɫɚ,  B  ɤɜɚɞɪɚɬ ɦɚɬɪɢɫɚ A  ɦɚɬɪɢɫɚɝɚ 

ɬɟɫɤɚɪɢ ɦɚɬɪɢɫɚ ɞɟɣɢɥɚɞɢғ Ɉɞɚɬɞɚ, A  ɦɚɬɪɢɫɚɝɚ ɬɟɫɤɚɪɢ ɦɚɬɪɢɫɚ  1
A   

ɛɢɥɚɧ ɛɟɥɝɢɥɚɧɚɞɢғ  

Ɍɟɨɪɟɦɚ:  A  ɤɜɚɞɪɚɬ ɦɚɬɪɢɫɚ ɬɟɫɤɚɪɢ ɦɚɬɪɢɫɚɝɚ ɷɝɚ ɛўɥɢɲɢ ɭɱɭɧ A  

ɦɚɬɪɢɫɚɧɢɧɝ ɞɟɬɟɪɦɢɧɚɧɬɢ 0 ɞɚɧ ɮɚɪԕɥɢ ɛўɥɢɲɢ ɡɚɪɭɪ ɜɚ ɷɬɚɪɥɢɞɢɪғ ɞɚɧ 

ɮɚɪԕɥɢ ɛўɥɢɲɢ ɡɚɪɭɪ ɜɚ ɟɬɚɪɥɢɞɢɪ.  

A  ɤɜɚɞɪɚɬ ɦɚɬɪɢɫɚ ɭМɱɭɧ  0det A  ɛўɥɫɚ , ɭɧɝɚ ɬɟɫɤɚɪɢ ɛўɥɝɚɧ ɹɝɨɧɚ 
ɦɚɬɪɢɫɚ 1

A  ɦɚɜɠɭɞғ  
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ɦɚɬɪɢɫɚɝɚ ɬɟɫɤɚɪɢ 1
A  ɦɚɬɪɢɫɚ 
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Ɏɨɪɦɭɥɚ ɛɢɥɚɧ ɬɨɩɢɥɚɞɢғ Ȼɭɧɞɚ ijA  ɦɨɫ ɪɚɜɢɲɞɚ ija  ɷɥɟɦɟɧɬɥɚɪɧɢɧɝ 
ɚɥɝɟɛɪɚɢМ ɬўɥɞɢɪɭɜɱɢɥɚɪɢ ɜɚ Adet .  

ɑɢɡɢԕɥɢ ɬɟɧɝɥɚɦɚɥɚɪ ɫɢɫɬɟɦɚɫɢɧɢ ɦɚɬɪɢɫɚɥɚɪ ɺɪɞɚɦɢɞɚ ɟɱɢɲғ ɗɧɞɢ 
ɦɚɬɪɢɫɚɥɚɪ ɺɪɞɚɦɢɞɚ ɱɢɡɢԕɥɢ ɬɟɧɝɥɚɦɚɥɚɪ ɫɢɫɬɟɦɚɫɢɧɢ ɟɱɢɲɝɚ ўɬɚɦɢɡғ   
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n  ɧɨɦɚɴɥɭɦɥɢ, n  ɬɚ ɬɟɧɝɥɚɦɚɥɪ ɫɢɫɬɟɦɚɫɢ ɛɟɪɢɥɝɚɧ ɛўɥɫɢɧғ 
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ɛɟɥɝɢɥɚɲɥɚɪɧɢ ɤɢɪɢɬɚɦɢɡғ ɗɧɞɢ (7) ɫɢɫɬɟɦɚɧɢ ɦɚɬɪɢɫɚɥɚɪɧɢ ɤўɩɚɣɬɢɪɢɲ 
ԕɨɢɞɚɫɢɞɚɧ ɮɨɣɞɚɥɚɧɢɛ,  

                          BAX            (8) 

 

ɤўɪɢɧɢɲɞɚ ɺɡɢɲ ɦɭɦɤɢɧғ 0det A  ɛўɥɫɚ, ɬɟɫɤɚɪɢ ɦɚɬɪɢɫɚ 1
A  ɦɚɜɠɭɞ ɜɚ 

BAAXA
11    ԟɨɫɢɥ ɛўɥɚɞɢғ ɒɭɧɞɚɣ ԕɢɥɢɛ, ɧɨɦɚɴɥɭɦ X  ɦɚɬɪɢɫɚ BA

1
 

ɦɚɬɪɢɫɚɝɚ ɬɟɧɝ ɛўɥɚɞɢ, ɹɴɧɢ  



81 

 

                                               X = BA
1

.  

Ȼɭ  (7) ɬɟɧɝɥɚɦɚɥɪ ɫɢɫɬɟɦɚɫɢɧɢ ɟɱɢɲɧɢɧɝ ɦɚɬɪɢɫɚɜɢɣ ɺɡɭɜɢɧɢ ɛɢɥɞɢɪɚɞɢғ  

 

 

 

2-Ɇɚɜɡɭ:  Ɏɭɧɤɰɢɹɥɚɪ ɜɚ ɭɥɚɪɧɢɧɝ ɬɚɞɛɢԕɥɚɪɢғ 
Ԟɨɫɢɥɚ ɜɚ ɭɧɢɧɝ ɬɚɞɛɢԕɥɚɪɢ 

Қғ Ɏɭɧɤɰɢɹɥɚɪ ɜɚ ɭɥɚɪɧɢɧɝ ɬɚɛɢɣɢɣ ɮɚɧɥɚɪɞɚɝɢ ɬɚɞɛɢԕɥɚɪɢ 

қғ Ԟɨɫɢɥɚ ɜɚ ɭɧɢɧɝ ɬɚɞɛɢԕɥɚɪɢ 

 

 

1
0ғ Ɏɭɧɤɰɢɹ ɬɚъɪɢɮɢ, ɛɟɪɢɥɢɲ ɭɫɭɥɥɚɪɢғ Ȼɢɡ қ-ɦɚɴɪɭɡɚɞɚ E  

ɬўɩɥɚɦɧɢ F  ɬўɩɥɚɦɝɚ ɚɤɫɥɚɧɬɢɪɢɲ 

FEf :  

ɧɢ ўɪɝɚɧɝɚɧ ɷɞɢɤғ 

ɗɧɞɢ FE  , RF   ɞɟɛ ɨɥɚɦɢɡғ ɍɧɞɚ ԟɚɪ ɛɢɪ ԟɚԕɢԕɢɣ  x  ɫɨɧɝɚ  ɛɢɪɨɪ 
ԟɚԕɢԕɢɣ ɣ ɫɨɧɧɢ ɦɨɫ ԕўɸɜɱɢ 

RFf :    ( yx
f

 ) 

ɚɤɫɥɚɧɬɢɪɢɲɝɚ ɤɟɥɚɦɢɡғ Ȼɭ ɷɫɚ ɮɭɧɤɰɢɹ ɬɭɲɭɧɱɚɫɢɝɚ ɨɥɢɛ ɤɟɥɚɞɢғ 

Ɏɭɧɤɰɢɹ ɬɭɲɭɧɱɚɫɢ ўԕɭɜɱɢɝɚ ўɪɬɚ ɦɚɤɬɚɛ ɦɚɬɟɦɚɬɢɤɚ ɤɭɪɫɢɞɚɧ 
ɦɚɴɥɭɦғ ɒɭɧɢ ɷɴɬɢɛɨɪɝɚ ɨɥɢɛ ɮɭɧɤɰɢɹ ԟɚԕɢɞɚɝɢ ɞɚɫɬɥɚɛɤɢ ɦɚɴɥɭɦɨɬɥɚɪɧɢ 
ԕɢɫԕɚɪɨԕ ɛɚɺɧ ɷɬɢɲɧɢ ɥɨɡɢɦ ɬɨɩɞɢɤғ  

Ⱥɣɬɚɣɥɢɤ, RX  , RY   ɬўɩɥɚɦɥɚɪ  ɛɟɪɢɥɝɚɧ ɛўɥɢɛ, x  ɜɚ y  

ўɡɝɚɪɭɜɱɢɥɚɪ ɦɨɫ ɪɚɜɢɲɞɚ ɲɭ ɬўɩɥɚɦɥɚɪɞɚ ўɡɝɚɪɫɢɧ: Xx ,   Yy . 

1-ɬɚъɪɢɮғ Ⱥɝɚɪ X  ɬўɩɥɚɦɞɚɝɢ ԟɚɪ ɛɢɪ x  ɫɨɧɝɚ ɛɢɪɨɪ f   ԕɨɢɞɚɝɚ ɤўɪɚ 
Y  ɬўɩɥɚɦɞɚɧ ɛɢɬɬɚ y  ɫɨɧ  ɦɨɫ ԕўɣɢɥɝɚɧ ɛўɥɫɚ, X  ɬўɩɥɚɦɞɚ ɮɭɧɤɰɢɹ 
ɛɟɪɢɥɝɚɧ (ɚɧɢԕɥɚɧɝɚɧ) ɞɟɣɢɥɚɞɢ  ɜɚ 

yxf :  ɺɤɢ  xfy   
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ɤɚɛɢ ɛɟɥɝɢɥɚɧɚɞɢғ Ȼɭɧɞɚ X - ɮɭɧɤɰɢɹɧɢɧɝ ɚɧɢԕɥɚɧɢɲ ɬўɩɥɚɦɢ (cɨԟɚɫɢ), 

Y  - ɮɭɧɤɰɢɹɧɢɧɝ ўɡɝɚɪɢɲ ɬўɩɥɚɦɢ (cɨԟɚɫɢ) ɞɟɣɢɥɚɞɢғ x - ɷɪɤɥɢ 
ўɡɝɚɪɭɜɱɢ ɺɤɢ ɮɭɧɤɰɢɹ ɚɪɝɭɦɟɧɬɢ, ɣ ɷɫɚ ɷɪɤɫɢɡ ўɡɝɚɪɭɜɱɢ ɺɤɢ ɮɭɧɤɰɢɹ  

ɞɟɣɢɥɚɞɢғ 

 Ɏɚɪɚɡ ԕɢɥɚɣɥɢɤ,  xfy   ɮɭɧɤɰɢɹ RX   ɬўɩɥɚɦɞɚ ɛɟɪɢɥɝɚɧ ɛўɥɫɢɧғ 
Xx 0  ɧɭԕɬɚɝɚ ɦɨɫ ɤɟɥɭɜɱɢ 0y  ɦɢԕɞɨɪ   xfy   ɮɭɧɤɰɢɹɧɢɧɝ 0xx   

ɧɭԕɬɚɞɚɝɢ ɯɭɫɭɫɢɣ ԕɢɣɦɚɬɢ ɞɟɣɢɥɚɞɢ ɜɚ   00 yxf   ɤɚɛɢ ɛɟɥɝɢɥɚɧɚɞɢғ 

Ⱥɣɬɚɣɥɢɤ,  xf1  ɮɭɧɤɰɢɹ RX 1  ɬўɩɥɚɦɞɚ,  xf2  ɮɭɧɤɰɢɹ ɷɫɚ RX 2  

ɬўɩɥɚɦɞɚ ɚɧɢԕɥɚɧɝɚɧ ɛўɥɫɢɧғ 

Ⱥɝɚɪ  

1)  21 XX   

2)  1Xx  ɞɚ    xfxf 21   

ɛўɥɫɚ,  xf1  ԟɚɦɞɚ  xf2  ɮɭɧɤɰɢɹɥɚɪ ўɡɚɪɨ ɬɟɧɝ ɞɟɣɢɥɚɞɢ ɜɚ    xfxf 21   

ɤɚɛɢ ɛɟɥɝɢɥɚɧɚɞɢғ  

2-ɬɚъɪɢɮғ Ⱥɝɚɪ ɲɭɧɞɚɣ ўɡɝɚɪɦɚɫ M  ɫɨɧɢ ɬɨɩɢɥɫɚɤɢ,  Xx  ɭɱɭɧ 
  Mxf   ɬɟɧɝɫɢɡɥɢɤ ɛɚɠɚɪɢɥɫɚ,  xf  ɮɭɧɤɰɢɹ X  ɬўɩɥɚɦɞɚ ɸԕɨɪɢɞɚɧ 

ɱɟɝɚɪɚɥɚɧɝɚɧ ɞɟɣɢɥɚɞɢғ Ⱥɝɚɪ ɲɭɧɞɚɣ ўɡɝɚɪɦɚɫ m  ɫɨɧɢ ɬɨɩɢɥɫɚɤɢ, Xx  

ɭɱɭɧ   mxf   ɬɟɧɝɫɢɡɥɢɤ ɛɚɠɚɪɢɥɫɚ,  xf  ɮɭɧɤɰɢɹ X  ɬўɩɥɚɦɞɚ ԕɭɣɢɞɚɧ 
ɱɟɝɚɪɚɥɚɧ-ɝɚɧ ɞɟɣɢɥɚɞɢғ  

3-ɬɚъɪɢɮғ Ⱥɝɚɪ  xf  ɮɭɧɤɰɢɹ X  ɬўɩɥɚɦɞɚ ԟɚɦ ɸԕɨɪɢɞɚɧ, ԟɚɦ 
ԕɭɣɢɞɚɧ ɱɟɝɚɪɚɥɚɧɝɚɧ ɛўɥɫɚ,  xf  ɮɭɧɤɰɢɹ X  ɬўɩɥɚɦɞɚ ɱɟɝɚɪɚɥɚɧɝɚɧ 

ɞɟɣɢɥɚɞɢғ 

4-ɬɚъɪɢɮғ Ⱥɝɚɪ ԟɚɪ ԕɚɧɞɚɣ 0M  ɫɨɧ ɨɥɢɧɝɚɧɞɚ ԟɚɦ ɲɭɧɞɚɣ Xx 0  

ɧɭԕɬɚ ɬɨɩɢɥɫɚɤɢ,  

  Mxf 0  

ɬɟɧɝɫɢɡɥɢɤ ɛɚɠɚɪɢɥɫɚ,  xf  ɮɭɧɤɰɢɹ X  ɬўɩɥɚɦɞɚ ɸԕɨɪɢɞɚɧ 
ɱɟɝɚɪɚɥɚɧɦɚɝɚɧ ɞɟɣɢɥɚɞɢғ 
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5-ɬɚъɪɢɮғ  Ⱥɝɚɪ ɲɭɧɞɚɣ ўɡɝɚɪɦɚɫ  0TT  ɫɨɧ ɦɚɜɠɭɞ ɛўɥɫɚɤɢ, 
Xx  ɭɱɭɧ  

1)  XTx  , XTx     

2)     xfTxf   

ɛўɥɫɚ,  xf  ɞɚɜɪɢɣ ɮɭɧɤɰɢɹ ɞɟɣɢɥɚɞɢ, T  ɫɨɧ ɷɫɚ  xf  ɮɭɧɤɰɢɹɧɢɧɝ ɞɚɜɪɢ 
ɞɟɣɢɥɚɞɢғ 

6-ɬɚъɪɢɮ. Ⱥɝɚɪ Xx  ɭɱɭɧ    xfxf   ɬɟɧɝɥɢɤ ɛɚɠɚɪɢɥ-ɫɚ,  xf  

ɠɭɮɬ ɮɭɧɤɰɢɹ ɞɟɣɢɥɚɞɢғ Ⱥɝɚɪ Xx  ɭɱɭɧ    xfxf   ɬɟɧɝɥɢɤ 
ɛɚɠɚɪɢɥɫɚ,  xf  ɬɨԕ ɮɭɧɤɰɢɹ ɞɟɣɢɥɚɞɢғ 

Эɥɟɦɟɧɬɚɪ ɮɭɧɤɰɢɹɥɚɪ ɤɢɬɨɛɯɨɧɝɚ ўɪɬɚ ɦɚɤɬɚɛ ɦɚɬɟɦɚɬɢɤɚ 
ɤɭɪɫɢɞɚɧ ɦɚъɥɭɦғ Ȼɢɡ ԕɭɣɢɞɚ ɷɥɟɦɟɧɬɚɪ ɮɭɧɤɰɢɹɥɚɪ ԟɚԕɢɞɚɝɢ ɚɫɨɫɢɣ 
ɦɚъɥɭɦɨɬɥɚɪɧɢ ɛɚɺɧ ɷɬɚɦɢɡғ 

1
0ғ Ȼɭɬɭɧ ɪɚɰɢɨɧɚɥ ɮɭɧɤɰɢɹɥɚɪғ 

ɍɲɛɭ  

n
n

n
n xaxaxaxaay  


1
1

2
210 ...  

ɤўɪɢɧɢɲɞɚɝɢ ɮɭɧɤɰɢɹ ɛɭɬɭɧ ɪɚɰɢɨɧɚɥ ɮɭɧɤɰɢɹ ɞɟɣɢɥɚɞɢғ Ȼɭɧɞɚ naaa ,...,, 10 – 

ўɡɝɚɪɦɚɫ ɫɨɧɥɚɪ, Nn ғ Ȼɭ ɮɭɧɤɰɢɹ ),( R  ɞɚ ɚɧɢԕɥɚɧɝɚɧғ 

Ȼɭɬɭɧ ɪɚɰɢɨɧɚɥ ɮɭɧɤɰɢɹɧɢɧɝ ɛɚɴɡɢ ɯɭɫɭɫɢɣ ԟɨɥɥɚɪɢ: 

ɚ)  ɑɢɡɢԕɥɢ ɮɭɧɤɰɢɹғ Ȼɭ ɮɭɧɤɰɢɹ 

)0(  abaɯy  

ɤўɪɢɧɢɲɝɚ ɷɝɚ, ɛɭɧɞɚ ba ,  ўɡɝɚɪɦɚɫ ɫɨɧɥɚɪғ 

ɑɢɡɢԕɥɢ ɮɭɧɤɰɢɹ ),(   ɞɚ ɚɧɢԕɥɚɧɝɚɧ 0a  ɛўɥɝɚɧɞɚ ўɫɭɜɱɢ, 
0a  ɛўɥɝɚɧɞɚ ɤɚɦɚɸɜɱɢ: ɝɪɚɮɢɝɢ ɬɟɤɢɫɥɢɤɞɚɝɢ  ɬўԑɪɢ ɱɢɡɢԕɞɚɧ ɢɛɨɪɚɬғ 

ɛ) Ʉɜɚɞɪɚɬ ɮɭɧɤɰɢɹғ Ȼɭ ɮɭɧɤɰɢɹ  

)0(2  acbxaɯy  

ɤўɪɢɧɢɲɝɚ ɷɝɚ, ɛɭɧɞɚ cba ,,  – ўɡɝɚɪɦɚɫ ɫɨɧɥɚɪ. 

Ʉɜɚɞɪɚɬ ɮɭɧɤɰɢɹ R  ɞɚ ɚɧɢԕɥɚɧɝɚɧ ɛўɥɢɛ, ɭɧɢɧɝ ɝɪɚɮɢɝɢ ɩɚɪɚɛɨɥɚɧɢ 
ɢɮɨɞɚɥɚɣɞɢғ 
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Ɋɚɜɲɚɧɤɢ,  

.
4

4

2

22

2

a

acb

a

b
xɚcbxaɯy









   

ɉɚɪɚɛɨɥɚɧɢɧɝ ɬɟɤɢɫɥɢɤɞɚ ɠɨɣɥɚɲɢɲɢ a  ԟɚɦɞɚ acbD 42   ɥɚɪɧɢɧɝ 

ɢɲɨɪɚɫɢɝɚ ɛɨԑɥɢԕ ɛўɥɚɞɢ. Ɇɚɫɚɥɚɧ, 0a , 0D  ɜɚ 0a , 0D  ɛўɥɝɚɧɞɚ 
ɭɧɢɧɝ ɝɪɚɮɢɝɢ  3-ɱɢɡɦɚɞɚ ɬɚɫɜɢɪɥɚɧɝɚɧ ɩɚɪɚɛɨɥɚɥɚɪ ɤўɪɢɧɢɲɢɞɚ ɛўɥɚɞɢғ 

 

3-ɱɢɡɦɚғ 

 

2
0ғ Ʉɚɫɪ ɪɚɰɢɨɧɚɥ ɮɭɧɤɰɢɹɥɚɪғ ɍɲɛɭ 

m
m

n
n

xbxbxbb

xaxaxaa
y





...

...
2

210

2
210  

ɤўɪɢɧɢɲɞɚɝɢ ɮɭɧɤɰɢɹ ɤɚɫɪ ɪɚɰɢɨɧɚɥ ɮɭɧɤɰɢɹ ɞɟɣɢɥɚɞɢғ Ȼɭɧɞɚ naaa ...,,, 10  

ɜɚ mbbb ...,,, 10  ɥɚɪ ўɡɝɚɪɦɚɫ ɫɨɧɥɚɪ Nn ,  Nm ғ Ȼɭ ɮɭɧɤɰɢɹ           

}0...|{\),( 10  m
m xbxbbxX  

ɬўɩɥɚɦɞɚ ɚɧɢԕɥɚɧɝɚɧ. 

Ʉɚɫɪ ɪɚɰɢɨɧɚɥ ɮɭɧɤɰɢɹɧɢɧɝ ɛɚɴɡɢ ɯɭɫɭɫɢɣ ԟɨɥɥɚɪɢ: 

ɚ) Ɍɟɫɤɚɪɢ ɩɪɨɩɨɪɰɢɨɧɚɥ ɛɨԑɥɚɧɢɲғ ɍ  

)0( constɚɯ
ɯ
a

y   

ɤўɪɢɧɢɲɝɚ ɷɝɚғ  Ȼɭ ɮɭɧɤɰɢɹ  

}0{\),0()0,( RX    



85 

 

ɬўɩɥɚɦɞɚ ɚɧɢԕɥɚɧɝɚɧ, ɬɨԕ ɮɭɧɤɰɢɹ, a  ɧɢɧɝ ɢɲɨɪɚɫɢɝɚ ԕɚɪɚɛ ɮɭɧɤɰɢɹ 

)0,(  ɜɚ ),0(   ɨɪɚɥɢԕɥɚɪɧɢɧɝ ԟɚɪ ɛɢɪɢɞɚ ɤɚɦɚɸɜ-ɱɢ ɺɤɢ ўɫɭɜɱɢ ɛўɥɚɞɢ 
(4-ɱɢɡɦɚ)ғ 

 

4-ɱɢɡɦɚ 

 

ɛ) Ʉɚɫɪ ɱɢɡɢԕɥɢ ɮɭɧɤɰɢɹғ  ɍ  ɭɲɛɭ 

dcɯ
baɯ

y



  

ɤўɪɢɧɢɲɝɚ ɷɝɚғ Ȼɭ ɮɭɧɤɰɢɹ  

)0(\ 






 c

c

d
RX  

ɬўɩɥɚɦɞɚ  ɚɧɢԕɥɚɧɝɚɧ: 

  

 

Ɋɚɜɲɚɧɤɢ, 

.
1

2 c

a

c

dɯc

adbc

dcɯ
baɯ

y 









  

Ⱦɟɦɚɤ, 

.,,,
2







 







c

a

c

d

c

adbc

ɯ
y 
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ɍɧɢɧɝ ɝɪɚɮɢɝɢɧɢ 
x

a
y   ɮɭɧɤɰɢɹ ɝɪɚɮɢɝɢ ɺɪɞɚɦɢɞɚ ɱɢɡɢɲ ɦɭɦɤɢɧғ 

3
0ғ Ⱦɚɪɚɠɚɥɢ ɮɭɧɤɰɢɹғ  ɍɲɛɭ 

)0(,  xxy
a  

ɤўɪɢɧɢɲɞɚɝɢ ɮɭɧɤɰɢɹ ɞɚɪɚɠɚɥɢ ɮɭɧɤɰɢɹ ɞɟɣɢɥɚɞɢғ 

Ȼɭ ɮɭɧɤɰɢɹɧɢɧɝ ɚɧɢԕɥɚɧɢɲ ɬўɩɥɚɦɢ a  ɝɚ ɛɨԑɥɢԕғ Ⱦɚɪɚɠɚɥɢ ɮɭɧɤɰɢɹ 
0a , ɛўɥɝɚɧɞɚ ),0(   ɞɚ ўɫɭɜɱɢ, 0a  ɛўɥɝɚɧɞɚ ɤɚɦɚɸɜɱɢ ɛўɥɚɞɢғ ɚɯɭ   

ɮɭɧɤɰɢɹ ɝɪɚɮɢɝɢ ɬɟɤɢɫɥɢɤ-ɧɢɧɝ  0,0  ɜɚ  1,1  ɧɭԕɬɚɥɚɪɢɞɚɧ  ўɬɚɞɢғ 

4
0ғ Ʉўɪɫɚɬɤɢɱɥɢ ɮɭɧɤɰɢɹғ  ɍɲɛɭ 

ɯɚɭ   

ɤўɪɢɧɢɲɞɚɝɢ ɮɭɧɤɰɢɹ ɤўɪɫɚɬɤɢɱɥɢ ɮɭɧɤɰɢɹ ɞɟɣɢɥɚɞɢғ Ȼɭɧɞɚ Ra , 0a , 

1a ғ Ʉўɪɫɚɬɤɢɱɥɢ ɮɭɧɤɰɢɹ ),(   ɚɧɢԕ-ɥɚɧɝɚɧ, Rɯ  ɞɚ 0x
a ; 1a  

ɛўɥɝɚɧɞɚ ўɫɭɜɱɢҲ 10  a  ɛўɥɝɚɧɞɚ ɤɚɦɚɸɜɱɢ ɛўɥɚɞɢғ 

ɏɭɫɭɫɚɧ, ea   ɛўɥɫɚ, ɦɚɬɟɦɚɬɢɤɚɞɚ ɦɭԟɢɦ ɪɨɥ ўɣɧɚɣɞɢ-ɝɚɧ ɯɟɭ   

ɮɭɧɤɰɢɹ ԟɨɫɢɥ ɛўɥɚɞɢғ 

Ʉўɪɫɚɬɤɢɱɥɢ ɮɭɧɤɰɢɹɧɢɧɝ ɝɪɚɮɢɝɢ Ox  ўԕɢɞɚɧ ɸԕɨɪɢɞɚ ɠɨɣɥɚɲɝɚɧ ɜɚ 
ɬɟɤɢɫɥɢɤɧɢɧɝ  1,0  ɧɭԕɬɚɫɢɞɚɧ ўɬɚɞɢғ 

5
0ғ Ʌɨɝɚɪɢɮɦɢɤ ɮɭɧɤɰɢɹғ ɍɲɛɭ 

xɭ ɚlog  

ɤўɪɢɧɢɲɞɚɝɢ ɮɭɧɤɰɢɹ ɥɨɝɚɪɢɮɦɢɤ ɮɭɧɤɰɢɹ ɞɟɣɢɥɚɞɢғ Ȼɭɧɞɚ 0a , 1a . 

