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|. UIIIYAN JACTYP
Kupum

Jactyp Y36ekucron Pecniy6mukacu Ipesunentuanar 2015 i 12
uroHaary “Onuil TabJIUM MyaccacaJIapuHUHT pax0ap Ba Menaror KaJpiapuHu
KaiiTa Taii€épant Ba MaJlaKaCHU OLTUPUIIT TU3UMHUHU STHAA TAKOMHUJUIAIIT THPHIIT
qyopa-taaoupnapu tyrpucuna’tu [1d-4732-connu, 2017 #iun 7 dheBpangaru
“Y36eKnCTOH PecniyOnukacunu siHajia pUBOKIAHTUPHUII OYiinya Xapakatiap
crpaterusicu Tyrpucuaa’tu [1d-4947-counu dapmonnapu, myHuHraek 2017
nun 20 anpengary “Onuil TabJIMM TU3UMHUHU SIHA/1A PUBOKIIAHTUPUII YOpa-
tapoupiapu Tyrpucuaa’ i [1IK—2909-connu kapopuaa 6enruaanrad yCTHBOD
Bazudanap Ma3MyHHJIaH KeJIMO YMKKAH X0JIJ1a Ty3WIran 0yimo, y 3aMOHaBHil
Tanabyap acocua Kaita Taiépiaiil Ba Majaka OIIMPUII >KapaSHIapUHUHT
Ma3MYHUHH TaKOMWJIIAIITUPUII XaMJla OJIMHM TabJIUM Myaccacallapu Ieaaror
KaJIpJIapUHUHT KacOMM KOMIIETEHTIUTMHA MyHTa3aM OLIMPUO OOpUILIHU MaKcas
KHJIaJIu.

KamusiT TapakkuéTy HadakaT MamITakaT UKTUCOANHN CATOXHSITHHIHT
FOKCAKJIUTH OWJIaH, OaJIKK Oy CAIOXUAT Xap OMp MHCOHHUHT KaMoJI TOHIIIN Ba
VUFYH PUBOXKJIAHUIINTA KAHYATAK HYHAITHPWIITAHINTHA, WHHOBAIUSIIAPHU
TaTOUK ATUITAHIIUTY OWJIaH XaM yidaHaau. [leMak, TabiuM TU3UMU
caMapaJIOpJIMTUHU OIIUPUII, TeIarorJapHu 3aMOHABUN OMIIMM XaM/la aMajIuii
KYHUKMa Ba Majakajiap OWiIaH KypOJUIAHTUPHUIILL, YET I WIFOP TaxpuOaaapruHu
YpraHuil Ba TabJIUM aMalTuETUTa TaTOWK TUII OYTYHTYM KYHHUHT J10713ap0
Bazudacuaup. “MareMaTuk aHAIM3HUHT Maxcyc 0001apu’ MOy U aifHaH MaHa
11y MyHaJWIIIaru MacajaajapHy Xajl 3TUILra KapaTUJITaH.

Onuit TabIUM Myaccacaiapy nefaror KaapJapuHUHT MaJTaKaCUHH OITUPHIIL
Ba yJIapHU KaiiTa Taiépiail OyryHrd KyHHUHT SHT J10J13ap0 Macajanapujaal oupu
0yn0 kenMokaa. MamaakaTUMuU3 TabJIUM TU3UMHAA O0CKUIMa-00CKUY aMalira
OLIMPUIAETTAaH UCIOXO0TNIap Oy Macaiara siHaJa MachyJuaT OuiaH €HIOUIUIIHU
Tanad KUIMOKAA.

Yoy “MaTeMaTuK aHAJIM3HUHT Maxcyc 0001apu” MOIYJIH MyTaXxacCCUCITHK
dannapu 6JI0KUAAru acoCHil MoaysuIapiad Oupu 0ynub, yHIa MaTeMaTHUK aHAJIU3
Ba KOMIUJIEKC Y3rapyBUMiv (PyHKIUsIIap Ha3apusicu (haHIApUHUHT alpuM
0001apu TaHIad YKUTHIIATH.