Ʌɨɝɚɪɢɮɦɢɤ ɮɭɧɤɰɢɹ ),0(   ɞɚ ɚɧɢԕɥɚɧɝɚɧ, ɯɚɭ   ɮɭɧɤ-ɰɢɹɝɚ 
ɧɢɫɛɚɬɚɧ ɬɟɫɤɚɪɢҲ 1a  ɛўɥɝɚɧɞɚ ўɫɭɜɱɢ, 10  a  ɛўɥɝɚɧɞɚ ɤɚɦɚɸɜɱɢ 
ɛўɥɚɞɢғ 

Ʌɨɝɚɪɢɮɦɢɤ ɮɭɧɤɰɢɹɧɢɧɝ ɝɪɚɮɢɝɢ Oy  ўԕɢɧɢɧɝ ўɧɝ ɬɨɦɨɧɢɞɚ 
ɠɨɣɥɚɲɝɚɧ ɜɚ ɬɟɤɢɫɥɢɤɧɢɧɝ  1,0  ɧɭԕɬɚɫɢɞɚɧ ўɬɚɞɢғ 

6
0ғ Ɍɪɢɝɨɧɨɦɟɬɪɢɤ ɮɭɧɤɰɢɹɥɚɪғ  ɍɲɛɭ 
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ecxyxy

ctgxytgxyxyxɭ
cos,sec

,,,cos,sin




 

ɮɭɧɤɰɢɹɥɚɪ ɬɪɢɝɨɧɨɦɟɬɪɢɤ ɮɭɧɤɰɢɹɥɚɪ ɞɟɣɢɥɚɞɢғ 

xyxɭ cos,sin   ɮɭɧɤɰɢɹɥɚɪ ),( R  ɞɚ ɚɧɢԕɥɚɧɝɚɧ, 2  

ɞɚɜɪɥɢ ɮɭɧɤɰɢɹɥɚɪ Rɯ  ɞɚ  

1cos1,1sin1  xx  

ɛўɥɚɞɢғ ɍɲɛɭ 

,tgxy   

ɮɭɧɤɰɢɹ 







  ...,2,1,0;

2
)12(|\ kkxRxRX


 

ɬўɩɥɚɦɞɚ ɚɧɢԕɥɚɧɝɚɧ   ɞɚɜɪɥɢ ɮɭɧɤɰɢɹ, xxx cosec,sec,ctg  ɮɭɧɤɰɢɹɥɚɪ 
xxx tg,cos,sin  ɥɚɪ ɨɪԕɚɥɢ ԕɭɣɢɞɚɝɢɱɚ ɢɮɨɞɚɥɚ-ɧɚɞɢ: 

x
ecx

x
x

tgx
ctgx

sin

1
cos,

cos

1
sec,

1
 . 

7
0ғ Ƚɢɩɟɪɛɨɥɢɤ ɮɭɧɤɰɢɹɥɚɪғ   Ʉўɪɫɚɬɤɢɱɥɢ ɯ

eɭ   ɮɭɧɤ-ɰɢɹ ɺɪɞɚɦɢɞɚ 
ɬɭɡɢɥɝɚɧ ɭɲɛɭ 

xx

xx

xx

xxxxxx

ɟɟ
ɟɟ

ɟɟ
ɟɟɟɟɟɟ















,,
2

,
2

 

ɮɭɧɤɰɢɹɥɚɪ ɝɢɩɟɪɛɨɥɢɤ (ɦɨɫ ɪɚɜɢɲɞɚ ɝɢɩɟɪɛɨɥɢɤ ɫɢɧɭɫ, ɝɢɩɟɪɛɨɥɢɤ 
ɤɨɫɢɧɭɫ, ɝɢɩɟɪɛɨɥɢɤ ɬɚɧɝɟɧɫ, ɝɢɩɟɪɛɨɥɢɤ ɤɚɬɚɧɝɟɧɫ) ɮɭɧɤɰɢɹɥɚɪ 
ɞɟɣɢɥɚɞɢ ɜɚ ɭɥɚɪ ԕɭɣɢɞɚɝɢɱɚ 

xx

xx

xx

xxxxxx

ɟɟ
ɟɟ

cthx
ɟɟ
ɟɟ

thx
ɟɟ

chx
ɟɟ

shx 




















 ,,
2

,
2

 

ɛɟɥɝɢɥɚɧɚɞɢғ 

8
0
. Ɍɟɫɤɚɪɢ ɬɪɢɝɨɧɨɦɟɬɪɢɤ ɮɭɧɤɰɢɹɥɚɪғ Ɇɚɴɥɭɦɤɢ, xy sin  

ɮɭɧɤɰɢɹ R  ɞɚ ɚɧɢԕɥɚɧɝɚɧ ɜɚ ɭɧɢɧɝ ԕɢɣɦɚɬɥɚɪɢ ɬўɩɥɚɦɢ 

]1,1[fY  
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ɛўɥɚɞɢғ 

Ⱥɝɚɪ 





2
,

2


x  ɛўɥɫɚ, ɭ ԟɨɥɞɚ  





2
,

2


X  ɜɚ ]1,1[fY  

ɬўɩɥɚɦɥɚɪɧɢɧɝ ɷɥɟɦɟɧɬɥɚɪɢ ўɡɚɪɨ ɛɢɪ ԕɢɣɦɚɬɥɢ ɦɨɫɥɢɤɞɚ ɛўɥɚɞɢ.  

xy sin  ɮɭɧɤɰɢɹɝɚ ɧɢɫɛɚɬɚɧ ɬɟɫɤɚɪɢ ɮɭɧɤɰɢɹ  

xɚrcɭ sin  

ɤɚɛɢ ɛɟɥɝɢɥɚɧɚɞɢғ 

ɒɭɧɝɚ ўɯɲɚɲ ctgxytgxyxy  ,,cos  ɮɭɧɤɰɢɹɥɚɪɝɚ ɧɢɫ-ɛɚɬɚɧ 
ɬɟɫɤɚɪɢ ɮɭɧɤɰɢɹɥɚɪ ɦɨɫ ɪɚɜɢɲɞɚ 

,,,arccos arcctgxyarctgxyxy   

ɤɚɛɢ ɛɟɥɝɢɥɚɧɚɞɢғ 

ɍɲɛɭ xɚrcɭ sin , xɚrcɭ cos , ɚrctgбɭ  , ɚrcctgбɭ   ɮɭɧɤɰɢɹ-ɥɚɪ  
ɬɟɫɤɚɪɢ ɬɪɢɝɨɧɨɦɟɬɪɢɤ ɮɭɧɤɰɢɹɥɚɪ  ɞɟɣɢɥɚɞɢғ 

Ԟɨɫɢɥɚ 

1
0ғ Ɏɭɧɤɰɢɹ ԟɨɫɢɥɚɫɢɧɢɧɝ ɬɚъɪɢɮɢғ Ɇɢɫɨɥɥɚɪғ Ɏɚɪɚɡ ԕɢɥɚɣɥɢɤ, 

 xf  ɮɭɧɤɰɢɹ   Rba ,  ɞɚ ɛɟɪɢɥɝɚɧ ɛўɥɢɛ,  bax ,0  ,  baxx ,0   

ɛўɥɫɢɧғ 

Ɇɚɴɥɭɦɤɢ ɭɲɛɭ 

     000 xfxxfxf   

ɚɣɢɪɦɚ  xf  ɮɭɧɤɰɢɹɧɢɧɝ 0x  ɧɭԕɬɚɞɚɝɢ ɨɪɬɬɢɪɦɚɫɢ ɞɟɣɢɥɚɞɢғ 

1-ɬɚъɪɢɮғ Ⱥɝɚɪ ɭɲɛɭ 

x

xfxxf

x 




)()(
lim 00

0
 

ɥɢɦɢɬ ɦɚɜɠɭɞ ɜɚ ɱɟɤɥɢ ɛўɥɫɚ, ɭ  xf  ɮɭɧɤɰɢɹɧɢɧɝ 0x  ɧɭԕɬɚɞɚɝɢ ԟɨɫɢɥɚɫɢ 

ɞɟɣɢɥɚɞɢ ɜɚ 
dx

xdf )( 0 , ɺɤɢ ),( 0xf   ɺɤɢ 
0

))(( xxf   ɤɚɛɢ ɛɟɥɝɢɥɚɧɚɞɢғ  Ⱦɟɦɚɤ, 

                
x

xfxxf
xf

x 





)()(
lim)( 00

0
0 .                    (1) 
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Ⱥɝɚɪ xxx 0  ɞɟɣɢɥɫɚ, ɭɧɞɚ 0xxx   ɜɚ 0x  ɞɚ 0xx   ɛўɥɢɛ, 
(Қ) ɦɭɧɨɫɚɛɚɬ ԕɭɣɢɞɚɝɢ 

                      
0

0
0

)()(
lim)(

0 xx

xfxf
xf

xx 





                       (2) 

ɤўɪɢɧɢɲɝɚ  ɤɟɥɚɞɢғ 

2
0ғ Ɏɭɧɤɰɢɹɧɢɧɝ ўɧɝ ɜɚ ɱɚɩ ԟɨɫɢɥɚɥɚɪɢғ Ɏɚɪɚɡ ԕɢɥɚɣɥɢɤ,  xf  

ɮɭɧɤɰɢɹ RX   ɬўɩɥɚɦɞɚ ɛɟɪɢɥɝɚɧ ɛўɥɢɛ, Xxx  ),( 00   )0(   ɛўɥɫɢɧғ  

2-ɬɚъɪɢɮғ Ⱥɝɚɪ ɭɲɛɭ  

0

0

0

)()(
lim

0 xx

xfxf

xx 



 

ɥɢɦɢɬ ɦɚɜɠɭɞ ɛўɥɫɚ, ɛɭ ɥɢɦɢɬ  xf  ɮɭɧɤɰɢɹɧɢɧɝ 0x  ɧɭԕɬɚɞɚɝɢ ɱɚɩ 
ԟɨɫɢɥɚɫɢ ɞɟɣɢɥɚɞɢ ɜɚ )0( 0  xf  ɤɚɛɢ ɛɟɥɝɢɥɚɧɚɞɢ: 

0

0

0
0

)()(
lim)0(

0 xx

xfxf
xf

xx 





. 

Ⱥɣɬɚɣɥɢɤ,  xf  ɮɭɧɤɰɢɹ RX   ɬўɩɥɚɦɞɚ ɛɟɪɢɥɝɚɧ ɛўɥɢɛ, 
Xxx  ),( 00   )0(   ɛўɥɫɢɧғ 

3-ɬɚъɪɢɮғ Ⱥɝɚɪ ɭɲɛɭ  

0

0

0

)()(
lim

0 xx

xfxf

xx 



 

ɥɢɦɢɬ ɦɚɜɠɭɞ ɛўɥɫɚ, ɛɭ ɥɢɦɢɬ  xf  ɮɭɧɤɰɢɹɧɢɧɝ 0x  ɧɭԕɬɚɞɚɝɢ ўɧɝ 
ԟɨɫɢɥɚɫɢ ɞɟɣɢɥɚɞɢ ɜɚ )0( 0  xf  ɤɚɛɢ ɛɟɥɝɢɥɚɧɚɞɢ: 

0

0

0
0

)()(
lim)0(

0 xx

xfxf
xf

xx 





. 

ɘԕɨɪɢɞɚ ɤɟɥɬɢɪɢɥɝɚɧ ɬɚɴɪɢɮɥɚɪɞɚɧ ԕɭɣɢɞɚɝɢ ɯɭɥɨɫɚɥɚɪ ɤɟɥɢɛ 
ɱɢԕɚɞɢ: 

Қғ Ⱥɝɚɪ  xf  ɮɭɧɤɰɢɹ 0x  ɧɭԕɬɚɞɚ )(
0

xf   ԟɨɫɢɥɚɝɚ ɷɝɚ ɛўɥɫɚ, ɭ ԟɨɥɞɚ ɛɭ 
ɮɭɧɤɰɢɹ ɯ0 ɧɭԕɬɚɞɚ ўɧɝ )0( 0  xf  ԟɚɦɞɚ ɱɚɩ )0( 0  xf  ԟɨɫɢɥɚɥɚɪɝɚ ɷɝɚ ɜɚ 

)0()()0 000  xfxfxf  ɬɟɧɝɥɢɤɥɚɪ ўɪɢɧɥɢ ɛўɥɚɞɢғ 
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қғ Ⱥɝɚɪ  xf  ɮɭɧɤɰɢɹ 0x  ɧɭԕɬɚɞɚ ўɧɝ )0(' 0 xf  ԟɚɦɞɚ ɱɚɩ  )0( 0  xf  

ԟɨɫɢɥɚɥɚɪɝɚ ɷɝɚ ɛўɥɢɛ, )0()0( 00  xfxf  ɛўɥɫɚ, ɭ ԟɨɥɞɚ  xf  ɮɭɧɤɰɢɹ 0x  

ɧɭԕɬɚɞɚ  )(
0

xf   ԟɨɫɢɥɚɝɚ ɷɝɚ ɜɚ )0()()0( 000  xfxfxf  ɬɟɧɝɥɢɤɥɚɪ 
ўɪɢɧɥɢ ɛўɥɚɞɢғ 

3
0ғ Ԟɨɫɢɥɚɧɢɧɝ ɝɟɨɦɟɬɪɢɤ ԟɚɦɞɚ ɦɟɯɚɧɢɤ ɦɚъɧɨɥɚɪɢғ  Ɏɚɪɚɡ 

ԕɢɥɚɣɥɢɤ,  xf  ɮɭɧɤɰɢɹ  ba ,  ɞɚ ɛɟɪɢɥɝɚɧ ɛўɥɢɛ,  bax ,0   ɧɭԕɬɚɞɚ )('
0

xf  

ԟɨɫɢɥɚɝɚ ɷɝɚ ɛўɥɫɢɧғ Ȼɭ  xf  ɮɭɧɤɰɢɹ-ɧɢɧɝ ɝɪɚɮɢɝɢ 5-ɱɢɡɦɚɞɚ ɬɚɫɜɢɪɥɚɧɝɚɧ 
Ƚ  ɷɝɪɢ ɱɢɡɢԕɧɢ ɢɮɨɞɚɥɚɫɢɧ: 

 

5-ɱɢɡɦɚғ 

 

Ȼɭ Ƚ  ɱɢɡɢԕɞɚ  000 , yxM ,  yxM ,  ɧɭԕɬɚɥɚɪɧɢ ɨɥɢɛ, ɭɥɚɪ ɨɪԕɚɥɢ 
ўɬɭɜɱɢ l  ɤɟɫɭɜɱɢɧɢ ԕɚɪɚɣɦɢɡғ 

   ȽxfxM 000 , ,    ȽxfxM , , 0MM   ɞɚ l  ɤɟɫɭɜɱɢ ɥɢɦɢɬ 
ԟɨɥɚɬɢ Ƚ  ɱɢɡɢԕԕɚ 0M  ɧɭԕɬɚɞɚ ўɬɤɚɡɢɥɝɚɧ ɭɪɢɧɦɚ ɞɟɣɢɥɚɞɢғ 

Ɋɚɜɲɚɧɤɢ,   ɛɭɪɱɚɤ x  ɝɚ ɛɨɻɥɢԕ:  x .  xf  ɮɭɧɤɰɢɹɧɢɧɝ 
ɝɪɚɮɢɝɢɝɚ 0M  ɧɭԕɬɚɞɚ ўɬɤɚɡɢɥɝɚɧ ɭɪɢɧɦɚɧɢɧɝ ɦɚɜɠɭɞ ɛўɥɢɲɢ ɭɱɭɧ 

 


)(lim
0

x
x

 

ɧɢɧɝ ɦɚɜɠɭɞ ɛўɥɢɲɢ ɥɨɡɢɦғ Ȼɭɧɞɚ  –ɭɪɢɧɦɚɧɢɧɝ OX  ўԕɢ-ɧɢɧɝ ɦɭɫɛɚɬ 
ɣўɧɚɥɢɲɢ ɛɢɥɚɧ ɬɚɲɤɢɥ ɷɬɝɚɧ ɛɭɪɱɚɤғ 

MPM 0  ɭɱɛɭɪɱɚɤɞɚɧ: 

x

xfxxf

PM

MP
xtg





)()(

)( 00

0
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ɛўɥɢɛ, ɭɧɞɚɧ 

x

xfxxf
arctgx





)()(

)( 00  

ɛўɥɢɲɢ ɤɟɥɢɛ ɱɢԕɚɞɢғ Ɏɭɧɤɰɢɹ ɭɡɥɭɤɫɢɡɥɢɝɢɞɚɧ ɮɨɣɞɚɥɚɧɢɛ ɬɨɩɚɦɢɡ: 







 x

xfxxf
arctgx

xx

)()(
lim)(lim 00

00
  

).(
)()(

lim 0
00

0
xfarctg

x

xfxxf
arctg

x












 

Ⱦɟɦɚɤ,  0x  ɞɚ  x  ɧɢɧɝ ɥɢɦɢɬɢ ɦɚɜɠɭɞ ɜɚ  

)( 0xfarctg  . 

Ʉɟɣɢɧɝɢ ɬɟɧɝɥɢɤɞɚɧ 

tgxf  )( 0  

ɛўɥɢɲɢ ɤɟɥɢɛ ɱɢԕɚɞɢғ  

Ⱦɟɦɚɤ, ɮɭɧɤɰɢɹɧɢɧɝ 0x  ɧɭԕɬɚɞɚɝɢ )('
0

xf  ԟɨɫɢɥɚɫɢ ɭɪɢɧ-ɦɚɧɢɧɝ 
ɛɭɪɱɚɤ ɤɨɷɮɮɢɰɟɧɬɢɧɢ ɢɮɨɞɚɥɚɣɞɢғ Ȼɭɧɞɚ ɭɪɢɧɦɚɧɢɧɝ ɬɟɧɝɥɚɦɚɫɢ  

))(()( 000 xxxfxfy   

ɤўɪɢɧɢɲɞɚ ɛўɥɚɞɢ.  

Ⱥɣɬɚɣɥɢɤ, P  ɧɭԕɬɚ ɬўɻɪɢ ɱɢɡɢԕ ɛўɣɥɚɛ )(tss   ԕɨɧɭɧ ɛɢɥɚɧ ԟɚɪɚɤɚɬ 

ԕɢɥɫɢɧ, ɛɭɧɞɚ t ɜɚԕɬ, s ўɬɢɥɝɚɧ ɣўɥ. Ⱥɝɚɪ ɜɚԕɬɧɢɧɝ 1t  ɜɚ 2t  )( 21 tt   

ԕɢɣɦɚɬɥɚɪɢɞɚɝɢ ўɬɢɥɝɚɧ ɣўɥ )(),( 21 tsts  ɛўɥɫɚ, ɭɧɞɚ ɭɲɛɭ ɧɢɫɛɚɬ 

12

12 )()(

tt

tsts




 

],[ 21 tt  ɜɚԕɬ ɨɪɚɥɢɻɢɞɚɝɢ ўɪɬɚɱɚ ɬɟɡɥɢɤɧɢ ɢɮɨɞɚɥɚɣɞɢғ  

Ԕɭɣɢɞɚɝɢ 

12

12 )()(
lim

012 tt

tsts

tt 
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ɥɢɦɢɬ ԟɚɪɚɤɚɬɞɚɝɢ ɧɭԕɬɚɧɢɧɝ 1t  ɜɚԕɬɞɚɝɢ ɨɧɢɣ ɬɟɡɥɢɝɢɧɢ ɛɢɥɞɢɪɚɞɢғ 

Ⱦɟɦɚɤ, ԟɚɪɚɤɚɬɞɚɝɢ P  ɧɭԕɬɚɧɢɧɝ t  ɜɚԕɬɞɚɝɢ ɨɧɢɣ ɬɟɡɥɢɝɢ )(tv , ўɬɢɥɝɚɧ 
)(ts  ɣўɥɧɢɧɝ ԟɨɫɢɥɚɫɢɞɚɧ ɢɛɨɪɚɬ ɛўɥɚɞɢ: 

).()( tstv   

4
0ғ Ԟɨɫɢɥɚɝɚ ɷɝɚ ɛўɥɝɚɧ ɮɭɧɤɰɢɹɧɢɧɝ ɭɡɥɭɤɫɢɡɥɢɝɢғ Ɏɚɪɚɡ 

ԕɢɥɚɣɥɢɤ, )(xf  ɮɭɧɤɰɢɹ Rba ),(  ɞɚ ɛɟɪɢɥɝɚɧ ɛўɥɫɢɧғ  

Ɍɟɨɪɟɦɚғ Ⱥɝɚɪ )(xf  ɮɭɧɤɰɢɹ ),(0 bax   ɧɭԕɬɚɞɚ ɱɟɤɥɢ )( 0xf   

ԟɨɫɢɥɚɝɚ ɷɝɚ ɛўɥɫɚ, ɭ ԟɨɥɞɚ )(xf  ɮɭɧɤɰɢɹ 0x  ɧɭԕɬɚɞɚ ɭɡɥɭɤɫɢɡ ɛўɥɚɞɢғ 

◄ Ⱥɣɬɚɣɥɢɤ, )(xf  ɮɭɧɤɰɢɹ  ),(0 bax   ɧɭԕɬɚɞɚ ɱɟɤɥɢ )( 0xf   ԟɨɫɢɥɚɝɚ 
ɷɝɚ ɛўɥɫɢɧғ Ɍɚɴɪɢɮɝɚ ɛɢɧɨɚɧ 

x

xfxxf

x

xf
xf

xx 










)()(
lim

)(
lim)( 00

0

0

0
0  

ɹɴɧɢ 

0x  ɞɚ )(
)(

0
0 xf

x

xf 


  

ɛўɥɚɞɢғ 

ɗɧɞɢ  

)(
)(

0
0 xf

x

xf 



  

ɞɟɛ ɛɟɥɝɢɥɚɣɦɢɡғ 

Ɋɚɜɲɚɧɤɢ,  

0x  ɞɚ .0  

Ʉɟɣɢɧɝɢ ɬɟɧɝɥɢɤɥɚɪɞɚɧ ɬɨɩɚɦɢɡ: 

.)()( 00 xxxfxf    

Ɉɞɚɬɞɚ, ɛɭ ɬɟɧɝɥɢɤ ɮɭɧɤɰɢɹ ɨɪɬɬɢɪɦɚɫɢɧɢɧɝ ɮɨɪɦɭɥɚɫɢ ɞɟɣɢɥɚɞɢғ ɍɧɞɚɧ 

0)(lim 0
0




xf
x
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ɛўɥɢɲɢ ɤɟɥɢɛ ɱɢԕɚɞɢғ Ȼɭ )(xf  ɮɭɧɤɰɢɹɧɢɧɝ 0x  ɧɭԕɬɚɞɚ ɭɡɥɭɤɫɢɡ ɷɤɚɧɢɧɢ 
ɛɢɥɞɢɪɚɞɢғ ► 

Эɫɥɚɬɦɚғ Ɏɭɧɤɰɢɹɧɢɧɝ ɛɢɪɨɪ ɧɭԕɬɚɞɚ ɭɡɥɭɤɫɢɡ ɛўɥɢɲɢ-ɞɚɧ ɭɧɢɧɝ ɲɭ 
ɧɭԕɬɚɞɚ ɱɟɤɥɢ ԟɨɫɢɥɚɝɚ ɷɝɚ ɛўɥɢɲɢ ԟɚɪ ɞɨɢɦ ԟɚɦ ɤɟɥɢɛ ɱɢԕɚɜɟɪɦɚɣɞɢғ 
Ɇɚɫɚɥɚɧ, ||)( xxf   ɮɭɧɤɰɢɹ 0x  ɧɭԕɬɚɞɚ ɭɡɥɭɤɫɢɡ, ɚɦɦɨ ɭ ɲɭ ɧɭԕɬɚɞɚ 
ԟɨɫɢɥɚɝɚ ɷɝɚ ɷɦɚɫғ 

 

 

3-Ɇɚɜɡɭ:  ɂɧɬɟɝɪɚɥ ɜɚ ɭɧɢɧɝ ɬɚɞɛɢԕɥɚɪɢғԔɚɬɨɪɥɚɪ ɜɚ ɭɥɚɪɧɢɧɝ 
ɬɚɞɛɢԕɥɚɪɢ 

Қғ ɂɧɬɟɝɪɚɥ ɜɚ ɭɧɢɧɝ ɮɚɧɥɚɪɞɚɝɢ ɬɚɞɛɢԕɥɚɪɢ 

қғ Ԕɚɬɨɪɥɚɪ ɜɚ ɭɥɚɪɧɢɧɝ ɬɚɞɛɢԕɥɚɪɢ 

 

 

 

ȺɇɂԔɆȺɋ ɂɇɌȿȽɊȺɅ  

Ɏɭɧɤɫɢɹɧɢɧɝ ԟɨɫɢɥɚɫɢɧɢ ɬɨɩɢɲ (ɬɨɩɢɲ ɚɦɚɥɢ) ɭɧɢ ɞɢɮɮɟɪɟɧɰɢɚɥɥɚɲ, 
ɮɭɧɤɫɢɹɧɢɧɝ ɛɢɪɨɪ ɧɭԕɬɚɞɚ ԟɨɫɢɥɚɝɚ ɷɝɚ ɛўɥɢɲɢɧɢ ɷɫɚ, ɭɧɢ ɲɭ ɧɭԕɬɚɞɚ 
ɞɢɮɮɟɪɟɧɰɢɚɥɥɚɧɭɜɱɢ ɞɟɣɢɥɢɲɢɧɢ ɚɣɬɢɛ ўɬɝɚɧ ɷɞɢɤ. 

Ʉўɩ ԟɨɥɥɚɪɞɚ ɮɭɧɤɫɢɹɧɢɧɝ ԟɨɫɢɥɚɫɢɝɚ ɤўɪɚ ɮɭɧɤɫɢɹɧɢɧɝ ўɡɢɧɢ ɬɨɩɢɲ 
ɥɨɡɢɦ ɛўɥɚɞɢғ Ɇɚɫɚɥɚɧ, ԟɚɪɚɤɚɬɞɚɝɢ ɦɨɞɞɢɣ ɧɭԕɬɚɧɢ ɬɟɡɥɢɝɢɝɚ ɤўɪɚ ԟɚɪɚɤɚɬ 
ԕɨɧɭɧɢɧɢ ɬɨɩɢɲɝɚ ɬўԑɪɢ ɤɟɥɚɞɢғ Ȼɭɧɞɚɣ ɦɚɫɚɥɚɥɚɪ ɞɢɮɮɟɪɟɧɰɢɚɥɥɚɲ 
ɚɦɚɥɢɝɚ ɬɟɫɤɚɪɢ ɛўɥɝɚɧ ɢɧɬɟɝɪɚɥɥɚɲ (ɢɧɬɟɝɪɚɥɥɚɲ ɚɦɚɥɢ) ɬɭɲɭɧɱɚɫɢɝɚ ɨɥɢɛ 
ɤɟɥɚɞɢғ 

 

Ⱥɧɢԕɦɚɫ ɢɧɬɟɝɪɚɥ ɬɭɲɭɧɱɚɫɢ  

Ⱥɣɬɚɣɥɢɤ,  f x  ɜɚ  F x  ɮɭɧɤɫɢɹɥɚɪɢ  ,a b  ɞɚ ɛɟɪɢɥɝɚɧ ɛўɥɢɛ,  F x  

ԟɨɫɢɥɚɝɚ ɷɝɚ ɛўɥɫɢɧғ 

 

 1-Ɍɚъɪɢɮғ Ⱥɝɚɪ  

      ,F x f x x a b    



94 

 

ɛўɥɫɚ,  ,a b  ɞɚ  F x  ɮɭɧɤɫɢɹ  f x  ɮɭɧɤɫɢɹɧɢɧɝ ɛɨɲɥɚɧԑɢɱ ɮɭɧɤɫɢɹɫɢ 

ɞɟɣɢɥɚɞɢғ 

Ɇɚɫɚɥɚɧ,  

    2 ,f x x x     

ɮɭɧɤɫɢɹɧɢɧɝ ɛɨɲɥɚɧԑɢɱ ɮɭɧɤɫɢɹɫɢ  

    
3

,
3

x
F x x      

ɛўɥɚɞɢ, ɱɭɧɤɢ  

   
3

2 21
3

3 3

x
F x x x f x

 
      

 
. 

Ⱥɝɚɪ  ,a b  ɞɚ  F x  ɮɭɧɤɫɢɹ  f x  ɧɢɧɝ ɛɨɲɥɚɧԑɢɱ ɮɭɧɤɫɢɹɫɢ ɛўɥɫɚ, ɭԟɨɥɞɚ  

 F x C  

ԟɚɦ  f x  ɧɢɧɝ ɛɨɲɥɚɧԑɢɱ ɮɭɧɤɫɢɹɫɢ ɛўɥɚɞɢ, ɛɭɧɞɚ C  ɢɯɬɢɺɪɢɣ ўɡɝɚɪɦɚɫ 
ɫɨɧғ 

 Ɇɚɴɥɭɦɤɢ,  

      ,F x f x x a b   . 

ɍɧɞɚ  

      F x C F x f x     

ɛўɥɢɛ,  F x C  ɮɭɧɤɫɢɹ  f x  ɧɢɧɝ ɛɨɲɥɚɧԑɢɱ ɮɭɧɤɫɢɹɫɢ ɷɤɚɧɢɧɢ ɬɨɩɚɦɢɡғ 
  

Ⱥɣɬɚɣɥɢɤ,  ,a b  ɞɚ  F x  ɜɚ  G x  ɮɭɧɤɫɢɹɥɚɪɢ ɛɢɬɬɚ  f x  ɧɢɧɝ 
ɛɨɲɥɚɧԑɢɱ ɮɭɧɤɫɢɹɫɢ ɛўɥɫɢɧ: 

   F x f x  , 

   G x f x  . 
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Ȼɭ ɬɟɧɝɥɢɤɥɚɪɞɚɧ  

    F x G x   

ɛўɥɢɲɢ ɤɟɥɢɛ ɱɢԕɚɞɢғ ɍɧɞɚ  

    G x F x C   

ɛўɥɚɞɢ, ɛɭɧɞɚ C  ўɡɝɚɪɦɚɫ ɫɨɧғ 

ɒɭɧɞɚɣ ԕɢɥɢɛ, ɛɟɪɢɥɝɚɧ  f x  ɮɭɧɤɫɢɹɧɢɧɝ ɛɢɬɬɚ ɛɨɲɥɚɧԑɢɱ 
ɮɭɧɤɫɢɹɫɢ  F x  ɦɚɴɥɭɦ ɛўɥɝɚɧɞɚ ɭɧɢɧɝ ɛɨɲԕɚ ɛɚɪɱɚ ɛɨɲɥɫɧԑɱ 
ɮɭɧɤɫɢɹɥɚɪɢ  F x  ɝɚ ɢɯɬɢɺɪɢɣ ўɡɝɚɪɦɚɫ ɫɨɧɧɢ ԕўɲɢɲɞɚɧ ԟɨɫɢɥ ɛўɥɚɞɢ ɜɚ  

  F x C  

ɢɮɨɞɚ  f x  ɧɢɧɝ ɛɨɲɥɚɧԑɢɱ ɮɭɧɤɫɢɹɥɚɪɧɢɧɝ ɭɦɭɦɢɣ ɤўɪɢɧɢɲɢɧɢ 
ɢɮɨɞɚɥɚɣɞɢғ 

 2-Ɍɚъɪɢɮғ ɍɲɛɭ  F x C  ɢɮɨɞɚ  f x  ɮɭɧɤɫɢɹɧɢɧɝ ɚɧɢԕɦɚɫ 

ɢɧɬɟɝɪɚɥɢ ɞɟɣɢɥɚɞɢ ɜɚ  f x dx  ɤɚɛɢ ɛɟɥɝɢɥɚɧɚɞɢ:  

    f x dx F x C  . 

Ȼɭɧɞɚ  ɢɧɬɟɝɪɚɥ ɛɟɥɝɢɫɢ,  f x  ɢɧɬɟɝɪɚɥ ɨɫɬɢɞɚɝɢ ɮɭɧɤɫɢɹ,  f x dx  ɷɫɚ 

ɢɧɬɟɝɪɚɥ ɨɫɬɢɞɚɝɢ ɢɮɨɞɚ ɞɟɣɢɥɚɞɢғ 

 

 Ɇɢɫɨɥɥɚɪғ Қғ ɍɲɛɭ  

 6
x dx  

ɢɧɬɟɝɪɚɥ ɬɨɩɢɥɫɢɧғ 

 Ȼɭ ɚɧɢԕɦɚɫ ɢɧɬɟɝɪɚɥ ɲɭɧɞɚɣ ɮɭɧɤɫɢɹɤɢ, (ɚɧɢԕɪɨԑɢ, ɲɭɧɞɚɣ 
ɮɭɧɤɫɢɹɥɚɪ ɬўɩɥɚɦɢɤɢ) ɭɧɢɧɝ ԟɨɫɢɥɚɫɢ (ɬўɩɥɚɦɞɚɝɢ ԟɚɪ ɛɢɪ ɮɭɧɤɫɢɹɧɢɧɝ 
ԟɨɫɢɥɚɫɢ) ɢɧɬɟɝɪɚɥ ɨɫɬɢɞɚɝɢ ɮɭɧɤɫɢɹɝɚ, ɹɴɧɢ 6

x  ɝɚ ɬɟɧɝғ Ɋɚɜɫɹɧɤɢ,  

 
7

7

x
F x   
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ɞɟɣɢɥɫɚ, ɭɧɞɚ  

 
7

6 61
7

7 7

x
F x x x

 
     

 
 

ɛўɥɚɞɢғ Ⱦɟɦɚɤ,  

 
7

6

7

x
x dx C  .  

Ʉɟɣɢɧɱɚɥɢɤ, ɚɧɢԕɦɚɫ ɢɧɬɟɝɪɚɥ ɢɛɨɪɚɫɢ ўɪɧɢɝɚ ɢɧɬɟɝɪɚɥ ɫўɡɢɧɢ 
ɢɲɥɚɬɚɜɟɪɚɦɢɡғ 

 1-Эɫɥɚɬɦɚғ  F x  ɮɭɧɤɫɢɹ  f x  ɧɢɧɝ ɛɨɲɥɚɧԑɱ ɮɭɧɤɫɢɹɫɢ ɛўɥɚɞɢɝɚɧ 
ɨɪɚɥɢԕ ɤўɪɫɚɬɢɥɦɚɝɚɧ ԟɨɥɞɚ ɨɪɚɥɢԕ ɫɢɮɚɬɢɞɚ ɮɭɧɤɫɢɹɧɢɧɝ ɚɧɢԕɥɚɧɢɲ 
ɫɨԟɚɫɢ ɬɭɲɭɧɢɥɚɞɢғ 

 2-Эɫɥɚɬɦɚғ Ԟɚɪ ɛɢɪ ɭɡɥɸɤɫɢɡ ɮɭɧɤɫɢɹɧɢɧɝ ɚɧɢԕɦɚɫ ɢɧɬɟɝɪɚɥɢɧɢɧɝ 
ɦɚɜɠɭɞ ɛўɥɢɲɢ ɤɟɣɢɧɱɚɥɢɤ ɤўɪɫɚɬɢɥɚɞɢғ 

 

Ⱥɫɨɫɢɣ ɮɨɪɦɭɥɚɥɚɪ 

Ԕɭɣɢɞɚɝɢ ɷɧɝ ɫɨɞɞɚ ɮɭɧɤɫɢɹɧɢɧɝ ɢɧɬɟɝɪɚɥɥɚɪɢɧɢ ɤɟɥɬɢɪɚɦɢɡ:   

    1. 1dx dx x C     ,  ɛɭɧɞɚ C  –  ўɡɝɚɪɦɚɫ, ɱɭɧɤɢ,   1x C    

ɛўɥɚɞɢғ 

    2.  
1

1
1

n
n x

x dx C n
n



  
  ɛўɥɚɞɢ, ɱɭɧɤɢ 1n   ɛўɥɝɚɧɞɚ   

1

1

n
nx

C x
n

  
   

 

ɛўɥɚɞɢғ Ⱥɝɚɪ 1n    ɛўɥɢɛ, 0x   ɛўɥɝɚɧɞɚ  

 ln
dx

x C
x
  , 

ɱɭɧɤɢ  
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   1
ln x C

x

  ; 

0x   ɛўɥɝɚɧɞɚ  

  ln
dx

x C
x
   , 

ɱɭɧɤɢ     1 1
ln 1x C

x x

     


 ɛўɥɚɞɢғ ɍɦɭɦɚɧ,  

 ln
dx

x C
x
  . 

    3.   0, 1
ln

x
x a

a dx C a a
a

    , ɱɭɧɤɢ ln

ln ln

x x
xa a a

C a
a a

  
   

 
 

ɛўɥɚɞɢғ 

 

    4.   x x
e dx e C  , ɱɭɧɤɢ  x x

e C e
  . 

 

    5.   sin cosxdx x C   , ɱɭɧɤɢ    cos sin sinx C x x      .  

 

    6.   cos sinxdx x C  , ɱɭɧɤɢ  sin cosx C x  .  

 

    7.  
2

arcsin
1

dx
x C

x
 

 , ɱɭɧɤɢ  
2

1
arcsin

1
x C

x

 


.  

 

    8.   
2

 arctg
1

dx
x C

x
 

 , ɱɭɧɤɢ   2

1
arctg

1
x C

x

 


. 

 

ɒɭɧɢɧɝɞɟɤ, 
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    9.   
2sin

dx
ctg x C

x
   , 

    10.   
2cos

dx
tg x C

x
  , 

 

    11.   sh chxdx x C  , 

 

    12.   ch shxdx x C  , 

 

    13.   
2 2

1
arctg

dx x
C

x a a a
 

 , 

 

         14.   
2 2

arcsin
dx x

C
ax a

 
  ɛўɥɚɞɢғ 

 

ɂɧɬɟɝɪɚɥɧɢɧɝ ɫɨɞɞɚ ԟɨɫɫɚɥɚɪɢ 

Ⱥɧɢԕɦɚɫ ɢɧɬɟɝɪɚɥɥɚɪɧɢ ԟɢɫɨɛɥɚɲɞɚ ɤўɩ ɮɨɣɞɚɥɚɧɢɥɚɞɢɝɚɧ 
ԟɨɫɫɚɥɚɪɧɢ ɤɟɥɬɢɪɚɦɢɡ (Аɧɢқɦɚɫ ɢɧɬɟɝɪɚɥ ɛɢɥɚɧ ɛɨғɥɢқ ɬɟɧɝɥɢɤɥɚɪ ўɡɝɚɪɦɚɫ 
ɫɨɧ ɚɧɢқɥɢɝɢɞɚɝɢ ɬɟɧɝɥɢɤɥɚɪ ɞɟɛ қɚɪɚɥɚɞɢ): 

Қ) Ⱥɝɚɪ 

       ,f x dx F x g x dx G x    

ɛўɥɫɚ, ɭ ԟɨɥɞɚ  

       f x g x dx F x G x                                       (1) 

ɛўɥɚɞɢғ 

 Ɋɚɜɲɚɧɤɢ, 
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       f x dx F x F x f x   , 

       g x dx G x G x g x   . 

ɍɧɞɚ  

           F x G x F x G x f x g x          

ɛўɥɢɛ, ɛɭ ɬɟɧɝɥɢɤɞɚɧ  

        f x g x dx F x G x      

ɛўɥɢɲɢ ɤɟɥɢɛ ɱɢԕɚɞɢғ   

(1) ɬɟɧɝɥɢɤ ԕɭɣɞɚɝɢɱɚ  
       f x g x dx f x dx g x dx        

ɺɡɢɥɢɛ, ɭ ɣɢԑɢɧɞɢɧɢɧɝ ɢɧɬɟɝɪɚɥɢ ɢɧɬɟɝɪɚɥɥɚɪ ɣɢԑɢɧɞɢɫɢɝɚ ɬɟɧɝ ɛўɥɢɲɢ 
ԕɨɢɞɚɫɢɧɢ ɢɮɨɞɚɥɚɣɞɢғ 

қ) Ⱥɝɚɪ  

    f x dx F x  

ɛўɥɫɚ, ɭ ԟɨɥɞɚ  

   kf x dx k F x                               (2) 

ɛўɥɚɞɢ, ɛɭɧɞɚ k  – ўɡɝɚɪɦɚɫ ɫɨɧ  0k  . 

 Ɋɚɜɲɚɧɤɢ,  

        f x dx F x F x f x   . 

ɍɧɞɚ  

      k F x k F x k f x       

ɛўɥɢɛ,  

   kf x dx k F x   

ɛўɥɚɞɢғ  
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(қ) ɬɟɧɝɥɢɤ ԕɭɣɞɚɝɢɱɚ  

    kf x dx k f x dx   

ɺɡɢɥɢɛ, ɭ ўɡɝɚɪɦɚɫ ɤўɩɚɣɬɭɜɱɢɧɢ ɢɧɬɟɝɪɚɥ ɛɟɥɝɢɫɢ ɨɫɬɢɞɚɧ ɱɢԕɚɪɢɲ 
ԕɨɢɞɚɫɢɧɢ ɢɮɨɞɚɥɚɣɞɢғ 

 ɆɢɫɨɥɥɚɪғҚғ ɍɲɛɭ  

  7 510 2 7x x dx   

ɢɧɬɟɝɪɚɥ ԟɢɫɨɛɥɚɧɫɢɧ 

 Ⱥɫɨɫɢɣ ɮɨɪɦɭɥɚɥɚɪ ԟɚɦɞɚ ɢɧɬɟɝɪɚɥɧɢɧɝ ɯɨɫɫɚɥɚɪɢɞɚɧ ɮɨɣɞɚɥɚɧɢɛ 
ɛɟɪɢɥɝɚɧ ɢɧɬɟɝɪɚɥɧɢ ԟɢɫɨɛɥɚɣɦɢɡ: 

 7 5 7 5 7 510 2 7 10 2 7 10 2 7x x dx x dx x dx dx x dx x dx dx                

8 6
8 65 1

10 2 7 7
8 6 4 3

x x
x C x x x C          .  

 

ɂɧɬɟɝɪɚɥɥɚɲ ɭɫɭɥɥɚɪɢ 

Ўɡɝɚɪɭɜɱɢɧɢ ɚɥɦɚɲɬɢɪɢɛ ɢɧɬɟɝɪɚɥɥɚɲ ɭɫɭɥɢ 

 

Ɏɚɪɚɡ ԕɢɥɚɣɥɢɤ,  f x  ɮɭɧɤɫɢɹɧɢɧɝ ɢɧɬɟɝɪɚɥɢ  

 f x dx  

ɛɟɪɢɥɝɚɧ ɛўɥɢɛ, ɭɧɢ ԟɢɫɨɛɥɚɲ ɤɟɪɚɤ ɛўɥɫɢɧғ 

Ȼɚɴɡɚɧ, ўɡɝɚɪɭɜɱɢ x  ɧɢ ɚɥɦɚɲɬɢɪɢɲ ɧɚɬɢɠɚɫɢɞɚ ɢɧɬɟɝɪɚɥɧɢ ԟɢɫɨɛɥɚɲ 
ɨɫɨɧ ɛўɥɚɞɢғ 

Ⱥɣɬɚɣɥɢɤ,  F x  ɮɭɧɤɫɢɹ  f x  ɧɢɧɝ ɛɨɲɥɚɧԑɢɱ ɮɭɧɤɫɢɹɫɢ ɛўɥɫɢɧ:  

   F x f x  .                      (1) 

ɍɧɞɚ  
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   f x dx F x C                                   (2) 

ɛўɥɚɞɢғ 

ɗɧɞɢ  x t  ɞɟɣɥɢɤ, ɛɭɧɞɚ  t  ɮɭɧɤɫɢɹ ɭɡɥɸɤɫɢɡ  t  ԟɨɫɢɥɚɝɚ 
ɷɝɚғ 

ɍɲɛɭ  ( )F t  ɮɭɧɤɫɢɹ    ( )f x t   ɮɭɧɤɫɢɹɧɢɧɝ ɛɨɲɥɚɧԑɢɱ 
ɮɭɧɤɫɢɹɫɢ ɛўɥɚɞɢғ 

Ɇɭɪɚɤɤɚɛ ɮɭɧɤɫɢɹɧɢɧɝ ԟɨɫɢɥɚɫɢɧɢ ԟɢɫɨɛɥɚɲ ԕɨɢɞɚɫɢɞɚɧ ԟɚɦɞɚ (Қ) 
ɞɚɧ ɮɨɣɞɚɥɚɧɢɛ ɬɨɩɚɦɢɡ:  

             F t F t t f t t             . 

Ʉɟɣɢɧɝɢ ɬɟɧɝɥɢɤɞɚɧ  

       f t t dt F t                                          (3) 

ɛўɥɢɲɢ ɤɟɥɢɛ ɱɢԕɚɞɢғ 

(қ) ɜɚ (3)ɦɭɧɨɫɚɛɚɬɥɚɪɞɚɧ  x t  ɛўɥɝɚɧɞɚ  

      f x dx f t t dt                                        (4) 

ɛўɥɢɲɢɧɢ ɬɨɩɚɦɢɡғ 

(4) ɮɨɪɦɭɥɚ ɢɧɬɟɝɪɚɥɞɚ ўɡɝɚɪɭɜɱɢɧɢ ɚɥɦɚɲɬɢɪɢɲ ɮɨɪɦɭɥɚɫɢ 

ɞɟɣɢɥɚɞɢғ 

 

 Ɇɢɫɨɥɥɚɪ: Қғ ɍɲɛɭ  

 100
2 3x dx  

ɢɧɬɟɝɪɚɥ ԟɢɫɨɛɥɚɧɫɢɧғ 

 

 Ȼɭ ɢɧɬɟɝɪɚɥɞɚ 2 3x t   ɚɥɦɚɲɬɢɪɢɲ ɛɚɠɚɪɚɦɢɡғ ɍɧɞɚ  

2 1
,

3 3

t
x dx dt
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ɛўɥɢɛ,  

   
101

100 101100 1001 1 1 1
2 3 2 3

3 3 3 101 303

t
x dx t dt t dt C x C             

ɛўɥɚɞɢғ  

 

 

 Эɫɥɚɬɦɚғ ɂԟɬɢɺɪɢɣ ўɡɝɚɪɦɚɫ a  ɞɚ  

x a , 

 0ax a   

ɥɚɪ ɭɱɭɧ  

 d x a dx  , 

     1
, 0d ax adx dx d ax a

a
    

ɛўɥɢɲɢ, ɛɚɴɡɢ ɢɧɬɟɝɪɚɥɥɚɪɧɢ ԟɢɫɨɛɥɚɲɧɢ ɛɢɪɦɭɧɱɚ ɷɧɝɢɥɥɚɲɬɢɪɚɞɢғ Ȼɭ 
ԟɨɥɞɚ 

  

     f x dx f x d x a   , 

     1
f x dx f x d ax

a
   

ɛўɥɚɞɢғ Ɇɚɫɚɥɚɧ,  

 2
ln 2

2 2

d xdx
x C

x x


   

   , 

 

         
1 3

3
2 2

2 2
3 3 3 3 3 3 3

3 3
x dx x d x x d x x C x C              

, 
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 1 1
cos6 cos6 6 sin6

6 6
xdx xd x x C    , 

 

 5 5 51 1
5

5 5

x x x
e dx e d x e C    , 

 

   1 1 1
ln

d ax d ax bdx
ax b C

ax b a ax b a ax b a


    

      

 

( ,a b  – ўɡɝɚɪɦɚɫ ɫɨɧɥɚɪ, 0a  ). 

 

Ɋɚɬɫɢɨɧɚɥ ɮɭɧɤɫɢɹɥɚɪɧɢ ɢɧɬɟɝɪɚɥɥɚɲ 

 
o1 ғ ɋɨɞɞɚ ɤɚɫɪɥɚɪ ɜɚ ɭɥɚɪɧɢ ɢɧɬɟɝɪɚɥɥɚɲғ  

 

ɍɲɛɭ  

   2 2
, , ,

n n

A A Bx C Bx C

x a x px qx a x px q

 
    

 

ɮɭɧɤɫɢɹɥɚɪ ɫɨɞɞɚ ɤɚɫɪɥɚɪ ɞɟɣɢɥɚɞɢ, ɛɭɧɞɚ , , , , ,A B C a p q  – ўɡɝɚɪɦɚɫ ɫɨɧɥɚɪ, 
n  – ɧɚɬɭɪɚɥ ɫɨɧ ɜɚ 2

x px q   – ɤɜɚɞɪɚɬ ɭɱԟɚɞ ԟɚԕɢԕɢɣ ɢɥɞɢɡɝɚ ɷɝɚ ɷɦɚɫғ Ȼɭ 
ɮɭɧɤɫɢɹɥɚɪɧɢɧɝ ɢɧɬɟɝɪɚɥɥɚɪɢɧɢ ԟɢɫɨɛɥɚɣɦɢɡғ 

Ɋɚɜɲɚɧɤɢ,  

 
ln

d x aA
dx A A x a C

x a x a


    

   , 

 
     

 
 

1

1

1
1 .

1 1

n

n

n n

x aA A
dx A x a d x a A C C n

n nx a x a

 





         

    
 

ɗɧɞɢ  
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2

Bx C
J dx

x px q




   

ɢɧɬɟɝɪɚɥɧɢ ԟɢɫɨɛɥɚɣɦɢɡғ ɂɧɬɟɝɪɚɥ ɨɫɬɢɞɚɝɢ  ɤɜɚɞɪɚɬ ɭɱԟɚɞɧɢ 
ԕɭɣɢɞɚɝɢɱɚ ɺɡɢɛ ɨɥɚɦɢɡ:  

22 2
2 2 22

2 4 4 2

p p p p
x px q x x q x a

           
 

, 

ɛɭɧɞɚ 
2

2 0
4

p
a q   . ɇɚɬɢɠɚɞɚ  

 
2

2

2

Bx C
J dx

p
x a




   
 

  

ɛўɥɚɞɢғ Ȼɭ ɢɧɬɟɝɪɚɥɞɚ  

2

p
x t   

ɚɥɦɚɲɬɢɪɢɲ ɛɚɠɚɪɚɦɢɡғ ɍɧɞɚ  

2 2

2

p
B t C

J dt
t a

   
 

  

ɛўɥɚɞɢғ Ʉɟɣɢɧɝɢ ɢɧɬɟɝɪɚɥ ԕɭɣɢɞɚɝɢɱɚ ԟɢɫɨɛɥɚɧɚɞɢ:  

2 2 2 2 2 2

2

2

p
B t C

tdt p dt
dt B C B

t a t a t a

                  

 
   

2 2

2 2

2 2

1 1
arctg ln

2 22

d t a p t
B C B B t a

a at a

              

 21
arctg ln

2 2

p t B
C B C x px q

a a
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2 2

4 2arctg
2 4

4

p
x

p
C B C

q p p
q

       


 . 

Ⱦɟɦɚɤ,  

 2

2
ln

2

Bx C B
dx x px q

x px q


   

   

2 2

1 2
2 arctg

2 4 4

p x p
C B C

q p q p

     
   

                            (*) 

ɛўɥɚɞɢғ 

ɗɧɞɢ  

 
 

2
1

n n

Bx C
J dx n

x px q


 

 
  

ɢɧɬɟɝɪɚɥɧɢ ԟɢɫɨɛɥɚɣɦɢɡғ Ȼɭ ɢɧɬɟɝɪɚɥɧɢ ԟɢɫɨɛɥɚɲɞɚ ɸԕɨɪɢɞɚɝɢ ɤɚɛɢ 
ɛɟɥɝɢɥɚɲ ɜɚ ɚɥɦɚɲɬɢɪɢɲɥɚɪ ɛɚɠɚɪɚɦɢɡғ 

ɇɚɬɢɠɚɞɚ  

   
 

 

2 2

2 2 2 2 2 22 2
n n n n

d t atdt Bp dt B
J B C

t a t a t a

      
   

    

     1
2 2 2 2 2 2

1 1

2 2 1 2
n n n

Bp dt B Bp dt
C C

nt a t a t a


                 
   

ɛўɥɚɞɢ, ɛɭɧɞɚ  

 2 2
n

dt

t a
  

ɢɧɬɟɝɪɚɥ ɪɟɤɤɭɪɪɟɧɬ ɮɨɪɦɭɥɚɞɚɧ ɬɨɩɢɥɚɞɢғ 

Ɇɚɫɚɥɚɧ,  

 2

2

1 1 1 2 1
ln 1 arctg

1 2 3 3

x x
dx x x C

x x
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ɛўɥɚɞɢғ 

 

 
o2 ғ Ɍўԑɪɢ ɤɚɫɪɥɚɪɧɢ ɫɨɞɞɚ ɤɚɫɪɥɚɪɝɚ ɺɣɢɲ 

Ɏɚɪɚɡ ԕɢɥɚɣɥɢɤ,  

 
 

P x

Q x
 

ɤɚɫɪ ɪɚɬɫɢɨɧɚɥ ɮɭɧɤɫɢɹ-ɬўԑɪɢ ɤɚɫɪ ɛɟɪɢɥɝɚɧ ɛўɥɫɢɧ, ɛɭɧɞɚ  P x  ɜɚ  Q x  

ɥɚɪ ɤўɩԟɚɞɥɚɪ ɛўɥɢɛ,  P x  ɤўɩԟɚɞɧɢɧɝ ɞɚɪɚɠɚɫɢ  Q x  ɤўɩԟɚɞɧɢɧɝ 
ɞɚɪɚɠɚɫɢɞɚɝɢ ɤɢɱɢɤғ Ⱥɣɬɚɣɥɢɤ, ɛɭ ɬўԑɪɢ ɤɚɫɪɧɢɧɝ ɦɚԟɪɚɠɢ  Q x  ɤўɩԟɚɞ 
ԕɭɣɢɞɚɝɢɱɚ  

         2 2...
r sn m

Q x x a x b x px q x px q            

ɢɮɨɞɚɥɚɧɫɢɧ, ɛɭɧɞɚ , ,..., , , ,a b p q p q  – ԟɚԕɢԕɢɣ ɫɨɧɥɚɪ, , ,..., ,n m r s  – ɧɚɬɭɪɚɥ 
ɫɨɧɥɚɪғ 

ɍ ԟɨɥɞɚ 

 
         

1 1 1 1

1 1
... ...n n m m

n n m m

P x A A A B B B

Q x x a x bx a x a x b x b

 
         

    
 

 

   
1 1 1 1

1 22 2
... ...r r r r

r r

C x D C x D C x D

x px qx px q x px q

 


  
     

    
                   (1) 

   
1 1 1 1

1 22 2
...s s s s

r r

E x F E x F E x F

x px qx px q x px q

 


  
   

    
 

ɛўɥɚɞɢ, ɛɭɧɞɚ 
1 1 1 1 1 1,..., , ,..., , , ,..., , , , ,..., ,n m r r s sA A B B C D C D E F E F  – ўɡɝɚɪɦɚɫ 

ɫɨɧɥɚɪ. 

(1) ɬɟɧɝɥɢɤ ɬўԑɪɢ ɤɚɫɪɧɢ ɫɨɞɞɚ ɤɚɫɪɥɚɪɝɚ ɺɣɢɥɢɲɢɧɢ ɢɮɨɞɚɥɚɣɞɢ. 