MabayMKH, XaKUKHI Ba KOMILIEKC Y3rapyBUniIn QyHKIMSIIAD aHATU3U
opacuja yxmanuimkiap Ba tadoByTiap 6op. Yoy Kypcaa KOMIUIEKC aHAIU3ra
X0C OYynraH ycyiiap aioxuaa TabKUIJaHaau Ba yaap épaamMuaa XaKuKum
Vy3rapyBuniau GyHKIUSIIAD aHATU3UHUHT allpyuM MacajaJlapuHUHT COJIIa Xall
STWINILIH KYpPCaTHIIAIN.

MoayHUHT MaKcaau Ba Basudaaapu

AHaNM3HUHT Maxcyc 000J1apu MOIYJIMHUHT MAaKCaJH OJIUI TabIuM
Myaccacajlapy eAaror KaapjJapyuHu KaiTa Taiépiani Ba Majaka OlUPUII Kypcu
THUHTJIOBYMJIAPUHHUHT OMIIMMITAPUHU MyCTaXKaMJIalll, OJIMid MaTeMaTHKa
(dbaHUHUHT aiipuM OYITMMIIapU Ba yJIapHU YKUTHUII OYiinda MajakaJlapuHU
OILLIMPUII Ba sTHAJAA TAKOMUJIIAIITHPHULL.




MonynauHT Bazudacu TUHTIOBUMIIAP/Ia MATEMAaTUKAHUHT 3apypHuil
MabJIyMOTJIApY MaKMyacH (TylIyH4aiap, TaCAUKIap Ba YIapHUHT UCOOTH,
aMaJiiii MacaaJlapHU €YUl yCyJIIapu Ba Oomikanap) Oyiinya KYHUKMaJIapHU
MIAKJUTAHTUPUII Ba STHAJa pUBOXKIAHTUPHUIIIAH HOOpaT.

Moays 0yiin4a TUHIJIOBYMJIAPHUHT OMJIMMHU, KYHHKMA Ba
MaJlaKaJapura Kyiujiaauran tajnadaap

“MareMaTrK aHaJIU3HUHT Maxcyc 600iapu” KypCHUHH Y3IaIlITHPHIL
KapaéHu1a aMaira OIMPWIAIATaH Macaiajiap JOUpacuaa:

Tunraouu:

- MaTeMaTHK aHaJiu3 Ba YHHHT OYIUMIIapH, YHU YKUTHUII Oyiinua SHTH
TEXHOJIOTUSIIAPHU OWIIUIIY;

- MaTEMaTHK AaHAJIU3HUHT MyaMMOJapyd Ba YHUHT  PHUBOKJIAHUII
UCTUKOOIIApH;

- MaTeMaTHK aHajiu3 Ba YHU YKUTHUII OYiiMuya SHTY Ha3apuil OumJammiiapra
ra oyJamuiu,

TunraoBuu:

- MaTeMaTHK aHaJIU3HUHT aMaldueTra TaTOMKIapH;

- TapMOHUK Ba CyOrapMOHMK (YHKIUsJIap Ba YJIapHUHT XOccajdapuiaH
¢doitnananuu;

- CcyOrapMoHUK (DYHKIMSUTAPHUHT allpOKCUMAaIUsIIapu;

- cyOrapMoHuK GYHKUUSJIADHUHT CYNMPEMyMH Ba IOKOPU JIMMHUTHJIAH
doitmananui aMaauil KYHMKMAJapUHU T AJUIAIIU JIO3UM.

Moay/iHM TAIIKKWJI 3THII BA YTKA3WII Oyiin4ya TaBcUusijiap

“MaTeMaTrK aHAJIM3HUHT Maxcyc 000y1apu™ Kypcu Mabpy3a Ba aMaliuid
(ceMuHap) MaIIFyJI0TIap MAKIUAA OO OopUsaIu.