(Қ) ɬɟɧɝɥɢɤɧɢɧɝ ўɧɝ ɬɨɦɨɧɢɞɚɝɢ ўɡɝɚɪɦɚɫ ɫɨɧɥɚɪ ԕɭɣɢɞɚɝɢɱɚ ɬɨɩɢɥɚɞɢ: 

Қ) (Қ) ɬɟɧɝɥɢɤɧɢ ԟɚɪ ɢɤɤɢ ɬɨɦɨɧɢ  Q x  ɝɚ ɤўɩɚɣɬɢɪɢɥɚɞɢғ ɇɚɬɢɠɚɞɚ 
ɦɚԟɪɚɠɞɚɧ ԕɭɬɢɥɢɛ  
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   P x R x  

ɬɟɧɝɥɢɤɤɚ ɤɟɥɢɧɚɞɢ, 

қ) ɛɭ ɬɟɧɝɥɢɤɧɢɧɝ ԟɚɪ ɢɤɤɢ ɬɨɦɨɧɢɞɚɝɢ  ɧɢɧɝ ɛɢɪ ԟɢɥ ɞɚɪɚɠɚɥɚɪɢ 
ɨɥɞɢɞɚɝɢ ɤɨɟɮɮɢɬɫɢɟɧɬɥɚɪ ɬɟɧɝɥɚɲɬɢɪɢɥɚɞɢғ ɇɚɬɢɠɚɞɚ ўɡɝɚɪɦɚɫ ɫɨɧɥɚɪɧɢ 
ɬɨɩɢɲ ɭɱɭɧ ɬɟɧɝɥɚɦɚɥɚɪ ɫɢɫɬɟɦɚɫɢ ԟɨɫɢɥ ɛўɥɚɞɢ, 

3) ɬɟɧɝɥɚɦɚɥɚɪ ɫɢɫɬɟɦɚɫɢ ɷɱɢɥɢɛ, ɢɡɥɚɧɚɺɬɝɚɧ ўɡɝɚɪɦɚɫ ɫɨɧɥɚɪ 
ɬɨɩɢɥɚɞɢғ 

 

 Ɇɢɫɨɥɥɚɪғ Қғ ɍɲɛɭ  

3 2

5 7

2 2

x

x x x


  

 

ɤɚɫɪ ɫɨɞɞɚ ɤɚɫɪɥɚɪɝɚ ɺɣɢɥɫɢɧғ 

 Ⱥɜɜɚɥɨ ɛɟɪɢɥɝɚɧ ɤɚɫɪɧɢɧɝ ɦɚԟɪɚɠɢɧɢ ɤўɩɚɣɬɭɜɱɢɥɚɪɝɚ ɚɠɪɚɬɚɦɢɡ:  

          3 2 2 22 2 2 2 1 2 1 1 2x x x x x x x x x x x              . 

ɋўɧɝ (Қ) ɦɭɧɨɫɚɛɚɬɞɚɧ ɮɨɣɞɚɥɚɧɢɛ, ɛɟɪɢɥɝɚɧ ɤɚɫɪɧɢ ԕɭɣɢɞɚɝɢ  

   3 2

5 7 5 7

2 2 1 1 2 1 1 2

x x A B C

x x x x x x x x x

 
   

        
 

ɤўɪɢɧɢɲɢɞɚ ɺɡɚɦɢɡғ Ȼɭ ɬɟɧɝɥɢɤɧɢɧɝ ԟɚɪ ɢɤɤɢ ɬɨɦɨɧɢɧɢ    1 1 2x x x    

ɝɚ ɤўɩɚɣɬɢɪɢɛ ɬɨɩɚɦɢɡ: 

        5 7 1 2 1 2 1 1x A x x B x x C x x            

   2 3 2 2A B C x A B x A B C        . 

x  ɧɢɧɝ ɛɢɪ ԟɢɥ ɞɚɪɚɠɚɥɚɪɢ ɨɥɞɢɞɚɝɢ ɤɨɟɮɮɢɬɫɢɟɧɬɥɚɪɧɢ 
ɬɟɧɝɥɚɲɬɢɪɢɲ ɧɚɬɢɠɚɫɢɞɚ  

0A B C   , 

3 7A B  , 

2 2 5A B C     
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ɬɟɧɝɥɚɦɚɥɚɪ ɫɢɫɬɟɦɚɫɢ ԟɨɫɢɥ ɛўɥɚɞɢғ ɍɧɢ ɟɱɢɛ ɬɨɩɚɦɢɡ:  

1, 2, 3A B C    . 

ɇɚɬɢɠɚɞɚ  

3 2

5 7 1 2 3

2 2 1 1 2

x

x x x x x x


  

     
 

ɛўɥɚɞɢғ  

 

 

 
o

3 ғ Ɋɚɬɫɢɨɧɚɥ ɮɭɧɤɫɢɹɥɚɪɧɢ ɢɧɬɟɝɪɚɥɥɚɲғ 

ɍɲɛɭ  

   
 

P x
f x

Q x
  

ɪɚɬɫɢɨɧɚɥ ɮɭɧɤɫɢɹɧɢ ԕɚɪɚɣɥɢɤ, ɛɭɧɞɚ  P x  ɜɚ  Q x  – ɤўɩԟɚɞɥɚɪғ 

Ⱥɝɚɪ  

 
 
 

P x

Q x
 

ɞɚ ɫɭɪɚɬɢɞɚɝɢ ɤўɩԟɚɞɧɢɧɝ ɞɚɪɚɠɚɫɢ ɦɚԟɪɚɠɞɚɝɢ ɤўɩԟɚɞɧɢɧɝ ɞɚɪɚɠɚɫɢɞɚɧ 
ɤɚɬɬɚ ɛўɥɫɚ, ɭɧɢɧɝ ɫɭɪɚɬɢɧɢ ɦɚԟɪɚɠɢɝɚ ɛўɥɢɛ, ɛɭɬɭɧ ɪɚɬɫɢɨɧɚɥ ɮɭɧɤɫɢɹ 
ԟɚɦɞɚ ɬўԑɪɢ ɤɚɫɪ ɣɢԑɢɧɞɢɫɢ ɤўɪɢɧɢɲɞɚ ԕɭɣɢɞɚɝɢɱɚ ɢɮɨɞɚɥɚɛ ɨɥɢɧɚɞɢ:  

 
     

 
1P x P x

R x
Q x Q x

  . 

ɍ ԟɨɥɞɚ  

 
     

 
1P x P x

dx R x dx dx
Q x Q x
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ɛўɥɚɞɢ, ɛɭɧɞɚ  R x dx  – ɛɭɬɭɧ ɪɚɬɫɢɨɧɚɥ ɮɭɧɤɫɢɹɧɢɧɝ ɢɧɬɟɝɪɚɥɢ ɫɢɮɚɬɢɞɚ 

ɨɫɨɧ ԟɢɫɨɛɥɚɧɚɞɢ,  
 

1P x
dx

Q x  – ɬўԑɪɢ ɤɚɫɪɧɢɧɝ ɢɧɬɟɝɪɚɥɢ, ɢɧɬɟɝɪɚɥ ɨɫɬɢɞɚɝɢ 

ɬўԑɪɢ ɤɚɫɪɧɢ ɫɨɞɞɚ ɤɚɫɪɝɚ ɺɣɢɛ ԟɢɫɨɛɥɚɧɚɞɢғ 

 Ɇɢɫɨɥɥɚɪғ Қғ ɍɲɛɭ  

2

3 2

3 8

4 4

x
dx

x x x


   

ɢɧɬɟɝɪɚɥ ԟɢɫɨɛɥɚɧɫɢɧғ 

 ɂɧɬɟɝɪɚɥ ɨɫɬɢɞɚɝɢ ɬўԑɪɢ ɤɚɫɪɧɢ ɫɨɞɞɚ ɤɚɫɪɥɫɪɝɚ ɺɹɦɢɡ:  

   23 2 24 4 4 4 2x x x x x x x x        , 

 

   

2 2

2 23 2

3 8 3 8

4 4 22 2

x x A B C

x x x x xx x x

 
   

   
, 

   2 23 8 4 2 4x A B x A B C x A       , 

3,

4 2 0,

4 8

A B

A B C

A

 
   
 

 

2, 1, 10A B C    , 

 

2

23 2

3 8 2 1 10

4 4 2 2

x

x x x x x x


  

   
. 

ɇɚɬɢɠɚɞɚ 

 
 2

23 2

23 8 2 1 10
2

4 4 2 22

d xx dx
dx dx

x x x x x x xx

  
           

     

     2 210 10
10 2 2 2ln ln 2 ln 2

2 2
x d x x x C x x C

x x

           
   

ɛўɥɚɞɢ.  
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Ȼɚъɡɢ ɢɪɪɚɬɫɢɨɧɚɥ ɮɭɧɤɫɢɹɥɚɪɧɢ ɢɧɬɟɝɪɚɥɥɚɲ 

 

Ʉўɩ ԟɨɥɥɚɪɞɚ ɢɪɪɚɫɢɨɧɚɥ ԟɚɦɞɚ ɬɪɢɝɨɧɨɦɟɬɪɢɤ ɮɭɧɤɫɢɹɥɚɪɧɢ 

ɢɧɬɟɝɪɚɥɥɚɲ ўɡɝɚɪɭɜɱɢɥɚɪɢɧɢ ɚɥɦɚɲɬɢɪɢɲ ɛɢɥɚɧ ɪɚɫɢɨɧɚɥ ɮɭɧɤɫɢɹɥɚɪɧɢ 

ɢɧɬɟɝɪɚɥɥɚɲɝɚ ɤɟɥɚɞɢ. 

Қ) Ⱥɣɬɚɣɥɢɤ,  f x  ɮɭɧɤɫɢɹ x  ɜɚ ɭɧɢɧɝ ɬɭɪɥɢ ɤɚɫɪ ɞɚɪɚɠɚɥɚɪɢ ɭɫɬɢɞɚ 
ɚɪɢɮɦɟɬɢɤ ɚɦɚɥɥɚɪ ɛɚɠɚɪɢɥɢɲɢɞɚɧ ɸɡɚɝɚ ɤɟɥɫɢɧғ Ɇɚɫɚɥɚɧ,  

  1/ 2 1/ 3

1
f x

x x



,  

31

x
f x

x



,  

51

x
f x

x



 

Ȼɭɧɞɚɣ ɮɭɧɤɫɢɹɥɚɪɧɢ ɢɧɬɟɝɪɚɥɥɚɲ  

x t
  

ɚɥɦɚɲɬɢɪɢɲ ɛɢɥɚɧ ɪɚɬɫɢɨɧɚɥ ɮɭɧɤɫɢɹɥɚɪɧɢ ɢɧɬɟɝɪɚɥɥɚɲɝɚ ɤɟɥɚɞɢ, ɛɭɧɞɚ   

ɫɨɧ  f x  ɢɮɨɞɚɫɢɞɚɝɢ x  ɧɢɧɝ ɞɚɪɚɠɚɥɚɪɢɞɚ ԕɚɬɧɚɲɝɚɧ ɤɚɫɪɥɚɪ 
ɦɚԟɪɚɠɥɚɪɢɧɢɧɝ ɷɧɝ ɤɢɱɢɤ ɭɦɭɦɢɣ ɤɚɪɪɚɥɢɫɢғ 

 

 Ɇɢɫɨɥɥɚɪ Қғ ɍɲɛɭ  

 31

dx

x x  

ɢɧɬɟɝɪɚɥ ԟɢɫɨɛɥɚɧɫɢɧғ 

 ɂɧɬɟɝɪɚɥ ɨɫɬɢɞɚɝɢ ɮɭɧɤɫɢɹ  

  1 13
3 2

1 1

1
1

x x
x x


    
 

 

ɢɮɨɞɚɫɢɞɚɝɢ x  ɧɢɧɝ ɞɚɪɚɠɚɥɚɪɢ 1

2
 ɜɚ 1

3
 ɛўɥɨɛ, ɛɭ ɤɚɫɪ ɦɚԟɪɚɠɥɚɪɢ қ ɜɚ 3 

ɥɚɪɧɢɧɝ ɷɧɝ ɤɢɱɢɤ ɭɦɭɦɢɣ ɤɚɪɪɚɥɢɫɢ 6 ɝɚ ɬɟɧɝғ Ȼɢɧɨɛɚɪɢɧ  

6
x t  

ɚɥɦɚɲɬɢɪɢɲɢ ɥɨɡɢɦғ ɍɧɞɚ 56dx t dt  ɛўɥɢɛ  
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5

2 33

6

11

dx t dt

t tx x


   

ɛўɥɚɞɢғ Ʉɟɣɢɧɝɢ ɢɧɬɟɝɪɚɥ ԕɭɣɢɞɚɝɢɱɚ ԟɢɫɨɛɥɚɧɚɞɢ:  

   
5 2 2 2

2 2 22 3

6 1
6 6 6 6 arctg

1 1 11

t dt t dt t t dt dt
dt t t C

t t tt t

                   . 

Ⱦɟɦɚɤ,  

   6 6

3
6 arctg

1

dx
x x C

x x
  

 .  

4) Ⱥɣɬɚɣɥɢɤ,  f x  ɮɭɧɤɫɢɹ x  ɜɚ 2
ax bx c   ( , ,a b c  – ўɡɝɚɪɦɚɫ ɫɨɧɥɚɪ) 

ɭɫɬɢɞɚ ɚɪɢɮɦɟɬɢɤ ɚɦɚɥɥɚɪ ɛɚɠɚɪɢɥɢɲɢɞɚɧ ԟɨɫɢɥ ɛўɥɫɢɧғ 

Ɇɚɫɚɥɚɧ,  

 
2

1

6 5
f x

x x


 
,   

2

2

1 1

1

x x
f x

x x x

  


 
,   

 2 22 1 4

x
f x

x x


 
. 

Ȼɭɧɞɚɣ ɮɭɧɤɫɢɹɥɚɪɧɢ ɢɧɬɟɝɪɚɥɥɚɲɞɚ: 

ɚ) 0a   ɛўɥɝɚɧɞɚ  

2
ax bx c x a t     

ɚɥɦɚɲɬɢɪɢɲ ɛɢɥɚɧ, 

ɛ) 0c   ɛўɥɝɚɧɞɚ  

 
2

ax bx c xt c     

ɚɥɦɚɲɬɢɪɢɲ ɛɢɥɚɧ, 

ɜ) 2
ax bx c   ɤɜɚɞɪɚɬ ɭɱԟɚɞ ԟɚԕɢԕɢɣ   ɜɚ   ɢɥɞɢɡɥɚɪɝɚ ɷɝɚ ɛўɥɝɚɧɞɚ  

 2
ax bx c t x      

ɚɥɦɚɲɬɢɪɢɲ ɛɢɥɚɧ ɪɚɬɬɫɢɨɧɚɥ ɮɭɧɤɫɢɹɥɚɪɧɢ ɢɧɬɟɝɪɚɥɥɚɲɝɚ ɤɟɥɚɞɢғ 
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 Ɇɢɫɨɥɥɚɪғ Қғɍɲɛɭ  

2 6 5

dx

x x   

ɢɧɬɟɝɪɚɥ ԟɢɫɨɛɥɚɧɫɢɧғ 

 Ȼɭ ɢɧɬɟɝɪɚɥɞɚ  

2 6 5x x x t     

ɚɥɦɚɲɬɢɪɢɲ ɛɚɠɚɪɚɦɢɡ (ɱɭɧɤɢ, 1 0a   ). 

ɍɧɞɚ  

 2 26 5 , 6 5x x x t x x x t        ,   

2 2 26 5 2x x x xt t     , 

  26 2 5t x t   , 

2 5

6 2

t
x

t





, 

 
2 2 2

2

2

5 6 5 6 5
2 , 6 5

6 2 6 26 2

t t t t t
dx dt dt x x

t tt

       
        

 

ɛўɥɢɛ, 

 
2

2 22

6 2 6 5 2
2

6 5 6 26 26 5

dx t t t dt
dt

t t ttx x

   
   

        

 3
ln 3

3

d t
t C

t


     

  

ɛўɥɚɞɢғ 

Ⱦɟɦɚɤ,  

2

2
ln 3 6 5

6 5

dx
x x x C

x x
      

  .  
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Ɍɪɢɝɨɧɨɦɟɬɪɢɤ ɮɭɧɤɫɢɹɥɚɪɧɢ ɢɧɬɟɝɪɚɥɥɚɲғ 

Ⱥɣɬɚɣɥɢɤ,  f x  ɮɭɧɤɫɢɹ sin x  ɜɚ cos x  ɥɚɪ ɭɫɬɢɞɚ ɚɪɢɮɦɟɬɢɤ ɚɦɚɥɥɚɪ 
ɛɚɠɚɪɢɥɢɲɢɞɚɧ ԟɨɫɢɥ ɛўɥɫɢɧғ 

Ɇɚɫɚɥɚɧ,  

  1

2sin cos 5
f x

x x


 
,   sin cos

sin cos

x x
f x

x x



,   2

sin 4cos

sin

x x
f x

x


 . 

 

Ȼɭɧɞɚɣ ɮɭɧɤɫɢɹɥɚɪɧɢ ɢɧɬɟɝɪɚɥɥɚɲ  

tg
2

x
t   2arctgx t  

ɚɥɦɚɲɬɢɪɢɲ ɛɢɥɚɧ ɪɚɬɫɢɨɧɚɥ ɮɭɧɤɫɢɹɥɚɪɧɢ ɢɧɬɟɝɪɚɥɥɚɲɝɚ ɤɟɥɚɞɢғ Ȼɭ 
ɚɥɦɚɲɬɢɪɢɲ ɺɪɞɚɦɢɞɚ sin x ,  cos x  ɥɚɪ t  ɧɢɧɝ ɪɚɬɫɢɨɧɚɥ ɮɭɧɤɫɢɹɥɚɪɝɚ 
ɚɣɥɚɧɚɞɢ:  

2
2 2 2

2sin cos 2tg
22 2 2sin

1
sin cos 1 tg

2 2 2

x x x
t

x
x x x t

  
 

, 

2 2 2
2

2
2 2 2

cos sin 1 tg
12 2 2cos
1

sin cos 1 tg
2 2 2

x x x
t

x
x x x t

  
  

 
, 

  2

2
2arctg

1

t
dx d t dt

t
 


. 

  

           Ɇɢɫɨɥɥɚɪғ Қғ ɍɲɛɭ  

3sin 4cos 5

dx

x x   

ɢɧɬɟɝɪɚɥ ԟɢɫɨɛɥɚɧɫɢɧғ 

 Ȼɭ ɢɧɬɟɝɪɚɥɞɚ  
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 tg
2

x
t  

ɚɥɦɚɲɬɢɪɢɲ ɛɚɠɚɪɚɦɢɡғ ɍɧɞɚ  

2

2 2 2

2 1 2
sin , cos ,

1 1 1

t t
x x dx dt

t t t


  

  
 

ɛўɥɢɛ,  

   
2

2 2 2

2 2

2

1
2 13sin 4cos 5 6 4 1 5 1

3 4 5
1 1

dt
dx dtt

t tx x t t t

t t

  
        

 

    

   2

2

2 2
2 2 3 3

6 9 3
3 tg

2

dt
t d t C C

xt t t

         
   

  . 

ɛўɥɚɞɢғ  

 

ɍɲɛɭ  

sin sinnx mxdx , cos cosnx mxdx  

ɜɚ  

sin cosnx mxdx  

ɤўɪɢɧɢɲɞɚɝɢ ɢɧɬɟɝɪɚɥɥɚɪɧɢ ԟɢɫɨɛɥɚɲɞɚ ԕɭɣɢɞɚɝɢ  

   

   

   

1
sin sin cos cos ,

2

1
cos cos cos cos ,

2

1
sin cos sin sin

2

     

     

     

     

     

     

                              (1) 

ɮɨɪɦɭɥɚɥɚɪɞɚɧ ɮɨɣɞɚɧɢɥɚɞɢғ 

 

 Ɇɢɫɨɥғ ɍɲɛɭ  
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sin sinnx mxdx  

ɢɧɬɟɝɪɚɥ ԟɢɫɨɛɥɚɧɫɢɧғ 

 (Қ) ɮɨɪɦɭɥɚɞɚɧ ɮɨɣɞɚɥɚɧɢɛ ɬɨɩɚɦɢɡ:  

   1
sin sin cos cos

2
nx mxdx n m n m dx          

   1
cos cos

2
n m dx n m dx       . 

ɚ) Ⱥɣɬɚɣɥɢɤ, n m  ɛўɥɫɢɧғ ɍ ԟɨɥɞɚ  

        1 1
cos cos sinn m dx n m d n m x n m x C

n m n m
       

   , 

   1
cos sinn m dx n m x C

n m
   

  

 

ɛўɥɢɛ,  

   1 1 1
sin sin sin sin

2
nx mxdx n m x n m x C

n m n m

           

ɛўɥɚɞɢғ 

ɛ) Ⱥɣɬɚɣɥɢɤ, n m  ɛўɥɫɢɧғ ɍ ԟɨɥɞɚ  

 cos n m xdx dx x C      

 

     1 1
cos cos2 cos2 2 sin 2

2 2
n m xdx nxdx nxd nx nx C

n n
         

ɛўɥɢɛ,  

1 1
sin sin sin 2

2 2
nx mxdx x nx C

n

        

ɛўɥɚɞɢғ  
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4-Ɇɚɜɡɭ:  Ⱦɢɮɮɟɪɟɧɰɢɚɥ ɬɟɧɝɥɚɦɚɥɚɪ ɜɚ ɭɥɚɪɧɢɧɝ ɬɚɞɛɢԕɥɚɪɢғ 
Ɇɚɬɟɦɚɬɢɤɚ ɜɚ ɫɚъɧɚɬғ Ɇɚɬɟɦɚɬɢɤɚ ɜɚ ɦɭԟɚɧɞɢɫɥɢɤ 

 

Қғ Ⱦɢɮɮɟɪɟɧɰɢɚɥ ɬɟɧɝɥɚɦɚɥɚɪ ɜɚ ɭɥɚɪɧɢɧɝ ɬɚɛɢɣɢɣ ɮɚɧɥɚɪɞɚɝɢ 
ɬɚɞɛɢԕɥɚɪɢɝɚ ɨɢɞ ɦɚɫɚɥɚɥɚɪ ɟɱɢɲ 

қғ Ɇɚɬɟɦɚɬɢɤɚ ɜɚ ɫɚɴɧɚɬғ Ɇɚɬɟɦɚɬɢɤɚ ɜɚ ɦɭԟɚɧɞɢɫɥɢɤ 

 

 Ⱦɢɮɮɟɪɟɧɫɢɚɥ ɬɟɧɝɥɚɦɚ ɬɭɲɭɧɱɚɫɢ 

Ɏɚɧ ɜɚ ɬɟɯɧɢɤɚɧɢɧɝ ɬɭɪɥɢ ɫɨԟɚɥɚɪɢɞɚ ɭɱɪɚɛ ɬɭɪɚɞɢɝɚɧ ɛɚ'ɡɢ ɦɚɫɚɥɚɥɚɪ 
ɧɨɦɚɴɥɭɦ ɮɭɧɤɫɢɹ ɜɚ ɭɧɢɧɝ ԟɨɫɢɥɚɥɚɪɢ ԕɚɬɧɚɲɝɚɧ ɬɟɧɝɥɚɦɚɥɚɪɝɚ ɤɟɥɚɞɢғ 
Ȼɭɧɞɚɣ ɬɟɧɝɥɚɦɚɥɚɪ ɜɚ ɭɥɚɪɧɢ ɟɱɢɲ ɭɫɭɥɥɚɪɢ ɨɥɢɣ ɦɚɬɟɦɚɬɢɤɚɧɢɧɝ ɦɭԟɢɦ 
ɛўɥɢɦɥɚɪɢɞɚɧ ɛɢɪɢ ɞɢɮɮɟɪɟɧɫɢɚɥ ɬɟɧɝɥɚɦɚɥɚɪ ɧɚɡɚɪɢɹɫɢɞɚ ўɪɝɚɧɢɥɚɞɢғ 

 

Қғ Ɇɚɫɚɥɚɥɚɪ  

Қ)ғ ɂɞɢɲɞɚ Қ40 ɥ ɚɪɚɥɚɲɦɚ ɛўɥɢɛ, ɭɧɢɧɝ ɬɚɪɤɢɛɢɞɚ Қ4 ɤɝғ ɬɭɡ ɛɨɪғ Ȼɭ 
ɢɞɢɲɝɚ ɢɤɤɢɬɚ ԕɭɜɭɪ ɭɥɚɧɝɚɧғ Ȼɢɪɢɧɱɢ ԕɭɜɭɪɞɚɧ ԟɚɪ ɞɚԕɢԕɚɞɚ ɬɚɪɤɢɛɢɞɚ Қ 
ɤɝ ɬɭɡ ɛўɥɝɚɧ 7 ɥ ɚɪɚɥɚɲɦɚ ɭɡɥɭɤɫɢɡ ɪɚɜɢɲɞɚ ԕɭɣɢɥɚɞɢ, ɢɤɤɢɧɱɢ ԕɭɜɭɪɞɚɧ 
ɷɫɚ ɲɭ ɬɟɡɥɢɤ ɛɢɥɚɧ ɚɪɚɥɚɲɦɚ ɨԕɢɡɢɥɚɞɢғ Ȼɢɪ ɫɨɚɬɞɚɧ ɫўɧɝ ɢɞɢɲɞɚɝɢ 
ɚɪɚɥɚɲɦɚ ɬɚɪɤɢɛɢɞɚ ԕɚɧɱɚ ɬɭɡ ɛўɥɚɞɢ? 

ȼɚԕɬɧɢ ɷɪɤɥɢ ўɡɝɚɪɭɜɱɢ ɫɢɮɚɬɢɞɚ ɨɥɢɛ, ɭɧɢ t  ɛɢɥɚɧ ɛɟɥɝɢɥɚɣɦɢɡғ ɍ 
ԟɨɥɞɚ ɚɪɚɥɚɲɦɚɞɚɝɢ ɬɭɡɧɢɧɝ ɦɢԕɞɨɪɢ y  ɲɭ t  ɝɚ ɛɨԑɥɢԕ ɛўɥɚɞɢ:  y y t . 

Ɇɚɴɥɭɦɤɢ, t t   ɩɚɣɬɞɚ ɚɪɚɥɚɲɦɚɞɚɝɢ ɬɭɡɧɢɧɝ ɦɢԕɞɨɪɢ  y t t   ɛўɥɢɛ, t  

ɜɚԕɬ ɨɪɚɥɢԑɢɞɚ ɬɭɡ ɦɢԕɞɨɪɢ    y t t y t    ɝɚ ўɡɝɚɪɞɢғ 

Ɇɚɫɚɥɚɧɢɧɝ ɲɚɪɬɢɝɚ ɤўɪɚ t  ɜɚԕɬ ɨɪɚɥɢԑɢɞɚ ɢɞɢɲɝɚ 1 t   ɤɝ ɬɭɡ 
ɬɭɲɚɞɢ ɜɚ ɢɞɢɲɞɚɧ 

   
7

140 20

y t y t
t t      ɤɝ 

ɬɭɡ ɱɢԕɢɛ ɤɟɬɚɞɢғ ɍɥɚɪɧɢɧɝ ɮɚɪԕɢ 

   
1 1

20 20

y t y t
t t t

 
       

 
 

ɛўɥɚɞɢғ 
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Ԟɚɪ ɞɚԕɢԕɚɞɚ ɢɞɢɲɞɚɝɢ ɚɪɚɥɚɲɦɚ ɬɚɪɤɢɛɢɞɚ ɬɭɡ ɦɢԕɞɨɪɢ ўɡɝɚɪɢɛ 
ɬɭɪɝɚɧɥɢɝɢ ɫɚɛɚɛɥɢ  

     
1

20

y t
y t t y t t

 
      

 
                                        (1) 

ɛўɥɚɞɢғ Ⱥɝɚɪ t  ɧɨɥɝɚ ɢɧɬɢɥɚ ɛɨɪɫɚ, (Қ) ɬɚԕɪɢɛɢɣ ɬɟɧɝɥɢɤ ԕɚɬɴɢɣ ɬɟɧɝɥɢɤɤɚ 
ɚɣɥɚɧɚ ɛɨɪɚɞɢғ Ȼɢɧɨɛɚɪɢɧ,  

     
0

lim 1
20t

y t t y t y t

t 

  
 


 

ɛўɥɚɞɢғ Ɇɚɴɥɭɦɤɢ,  

     
0

lim .
t

y t t y t
y t

t 

  



 

Ⱦɟɦɚɤ,  

   
1 .