Kypchu ykuTum xapaéHua TAbJUMHUHT 3aMOHABUI METOJIapH, aX00pOT-
KOMMYHUKAIUS TEXHOJIOTUSJIApH KYJIJTAHWIMILIN Ha3apa TyTUJITaH:

Mabpy3a Japciapuaa 3aMOHAaBUN KOMITBIOTEP TEXHOJIOTUSIApU €plaMuaa
MPE3EHTALUOH Ba JIEKTPOH-IUAAKTUK TEXHOJIOTHIIApaH;

- VyTKa3wiaauraH aMajiuid  MalFyloTiapjJa TEXHUK  BOCUTajapliaH,
AKCTIPECcC-CYpoBap, TECT CYPOBIAPH, AKIUA XYKYM, TYPYXJIH (UKpIAIl, KHUUK
rypyxJjap OwWiaH WIUIAII, KOJUIOKBUYM YTKAa3WII Ba OOINKA WHTEPAKTHUB TabJIUM
yCyJUIApUHHU KYIJUIAIl Ha3ap/ia TYyTUIaIu.

Moay/JIHMHT YKYB peskajgaru 0omka (anaap Ouaan y3apo 00FJIUKINTH
Ba YCJYOMH )KMXAT/AaH Y3BHI KeTMA-KeTJIUI U
MaTteMaTuk aHaJIM3HUHT Maxcyc 000J1apu MOIyNH anredbpank TU3UMIIap,
r€OMETPUSHUHT 3aMOHABHI Macajalapy, COHJIM ycyJulap Ba aMajuid CTaTUCTHKA
kabu Moysuiap OuiaH yamoOapyac OOFIMKIUD.

Ymby dhanau YkuThil xapaéHuia YKUTUITHUHT aHbaHABUH IIAKJUIapUAaH
TalllKapy sTHTH TIeAaroruk TeXHOJOTUsIIap/iaH xaM OeBocuTa ol gamaHuIn
Ha3zap/a TyTUJIaau.

Moay/JTHUHT 0JIMH TABJIUMIATH YPHU




Matemartuk aHanu3 ¢anu peciyOanKa ofuil YKyB I0OpTJIapuia MaTeMaTHKa
(haHMHU IOKOPY WIIMUHM Ba METOIMK CaBUAA YKUTUIITHU TabMHUHIIAIIA,
MaTeMaTuka paHu YKUTYBUUJIAPUHUHT IOKOPH CaBUSAAry rejaaror Oyiumnuiapuia,
KeJlaXkak/J1a WiIMHUI U3JaHuIuIap oud OOpHIIIapuIa aCOCUN YpUH TYTaJlu.

By xypcnaa onuit MaTeMaTUKaHUHT aHAJIU3 Kypcura ouj OyIuMiapyu, yHUHT
acoCHil TylIyHYadapuHU YKUTHIL METOJMKACH OWJIaH TAHUIITUPHUII Ky3/1a
TyTWiraH. bByHian Tamkapyu MareMaTuk aHaiu3 GaHuHU YKUTUIIAA 3aMOHABUN
MeJIarOruK TEXHOJOTHUsIIapAaH (PoiIaIaHUIIHA YPTaTUIl XaM Ky3/1a TyTHJITaH.

“MaTeMaTHK aHAJM3HUHI Maxcyc 0o0sapu”
Moaya 0yin4a coatjiap TAKCUMOTH

THHIJIOBYUMHMHT YKYB
IOKJIAMACH, CO0AT
Ayauropus YKyB
IOKJIAMacH
JKYMJIAIAH

Monya maB3yJiapu

Xammacu
Kamn

Ha3zapuii
AMajinu
MAaIlFy
MycTakui1 TabJIUM

Yeku Bapuanusiy GyHKIUsIIAp,
(GYHKIUSHUHT TYJa BApUAILMsACH Ba 6 6 2 4
yIapHUHT XOccalapH.

["apMoHUK Ba cCyOrapMOHUK QyHKIUsIAP. 6 6 2 4

CyOrapMoHUK (DyHKIMSHUHT YpTa
Kuitvaraapu m(u,r) Ba n(u,r) map.