20

y t
y t                          (2) 

ɒɭɧɞɚɣ ԕɢɥɢɛ, ɢɞɢɲɞɚɝɢ ɚɪɚɥɚɲɦɚ ɬɚɪɤɢɛɢɞɚɝɢ ɬɭɡ ɦɢԕɞɨɪɢɧɢ ɬɨɩɢɲ 
ɧɨɦɚɴɥɭɦ ɮɭɧɤɫɢɹ  y t  ɜɚ ɭɧɢɧɝ ԟɨɫɢɥɚɫɢ  y t  ԕɚɬɧɚɲɝɚɧ ɬɟɧɝɥɚɦɚɧɢ 
ɟɱɢɲɝɚ ɤɟɥɚɞɢғ 

қ)ғ Ԟɚɜɨ ԟɚɪɨɪɚɬɢ 0 C  ɛўɥɝɚɧ ɦɭԟɢɬɞɚ T C  ԟɚɪɨɪɚɬɥɢ  0T   ɠɢɫɦ 
ɫɨɜɭɬɢɥɚɺɬɝɚɧ ɛўɥɫɢɧғ ȼɚԕɬɧɢɧɝ 0t   ɜɚԕɬɢɞɚɧ ɛɨɲɥɚɛ ɠɢɫɦɧɢɧɝ ɫɨɜɭɲ 
ԕɨɧɭɧɢɹɬɢ ɬɨɩɢɥɫɢɧғ 

T  ԟɚɪɨɪɚɬ t  ɜɚԕɬɧɢɧɝ ɮɭɧɤɫɢɹɫɢ ɛўɥɚɞɢ:  T T t . ɇɸɬɨɧ ԕɨɧɭɧɢɝɚ 

ɛɢɧɨɚɧ T C  ԟɚɪɨɪɚɬɥɢ ɠɢɫɦɧɢɧɝ ɫɨɜɭɲ ɬɟɡɥɢɝɢ ɲɭ T C  ɝɚ ɩɪɨɩɨɪɫɢɨɧɚɥ 
ɛўɥɚɞɢғ Ⱥɝɚɪ ɬɟɡɥɢɤ  T t  ԟɨɫɢɥɚ ɷɤɚɧɥɢɝɢɧɢ ɷɴɬɢɛɨɪɝɚ ɨɥɫɚɤ ɜɚ 
ɩɪɨɩɨɪɫɢɨɧɚɥɥɢɤ ɤɨɟɮɮɢɬɫɢɟɧɬɢ  0K K   ɞɟɣɢɥɫɚ, ɭɧɞɚ ɇɸɬɨɧ ԕɨɧɭɧɢɝɚ 
ɤўɪɚ 

   T t KT t                         (3) 

ɛўɥɚɞɢғ 
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ɒɭɧɞɚɣ ԕɢɥɢɛ ɠɢɫɦɧɢɧɝ ɫɨɜɭɲ ԕɨɧɭɧɢɹɬɢ  T t  ɧɢ ɬɨɩɢɲ, ɧɨɦɚɴɥɭɦ 
ɮɭɧɤɫɢɹ  T t  ɜɚ ɭɧɢɧɝ ԟɨɫɢɥɚɫɢ  T t  ԕɚɬɧɚɲɝɚɧ ɬɟɧɝɥɚɦɚɧɢ ɟɱɢɲɝɚ ɤɟɥɚɞɢғ 

  

қғ Ⱦɢɮɮɟɪɟɧɫɢɚɥ ɬɟɧɝɥɚɦɚ  

Ⱥɣɬɚɣɥɢɤ,  ўɡɝɚɪɭɜɱɢ (ɷɪɤɥɢ ўɡɝɚɪɭɜɱɢ),  ɷɫɚ ɭɧɢɧɝ ɮɭɧɤɫɢɹɫɢ 

 y y x  ɛўɥɢɛ,  ,y y x    ,y y x   …,      n n
y y x  ɥɚɪ ɛɭ ɮɭɧɤɫɢɹɧɢɧɝ 

ɛɢɪɢɧɱɢ, ɢɤɤɢɧɱɢ ɜɚ ԟғɤғ n -ɬɚɪɬɢɛɥɢ ԟɨɫɢɥɚɥɚɪɢ ɛўɥɫɢɧғ x  ўɡɝɚɪɭɜɱɢ, 
ɧɨɦɚɴɥɭɦ y  ɮɭɧɤɫɢɹ ɜɚ ɭɧɢɧɝ ɬɭɪɥɢ ɬɚɪɬɢɛɞɚɝɢ ԟɨɫɢɥɚɥɚɪɢ ԕɚɬɧɚɲɝɚɧ 
ɬɟɧɝɥɚɦɚ  ɞɢɮɮɟɪɟɧɫɢɚɥ ɬɟɧɝɥɚɦɚ ɞɟɣɢɥɚɞɢғ 

ɘԕɨɪɢɞɚɝɢ (қ) ɜɚ (3) ɬɟɧɝɥɚɦɚɥɚɪ ɞɢɮɮɟɪɟɧɫɢɚɥ ɬɟɧɝɥɚɦɚɥɚɪ ɛўɥɚɞɢғ 

 
, , ,...,

n
x y y y  ɥɚɪɧɢ ɛɨԑɥɨɜɱɢ ɭɲɛɭ 

  , , ,..., 0
n

x y y y                                   (4) 

ɬɟɧɝɥɢɤ ɞɢɮɮɟɪɟɧɫɢɚɥ ɬɟɧɝɥɚɦɚɧɢɧɝ ɭɦɭɦɢɣ ɤўɪɢɧɢɲɢɧɢ ɢɮɨɞɚɥɚɣɞɢғ (4) 
ɞɢɮɮɟɪɟɧɫɢɚɥ ɬɟɧɝɥɚɦɚɞɚ ԕɚɬɧɚɲɝɚɧ ɧɨɦɚɴɥɭɦ ɮɭɧɤɫɢɹ ԟɨɫɢɥɚɫɢɧɢɧɝ 
ɸԕɨɪɢ ɬɚɪɬɢɛɢ (4) ɞɢɮɮɟɪɟɧɫɢɚɥ ɬɟɧɝɥɚɦɚɧɢɧɝ ɬɚɪɬɢɛɢ ɞɟɣɢɥɚɞɢғ 

Ɇɚɫɚɥɚɧ, 

2 32
sin , 2 3 0, 0, 0y y x xy y y x y x y x

x
             

ɛɢɪɢɧɱɢ ɬɚɪɬɢɛɥɢ ɞɢɮɮɟɪɟɧɫɢɚɥ ɬɟɧɝɥɚɦɚɥɚɪ, 

4 13 0, 2 cos 0, arcsiny y y y y x y x           

ɢɤɤɢɧɱɢ ɬɚɪɬɢɛɥɢ ɞɢɮɮɟɪɟɧɫɢɚɥ ɬɟɧɝɥɚɦɚɥɚɪ ɛўɥɚɞɢғ ɏɭɫɭɫɚɧ, ɛɢɪɢɧɱɢ 
ɬɚɪɬɢɛɥɢ ɞɢɮɮɟɪɟɧɫɢɚɥ ɬɟɧɝɥɚɦɚɧɢɧɝ ɭɦɭɦɢɣ ɤўɪɢɧɢɲɢ 

 , , 0,F x y y   

ɢɤɤɢɧɱɢ ɬɚɪɬɢɛɥɢ ɞɢɮɮɟɪɟɧɫɢɚɥ ɬɟɧɝɥɚɦɚɧɢɧɝ ɭɦɭɦɢɣ ɤўɪɢɧɢɲɢ ɷɫɚ  

 , , , 0F x y y y    

ɲɚɤɥɞɚ ɺɡɢɥɚɞɢғ 
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 3ғ Ⱦɢɮɮɟɪɟɧɫɢɚɥ ɬɟɧɝɥɚɦɚɧɢɧɝ ɟɱɢɦɢ 

ɍɦɭɦɢɣ ɤўɪɢɧɢɲɝɚ ɷɝɚ ɛўɥɝɚɧ  

  , , ,..., 0
n

x y y y                                   (4) 

ɞɢɮɮɟɪɟɧɫɢɚɥ ɬɟɧɝɥɚɦɚɧɢ ԕɚɪɚɣɥɢɤғ 

Ɏɚɪɚɡ ԕɢɥɚɣɥɢɤ,  x  ɮɭɧɤɫɢɹ ɛɢɪɨɪ ɨɪɚɥɢԕɞɚ ɚɧɢԕɥɚɧɝɚɧ ɜɚ ɭɡɥɭɤɫɢɡ 

ɛўɥɢɛ, ɲɭ ɨɪɚɥɢԕɞɚ        , ,...,
n

x x x     ԟɨɫɢɥɚɥɚɪɝɚ ɷɝɚ ɛўɥɫɢɧғ 

Ⱥɝɚɪ (4) ɬɟɧɝɥɚɦɚɞɚɝɢ y  ɧɢɧɝ ўɪɧɢɝɚ  x , y  ɧɢɧɝ ўɪɧɢɝɚ  x , y  

ɧɢɧɝ ўɪɧɢɝɚ  x  ɜɚ ԟғɤғ,  n
y  ɧɢɧɝ ўɪɧɢɝɚ    n

x  ԕўɣɢɥɝɚɧɞɚ (4) ɬɟɧɝɥɚɦɚ 
ɚɣɧɢɹɬɝɚ ɚɣɥɚɧɫɚ: 

          , , , ,..., 0,
n

x x x x x       

 x  ɮɭɧɤɫɢɹ (4) ɞɢɮɮɟɪɟɧɫɢɚɥ ɬɟɧɝɥɚɦɚɧɢɧɝ  ɟɱɢɦɢ ɞɟɣɢɥɚɞɢғ 

Ɇɚɫɚɥɚɧ, 2
y x  ɮɭɧɤɫɢɹ ɭɲɛɭ 

2 0xy y                       (5) 

ɛɢɪɢɧɱɢ ɬɚɪɬɢɛɥɢ ɞɢɮɮɟɪɟɧɫɢɚɥ ɬɟɧɝɥɚɦɚɧɢɧɝ ɟɱɢɦɢ ɛўɥɚɞɢғ Ԟɚԕɢԕɚɬɚɧ 

ԟɚɦ,  

2, 2y x y x   

ɥɚɪɧɢ (5) ɬɟɧɝɥɚɦɚɞɚɝɢ y  ɜɚ y  ɥɚɪ ўɪɧɢɝɚ ԕўɣɫɚɤ, ɭ ԟɨɥɞɚ  

22 2 0x x x     

ɛўɥɚɞɢғ Ⱥɣɧɢ ɩɚɣɬɞɚ  

2
y Cx    (C  – ўɡɝɚɪɦɚɫ ɫɨɧ)                                     (6) 

ɮɭɧɤɫɢɹ ԟɚɦ ɲɭ ɬɟɧɝɥɚɦɚɧɢɧɝ ɟɱɢɦɢ ɛўɥɚɞɢғ 

ɑɭɧɤɢ,  

2, 2y Cx y Cx   

ɥɚɪɞɚ (5) ɬɟɧɝɥɚɦɚ ɚɣɧɢɹɬɝɚ ɚɣɥɚɧɚɞɢ:  
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22 2 0.x Cx Cx     

Ⱦɢɮɮɟɪɟɧɫɢɚɥ ɬɟɧɝɥɚɦɚɧɢɧɝ (6) ɤўɪɢɧɢɲɞɚɝɢ ɟɱɢɦɢ ɭɧɢɧɝ  ɭɦɭɦɢɣ ɟɱɢɦɢ 

ɞɟɣɢɥɚɞɢғ Ȼɭ ɭɦɭɦɢɣ ɟɱɢɦɞɚ ɢɯɬɢɺɪɢɣ ўɡɝɚɪɦɚɫ C  ɧɢɧɝ ɛɢɪɨɪ ɬɚɣɢɧ 
0C  

ԕɢɣɦɚɬɢɞɚɝɢ 2

0C x  ɟɱɢɦ (5) ɬɟɧɝɥɚɦɚɧɢɧɝ  ɯɭɫɭɫɢɣ ɟɱɢɦɢ ɞɟɣɢɥɚɞɢғ 

Ⱦɟɦɚɤ, ɞɢɮɮɟɪɟɧɫɢɚɥ ɬɟɧɝɥɚɦɚɧɢɧɝ ɭɦɭɦɢɣ ɟɱɢɦɞɚɝɢ ɢɯɬɢɺɪɢɣ 
ўɡɝɚɪɦɚɫ  ɧɢɧɝ ɬɭɪɥɢ ԕɢɣɦɚɬɥɚɪɢɞɚ ɞɢɮɮɟɪɟɧɫɢɚɥ ɬɟɧɝɥɚɦɚɧɢɧɝ ɯɭɫɭɫɢɣ 
ɟɱɢɦɥɚɪɢ (ɭɥɚɪ ɱɟɤɫɢɡ ɤўɩ ɛўɥɚɞɢ) ԟɨɫɢɥ ɛўɥɢɛ, ɭɦɭɦɢɣ ɟɱɢɦ ɛɭ ɯɭɫɭɫɢɣ 
ɟɱɢɦɥɚɪɧɢɧɝ ɛɚɪɱɚɫɢɧɢ ўɡɢɞɚ ɦɭɠɚɫɫɚɦɥɚɲɬɢɪɚɞɢғ Ȼɨɲԕɚɱɚ ԕɢɥɢɛ ɚɣɬɝɚɧɞɚ 
ɭɦɭɦɢɣ ɟɱɢɦɞɚɧ ɬɟɧɝɥɚɦɚɧɢɧɝ ɛɚɪɱɚ ɯɭɫɭɫɢɣ ɟɱɢɦɥɚɪɢ ɤɟɥɢɛ ɱɢԕɚɞɢғ 

Ⱥɦɦɨ ɟɱɢɦɝɚ ɷɝɚ ɛўɥɝɚɧ (ɛɭ ɟɱɢɦɧɢ  x  ɞɟɣɥɢɤ) ɲɭɧɞɚɣ 
ɞɢɮɮɟɪɟɧɫɢɚɥ ɬɟɧɝɥɚɦɚɥɚɪ ɛɨɪɤɢ, ɛɭ  x  ɟɱɢɦ ԕɚɪɚɥɚɺɬɝɚɧ ɞɢɮɮɟɪɟɧɫɢɚɥ 
ɬɟɧɝɥɚɦɚɧɢɧɝ ɭɦɭɦɢɣ ɟɱɢɦɞɚɧ (ɢɯɬɢɺɪɢɣ ўɡɝɚɪɦɚɫ  ɧɢɧɝ ԟɟɱ ɛɢɪ 
ԕɢɣɦɚɬɢɞɚɧ) ɤɟɥɢɛ ɱɢԕɦɚɣɞɢғ Ɇɚɫɚɥɚɧ,  

  2 4y y y y x                                       (7) 

ɞɢɮɮɟɪɟɧɫɢɚɥ ɬɟɧɝɥɚɦɚɧɢɧɝ ɭɦɭɦɢɣ ɟɱɢɦɢ  

 2
y x C   

ɛўɥɚɞɢғ ɑɭɧɤɢ,  

   2
, 2y x C y x C     

ɥɚɪ ɛɟɪɢɥɝɚɧ ɬɟɧɝɥɚɦɚɧɢ ɚɣɧɢɹɬɝɚ ɚɣɥɚɧɬɢɪɚɞɢ: 

   2 2
2 4 .x C x C      

Ⱥɣɧɢ ɩɚɣɬɞɚ   0y x   ɮɭɧɤɫɢɹ (7) ɞɢɮɮɟɪɟɧɫɢɚɥ ɬɟɧɝɥɚɦɚɧɢɧɝ ɟɱɢɦɢ 
ɛўɥɢɛ ( ɛɭ ɪɚɜɲɚɧ), ɭ ɭɦɭɦɢɣ ɟɱɢɦɞɚɧ (C  ɧɢɧɝ ԟɟɱ ɛɢɪ ԕɢɣɦɚɬɢɞɚ) ɛɭ ɟɱɢɦ 
ɤɟɥɢɛ ɱɢԕɦɚɣɞɢғ Ɉɞɚɬɞɚ ɛɭɧɞɚɣ ɟɱɢɦ ԕɚɪɚɥɚɺɬɝɚɧ ɞɢɮɮɟɪɟɧɫɢɚɥ 
ɬɟɧɝɥɚɦɚɧɢɧɝ  ɦɚɯɫɭɫ ɟɱɢɦɢ ɞɟɣɢɥɚɞɢғ Ⱦɢɮɮɟɪɟɧɫɢɚɥ ɬɟɧɝɥɚɦɚɧɢɧɝ ɭɦɭɦɢɣ 
ɟɱɢɦɢɞɚɧ ɯɭɫɭɫɢɣ ɟɱɢɦ ɚɪɝɭɦɟɧɬɢ x  ɛɢɪɨɪ 

0x  ԕɢɣɦɚɬɧɢ ԕɚɛɭɥ ԕɢɥɝɚɧɞɚ 
 y x  ɮɭɧɤɫɢɹ ɛɟɪɢɥɝɚɧ 

0y  ԕɢɣɦɚɬɧɢ ԕɚɛɭɥ ԕɢɥɫɢɧ ɞɟɝɚɧ ɲɚɪɬ ɚɫɨɫɢɞɚ ԟɨɫɢɥ 
ԕɢɥɢɧɚɞɢғ Ȼɭɧɞɚ 

0 0,x y  ɛɨɲɥɚɧԑɢɱ ԕɢɣɦɚɬɥɚɪ ɞɟɣɢɥɚɞɢ, ɤɟɥɬɢɪɢɥɝɚɧ ɲɚɪɬ  
ɛɨɲɥɚɧԑɢɱ ɲɚɪɬ ɞɟɣɢɥɢɛ,  
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0x x  ɛўɥɝɚɧɞɚ 
0y y  

ɺɤɢ  

0
0x x

y y


  

ɤɚɛɢ ɺɡɢɥɚɞɢғ 

ɍɦɭɦɢɣ ɟɱɢɦɞɚɝɢ C  ўɡɝɚɪɦɚɫ ɲɭ ɲɚɪɬ ɚɫɨɫɢɞɚ ɬɨɩɢɥɚɞɢғ Ɇɚɫɚɥɚɧ, 
ɸԕɨɪɢɞɚ ɤɟɥɬɢɪɢɥɝɚɧ  

2 0xy y    

ɞɢɮɮɟɪɟɧɫɢɚɥ ɬɟɧɝɥɚɦɚɧɢɧɝ ɭɦɭɦɢɣ ɟɱɢɦɢ  

2
y Cx  

ɝɚ ɤўɪɚ ɭɲɛɭ  

2
8

x
y


  

ɛɨɲɥɚɧԑɢɱ ɲɚɪɬɧɢ ԕɚɧɨɚɬɥɚɧɬɢɪɭɜɱɢ ɯɭɫɭɫɢɣ ɟɱɢɦɢ ԕɭɣɢɞɚɝɢɱɚ ɬɨɩɢɥɚɞɢ: 
2, 8x y   ɥɚɪɧɢ ɭɦɭɦɢɣ ɟɱɢɦɞɚɝɢ x  ɜɚ y  ɥɚɪɧɢɧɝ ўɪɧɢɝɚ ԕўɣɢɛ,  

8 4C   

ɛўɥɢɲɧɢ, ɭɧɞɚɧ ɷɫɚ 2C   ɷɤɚɧɢɧɢ ɚɧɢԕɥɚɣɦɢɡғ C  ɧɢɧɝ ɛɭ ԕɢɣɦɚɬɢɧɢ 
ɭɦɭɦɢɣ ɟɱɢɦɞɚɝɢ C  ɧɢɧɝ ўɪɧɢɝɚ ԕўɣɢɛ, ɢɡɥɚɧɚɺɬɝɚɧ ɯɭɫɭɫɢɣ ɟɱɢɦ  

22y x  

ɛўɥɢɲɢɧɢ ɬɨɩɚɦɢɡғ 

Ⱦɢɮɮɟɪɟɧɫɢɚɥ ɬɟɧɝɥɚɦɚɧɢɧɝ ɛɨɲɥɚɧԑɢɱ ɲɚɪɬɧɢ ԕɚɧɨɚɬɥɚɧɬɢɪɭɜɱɢ 
ɟɱɢɦɢɧɢ ɬɨɩɢɲ ɞɢɮɮɟɪɟɧɫɢɚɥ ɬɟɧɝɥɚɦɚɥɚɪ ɧɚɡɚɪɢɹɫɢɧɢɧɝ ɦɭԟɢɦ 
ɦɚɫɚɥɚɥɚɪɢɞɚɧ ɛɢɪɢ ԟɢɫɨɛɥɚɧɚɞɢғ Ɉɞɚɬɞɚ ɛɭ ɦɚɫɚɥɚ Ʉɨɲɢ ɦɚɫɚɥɚɫɢ 
ɞɟɣɢɥɚɞɢғ  

 

  4ғ Ⱦɢɮɮɟɪɟɧɫɢɚɥ ɬɟɧɝɥɚɦɚɥɚɪ ɧɚɡɚɪɢɹɫɢɧɢɧɝ ɚɫɨɫɢɣ ɦɚɫɚɥɚɥɚɪɢ 

Ⱦɢɮɮɟɪɟɧɫɢɚɥ ɬɟɧɝɥɚɦɚɥɚɪ ɧɚɡɚɪɢɹɫɢɞɚ ԕɭɣɢɞɚɝɢ ɦɚɫɚɥɚɥɚɪ ɚɫɨɫɢɣ 
ɦɚɫɚɥɚɥɚɪ ԟɢɫɨɛɥɚɧɚɞɢ: 
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Қ) Ⱦɢɮɮɟɪɟɧɫɢɚɥ ɬɟɧɝɥɚɦɚ ɷɱɢɦɢɧɢɧɝ ɦɚɜɠɭɞɥɢɝɢ ɜɚ ɹɝɨɧɚɥɢɝɢғ 
Ⱦɢɮɮɟɪɟɧɫɢɚɥ ɬɟɧɝɥɚɦɚɥɚɪ ɟɱɢɦɢɧɢɧɝ ɦɚɜɠɭɞɥɢɝɢ ɜɚ ɹɝɨɧɚɥɢɝɢɧɢ 
ɢɮɨɞɚɥɨɜɱɢ ɬɟɨɪɟɦɚɥɚɪ ɦɚɜɠɭɞғ Ȼɭɧɞɚɣ ɬɟɨɪɟɦɚɥɚɪɞɚ ɬɟɧɝɥɚɦɚ ɟɱɢɦɢɧɢɧɝ 
ɦɚɜɠɭɞ ɜɚ ɹɝɨɧɚ ɛўɥɢɲɢɧɢɧɝ ɟɬɚɪɥɢ ɲɚɪɬɥɚɪɢ ɤɟɥɬɢɪɢɥɝɚɧғ Ɇɚɜɠɭɞɥɢɤ 
ɬɟɨɪɟɦɚɥɚɪɢ ɞɢɮɮɟɪɟɧɫɢɚɥ ɬɟɧɝɥɚɦɚɥɚɪɝɚ ɨɢɞ ɦɚɯɫɭɫ ɚɞɚɛɢɺɬɥɚɪɞɚ 
ɢɫɛɨɬɥɚɧɝɚɧғ Ȼɢɡ ɤɟɣɢɧɝɢ ɩɚɪɚɝɪɚɮɥɚɪɞɚ ɦɚɜɠɭɞɥɢɤ ɬɟɨɪɟɦɚɥɚɪɢɧɢ 
ɤɟɥɬɢɪɢɲ ɛɢɥɚɧɝɢɧɚ ɤɢɮɨɹɥɚɧɚɦɢɡҲ 

қ) Ⱦɢɮɮɟɪɟɧɫɢɚɥ ɬɟɧɝɥɚɦɚɥɚɪɧɢ ɟɱɢɲғ Ⱦɢɮɮɟɪɟɧɫɢɚɥ ɬɟɧɝɥɚɦɚɥɚɪɧɢ 
ɟɱɢɲ (ɟɱɢɦɢɧɢ ɬɨɩɢɲ), ɟɱɢɲ ɭɫɭɥɥɚɪɢɧɢ ɚɧɢԕɥɚɲ ɷɧɝ ɦɭԟɢɦ 
ɦɚɫɚɥɚɥɚɪɞɚɧɞɢɪғ Ʉўɩɝɢɧɚ ɬɟɧɝɥɚɦɚɥɚɪ (ԟɚɬɬɨ ɭɥɚɪɧɢɧɝ ɟɱɢɦɢ ɦɚɜɠɭɞɥɢɝɢ 
ɦɚɴɥɭɦ ɛўɥɫɚ ԟɚɦ) ɟɱɢɥɚɜɟɪɦɚɣɞɢғ Ʉɟɣɢɧɝɢ ɩɚɪɚɝɪɚɮɥɚɪɞɚ ɟɱɢɥɚɞɢɝɚɧ 
ɬɟɧɝɥɚɦɚɥɚɪ ԕɚɪɚɥɚɞɢ ɜɚ ɭɥɚɪɧɢ ɟɱɢɲ ɭɫɭɥɥɚɪɢ ɛɚɺɧ ɷɬɢɥɚɞɢҲ 

3) Ⱦɢɮɮɟɪɟɧɫɢɚɥ ɬɟɧɝɥɚɦɚɥɚɪɢɧɢɧɝ ɬɚɬɛɢԕɥɚɪɢғ Ⱦɢɮɮɟɪɟɧɫɢɚɥ 
ɬɟɧɝɥɚɦɚɥɚɪɧɢɧɝ ɬɚɬɛɢԕ ɞɨɢɪɚɫɢ ɠɭɞɚ ɤɟɧɝғ Ɏɚɧ ɜɚ ɬɟɯɧɢɤɚɧɢɧɝ ɬɭɪɥɢ 
ɫɨԟɚɥɚɪɢɞɚɝɢ (ɝɟɨɦɟɬɪɢɹ, ɮɢɡɢɤɚ, ɦɟɯɚɧɢɤɚ, ɬɟɯɧɢɤɚ, ɬɚɛɢɚɬɲɭɧɨɫɥɢɤ ɜɚ ԟғɤ) 
ɦɚɫɚɥɚɥɚɪ ɞɢɮɮɟɪɟɧɫɢɚɥ ɬɟɧɝɥɚɦɚɥɚɪ ɺɪɞɚɦɢɞɚ ԟɚɥ ɷɬɢɥɚɞɢғ 

 