Ueku Ba 4YEKCU3 COHIATU CyOTapMOHUK

byHKUIUSIIap CYNMPEMYMH, FOKOPH JIMMUTH. 6 4 2 2 2

Kamu: 24 | 20 8 12 | 4

HA3APUN MAIIFYJOTJAP MABMYHHU
1-Mag3y: Yekau Bapuanusaiu GQyHKUMAIAP, PYHKIUSIHUHT TYJIAa
BAPHALMSCH Ba YJIAPHUHI X0CCAJIapH

MaremaTuk aHaJTU3HUHT OMOMaTeMaTuKa, MEXaHWKa, OMMaBHUIl XU3Mat
Ha3apusACH, TeOMEXaHUKa Ba OOIIKa coXajaparu KeHT KYJIaHUIUIIIH.
MareMaTuK aHAJIU3HUHT XOPHXK Ba pecnyOanka MUKECUAAru 10J13ap0
MyaMMOoJIapH, €UuMIIapH, TeHIeHUusAIapyu. Yeknu Bapuanusiiin GyHKIUSHUHT
Tabpudu, MUCOJIIAP, XOccalapu. Yekiu Bapualysra sra oyiaran GyHKIusiap
cunbu. TyrpunanyBun ynsukiap Ba XKopnan teopemacu. CTHIITbEC UHTETPAIIN
Ba YHUHT XOCCAJIapH.

2-Mag3y: 'apmoHuKk Ba cyOrapMoOHUK (PYHKIUSJIAP
[Mapmonuk Qynkumsinap. Xoccanapu. Ilyaccon popmynacu. ['apmonuk

¢yakuusan C” cundra rernumnura. XapHak Teopemacu. CyorapMOHHK




dynxupsap. C* cuagra Terumm cyorapMoruk GpyHKImsHUHT Jlammac
orepaTopH. Y3iIykcu3 Oyamaran cyOrapMoHUK QyHKIUSIIAP.

3-Mag3y: CyOrapMoHuk (p)yHKIUSIHUHT YpTa KHAMaTIapu
m(u,r) Ba n(u,r)aap
CyOrapMoHuK QyHKIUAHUHT ¥pTa Kuitmataapu m(u,r) Ba n(u,r)map.

Cy6rapMoHuK QPyHKIMSHUHT anmnpokcumarusicu. CyorapMoHUK GyHKIUSIHUHT
nartacuanu. Pucc teopemacu.

4-Mag3y: UekJin Ba 4eKCH3 COHAATH CYOrapMOHMK QyHKIHAIAP
CynpeMyMH, OKOPH JUMHUTH
Tekuc yerapananrad cyorapMoHuk QyHkusiiap ownacu. CyOrapMOHUK
(yHKUUSIIAp KETMA-KETIUTMHUHT FOKOPH JIMMUTHU. XapTOIcC JIEMMACH.

AMAJIMA MAIIFYJOTJIAP MABMYHU

1 AMaanii MALIFyJI0TJ1ap
Yexiu Bapuanusaiv GyHKuusiap, PyHKUUAHUHT TYJIa BAPUALUACH Ba
YJIApHHUHI XO0CCaJIapH
MaTeMaTuk aHaJIM3HUHT OMoMaTeMaTHKa, MEXaHNKa, OMMaBUN XU3MaT
Ha3apusICH, FreOMeXaHHKa Ba OOIlIKa coxajapJlaru KeHr Ky TaHWINIITTHH
TYIIyHTUPHIIL. Yexknu Bapuanusuid PyHKIUSHUHT Tabpu(U Ba XOCCAIapUHH,
xamaa CTUATbEC MHTETPaId Ba YHUHT XOCCAJIapUHUA KEHTPOK YpraHuIl Ba
MucoJIap €paaMuaa TaTOUK STHUIII.
2 AMajmii MalFyJa0TJaap
I'apmoHuK Ba cyOrapMOHMK (pyHKIHAIAP
["apMoHUK Ba CyOrapMOHUK (PYHKIUSTIAPHUHT HT COAMA, 3apyp
XOCCaJlapuHU Ypranuii Ouiad Oup Katop/a, yJIapHUHT rojjomopd pyHKIusnap
OwmaH OOFIMK Macaaap.
3-AMajuii MalIFyJa0T

CyOrapMoHuK GyHKUMSHUHT YPTAa KHAMAT/IapH m(u’ r) Ba n(u, r).JIap
Cy6rapMOHHK (yHKIMSHIHT ¥pTa KuitMataapu m(u,r) Ba n(u,r)mnap Ba
YIIAPHMHT X0CCaIapy XaM/a yliap opacuaaru OOFIaHUIIHYI YPraHMILL