Ȼɢɪɢɧɱɢ ɬɚɪɬɢɛɥɢ ɞɢɮɮɟɪɟɧɫɢɚɥ ɬɟɧɝɥɚɦɚɥɚɪ 

Ɇɚɴɥɭɦɤɢ, ɛɢɪɢɧɱɢ ɬɚɪɬɢɛɥɢ ɞɢɮɮɟɪɟɧɫɢɚɥ ɬɟɧɝɥɚɦɚ ɭɦɭɦɢɣ 
ɤўɪɢɧɢɲɞɚ ԕɭɣɢɞɚɝɢɱɚ  

 , , 0x y y   

ɢɮɨɞɚɥɚɧɚɞɢғ Ȼɭɧɞɚ, x  – ɷɪɤɥɢ ўɡɝɚɪɭɜɱɢ (ɮɭɧɤɫɢɹ ɚɪɝɭɦɟɧɬɢ)  y y x – 

ɧɨɦɚɴɥɭɦ ɮɭɧɤɫɢɹ, y  ɷɫɚ – ɧɨɦɚɴɥɭɦ ɮɭɧɤɫɢɹɧɢɧɝ ԟɨɫɢɥɚɫɢғ Ȼɭ ɬɟɧɝɥɚɦɚɧɢ 
 ɝɚ ɧɢɫɛɚɬɚɧ ɟɱɢɥɝɚɧ ԟɨɥɢ ɛўɥɝɚɧ  

   , ,
dy

y f x y f x y
dx

    
 

                                       (1) 

ɬɟɧɝɥɚɦɚɧɢ ўɪɝɚɧɚɦɢɡғ Ɉɞɚɬɞɚ, (Қ) ɬɟɧɝɥɚɦɚ ԟɨɫɢɥɚɝɚ ɧɢɫɛɚɬɚɧ ɟɱɢɥɝɚɧ 
ɞɢɮɮɟɪɟɧɫɢɚɥ ɬɟɧɝɥɚɦɚ ɞɟɛ ԟɚɦ ɸɪɢɬɢɥɚɞɢғ (Қ) ɬɟɧɝɥɚɦɚ ɭɱɭɧ ɬɟɧɝɥɚɦɚɧɢɧɝ 
ɟɱɢɦɢ (ɭɦɭɦɢɣ ɜɚ ɯɭɫɭɫɢɣ ɟɱɢɦɥɚɪɢ), ɛɨɲɥɚɧԑɢɱ ɲɚɪɬ, Ʉɨɲɢ ɦɚɫɚɥɚɥɚɪɢ 
ɬɭɲɭɧɱɚɥɚɪɢ Қ-§ ɞɚ ɤɟɥɬɢɪɢɥɝɚɧ ɬɭɲɭɧɱɚɥɚɪ ɤɚɛɢ ɤɢɪɢɬɢɥɚɞɢғ  

 

Қғ Ⱦɢɮɮɟɪɟɧɫɢɚɥ ɬɟɧɝɥɚɦɚ ɟɱɢɦɢɧɢɧɝ ɦɚɜɠɭɞɥɢɝɢ ɜɚ ɹɝɨɧɚɥɢɝɢғ  
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 ɍɲɛɭ  

 ,y f x y   

ɞɢɮɮɟɪɟɧɫɢɚɥ ɬɟɧɝɥɚɦɚɧɢ ԕɚɪɚɣɥɢɤғ Ɋɚɜɲɚɧɤɢ, ɛɭ ɬɟɧɝɥɚɦɚ ɟɱɢɦɢɧɢɧɝ 
ɦɚɜɠɭɞɥɢɝɢ ɜɚ ɭɧɢɧɝ ɟɱɢɦɢ  ,f x y  ɮɭɧɤɫɢɹɝɚ ɛɨԑɥɢԕғ Ⱥɣɬɚɣɥɢɤ, ɮɭɧɤɫɢɹ 
ɬɟɤɢɫɥɢɤɞɚɝɢ ɺɩɢԕ ɬўԑɪɢ ɬўɪɬɛɭɪɱɚɤ 

  0 0 0 0, : ,D x y x a x x a y b y y b          

ɞɚ ɛɟɪɢɥɝɚɧ ɛўɥɫɢɧ, ɛɭɧɞɚ a  ɜɚ b  ɥɚɪ ɦɭɫɛɚɬ ɫɨɧɥɚɪғ 

 

 Ɍɟɨɪɟɦɚғ Ⱥɝɚɪ  ,f x y  ɮɭɧɤɫɢɹ D  ɞɚ ɭɡɥɭɤɫɢɡ ɛўɥɢɛ, ɭɡɥɭɤɫɢɡ 

 ,
y

f x y   ɯɭɫɭɫɢɣ ԟɨɫɢɥɚɝɚ ɷɝɚ ɛўɥɫɚ, ɭ ԟɨɥɞɚ (Қ) ɞɢɮɮɟɪɟɧɫɢɚɥ ɬɟɧɝɥɚɦɚ 
ɛɨɲɥɚɧԑɢɱ ɲɚɪɬ  

0 0,x x y y   

ɧɢ ԕɚɧɨɚɬɥɚɧɬɢɪɭɜɱɢ ɟɱɢɦɝɚ ɷɝɚ ɜɚ ɭ ɹɝɨɧɚ ɛўɥɚɞɢғ 

 

 Эɫɥɚɬɦɚғ Ɍɟɨɪɟɦɚɞɚ ɤɟɥɬɢɪɢɥɝɚɧ ɲɚɪɬ (Қ) ɬɟɧɝɥɚɦɚ ɟɱɢɦɢ ɦɚɜɠɭɞ 
ɛўɥɢɲɢɧɢɧɝ ɟɬɚɪɥɢ ɲɚɪɬɢɧɢ ɢɮɨɞɚɥɚɣɞɢғ Ȼɢɧɨɛɚɪɢɧ, ɛɭ ɲɚɪɬ 
ɛɚɠɚɪɢɥɦɚɝɚɧɞɚ ԟɚɦ (Қ) ɬɟɧɝɥɚɦɚ ɟɱɢɦɝɚ ɷɝɚ ɛўɥɢɲɢ ɦɭɦɤɢɧғ ɘԕɨɪɢɞɚ 
ɚɣɬɢɛ ўɬɝɚɧɢɦɢɡɞɟɤ, (Қ) ɬɟɧɝɥɚɦɚ ɟɱɢɦɢ  ,f x y  ɮɭɧɤɫɢɹɝɚ (ɭɧɢɧɝ 
ɤўɪɢɧɢɲɢɝɚ) ɛɨԑɥɢԕ ɛўɥɚɞɢғ Ȼɭ ɮɭɧɤɫɢɹɧɢɧɝ ɦɚɯɫɭɫ ɤўɪɢɧɢɲɥɚɪɢɞɚ ɸɡɚɝɚ 
ɤɟɥɚɞɢɝɚɧ ɞɢɮɮɟɪɟɧɫɢɚɥ ɬɟɧɝɥɚɦɚɥɚɪɧɢ ɤɟɥɬɢɪɚɦɢɡ: 

Қ) Ⱥɣɬɚɣɥɢɤ, 

     ,f x y x y    

ɛўɥɫɢɧ, ɛɭɧɞɚ  x  ɜɚ  y  ɭɡɥɭɤɫɢɡ ɮɭɧɤɫɢɹɥɚɪғ Ȼɭ ԟɨɥɞɚ (Қ) ɬɟɧɝɥɚɦɚ 
ɭɲɛɭ  

   dy
x y

dx
                             (2) 

ɤўɪɢɧɢɲɝɚ ɤɟɥɚɞɢғ ɍɧɢ ўɡɝɚɪɭɜɱɢɥɚɪɢ ɚɠɪɚɥɚɞɢɝɚɧ ɞɢɮɮɟɪɟɧɫɢɚɥ ɬɟɧɝɥɚɦɚ 
ɞɟɣɢɥɚɞɢғ 
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қ) Ⱥɣɬɚɣɥɢɤ,  

     ,f x y q x p x y    

ɛўɥɫɢɧ, ɛɭɧɞɚ  p x  ɜɚ  q x  – ɭɡɥɭɤɫɢɡ ɮɭɧɤɫɢɹɥɚɪғ Ȼɭ ԟɨɥɞɚ (Қ) ɬɟɧɝɥɚɦɚ 
ɭɲɛɭ 

     y p x y q x y py q                                           (3) 

ɤўɪɢɧɢɲɝɚ ɤɟɥɚɞɢғ ɍɧɢ ɱɢɡɢԕɥɢ ɞɢɮɮɟɪɟɧɫɢɚɥ ɬɟɧɝɥɚɦɚ ɞɟɣɢɥɚɞɢғ 

3) Ⱥɣɬɚɣɥɢɤ  

     , m
f x y q x y p x y    

ɛўɥɫɢɧ, ɛɭɧɞɚ    ,p x q x  – ɭɡɥɭɤɫɢɡ ɮɭɧɤɫɢɹɥɚɪҲ m  – ўɡɝɚɪɦɚɫ ɫɨɧғ 

Ȼɭ ԟɨɥɞɚ (Қ) ɬɟɧɝɥɚɦɚ ɭɲɛɭ  

    m
y p x y q x y                               (4) 

ɤўɪɢɧɢɲɝɚ ɤɟɥɚɞɢғ ɍɧɢ Ȼɟɪɧɭɥɥɢ ɬɟɧɝɥɚɦɚɫɢ ɞɟɣɢɥɚɞɢғ 

4) Ⱥɣɬɚɣɥɢɤ,  

   
 

,
,

,

P x y
f x y

Q x y
   

ɛўɥɫɢɧғ Ȼɭ ԟɨɥɞɚ (Қ) ɬɟɧɝɥɚɦɚ ɭɲɛɭ  

   , , 0P x y dx Q x y dy                                        (5)  

ɤўɪɢɧɢɲɝɚ ɤɟɥɚɞɢғ Ʉɟɣɢɧɝɢ ɬɟɧɝɥɢɤɧɢɧɝ ўɧɝ ɬɨɦɨɧɢɞɚɝɢ  

   , ,P x y dx Q x y dy  

ɢɮɨɞɚ ɛɢɪɨɪ  ,F x y  ɮɭɧɤɫɢɹɧɢɧɝ ɬўɥɢԕ ɞɢɮɮɟɪɟɧɫɢɚɥɢ 

(      , , ,dF x y P x y dx Q x y dy  ) 

ɛўɥɢɲɢ ɦɭɦɤɢɧғ Ȼɭɧɞɚɣ ɜɚɡɢɹɬɞɚ (5) (  , 0dF x y  ) ɬɟɧɝɥɚɦɚ ɬўɥɢԕ 
ɞɢɮɮɟɪɟɧɫɢɚɥ ɬɟɧɝɥɚɦɚ ɞɟɣɢɥɚɞɢғ 

5) Ⱥɣɬɚɣɥɢɤ,  ,f x y  ɮɭɧɤɫɢɹ ɭɲɛɭ  
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   , ,f tx ty f x y  

ɲɚɪɬɧɢ ԕɚɧɨɚɬɥɚɧɬɢɪɫɢɧ, ɛɭɧɞɚ t  – ɢɯɬɢɺɪɢɣ ɫɨɧ (ɛɭɧɞɚɣ ԟɨɥɞɚ  ,f x y  ɧɨɥ 
ўɥɱɨɜɥɢ ɛɢɪ ɠɢɧɫɥɢ ɮɭɧɤɫɢɹ ɞɟɣɢɥɚɞɢғ) Ȼɭ ԟɨɥɞɚ (Қ) ɬɟɧɝɥɚɦɚ ɭɲɛɭ  

1,
dy y y

f
dx x x

       
   

 

ɤўɪɢɧɢɲɝɚ ɤɟɥɚɞɢғɍɧɢ ɛɢɪ ɠɢɧɫɥɢ ɞɢɮɮɟɪɟɧɫɢɚɥ ɬɟɧɝɥɚɦɚ ɞɟɣɢɥɚɞɢғ 
ɘԕɨɪɢɞɚ ɤɟɥɬɢɪɢɥɝɚɧ (қ), (3), (4) ɜɚ (5) ɞɢɮɮɟɪɟɧɫɢɚɥ ɬɟɧɝɥɚɦɚɥɚɪ ɟɱɢɦɝɚ 
ɷɝɚ (ɭɥɚɪɧɢɧɝ ɟɱɢɦɝɚ ɷɝɚ ɛўɥɢɲɢ,  ,f x y  ɮɭɧɤɫɢɹɧɢɧɝ ɤўɪɢɧɢɲɢ ԟɚɦɞɚ 
ɦɚɜɠɭɞɥɢɤ ɬɟɨɪɟɦɚɫɢɧɢɧɝ ɲɚɪɬɥɚɪɢɧɢɧɝ ɛɚɠɚɪɢɥɢɲɢɞɚɧ ɤɟɥɢɛ ɱɢԕɚɞɢ)ғ 

       Ʉɟɣɢɧɝɢ ɩɚɪɚɝɪɚɮɥɚɪɞɚ ɲɭɧɞɚɣ ɬɟɧɝɥɚɦɚɥɚɪɧɢ ɟɱɢɲ ɭɫɭɥɥɚɪɢ ɛɢɥɚɧ 
ɬɚɧɢɲɚɦɢɡғ 

 

Ȼɢɪ ɠɢɧɫɥɢ ɞɢɮɮɟɪɟɧɫɢɚɥ ɬɟɧɝɥɚɦɚɥɚɪ 

Ɇɚɴɥɭɦɤɢ,  

 ,y f x y                      (1) 

ɞɢɮɮɟɪɟɧɫɢɚɥ ɬɟɧɝɥɚɦɚɞɚ  ,f x y  ɮɭɧɤɫɢɹ  

    , ,f tx ty f x y  

ɲɚɪɬɧɢ ԕɚɧɨɚɬɥɚɧɬɢɪɫɚ, (Қ) ɧɢ  ɛɢɪ ɠɢɧɫɥɢ ɞɢɮɮɟɪɟɧɫɢɚɥ ɬɟɧɝɥɚɦɚ 

ɞɟɣɢɥɚɞɢғ ɍɧɞɚ 1
t

x
   0x   ɞɟɣɢɥɢɲɢ ɛɢɥɚɧ  

 , 1,
y y

f x y f
x x

       
   

 

ɛўɥɢɛ, ԕɚɪɚɥɚɺɬɝɚɧ (Қ) ɞɢɮɮɟɪɟɧɫɢɚɥ ɬɟɧɝɥɚɦɚ ɭɲɛɭ  

y
y

x
     
 

     
dy y

dx x
       

                                         (2) 

ɤўɪɢɧɢɲɝɚ ɤɟɥɚɞɢғ (қ) ɬɟɧɝɥɚɦɚɧɢ ɟɱɢɲ ɭɱɭɧ 
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  y
u u u x

x
   

ɚɥɦɚɲɬɢɪɢɲ ɛɚɠɚɪɚɦɢɡғ ɇɚɬɢɠɚɞɚ 

 ,y ux y ux u xu      

ɛўɥɢɛ, (қ) ɬɟɧɝɥɚɦɚɝɚ ԕўɣɢɥɫɚ  

 u xu u   

ɹɴɧɢ  

 du
u x u

dx
   

ɬɟɧɝɥɚɦɚ ԟɨɫɢɥ ɛўɥɚɞɢғ Ȼɭ ɬɟɧɝɥɚɦɚɧɢ ԕɭɣɢɞɚɝɢɱɚ ɺɡɢɛ ɨɥɚɦɢɡ: 

 
.

du dx

u u x



 

Ʉɟɣɢɧɝɢ ɬɟɧɝɥɚɦɚ ўɡɝɚɪɭɜɱɢɥɚɪɢ ɚɠɪɚɥɚɞɢɝɚɧ ɬɟɧɝɥɚɦɚ ɛўɥɢɛ, ɭɧɢ 
ɢɧɬɟɝɪɚɥɥɚɲ ɛɢɥɚɧ  

 
ln

du y
x C u

u u x
        

ɛўɥɢɲɢɧɢ ɬɨɩɚɦɢɡғ Ȼɭ ɬɟɧɝɥɢɤ ɛɟɪɢɥɝɚɧ ɛɢɪ ɠɢɧɫɥɢ ɞɢɮɮɟɪɟɧɫɢɚɥ 
ɬɟɧɝɥɚɦɚɧɢɧɝ ɭɦɭɦɢɣ ɟɱɢɦɢɧɢ, y xu  ɮɭɧɤɫɢɹɧɢ ɢɮɨɞɚɥɚɣɞɢғ 

 

  Ɇɢɫɨɥғ ɍɲɛɭ  

2 2
x y

y
xy

   

ɞɢɮɮɟɪɟɧɫɢɚɥ ɬɟɧɝɥɚɦɚɧɢɧɝ ɭɦɭɦɢɣ ɟɱɢɦɢ ɬɨɩɢɥɫɢɧғ 

 Ȼɟɪɢɥɝɚɧ ɬɟɧɝɥɚɦɚɞɚ  

 
2 2

,
x y

f x y
xy


  

ɛўɥɢɛ, ɭɧɢɧɝ ɭɱɭɧ  
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2 2 2 2 2 2 2

2
, ,

t x ytx ty x y
f tx ty f x y

tx ty t xy xy

 
     

ɛўɥɚɞɢғ Ⱦɟɦɚɤ, ɛɟɪɢɥɝɚɧ ɬɟɧɝɥɚɦɚ ɛɢɪ ɠɢɧɫɥɢ ɬɟɧɝɥɚɦɚғ Ⱥɝɚɪ  

,
y

u y ux
x
   

ɞɟɣɢɥɫɚ, ɭɧɞɚ  

y u xu    

ɛўɥɢɛ, ɛɟɪɢɥɝɚɧ ɬɟɧɝɥɚɦɚ ɭɲɛɭ 

1du
x

dx u
  

ɤўɪɢɧɢɲɝɚ ɤɟɥɚɞɢғ Ȼɭ ɬɟɧɝɥɚɦɚɧɢ ɟɱɚɦɢɡ:  

dx
udu

x
 , 

dx
udu

x
  , 

2

ln ln
2

u
x C  , 

 2 2lnu x C . 

ɗɧɞɢ y xu  ɷɤɚɧɢɧɢ ɷɴɬɢɛɨɪɝɚ ɨɥɢɛ,  

 
2

2
2ln

y
x C

x
 , 

2 22 lny x xC , 

2lny x xC  . 

ɛўɥɢɲɢɧɢ ɬɨɩɚɦɢɡғ Ȼɭ ɛɟɪɢɥɝɚɧ ɬɟɧɝɥɚɦɚɧɢɧɝ ɭɦɭɦɢɣ ɟɱɢɦɢ ɛўɥɚɞɢғ   
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Vғ ɄȿɃɋɅȺɊ 

 

 

 

 

 

 

 

 

 

1-ɤɟɣɫ ɭɱɭɧ ɦɚɜɡɭ 

Ɍɟɧɝɥɚɦɚɥɚɪ ɜɚ ɭɥɚɪɧɢɧɝ ɬɚɞɛɢԕɥɚɪɢғ Ɇɚɬɪɢɰɚɥɚɪ ɜɚ 
ɭɥɚɪɧɢɧɝ ɬɚɞɛɢԕɥɚɪɢ 

2-ке̜̭ учу̦ ̥̌̏̚у 

 ȼɟɤɬɨɪɥɚɪ ɜɚ ɭɥɚɪɧɢɧɝ ɬɚɞɛɢԕɥɚɪɢ 

 

3-ке̜̭ учу̦ ̥̌̏̚у 

 Ɍɟɧɝɥɚɦɚɥɚɪ ɜɚ ɭɥɚɪɧɢɧɝ ɬɚɛɢɣɢɣ ɮɚɧɥɚɪɞɚɝɢ 
ɬɚɞɛɢԕɥɚɪɢ. Ɇɚɬɪɢɰɚɥɚɪ ɜɚ ɭɥɚɪɧɢɧɝ ɢԕɬɢɫɨɞɢɺɬɞɚɝɢ 
ɬɚɞɛɢԕɥɚɪɢ 

4-ке̜̭ учу̦ ̥̌̏̚у 

 Ɏɭɧɤɰɢɹɥɚɪ ɜɚ ɭɥɚɪɧɢɧɝ ɬɚɞɛɢԕɥɚɪɢғ 
Ԟɨɫɢɥɚ ɜɚ ɭɧɢɧɝ ɬɚɞɛɢԕɥɚɪɢ 
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5-ке̜̭ учу̦ ̥̌̏̚у 

Ɏɭɧɤɰɢɹɥɚɪ ɜɚ ɭɥɚɪɧɢɧɝ ɬɚɛɢɣɢɣ ɮɚɧɥɚɪɞɚɝɢ 
ɬɚɞɛɢԕɥɚɪɢ ғԞɨɫɢɥɚ ɜɚ ɭɧɢɧɝ ɢԕɬɢɫɨɞɢɺɬɞɚɝɢ ɬɚɞɛɢԕɥɚɪɢ 

 

6-ке̜̭ учу̦ ̥̌̏̚у 

ɂɧɬɟɝɪɚɥ ɜɚ ɭɧɢɧɝ ɬɚɞɛɢԕɥɚɪɢғԔɚɬɨɪɥɚɪ ɜɚ ɭɥɚɪɧɢɧɝ 
ɬɚɞɛɢԕɥɚɪɢ 

7-ке̜̭ учу̦ ̥̌̏̚у 

ғ ɂɧɬɟɝɪɚɥ ɜɚ ɭɧɢɧɝ ɮɚɧɥɚɪɞɚɝɢ ɬɚɞɛɢԕɥɚɪɢғ Ԕɚɬɨɪɥɚɪ 

ɜɚ ɭɥɚɪɧɢɧɝ ɬɚɞɛɢԕɥɚɪɢ 

8-ке̜̭ учу̦ ̥̌̏̚у 

Ⱦɢɮɮɟɪɟɧɰɢɚɥ ɬɟɧɝɥɚɦɚɥɚɪ ɜɚ ɭɥɚɪɧɢɧɝ ɬɚɞɛɢԕɥɚɪɢғ 
Ɇɚɬɟɦɚɬɢɤɚ ɜɚ ɫɚъɧɚɬғ Ɇɚɬɟɦɚɬɢɤɚ ɜɚ ɦɭԟɚɧɞɢɫɥɢɤ 

 

9-ке̜̭ 

Ⱦɢɮɮɟɪɟɧɰɢɚɥ ɬɟɧɝɥɚɦɚɥɚɪ ɜɚ ɭɥɚɪɧɢɧɝ ɬɚɛɢɣɢɣ 
ɮɚɧɥɚɪɞɚɝɢ ɬɚɞɛɢԕɥɚɪɢ.  Ɇɚɬɟɦɚɬɢɤɚ ɜɚ ɫɚъɧɚɬ  
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VIғ ȽɅɈɋɋȺɊɂɃ 

Ȼɢɪɝɚɥɢɤɞɚ- ɱɢɡɢԕɥɢ ɬɟɧɝɥɚɦɚɥɚɪ ɫɢɫɬɟɦɚɫɢɧɢɧɝ ԟɟɱ ɛўɥɦɚɝɚɧɞɚ ɛɢɬɬɚ 

ɷɱɢɦɢ ɦɚɜɠɭɞ ɛўɥɫɚҲ 

 

ɛɢɪɝɚɥɢɤɞɚ ɛўɥɦɚɝɚɧ ɫɢɫɬɟɦɚ- ɱɢɡɢԕɥɢ ɬɟɧɝɥɚɦɚɥɚɪ ɫɢɫɬɟɦɚɫɢɧɢɧɝ 

ɛɢɪɨɪɬɚ ԟɚɦ ɷɱɢɦɢ ɦɚɜɠɭɞ ɛўɥɦɚɫɚҲ 

 

ɚɧɢԕɦɚɫ ɫɢɫɬɟɦɚ- ɱɢɡɢԕɥɢ ɬɟɧɝɥɚɦɚɥɚɪ ɫɢɫɬɟɦɚɫɢ ɛɢɬɬɚɞɚɧ ɤўɩ ɷɱɢɦɥɚɪɝɚ 

ɷɝɚ ɛўɥɫɚҲ 

 

Ƚɚɭɫɫ ɭɫɭɥɢ-ɧɨɦɚɴɥɭɦɥɚɪɧɢ ɤɟɬɦɚ-ɤɟɬ ɣўԕɨɬɢɲ ɭɫɭɥɢҲ 

 

Ʉɪɚɦɟɪ ɭɫɭɥɢ-ɦɢɧɨɪɥɚɪ ɜɚ ɚɥɝɟɛɪɚɢɤ ɬўɥɞɢɪɭɜɱɢɥɚɪ ɺɪɞɚɦɢɞɚ ԟɢɫɨɛɥɚɲ 

 

ɚɛɟɥ ɝɪɭɩɩɚ -  ',,G  ɝɪɭɩɩɚ, ɚɝɚɪ ɝɪɭɩɩɚɧɢɧɝ “”  ɛɢɧɚɪ ɚɦɚɥɢ 

ɤɨɦɦɭɬɚɬɢɜ ɛɭɥɫɚ, ɹɴɧɢ ɯɚɪ ɤɚɧɞɚɣ ɚ,ɛȽ ɥɚɪ ɭɱɭɧ ɚɛɛɚ ɭɪɢɧɥɢ 

ɛɭɥɫɚ, ɤɨɦɦɭɬɚɬɢɜ ɺɤɢ ɚɛɟɥ ɝɪɭɩɩɚ ɞɟɣɢɥɚɞɢғ 

ɱɟɤɫɢɡ ɬɚɪɬɢɛɥɢ ɝɪɭɩɩɚ-  ',,G   ɝɪɭɩɩɚɧɢɧɝ Ƚ ɚɫɨɫɢɣ 

ɷɥɟɦɟɧɬɥɚɪ ɬɭɩɥɚɦɢ ɱɟɤɥɢ ɛɭɥɫɚ, ɛɭ ɷɥɟɦɟɧɬɥɚɪ ɫɨɧɢɝɚ ɝɪɭɩɩɚɧɢɧɝ 

ɬɚɪɬɢɛɢ ɞɟɣɢɥɚɞɢғ  

Ⱥɝɚɪ Ƚ ɱɟɤɫɢɡ ɛɭɥɫɚ, ɭ ɱɟɤɫɢɡ ɬɚɪɬɢɛɥɢ ɝɪɭɩɩɚ ɞɟɣɢɥɚɞɢғ  

ԕɢɫɦ ɝɪɭɩɩɚ-<Ƚ,,-1>ɝɪɭɩɩɚɧɢɧɝ ԕɢɫɦ ɝɪɭɩɩɚɫɢ ɞɟɛ, ɛɭ ɝɪɭɩɩɚɧɢɧɝ 

ɯɚɪ ɤɚɧɞɚɣ ԕɢɫɦ ɚɥɝɟɛɪɚɫɢɝɚ ɚɣɬɢɥɚɞɢғ  

ɝɨɦɨɦɨɪɮɢɡɦ-  1,,G ɝɪɭɩɩɚɧɢ   1,, H   ɝɪɭɩɩɚɝɚ (ɭɫɬɢɝɚ) 

ɝɨɦɨɦɨɪɮɢɡɦɢ ɞɟɛ Ƚ ɬɵɩɥɚɦɧɢ  ɬɭɩɥɚɦɝɚ (ɬɭɩɥɚɦɧɢɧɝ ɭɫɬɢɝɚ) 

ɚɤɫɥɚɧɬɢɪɭɜɱɢ ɜɚ Ƚ ɝɪɭɩɩɚɧɢɧɝ ɚɫɨɫɢɣ ɚɦɚɥɥɚɪɢɧɢ ɫɚɤɥɨɜɱɢ, ɹɴɧɢ 

ɤɭɣɢɞɚɝɢҲ 

(1 ) Ƚ ɞɚɧ ɨɥɢɧɝɚɧ ɯɚɪ  ɤɚɧɞɚɣ ɚ, ɛ ɥɚɪɞɚ  )()()( bhahbah  ; 



131 

 

(2) Ƚ ɞɚɧ ɨɥɢɧɝɚɧ ɯɚɪ  ɤɚɧɞɚɣ ɚ ɞɚ 11 ))(()(   ahah  

ɲɚɪɬɥɚɪɧɢ ɤɚɧɨɚɬɥɚɧɬɢɪɭɜɱɢ Σ:Ƚ  (ɭɫɬɢɝɚ) ɚɤɫɥɚɧɬɢɪɢɲɝɚ ɚɣɬɢɥɚɞɢғ 

ɰɢɤɥɢɤ-Ⱥɝɚɪ ɝɪɭɩɩɚɧɢɧɝ ɛɚɪɱɚ ɷɥɟɦɟɧɬɥɚɪɢ, ɲɭ ɝɪɭɩɩɚɧɢɧɝ 

ɦɭɚɣɹɧ ɛɢɪ ɷɥɟɦɟɧɬɢɧɢɧɝ ɞɚɪɚɠɚɥɚɪɢɞɚɧ (ɤɚɪɪɚɥɢɥɚɪɢɞɚɧ) ԟɨɫɢɥ 

ԕɢɥɢɧɝɚɧ ɛўɥɫɚ  ɛɭɧɞɚɣ ɝɪɭɩɩɚ ɰɢɤɥɢɤ ɞɟɣɢɥɚɞɢ ɜɚ ɛɭ ɷɥɟɦɟɧɬ ɰɢɤɥɢɤ 

ɝɪɭɩɩɚɧɢɧɝ ɛɚɪɩɨ ɷɬɭɜɱɢ ɷɥɟɦɟɧɬɢ ɞɟɣɢɥɚɞɢғ  

Ɇɚɬɪɢɬɫɚɧɢɧɝ ɞɟɬɟɪɦɢɧɚɧɬɢ - ԕɭɣɢɞɚɝɢ ɮɨɪɦɭɥɚ ɛɢɥɚɧ ɚɧɢԕɥɚɧɭɜɱɢ 

ɫɨɧɝɚ ɚɣɬɢɥɚɞɢ: 

11 12 1

21 22 2 1 1

1

1 2

            

             
det ( 1) .

............................

            

n

n
n j

ij j

j

n n nn

a a a

a a a
A a M

a a a





    

 

ɭɫɬɤɢ ɭɱɛɭɪɱɚɤ (ɨɫɬɤɢ ɭɱɛɭɪɱɚɤ)-Ⱥɝɚɪ А ɦɚɬɪɢɬɫɚ ɛɨɲ 

ɞɢɚɝɨɧɚɥɢɧɢɧɝ ɨɫɬɢɞɚɝɢ (ɭɫɬɢɞɚɝɢ) ɛɚɪɱɚ ɷɥɟɦɟɧɬɥɚɪ ɧɨɥɴɝɚ ɬɟɧɝ ɛўɥɫɚғ 

 

ɭɱɛɭɪɱɚɤ-ɍɫɬɤɢ ɜɚ ɨɫɬɤɢ ɭɱɛɭɪɱɚɤ ɦɚɬɪɢɬɫɚɥɚɪ ɭɱɛɭɪɱɚɤ 
ɦɚɬɪɢɬɫɚɥɚɪ ɞɟɣɢɥɚɞɢғ 

 

ɤўɩ ɱɢɡɢԕɥɢ-Ⱥɝɚɪ ɛɢɪ ɧɟɱɚ ɚɪɝɭɦɟɧɬɥɢ ɫɨɧɥɢ ɮɭɧɤɬɫɢɹ ԟɚɪ ɛɢɪ 

ɚɪɝɭɦɟɧɬɢɝɚ ɧɢɫɛɚɬɚɧ ɱɢɡɢԕɥɢ ɛўɥɫɚғ 

ɱɢɡɢԕɥɢ ԕɢɫɦ ɮɚɡɨɫɢ -ȼ ɱɢɡɢԕɥɢ ɮɚɡɨɧɢɧɝ Ʌ ԕɢɫɦ ɬўɩɥɚɦɢɧɢɧɝ ўɡɢ 

ԟɚɦ ȼ ɞɚ ɚɧɢԕɥɚɧɝɚɧ ɜɟɤɬɨɪɥɚɪɧɢ ԕўɲɢɲ ɜɚ ɜɟɤɬɨɪɧɢ ɫɨɧɝɚ ɤўɩɚɣɬɢɪɢɲ 

ɚɦɚɥɥɚɪɢɝɚ ɧɢɫɛɚɬɚɧ ɱɢɡɢԕɥɢ ɮɚɡɨ ɛўɥɫɚ, Ʌ ɜɚ ȼ ɮɚɡɨɧɢɧɝ ɱɢɡɢқɥɢ қɢɫɦ 

ɮɚɡɨɫɢ ɞɟɣɢɥɚɞɢғ 

 

ɞɢɦ-ɮɚɡɨɧɢɧɝ ўɥɱɨɜɢ 
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ɮɚɡɨɥɚɪɧɢɧɝ ɤɟɫɢɲɦɚɫɢ -Ԟɚɦ Ʌ1 ɝɚ, ԟɚɦ Ʌ2 ɝɚ ɬɟɝɢɲɥɢ ɛўɥɝɚɧ 

ɜɟɤɬɨɪɥɚɪ ɬўɩɥɚɦɢ Ʌ0 ɱɢɡɢԕɥɢ ԕɢɫɦ ɮɚɡɨ    ɛўɥɢɲɢɧɢ ɬɟɤɲɢɪɢɛ ɤўɪɲ ɨɫɨɧҲ ɭ 

Ʌ1 ɜɚ Ʌ2 ԕɢɫɦ ɮɚɡɨɥɚɪɧɢɧɝ ɤɟɫɢɲɦɚɫɢ ɞɟɣɢɥɚɞɢғ 

ɦɚɬɪɢɬɫɚ -ɦ ɬɚ ɫɚɬɪ ɜɚ ɧ ɬɚ ɭɫɬɭɧɞɚɧ ɢɛɨɪɚɬ ɫɨɧɥɚɪ ɠɚɞɜɚɥɢ  

ɤɜɚɞɪɚɬ ɦɚɬɪɢɬɫɚ- ɦɚɬɪɢɬɫɚɧɢɧɝ ɫɚɬɪɥɚɪɢ ɫɨɧɢ ɭɫɬɭɧɥɚɪ ɫɨɧɢɝɚ ɬɟɧɝ  

 

ɧɨɥ ɦɚɬɪɢɬɫɚ -ɛɚɪɱɚ ɷɥɟɦɟɧɬɥɚɪɢ ɧɨɥɞɚɧ ɢɛɨɪɚɬ ɦɚɬɪɢɬɫɚғ 

ɞɢɚɝɨɧɚɥ ɦɚɬɪɢɬɫɚ -ɮɚԕɚɬ ɛɨɲ ɞɢɨɝɚɧɚɥ ɷɥɟɦɟɧɬɥɚɪɢ ɧɨɥɞɚɧ ɮɚɪԕɥɢ ɛўɥɝɚɧ 

ɤɜɚɞɪɚɬ ɦɚɬɪɢɬɫɚ  

ɛɢɪɥɢɤ ɦɚɬɪɢɬɫɚ -ɛɨɲ ɞɢɚɝɨɧɚɥ ɷɥɟɦɟɧɬɥɚɪɢ ɛɢɪɞɚɧ ɢɛɨɪɚɬ ɛўɥɝɚɧ 

ɞɢɚɝɨɧɚɥ ɦɚɬɪɢɬɫɚғ  

ɦɚɬɪɢɬɫɚɧɢ ԕўɲɢɲ ɫɨɧɝɚ ɤўɩɚɣɬɦɚɫɢ- ɦɚɬɪɢɬɫɚɧɢɧɝ ɛɚɪɱɚ ɷɥɟɦɟɧɬɥɚɪɢɧɢ 

ɫɨɧɝɚ ɤўɩɚɣɬɦɚɫɢɞɚɧ ԟɨɫɢɥ ɛўɥɝɚɧ ɦɚɬɪɢɬɫɚғ 

ɫɤɚɥɹɪ ɤўɩɚɣɬɦɚ - Аɝɚɪ ȼ ɯɚқɢқɢɣ ɱɢɡɢқɥɢ ɮɚɡɨɞɚ ɢɤɤɢ ɜɟɤɬɨɪ 

ɚɪɝɭɦɟɧɬɥɢ (ɯ,ɣ) ɫɤɚɥяɪ ɮɭɧɤɬɫɢя ɭɱɭɧ ɭɲɛɭ 

1)  ɯɚɪ қɚɧɞɚɣ ,x y V  ɭɱɭɧ  ( , ) ( , );x y y x  

2)  ɯɚɪ қɚɧɞɚɣ 
1 2, ,x x y V   ɭɱɭɧ  

1 2 1 2( , ) ( , ) ( );x x y x y x y    

3)  ɯɚɪ қɚɧɞɚɣ , ,x y V R   ɭɱɭɧ ( , ) ( , );x y x y   

 ɯɚɪ қɚɧɞɚɣ ɧɨɥъɞɚɧ ɮɚɪқɥɢ x V ɜɟɤɬɨɪ ɭɱɭɧ ( , ) 0x x  ɲɚɪɬɥɚɪ 

ɛɚɠɚɪɢɥɫɚ, ɭ ɫɤɚɥяɪ ɤўɩɚɣɬɦɚ ɞɟɛ ɚɬɚɥɚɞɢ. 

ɜɟɤɬɨɪɥɚɪɧɢɧɝ ɨɪɚɫɢɞɚɝɢ ɦɚɫɨɮɚ - ɯ ɜɚ ɭ ɜɟɤɬɨɪɥɚɪɧɢɧɝ ɨɪɚɫɢɞɚɝɢ 

ɦɚɫɨɮɚ (ɤўɩɢɧɱɚ ɦɟɬɪɢɤɚ ɯɚɦ ɞɟɣɢɥɚɞɢ) ɞɟɛ ( , ) | |x y x y    ɯɚқɢқɢɣ 

ɮɭɧɤɬɫɢяɝɚ ɚɣɬɢɥɚɞɢ. 

ɨɪɬɨɝɨɧɚɥ-Аɝɚɪ ɯ ɜɚ ɣ ɜɟɤɬɨɪɥɚɪ ɨɪɚɫɢɞɚɝɢ ɛɭɪɱɚɤ 
2


 ɝɚ ɬɟɧɝ ɛўɥɫɚ, ɛɭ 

ɜɟɤɬɨɪɥɚɪ ɨɪɬɨɝɨɧɚɥ ɞɟɣɢɥɚɞɢ. 

ɨɪɬɨɝɨɧɚɥ ɩɪɨɟɤɬɫɢɹ-
1V  қɢɫɦɮɚɡɨɝɚ ɬɟɝɲɢɥɢ ɛўɥɦɚɝɚɧ x V ɜɟɤɬɨɪ 

ɭɱɭɧ ɲɭɧɞɚɣ 
1 1x V  ɜɟɤɬɨɪ ɬɨɩɢɥɫɚɤɢ, 

1x x  ɜɟɤɬɨɪ 
1V  қɢɫɦɮɚɡɨɝɚ ɨɪɬɨɝɨɧɚɥ 
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ɛўɥɫɚ, ɛɭɧɞɚɣ ɯ1 ɜɟɤɬɨɪ ɯ ɜɟɤɬɨɪɧɢɧɝ 
1V  қɢɫɦɮɚɡɨɝɚ ɨɪɬɨɝɨɧɚɥ ɩɪɨɟɤɬɫɢяɫɢ 

(ɫɨяɫɢ) ɞɟɛ ɚɬɚɥɚɞɢ. 

ɤ-ɬɚɪɬɢɛɥɢ ɦɢɧɨɪ-А ɦɚɬɪɢɬɫɚɞɚ ԕɚɧɞɚɣɞɢɪ ɤ ɬɚ ɫɚɬɪ ɜɚ ɤ ɬɚ 

ɭɫɬɭɧɥɚɪɧɢɧɝ ɤɟɫɢɲɝɚɧ ɠɨɣɢɞɚɝɢ ɷɥɟɦɟɧɬɥɚɪɞɚɧ ɬɚɲɤɢɥ ɬɨɩɝɚɧ ɤ-

ɬɚɪɬɢɛɥɢ ɦɚɬɪɢɬɫɚɧɢɧɝ ɞɟɬɟɪɦɢɧɚɧɬɢ ɤ-ɬɚɪɬɢɛɥɢ ɦɢɧɨɪ ɞɟɣɢɥɚɞɢғ 

 

ɚɥɝɟɛɪɚɢɤ ɬўɥɞɢɪɭɜɱɢɫɢ-А-ɤɜɚɞɪɚɬ ɦɚɬɪɢɬɫɚ ɛўɥɫɢɧ ( )n s . Ȼɭ ԟɨɥɞɚ 

1 2

1 2

...

...
k

k

j j j

i i i
M M  ɦɢɧɨɪɧɢɧɝ ɷɥɟɦɟɧɬɥɚɪɢɞɚɧ ўɬɦɚɣɞɢɝɚɧ ɫɚɬɪɥɚɪ ɜɚ 

ɭɫɬɭɧɥɚɪɧɢɧɝ ɤɟɫɢɲɢɲɢɞɚɧ ԟɨɫɢɥ ɛўɥɝɚɧ ɦɢɧɨɪ М ɝɚ ɬўɥɞɢɪɭɜɱɢ ɦɢɧɨɪ 

ɞɟɛ ɚɬɚɥɚɞɢғ ɍɲɛɭ 

1 2 1 2 1 1

1 2 1

... ... ... ...'

... ...( 1)k k k k

k k

j j j i i i j j j j

i i i i iA M
        

ɫɨɧ ɷɫɚ М ɦɢɧɨɪɧɢɧɝ ɚɥɝɟɛɪɚɢɤ ɬўɥɞɢɪɭɜɱɢɫɢ ɞɟɣɢɥɚɞɢғ  

Ʌɚɩɥɚɫ ɬɟɨɪɟɦɚɫɢ- Ⱥ ɤɜɚɞɪɚɬ ɦɚɬɪɢɬɫɚɞɚ 1 2 1, ,..., (1 ... )
k k

i i i i i n     

ɫɚɬɪɥɚɪ (ɭɫɬɭɧɥɚɪ) ɬɚɧɥɚɧɝɚɧ ɛўɥɫɢɧғ Ⱥɝɚɪ ɫɚɬɪɥɚɪɢ (ɭɫɬɭɧɥɚɪɢ) ɲɭ ɬɚɧɥɚɧɝɚɧ 

ɫɚɬɪɥɚɪɞɚ (ɭɫɬɭɧɥɚɪɞɚ) ɠɨɣɥɚɲɝɚɧ ɦɭɦɤɢɧ ɛўɥɝɚɧ ɬɚɪɬɢɛɥɢ ɦɢɧɨɪɥɚɪɧɢ 

ɭɥɚɪɧɢɧɝ ɚɥɝɟɛɪɚɢɤ ɬўɥɞɢɪɭɜɱɢɥɚɪɢɝɚ ɤўɩɚɣɬɢɪɢɛ, ɛɭ ɤўɩɚɣɬɦɚɥɚɪ 

ɛɚɪɱɚɫɢɧɢɧɝ ɣɢԑɢɧɞɢɫɢ ɨɥɢɧɫɚ, Ⱥ ɦɚɬɪɢɬɫɚɧɢɧɝ ɞɟɬɟɪɦɢɧɚɧɬɢ ԟɨɫɢɥ ɛўɥɚɞɢғ  

ɷɥɟɦɟɧɬɧɢɧɝ ɚɥɝɟɛɪɚɢɤ ɬўɥɞɢɪɭɜɱɢɫɢ-Ʌɚɩɥɚɫ ɬɟɨɪɟɦɚɫɢɧɢɧɝ 

1k  ɛўɥɝɚɧ ɯɭɫɭɫɢɣ ԟɨɥɢɧɢ ɤўɪɚɦɢɡғ ɍɲɛɭ 1 1,i i j j   ɛɟɥɝɢɥɚɲ 

ɤɢɪɢɬɚɦɢɡғ Ȼɭ ɯɨɥɞɚ i

jM  ɦɢɧɨɪ А ɦɚɬɪɢɬɫɚɧɢɧɝ 
ija  эɥɟɦɟɧɬɢɝɚ ɬɟɧɝ ɛўɥɢɛ, 

ɛɭ ɦɢɧɨɪɧɢɧɝ ɚɥɝɟɛɪɚɢɤ ɬўɥɞɢɪɭɜɱɢɫɢ 
ija  эɥɟɦɟɧɬɧɢɧɝ ɚɥɝɟɛɪɚɢɤ 

ɬўɥɞɢɪɭɜɱɢɫɢ ɞɟɣɢɥɚɞɢғ 

ɞɟɬɟɪɦɢɧɚɧɬɧɢɧɝ ɫɚɬɪɥɚɪ ɛўɣɢɱɚ ɺɣɢɲ ɯɚԕɢɞɚɝɢ ɬɟɨɪɟɦɚ-Ⱥ ɤɜɚɞɪɚɬ 

ɦɚɬɪɢɬɫɚɧɢɧɝ ɛɢɪɨɪ ɫɚɬɪ (ɭɫɬɭɧ) ɷɥɟɦɟɧɬɥɚɪɢɧɢ ɭɥɚɪɧɢɧɝ ɚɥɝɟɛɪɚ 

ɬўɥɞɢɪɭɜɱɢɥɚɪɢɝɚ ɤўɩɚɣɬɢɪɢɛ, ɣɢԑɫɚɤ, ɛɭ ɦɚɬɪɢɬɫɚɧɢɧɝ ɞɟɬɟɪɦɢɧɚɧɬɢ 

ɯɨɫɢɥ ɛўɥɚɞɢ, ɹɴɧɢ ԟɚɪ ԕɚɧɞɚɣ 1,i n  ɭɱɭɧ 
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1

det
n

ij ij

j

a A A


  

ɜɚ ɯɚɪ ԕɚɧɞɚɣ 1,j n  ɭɱɭɧ 

1

det
n

ij ij

i

a A A


  

ɬɟɧɝɥɢɤɥɚɪ ўɪɢɧɥɢғ 

1. ɨɪɬɨɝɨɧɚɥ ɜɟɤɬɨɪɥɚɪ ɫɢɫɬɟɦɚɫɢ-ɋɢɫɬɟɦɚ ɜɟɤɬɨɪɥɚɪɧɢɧɝ  ԟɚɪ ԕɚɧɞɚɣ 

ɢɤɤɢ ɠɭɮɬɢ ўɡɚɪɨ ɨɪɬɨɝɨɧɚɥ  ɛўɥɫɚ, ɭ ԟɨɥɞɚ ɫɢɫɬɟɦɚɝɚ ɨɪɬɨɝɨɧɚɥ 

ɜɟɤɬɨɪɥɚɪ ɫɢɫɬɟɦɚɫɢ ɞɟɣɢɥɚɞɢғ 

2. ɱɢɡɢԕɥɢ ɷɪɤɥɢ ɫɢɫɬɟɦɚ-Ԟɚɪ ԕɚɧɞɚɣ ɧɨɥɦɚɫ ɜɟɤɬɨɪɥɚɪɞɚɧ ɢɛɨɪɚɬ 

ɨɪɬɨɝɢɧɚɥ ɜɟɤɬɨɪɥɚɪ ɫɢɫɬɟɦɚɫɢ ɱɢɡɢԕɥɢ ɷɪɤɥɢ ɫɢɫɬɟɦɚɞɢɪғ 

3. ɨɪɬɨɝɨɧɚɥɥɚɧɝɚɧ ɜɟɤɬɨɪɥɚɪ ɫɢɫɬɟɦɚɫɢ-Ԟɚɪ ɛɢɪ ɜɟɤɬɨɪɢ ɧɨɪɦɚɥɥɚɧɝɚɧ, 

ɹɴɧɢ ɛɢɪɥɢɤ ɤўɪɢɧɢɲɝɚ ɤɟɥɬɢɪɢɥɝɚɧ ɨɪɬɨɝɨɧɚɥ ɫɢɫɬɟɦɚɝɚ 

ɨɪɬɨɝɨɧɚɥɥɚɧɝɚɧ ɜɟɤɬɨɪɥɚɪ ɫɢɫɬɟɦɚɫɢ  ɞɟɣɢɥɚɞɢғ 

4. ɤɜɚɞɪɚɬɢɤ ɮɨɪɦɚ ɦɭɫɛɚɬ (ɦɚɧɮɢɣ)-Ⱥɝɚɪ ɯɚɪ ԕɚɧɞɚɣ ɧɨɥɴɞɚɧ ɮɚɪԕɥɢ ɯ 

ɜɟɤɬɨɪ ɭɱɭɧ ( ) 0 ( ( ) 0)q x q x   ɬɟɧɝɫɢɡɥɢɤ ɛɚɠɚɪɢɥɫɚ, ( )q x ԕўɲɢɲ 

ɤɜɚɞɪɚɬɢɤ ɮɨɪɦɚ ɦɭɫɛɚɬ (ɦɚɧɮɢɣ) ɞɟɛ ɚɬɚɥɚɞɢҲ 

5. ɢɧɟɪɬɫɢɹ ԕɨɧɭɧɢ - ɏɚԕɢԕɢɣ ɤɜɚɞɪɚɬɢɤ ɮɨɪɦɚɧɢɧɝ ɢɯɬɢɺɪɢɣ ɤɚɧɨɧɢɤ 

ɛɚɡɢɫɢ ɜɟɤɬɨɪɥɚɪɢɞɚɝɢ ɦɭɫɛɚɬ ԕɢɣɦɚɬɥɚɪɢ ɫɨɧɢ ɜɚ ɦɚɧɮɢɣ ԕɢɣɦɚɬɥɚɪɢ 

ɫɨɧɢ ɛɚɡɢɫɧɢɧɝ ɬɚɧɥɚɧɢɲɢɝɚ ɛɨԑɥɢԕ ɷɦɚɫҲ 

ɱɢɡɢԕɥɢ ɮɨɪɦɚ-Ⱥɝɚɪ V F   ɮɭɧɤɬɫɢɹ ɭɲɛɭ: 

1) ɯɚɪ ԕɚɧɞɚɣ , ,x y V  ɭɱɭɧ ( ) ( ) ( );x y x y      

2) ɯɚɪ ԕɚɧɞɚɣ ,x V F   ɭɱɭɧ ( ) ( )x x    ɲɚɪɬɥɚɪɧɢ ԕɚɧɨɚɬɥɚɧɬɢɪɫɚ, 

ɭ ɱɢɡɢԕɥɢ ɮɨɪɦɚ (ɱɢɡɢԕɥɢ ɮɭɧɤɬɫɢɹ, ɱɢɡɢԕɥɢ ɮɭɧɤɬɫɢɨɧɚɥ) ɞɟɛ 

ɚɬɚɥɚɞɢғ 

ɛɢɱɢɡɢԕɥɢ ɮɨɪɦɚ -Ⱥɝɚɪ ɢɲɢ ɜɟɤɬɨɪ ɚɪɝɭɦɟɧɬɥɢ ɫɤɚɥɹɪ ( , )x y  ɮɭɧɤɬɫɢɹ 
2:V F   ɯɚɪ ɛɢɪ ɚɪɝɭɦɟɧɬɢ ɛўɣɢɱɚ ɱɢɡɢԕɥɢ ɛўɥɫɚ, ɹɴɧɢ 
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1) ɯɚɪ ԕɚɧɞɚɣ 1 2,x x V  ɜɚ , F   ɭɱɭɧ 

1 2 1 2( , ) ( , ) ( , );x x y x y x y        

2) ɯɚɪ ԕɚɧɞɚɣ 1 2,y y V  ɜɚ , F  ɭɱɭɧ 

1 2 1 2( , ) ( , ) ( , )x y y x y x y        

ɲɚɪɬɥɚɪ ɛɚɠɚɪɢɥɫɚ, ɭ ɛɢɱɢɡɢԕɥɢ ɮɨɪɦɚ (ɮɭɧɤɬɫɢɹ, ɮɭɧɤɬɫɢɨɧɚɥ) ɞɟɛ ɚɬɚɥɚɞɢғ 

ɫɢɦɦɟɬɪɢɤ -Ⱥɝɚɪ ɯɚɪ ԕɚɧɞɚɣ ,x y V  ɜɟɤɬɨɪɥɚɪ ɭɱɭɧ ( , ) ( , )x y y x   ɬɟɧɝɥɢɤ 

ўɪɢɧɥɢ ɛўɥɫɚ, ɛɭ ɛɢɱɢɡɢԕɥɢ ɮɨɪɦɚ ɫɢɦɦɟɬɪɢɤ ɞɟɛ ɚɬɚɥɚɞɢғ 

ɤɜɚɞɪɚɬɢɤ ɮɨɪɦɚɧɢɧɝ ɦɚɬɪɢɬɫɚɫɢ -Ʉɜɚɞɪɚɬɢɤ ɮɨɪɦɚɧɢ ɯɨɫɢɥ ԕɢɥɭɜɱɢ ɹɝɨɧɚ 

ɫɢɦɦɟɬɪɢɤ ɛɢɱɢɡɢԕɥɢ ɮɨɪɦɚɧɢɧɝ ɦɚɬɪɢɬɫɚɫɢɝɚ ɤɜɚɞɪɚɬɢɤ ɮɨɪɦɚɧɢɧɝ 

ɦɚɬɪɢɬɫɚɫɢ ɞɟɛ ɚɬɚɥɚɞɢғ 

Ʉɚɧɨɧɢɤ-Ⱥɝɚɪ ȼ ɞɚɝɢ 1{ ,..., }
n

e e  ɛɚɡɢɫɞɚ ( , )x y  ɛɢɱɢɡɢԕɥɢ ɮɨɪɦɚɧɢɧɝ 

ɦɚɬɪɢɬɫɚɫɢ ɞɢɚɝɨɧɚɥ (ɹɴɧɢ i k  ɛўɥɝɚɧɞɚ ( , ) 0
i k

e e  ) ɛўɥɫɚ, ɛɭ ɛɚɡɢɫ ( , )x y  

ɛɢɱɢɡɢԕɥɢ ɮɨɪɦɚ ɭɱɭɧ ɤɚɧɨɧɢɤ ɞɟɛ ɚɬɚɥɚɞɢғ 

ɦɭɫɛɚɬ (ɦɚɧɮɢɣ)-Ⱥɝɚɪ ɯɚɪ ԕɚɧɞɚɣ ɧɨɥɴɞɚɧ ɮɚɪԕɥɢ ɯ ɜɟɤɬɨɪ ɭɱɭɧ 

( ) 0 ( ( ) 0)q x q x   ɬɟɧɝɫɢɡɥɢɤ ɛɚɠɚɪɢɥɫɚ, ( )q x ԕўɲɢɲ ɤɜɚɞɪɚɬɢɤ ɮɨɪɦɚ ɦɭɫɛɚɬ 