4-Amanauii MalIFyJa0T
YekJiu Ba YeKCH3 COHAATM CyOrapMOHUK GyHKUIMSJIAP CyIIPEeMYyMH,
IOKOpH JTUMUTH
Ym0y amanuii MamFysa0T JaBOMU/IA YEKIW Ba YEKCH3 COHIATU
cyOrapMoHHK (yHKIUIIap XOccallapy Ba CYNPEMYMH, TEKHC YerapajaHraH
cyOrapMoHuK (yHKIHUSIAP OUIacuTa Ba CyoOrapMOHUK (DyHKIHsUIap KeTMa-
KETJIUTUHUHT IOKOPY JIMMUTHHU XUCOOJIAIIra J0Up MUCOJUIApHUA, XapTOrc
JIEMMAaCHUHHMHT TaTOMKWTA OWJ] MacajlalapHHu YpraHuiau.




MYCTAKNUJ TABJIUM

THUHTIIOBYM MYCTaKWI UITHU MYailsTH MOJYJIHUHT XYCYCHUSITIIApUHU XHCOOTa
OJITaH X0J1/1a KyWHJaru maxsuiapaad Qoiiananu6 Tai€piaiiy TaBCHs dTUIIAIN:

- MeBEpUN XydOKaTIap/iaH, YKyB Ba WIMUM anaOuériapaad GonaaaaHuIn
acocuia MOAYJ MaB3yJapyuHU YpraHUILL;

- TapKaTMa Matepuasuiap oyiinya Mabpy3ajiap KUCMUHH V3TalITHPHUILL;

- Maxcyc ajmabuérnap OVinua mMomayn Oynmumiiapu €KM MaB3ylap yCTHA
WA,

- aMaJIMi MalIFyJI0TiaapaAa Oepriirad TONLUPUKIAPHU Oa’KapuILL.

YKUTHUII INAKJUIAPHA
Maskyp Moayn OVitnda Kyduaara YKUTHIN aKIIapyuaaH
doitnananunaay: Mabpy3anap, aMaluid MalFyiI0Taap (MabIyMOTaap Ba
TEXHOJIOTUSJIAPHU aHTIa0 OJIUIIL, aKJ I KU3UKHUIIIHA PUBOKIAHTUPUII, Ha3apHil
OWIMMITapHU MYyCTaxXKamJIalll);
0axc Ba MyHo3apanap (JioMuxanap edumu Oyiinua ganusiap Ba acociu
apryMEeHTJIApHU TaKJIUM KWJIHIIL, JIIUTUII Ba MyaMMOJIap €YMMHUHH TOTIHUII
KOOMJIMSATUHU PUBOKIAHTUPHIII).

"KOPUH HABOPAT(ACCUCMEHT)HHU
BAXOJIALI ME3OHUA

YKopuii Ha3opaT(accucMeHT)HH Gaxomam Y36eKucToH MUIIHIl YHUBEPCUTETH
Xy3ypHUIard Meaaror KaJapiapuHy KaiTa Taiépian Ba yIapHUHT MaJaKaCUHA
omupuin TapMok (MUHTaKaBUi) MapKa3u/a TaCAWKJIaHTaH MaKJJIapy Ba ME30HIapH
acocujia amanra OIrpaIu.
Y1y MOAYTHUHT KOpHI Ha30paT(aCCUCMEHT)ra akpaTupiian Makcuman 6ami-0,6
0aJs1.




1. MO YJIHA S"KI/ITI/I]JII[A (I)OﬁI[AJIAHI/IJIAI[I/IFAH HUHTEPD®AOJI
TABJIUM METOIJIAPA
“OPCMY” meToam

TexHoMOrUAHMHT MaKcaau: Ma3kyp TEXHOJIOTMS UIITUPOKYUIAPAATH YMYMUN
(buKprapaaH Xycycuil xynocangap YMKapHlIll, TaKKocall, KUEciall opKajlu ax00poTHU
V3MamTUpHIL, XyJIocalall, IYHUHTIEK, MyCTaKuJI MKOIUN (pUKpIail KYHUKMaTapyuHU
IAKJUTAHTHPUILNTa  XWM3MarT  KWjlagu.  Maskyp — TEXHOJOTHSZaH  Mabpy3a
MalIFyJoTIapuaa, MycTaxkKamilalijia, YTWITaH MaB3yHHM cypaiijga, yira Basuda
Oepumina xamaa aMaiauil MalIFyJoT HaTWKaJapUHU TaxJIMl JTULAA (OWJaNmaHuI
TaBCHSI ITUIIAIU.