(ɦɚɧɮɢɣ) ɞɟɛ ɚɬɚɥɚɞɢғ 

ɱɢɡɢԕɥɢ ɨɩɟɪɚɬɨɪ-ɑɢɡɢԕɥɢ ɮɚɡɨɧɢɧɝ ўɡɢɧɢ ўɡɢɝɚ ɱɢɡɢԕɥɢ 

ɚɤɫɥɚɧɬɢɪɢɲɢ ɱɢɡɢԕɥɢ ɨɩɟɪɚɬɨɪ ɞɟɛ ɚɬɚɥɚɞɢғ 

ɬɟɫɤɚɪɢ -Ⱥɝɚɪ :f V V  ɚɤɫɥɚɧɬɪɢɲ (ɱɢɡɢɬɫɥɢ ɛўɥɢɲɢ ɲɚɪɬ ɷɦɚɫ) 

ɭɱɭɧ ɲɭɧɞɚɣ :g V V  ɚɤɫɥɚɧɬɢɪɢɲ ɦɚɜɠɭɞ ɛўɥɫɚɤɢ, fg gf e  ɛɢɪɥɢɤ 

(ɚɣɧɢɣ) ɚɤɫɥɚɧɬɢɪɢɲ ɛўɥɫɚ, ɝ ɚɤɫɥɚɧɬɢɪɢɲ ɮ ɝɚ ɬɟɫɤɚɪɢ ɞɟɛ ɚɬɚɥɚɞɢғ 

ɯɨɫ ɜɟɤɬɨɪɢ (ɯɨɫ ɫɨɧ)-Ⱥɝɚɪ ɧɨɥɴɞɚɧ ɮɚɪԕɥɢ ɯ ɜɟɤɬɨɪ ɭɱɭɧ ɲɭɧɞɚɣ 

F  ɦɚɜɠɭɞ ɛўɥɫɚɤɢ, ( )f x x  ɬɟɧɝɥɢɤ ɛɚɠɚɪɢɥɫɚ, ɯ ɜɟɤɬɨɪ ɮ ɱɢɡɢԕɥɢ 

ɨɩɟɪɚɬɨɪɧɢɧɝ ɯɨɫ ɜɟɤɬɨɪɢ ɜɚ   ɷɫɚ ɛɭ ɯɨɫ ɜɟɤɬɨɪɝɚ ɦɨɫ ɯɨɫ ɫɨɧ ɞɟɛ 

ɚɬɚɥɚɞɢғ 

ўɡ-ўɡɢɝɚ ԕўɲɦɚ -Ⱥɝɚɪ Ⱥ*=Ⱥ ɛўɥɫɚ, ɭ ԟɨɥɞɚ, ɭ ԟɨɥɞɚ Ⱥ ɱɢɡɢԕɥɢ ɚɥɦɚɲɬɢɪɢɲ 

ўɡ-ўɡɢɝɚ ԕўɲɦɚ (ɺɤɢ ɗɪɦɢɬ ɛɢɱɢɡɢԕɥɢ ɚɥɦɚɲɬɢɪɢɲɢ) ɞɟɣɢɥɞɚɞɢғ 
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ɱɢɡɢԕɥɢ ɚɥɦɚɲɬɢɪɢɲ Ⱥɝɚɪ ɍɍ*=ɍ*ɍ=ɗ1
 ɛўɥɫɚ, ɭ ԟɨɥɞɚ ɍ ɭɧɢɬɚɪ ɱɢɡɢԕɥɢ 

ɚɥɦɚɲɬɢɪɢɲ ɞɟɣɢɥɚɞɢғ 

ɧɨɪɦɚɥ ɱɢɡɢԕɥɢ ɚɥɦɚɲɬɢɪɢɲ-Ⱥɝɚɪ ȺȺ*=Ⱥ*Ⱥ ɛўɥɫɚ, Ⱥ-ɧɨɪɦɚɥ ɱɢɡɢԕɥɢ 
ɚɥɦɚɲɬɢɪɢɲ ɞɟɣɢɥɚɞɢғ 

ɩɨɥɣɧɨɦɢɚɥ ɦɚɬɪɢɫɚ-ɷɥɟɦɟɧɬɥɚɪɢ ɛɢɪɨɪ λ ԟɚɪɮɢɝɚ ɧɢɫɛɚɬɚɧ ɤўɩԟɚɞɥɚɪɞɚɧ 

ɢɛɨɪɚɬ ɛўɥɝɚɧɦɚɬɪɢɫɚɝɚ ɚɣɬɢɥɚɞɢғ 

 

ɦɚɬɪɢɫɚɧɢɧɝ ɞɚɪɚɠɚɫɢ -λ- ɦɚɬɪɢɫɚɧɢɧɝ ɞɚɪɚɠɚɫɢ ɞɟɛ , ɦɚɬɪɢɫɚ ɬɚɪɤɢɛɢɝɚ 

ɤɢɪɝɚɧ ɤўɩԟɚɞɥɚɪɧɢɧɝ ɷɧɝ ɸԕɨɪɢ ɞɚɪɚɠɚɫɢɝɚ ɚɣɬɢɥɚɞɢғ 

 

Эɤɜɢɜɚɥɟɧɬ-Ⱥɝɚɪ ɷɥɟɦɟɧɬɚɪ ɚɥɦɚɲɬɢɪɢɲɥɚɪɧɢ ɛɢɪ ɧɟɱɚ ɦɚɪɬɚ ɤɟɬɦɚ-ɤɟɬ 

ԕўɥɥɚɲ ɣўɥɢ ɛɢɥɚɧ ɛɢɪ λ-ɦɚɬɪɢɫɚɞɚɧ ɢɤɤɢɧɱɢ λ-ɦɚɬɪɢɫɚɧɢ ԟɨɫɢɥ ԕɢɥɢɲ 

ɦɭɦɤɢɧ ɛўɥɫɚ , ɭ ԟɨɥɞɚ ɛɭɧɞɚɣ ɢɤɤɢ λ- ɦɚɬɪɢɫɚ – ɛɢɪ –ɛɢɪɢɝɚ ɷɤɜɢɜɚɥɟɧɬ λ-

ɦɚɬɪɢɫɚɥɚɪ ɞɟɣɢɥɚɞɢғ 

 

ɷɥɟɦɟɧɬɚɪ ɚɥɦɚɲɬɢɪɢɲɥɚɪɢ-Ȼɢɡ ԟɨɡɢɪ λ-ɦɚɬɪɢɫɚɧɢɧɝ ɷɥɟɦɟɧɬɚɪ 

ɚɥɦɚɲɬɢɪɢɲɥɚɪɢ ɞɟɛ ɚɬɚɥɝɚɧ ɚɥɦɚɲɬɢɪɢɲɥɚɪɝɚ ɧɢɫɛɚɬɚɧ ɤɚɧɨɧɢɤ ɤўɪɢɧɢɲɢ 

ԟɚԕɢɞɚɝɢ ɦɚɫɚɥɚɧɢ ɤўɪɚɦɢɡғ 

       λ- ɦɚɬɪɢɫɚɧɢɧɝ ɷɥɟɦɟɧɬɚɪ ɚɥɦɚɲɬɢɪɢɲɤɚɪɢ ɞɟɛ , ɚɥɦɚɲɬɢɪɢɲɥɚɪɧɢɧɝ 

ԕɭɣɢɞɚɝɢ ɬɢɩɥɚɪɢɝɚ ɚɣɬɢɥɚɞɢғ 

          1
◦ғ Ɇɚɬɪɢɫɚɧɢɧɝ ԕɚɧɞɚɣɞɢɪ ɢɤɤɢ ɣўɥɢ ɺɤɢ ɭɫɬɭɧɥɚɪɢɧɢɧɝ ўɪɢɧɥɚɪɢɧɢ 

ўɡɚɪɨ ɚɥɦɚɲɬɢɪɢɲғ 

          2
◦
. Ȼɢɪɨɧ ɣўɥɝɚ ԕɚɧɞɚɣɞɢɪ ɛɨɲԕɚ ɣўɥɧɢ ɛɢɪɨɪ ɮ(λ)  ɤўɩԟɚɞɝɚ 

ɤўɩɚɣɬɢɪɢɛ ԕўɲɢɲ ɜɚ ɲɭɧɝɚ ўɯɲɚɲ , ɛɢɪɨɧ ɭɫɬɭɧɝɚ ɛɨɲԕɚ ɛɢɪ ɭɫɬɭɧɧɢ 

ɛɢɪɨɪ ɤўɩԟɚɞɝɚ ɤўɩɚɣɬɢɪɢɛ ԕўɲɢɲғ 

          3
◦ғ Ȼɢɪɨɧ ɺɤɢ ɭɫɬɭɧɧɢ ɧɨɥɞɚɧ ɮɚɪԕɥɢ ɛɢɪɨɪ ɫɨɧɝɚ ɤўɩɚɣɬɢɪɢɲғ  

ɠɨɪɞɚɧ ɤɚɬɚɝɢ-Ⱥɝɚɪ Ɏ ɦɚɣɞɨɧ ɭɫɬɢɞɚɝɢ ɤɜɚɞɪɚɬ ɦɚɬɪɢɬɫɚɧɢɧɝ 

ɞɢɚɝɨɧɚɥɢɞɚɝɢ ɛɚɪɱɚ ɷɥɟɦɟɧɬɥɚɪ ўɡɚɪɨ ɬɟɧɝ, ɯɚɪ ɛɢɪ ɫɚɬɪɞɚ ɞɢɚɝɨɧɚɥɞɚɝɢ 

ɷɥɟɦɟɧɬɧɢɧɝ ўɧɝ ɬɨɦɨɧɢɞɚ ɬɭɪɝɚɧ ɷɥɟ-ɦɟɧɬ ɛɢɪɝɚ ɬɟɧɝ ɜɚ ԕɨɥɝɚɧ ɛɚɪɱɚ 

ɷɥɟɦɟɧɬɥɚɪ ɧɨɥɴɝɚ ɬɟɧɝ ɛўɥɫɚ, ɛɭɧɞɚɣ ɦɚɬɪɢɬɫɚ ɠɨɪɞɚɧ ɤɚɬɚɝɢ ɞɟɛ ɚɬɚɥɚɞɢ: 
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Ȼɭ ɷɪɞɚɝɢ a   ɫɨɧ ɠɨɪɞɚɧ ɤɚɬɚɝɢɧɢɧɝ ɯɨɫ ɫɨɧɢ ɞɟɛ ɚɬɚ-ɥɚɞɢғ 

ɠɨɪɞɚɧ ɦɚɬɪɢɬɫɚɫɢ -Ⱥɝɚɪ Ɏ ɦɚɣɞɨɧ ɭɫɬɢɞɚɝɢ ɤɜɚɞɪɚɬ ɦɚɬɪɢɬɫɚɧɢɧɝ 

ɛɨɲ ɞɢɚɝɨɧɚɥɢ ɛɢɪɢɧ-ɤɟɬɢɧ ɠɨɣɥɚɲɝɚɧ ɠɨɪɞɚɧ ɤɚɬɚɤɥɚɪɞɚɧ ɢɛɨɪɚɬ ɜɚ ɛɭ 

ɤɚɬɚɤɥɚɪɞɚɧ ɬɚɲԕɚɪɢɞɚɝɢ ɛɚɪɱɚ ɷɥɟɦɟɧɬɥɚɪ ɧɨɥɴ ɛўɥɫɚ, ɛɭɧɞɚɣ ɦɚɬɪɢɬɫɚ 

ɠɨɪɞɚɧ ɦɚɬɪɢɬɫɚɫɢ ɞɟɛ ɚɬɚɥɚɞɢғ 
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VIIғ ɎɈɃȾȺɅȺɇɂɅȽȺɇ ȺȾȺȻɂЁɌɅȺɊ ɊЎɃɏȺɌɂ 

1. Ɇɢɪɡɢɺɟɜ ɒғɆғ ɇɢɹɬɢ ɭɥɭԑ ɯɚɥԕɧɢɧɝ ɢɲɢ ԟɚɦ ɭɥɭԑ, ԟɚɺɬɢ ɺɪɭԑ ɜɚ 
ɤɟɥɚɠɚɝɢ ɮɚɪɨɜɨɧ ɛўɥɚɞɢғ 3-ɀɂɅȾ / ɒғɆғ Ɇɢɪɡɢɺɟɜғ – Ɍғ: 
“Ўɡɛɟɤɢɫɬɨɧ”, қ0Қ9ғ – 59қ ɛғ  

2. Ɇɢɪɡɢɺɟɜ ɒғɆғ ɏɚɥԕɢɦɢɡɧɢɧɝ ɪɨɡɢɥɢɝɢ ɛɢɡɧɢɧɝ ɮɚɨɥɢɹɬɢɦɢɡɝɚ 
ɛɟɪɢɥɝɚɧ ɷɧɝ ɨɥɢɣ ɛɚԟɨɞɢɪғ қ-ɀɂɅȾ / ɒғɆғ Ɇɢɪɡɢɺɟɜғ – Ɍғ: 
“Ўɡɛɟɤɢɫɬɨɧ”, қ0Қ9ғ – 400 ɛғ 

3. Ɇɢɪɡɢɺɟɜ ɒғɆғ Ɇɢɥɥɢɣ ɬɚɪɚԕԕɢɺɬ ɣўɥɢɦɢɡɧɢ ԕɚɬɢɹɬ ɛɢɥɚɧ ɞɚɜɨɦ 
ɷɬɬɢɪɢɛ, ɹɧɝɢ ɛɨɫԕɢɱɝɚ ɤўɬɚɪɚɦɢɡғ Қ-ɀɂɅȾ / ɒғɆғ Ɇɢɪɡɢɺɟɜғ – Ɍғ: 
“Ўɡɛɟɤɢɫɬɨɧ”, қ0Қ8ғ – 59қ ɛғ  

4. Ɇɢɪɡɢɺɟɜ ɒғɆғ Ȼɭɸɤ ɤɟɥɚɠɚɝɢɦɢɡɧɢ ɦɚɪɞ ɜɚ ɨɥɢɠɚɧɨɛ ԟɚɥԕɢɦɢɡ 
ɛɢɥɚɧ ɛɢɪɝɚ ԕɭɪɚɦɢɡғ – Ɍғ: “Ўɡɛɟɤɢɫɬɨɧ”ғ қ0Қ7ғ – 488 ɛғ 

5. Ɇɢɪɡɢɺɟɜ ɒғɆғ Ɇɢɥɥɢɣ ɬɚɪɚԕԕɢɺɬ ɣўɥɢɦɢɡɧɢ ԕɚɬɢɹɬ ɛɢɥɚɧ ɞɚɜɨɦ 
ɷɬɬɢɪɢɛ, ɹɧɝɢ ɛɨɫԕɢɱɝɚ ɤўɬɚɪɚɦɢɡ – Ɍғ: “Ўɡɛɟɤɢɫɬɨɧ”ғ қ0Қ7ғ – 59қ ɛғ 

6. Ўɡɛɟɤɢɫɬɨɧ Ɋɟɫɩɭɛɥɢɤɚɫɢɧɢɧɝ Ʉɨɧɫɬɢɬɭɰɢɹɫɢғ – Ɍғ: Ўɡɛɟɤɢɫɬɨɧ, 
2018.  

7. Ўɡɛɟɤɢɫɬɨɧ Ɋɟɫɩɭɛɥɢɤɚɫɢɧɢɧɝ “Ɍɚɥɢɦ ɬўԑɪɢɫɢɞɚ”ɝɢ Ԕɨɧɭɧɢғ  
8. Ўɡɛɟɤɢɫɬɨɧ Ɋɟɫɩɭɛɥɢɤɚɫɢ ɉɪɟɡɢɞɟɧɬɢɧɢɧɝ қ0Қ5 ɣɢɥ Ққ ɢɸɧɶ “Ɉɥɢɣ 

ɬɚɥɢɦ ɦɭɚɫɚɫɚɥɚɪɢɧɢɧɝ ɪɚԟɛɚɪ ɜɚ ɩɟɞɚɝɨɝ ɤɚɞɪɥɚɪɢɧɢ ԕɚɣɬɚ ɬɚɣɺɪɥɚɲ 
ɜɚ ɦɚɥɚɤɚɫɢɧɢ ɨɲɢɪɢɲ ɬɢɡɢɦɢɧɢ ɹɧɚɞɚ ɬɚɤɨɦɢɥɥɚɲɬɢɪɢɲ ɱɨɪɚ-

ɬɚɞɛɢɪɥɚɪɢ ɬўԑɪɢɫɢɞɚ”ɝɢ ɉɎ-4732-ɫɨɧɥɢ Ɏɚɪɦɨɧɢғ 
9. Ўɡɛɟɤɢɫɬɨɧ Ɋɟɫɩɭɛɥɢɤɚɫɢ ɉɪɟɡɢɞɟɧɬɢɧɢɧɝ қ0Қ7 ɣɢɥ 7 ɮɟɜɪɚɥɶ 

“Ўɡɛɟɤɢɫɬɨɧ Ɋɟɫɩɭɛɥɢɤɚɫɢɧɢ ɹɧɚɞɚ ɪɢɜɨɠɥɚɧɬɢɪɢɲ ɛўɣɢɱɚ Ԟɚɪɚɤɚɬɥɚɪ 
ɫɬɪɚɬɟɝɢɹɫɢ ɬўԑɪɢɫɢɞɚ”ɝɢ 4947-ɫɨɧɥɢ Ɏɚɪɦɨɧɢғ 

10. Ўɡɛɟɤɢɫɬɨɧ Ɋɟɫɩɭɛɥɢɤɚɫɢ ɉɪɟɡɢɞɟɧɬɢɧɢɧɝ қ0Қ7 ɣɢɥ қ0 ɚɩɪɟɥɶ "Ɉɥɢɣ 
ɬɚɥɢɦ ɬɢɡɢɦɢɧɢ ɹɧɚɞɚ ɪɢɜɨɠɥɚɧɬɢɪɢɲ ɱɨɪɚ-ɬɚɞɛɢɪɥɚɪɢ ɬўԑɪɢɫɢɞɚ”ɝɢ 
ɉԔ-2909-ɫɨɧɥɢ Ԕɚɪɨɪɢғ 

11. Ўɡɛɟɤɢɫɬɨɧ Ɋɟɫɩɭɛɥɢɤɚɫɢ ɉɪɟɡɢɞɟɧɬɢɧɢɧɝ қ0Қ8 ɣɢɥ қҚ ɫɟɧɬɹɛɪɶ 
“қ0Қ9-қ0қҚ ɣɢɥɥɚɪɞɚ Ўɡɛɟɤɢɫɬɨɧ Ɋɟɫɩɭɛɥɢɤɚɫɢɧɢ ɢɧɧɨɜɚɰɢɨɧ 

ɪɢɜɨɠɥɚɧɬɢɪɢɲ ɫɬɪɚɬɟɝɢɹɫɢɧɢ ɬɚɫɞɢԕɥɚɲ ɬўԑɪɢɫɢɞɚ”ɝɢ ɉɎ-5544-ɫɨɧɥɢ 
Ɏɚɪɦɨɧɢғ 

12. Ўɡɛɟɤɢɫɬɨɧ Ɋɟɫɩɭɛɥɢɤɚɫɢ ɉɪɟɡɢɞɟɧɬɢɧɢɧɝ қ0Қ9 ɣɢɥ қ7 ɦɚɣ 
“Ўɡɛɟɤɢɫɬɨɧ Ɋɟɫɩɭɛɥɢɤɚɫɢɞɚ ɤɨɪɪɭɩɰɢɹɝɚ ԕɚɪɲɢ ɤɭɪɚɲɢɲ ɬɢɡɢɦɢɧɢ 
ɹɧɚɞɚ ɬɚɤɨɦɢɥɥɚɲɬɢɪɢɲ ɱɨɪɚ-ɬɚɞɛɢɪɥɚɪɢ ɬўԑɪɢɫɢɞɚ”ɝɢ ɉɎ-5729-ɫɨɧ 
Ɏɚɪɦɨɧɢғ 

13. Ўɡɛɟɤɢɫɬɨɧ Ɋɟɫɩɭɛɥɢɤɚɫɢ ɉɪɟɡɢɞɟɧɬɢɧɢɧɝ қ0Қ9 ɣɢɥ Қ7 ɢɸɧɶ “қ0Қ9-

қ0қ3 ɣɢɥɥɚɪɞɚ Ɇɢɪɡɨ ɍɥɭԑɛɟɤ ɧɨɦɢɞɚɝɢ Ўɡɛɟɤɢɫɬɨɧ Ɇɢɥɥɢɣ 
ɭɧɢɜɟɪɫɢɬɟɬɢɞɚ ɬɚɥɚɛ ɸԕɨɪɢ ɛўɥɝɚɧ ɦɚɥɚɤɚɥɢ ɤɚɞɪɥɚɪ ɬɚɣɺɪɥɚɲ 
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ɬɢɡɢɦɢɧɢ ɬɭɛɞɚɧ ɬɚɤɨɦɢɥɥɚɲɬɢɪɢɲ ɜɚ ɢɥɦɢɣ ɫɚɥɨԟɢɹɬɢɧɢ 
ɪɢɜɨɠɥɚɧɬɢɪɢ ɱɨɪɚ-ɬɚɞɛɢɪɥɚɪɢ ɬўԑɪɢɫɢɞɚ”ɝɢ ɉԔ-4358-ɫɨɧɥɢ Ԕɚɪɨɪɢғ 

14. Ўɡɛɟɤɢɫɬɨɧ Ɋɟɫɩɭɛɥɢɤɚɫɢ ɉɪɟɡɢɞɟɧɬɢɧɢɧɝ қ0Қ9 ɣɢɥ қ7 ɚɜɝɭɫɬ “Ɉɥɢɣ 
ɬɚɥɢɦ ɦɭɚɫɫɚɫɚɥɚɪɢ ɪɚԟɛɚɪ ɜɚ ɩɟɞɚɝɨɝ ɤɚɞɪɥɚɪɢɧɢɧɝ ɭɡɥɭɤɫɢɡ 
ɦɚɥɚɤɚɫɢɧɢ ɨɲɢɪɢɲ ɬɢɡɢɦɢɧɢ ɠɨɪɢɣ ɷɬɢɲ ɬўԑɪɢɫɢɞɚ”ɝɢ ɉɎ-5789-

ɫɨɧɥɢ Ɏɚɪɦɨɧɢғ 
15. Ўɡɛɟɤɢɫɬɨɧ Ɋɟɫɩɭɛɥɢɤɚɫɢ ɉɪɟɡɢɞɟɧɬɢɧɢɧɝ қ0Қ9 ɣɢɥ 8 ɨɤɬɹɛɪɶ 

“Ўɡɛɟɤɢɫɬɨɧ Ɋɟɫɩɭɛɥɢɤɚɫɢ ɨɥɢɣ ɬɚɥɢɦ ɬɢɡɢɦɢɧɢ қ030 ɣɢɥɝɚɱɚ 
ɪɢɜɨɠɥɚɧɬɢɪɢɲ ɤɨɧɰɟɩɰɢɹɫɢɧɢ ɬɚɫɞɢԕɥɚɲ ɬўԑɪɢɫɢɞɚ”ɝɢ ɉɎ-5847-

ɫɨɧɥɢ Ɏɚɪɦɨɧɢғ 
16.  Andrea Prosperetti, Advanced Mathematics for Applications, Cambridge 

University Press, 2011. 

17. Evan M. Glazer, John W. McConnell Real-Life Math: Everyday Use of 

Mathematical Concepts, 2013. 

18. I. M. Rikhsiboev and N. S. Mohamed, Engineering Mathematics 2, 

Malaysia, 2019. 

19. Jim Libby, Math for Real Life: Teaching Practical Uses for Algebra, 

Geometry and Trigonometry// 2019, 234p.  

20. Margaret L. Lial, Thomas W. Hungerford, John P. Holcomb, Bernadette 

Mullins, Mathematics with Applications In the Management, Natural and 
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(apa6a.nna4 MoMJIeKeTJILIK yHlrBepcureru ]KaHbr11Aarbr [eAaror
KaApirapAbl Kafrra ranp.naf xoM oJrapAbrq KoHrrreJrr{rr.ru }KernJrqcrupu}
afrn'ra4.nrr4 opafiuHblrl Xoqapu oKuf opr,rHJrapbr rbrruraf.nayururrapbrHa
apHaJIraH <<Mareuarl.rKaHblrl rapaf.napra KoJrJraHrr.nulu> rro11ggr.rq orqui-
METOAII KAJIbIK KOMTIJI EKCN HE

III{KI,IP
(DyuxqnoH€LJInbIK a*aJrtr3) a-rrre6pa 4eu reoMerpr4-s raSe4pacbr .qorleHTr{

A.Anaya4I{HoB ToperrxHeH <<Mareuau{KaHhrr{ rapa}napra Konnagbrnu}rr>
IIOHI,IHHH o4rtf-lteroAl4KarlblK KoMrrJreKcH ,4y3r4nr{cr4 x{arbrHaH Llct11u o4rr}
1argaptaMacbl, MoAynAI,I o4rrruf4a KonnaHbrrraryrbrH r{HTepaKTr4B ToJTHM

MeroAnaphl, neKIIlH TeKcrJlepr4, enaerulfi ca6arqnap yrrrbrH Marepr4alrnap,

rancblpMaJlap XeM onapAbl opuulaf 6ofisIsura ycbrubrcnap, reficnep 6aurcu,
rnoccapuit, egeiurrrnap Ar{3Mr4HeH n6apat.

llenuuq ucrnu o4u! 6ar4apraMachr MeMJreKerJrHK ToJTHM craHAaprJrapbrHa

rufir<aplaHrrn ra.flpnaHraH. On4a rrrqnalnrbrnapAbrr{ 6uluuune 4ofirrlarysrH
Tanannap, ITOHHI{II eMeJI?I-f,TTafbr opHbr Kopcerprn orr4JrreH. Fargaplaruaga etrenufi
ca6a4napAblH M€BMynn 6epr,ulreH. Ear4apnaMa1a ynulrraa ay1r4TopusnbrK caar -
24, couuau neKrIH{ yIIrbIH - 8 caar, euemafi ca6a4nap yrrrbru 12 caarryaMonrxepnen

.{y3HJIfeH.

JlerqrEs KypcbrHAa TesrueMeJrep, Marprirrlanap, BeKTopnap, @yHrqnxnap,
ryybIHAbI, I4Hrelpar, KarapJlap XoM auS$epeHrlraan renrrreMenepAr{rl
I(onnaHblJlrrfnapu xa(KbIHAa 3epyp reopurnbr( Marepr4aJrnap KenrupumeH. {ep
6rzp euenzfi ca6ar\ yIubIH Marepr4ilnnap, rarrcbrpManap xeM onap.{br opuHna}
6ofiunura ycblHhlcnap, coHbIF{ MeHeH 6upre x{eKe rancbrpM anap xeM Tecrnep
HCJICT IUbIFbIJITAH.

Kypcru Ma[rKaJI€ubI oKbITbI] 6ofiunrua reficJrep Hcnen rubrrbrJmaH XeM

onapAblrl opbrHnaHulu oofisrnua Nooanap Kepcerr4nreH. CoH4afi-a6, Kypc

6ofi nsura nroccapnfi nep xou eAe6 krflr nap AH3r4Mr4 6ep nnreH.

Yruiuanacrbrpbrr afirqau4a, <<Mareuarr4KaHbrq rapallapra
KonJIaHbInrrVu> Kypcbl 6ofirtHura, ,4y3r4nreH o4rri-nreroAr4KaJrbrr{ KoMrrJreKcrr4
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