TexHoOrUAHN aMaJITa OIIUPHUIT TAPTHON:

- KaTHaIIYWIapra MaB3yra Ouja OynraH sKyHUH Xynoca €Ku Fosi Takiug

ATUJIAIN;
- Xap Oup wmmrtupoxkynra OCMY TEXHONOTHUSICHHUHT OOCKHUIapH E3WIraH

KOFO3JIapHU TapKATHUIIA]IU:

* GUKPUHTU3HU OaEH STUHT

* GuKpUHTU3HUHT OaéHura cababd
KYpCAaTHHT

* KypcarraH ca0aOWMHTU3HU
ncO0TIa0 MUCOI KEIITUPHUHT

* GUKPUHTU3HU YMYMJIAIITHPUHT

- MIITUPOKYWIAPHUHT MyHOcabaTiapu WHANBUAyaT EKU TYpyXuil TapTuOaa
TaKIUMOT KHJIMHA/IH.

OCMY  TtaxyiunM  KaTHaIIYWiapaa KacOuii-Ha3apuil OWJIMMIIApHH —aMajuii

MalllKjap Ba MaBXyJ Taxpubaiap acocuga Te3poK Ba MyBadPakusTIn

V3MamTUPUITUIITNTA acoC OYaam.




“bpudunr”’ meroaun

“bpudunr’ — (unr. briefing — kucka) Oupop-Oup Macama EKH CaBOJHUHT
MyXoKamacura OaruiniaHTaH KUCKa mpecc-KoH(epeHIus.

Vrrazum 0ocKu4Iapu:

1. TakTUMOT KUCMH.

2. Myxokama >kapaéHu (caBoI-kaBoOJIap acoCH/Ia).

bpudunrnapnan TpeHUHT SKyHIAPUHUA TaXJIWIT KUIHIIIA HoHamaHuIn MyMKUH.
yHuHTAEK, aManuil YUMHIAPHUHT OMp IAKId cudaTuia KaTHaImguwiIap Ouinad oupra
noy3apd MaB3y KU MyaMMO MyXoKaMacura OaruiuiaHraH Opu(uHIiIap TallKW STUIT
MyMKUH Oynaau. Tanmabamap €ku THHTIIOBYMIIAp TOMOHHUAAH SpaTHJIraH MOOWII

WJIOBAJIAPHUHT TAKAUMOTHHM YTKA3uIIa XxaM (oiialaHuIl MyMKUH.




111. HASAPUIA MABJIYMOTJIAP MATEPUAJLIIAPH

@ - B

1.1.Yexnu sapuayusiu ¢hynkyusanune mavpugu. Yexau sapuayusiiu
QyHryusiap cungu.

1.2.Yexnu sapuayusiiu )yHKYusIapHUHE X0CCanapu.

1.3.Yexnu sapuayusiiu ghyxyusnap yuyH 3apyputl 6a emapiu wapmiap.

1.4.Tyepunanysuu yusuxnap. Kopoan meopemacu.

1.5.Cmunmvec unmezpanunune mavpugu 6a YHUH2 MABHCYOIUK WUADTNU.

1.6.Cmunmvec unmezpanunume xoccanapu.

1.7.Cmunmvec unmezpanunu xucoobaau.

1.8.Cmunmvec unmezpanunu baxonau.
& 1.9.Cmunmvec unmezpanu beneucu ocmuoa iumumea Ymui. j

Tasnu wubopanap: uexiu eapuayus, y3eapuuwiu ue2apananHead QYHKYus,

qbyHKuuﬂHUHZ m)7sz§ sapuayusicu, masicoparma, Cmunmwec urmezpaiu.

1.1. Yexan Bapuanusjin GyHKIUSIHUHT Tabpudu. Yeksm Bapuanusjin
¢dynkuusiaap cunpu
Adiraiinuk, f(X) ¢yskuus uvexiam [@;b] opanukna anukmanran OynacuH. By

OpAMKHU YIIOY
A=Xy <X <X, <o <X <Xy <... <X, =D
TEHTCU3JIMKJIAPHU KaHOATJIAPTUPYBUM UXTUEPUN HyKTanmap €pAaMuia n Ta OpajuKKa

OynamMu3 Ba Kyluaaru WUFUHAWHA Ty3aMU3;

8= 3/ F ()~ T (%) )

1-tabpud. Aeap (1)-tiuzunounap ¥Yne N yuyn woxopuoan mexuc ueeapaianeau

oyaca, ynoa fT(X) ¢yuxyus [@;0] xecmada uwexknu eapuauusnza ’za éxu yzeapuuiu

yezapananzan Qyukyusa oeuunaou. llly tiueunounapuune aHuk wKopu dezapacued




(PYHKYUAHUNHZ MYIUK eapUAUUACU EKU MYAUK Y3eapumiu 0eb amanaou xamoa y

b
V f(X) xabu b6eneunanaou:

V (0 =sup{s } @

bab3u xommapaa f(X) QyHKUMSHUHT 4eKcu3 opalmKaaru (Macanas, [a,+oo)
OpalMKJard) BapHaIMsICH TYFPUCHIAa XaM Tamupuil MyMKuH Oynamu. Papas
kunaimk, f(X) dyHKIus [a,+oo) opanukaa oepuiaran 6yiacus. [1]

2-tappud. Aeap T(X) @yuxyus ‘v’[a, A]c[a,+oo) opanukoa  uekiu

A
sapuayusea sea oynub, \[ f(X) mynux eapuayusrap mexuc uezapananean 6Oynca,
a

ynoa f(X) @yuxyus [a,+oo) oOpanuKoa 4exkiu sapuayusnea ’2a, 0ed amaniaou Xamoa.
+00 A
V f(x) :sAup{ f (x)} (3)
0e6 kabyn kununaou. [1-3]
H3ox. f(X) @yukyuanune uexnu eapuayusiea ea OyIUWUOA  YHUHR

V3AYKCU3IUSU MYMIAAKO axamMusimeda 32cad dImMac.

Mucosutap. 1) [a;b] kecmama uxTuépuii uerapajgaHraH MOHOTOH (DYHKITHSI
YEeKJIM BapHaIusra sra Oyiaau.
< a) [a;b] — yeknu OyncuH. =
n-1
g = Z| f(X.,)—f (Xk)| = (pyHKIMSI MOHOTOH OVJITAHU YUyH MOJYJLIap
k=0
n-1

NUFUHANCH HUFUHIVMHUHT MOJYJIUTA TEHT OYyIaam) = Z[ f (%) — F(x)]=
k=0

[ F00) = F )+ T () = FOx)+ FO6) = F (%) +.+ F0x,) = F 06|15 F (%) — T (%)=
| (b) - f(a)|:>\; f(x) = Sup{3}=|f (b)— f (a)|.

0) f(X) byHkus [a,+oo) opanukaa oepuirad OVICHH. =




V(9 :=sup{\? f (x)}=sAug{| f(A) = f @} =[f (+0) - F (a)]

A>a a

Oy epna f(+0)= Lim f(A).»

2) DHIW Y3IyKCHU3, JICKWH YCKIIM BapHalysra sra 0yiMaran (pyHKIHSIra MUCOJ
KeITHPaMU3.

« Yuiby

xcosi arap x=0 0OVica
0, arap X=0, 6¥yuca

¢yukusian [0;1] kecmana kapaiimu3. Kyitunaru:

2n 2n-1 3

TCHICU3JIMKJIADHA  KaHOATJIAHTHPYBUd  HykTamap épaamuaa [0;1]  kecmanum

opanukjiapra axparamus Ba (1)-HuFUHINHN XUCOOIaiMU3 Xam/Ia Y0y TEHIJIMKKa 3Ta

Oy namus:

G =D | F(Xer) - f(xk)|:1+%+...+% =

1
Vf(x)=sup{9n}:sup{1+%+...+%}=+oo. >
0 n

Yexau Bapuanusain GyHkuusjiap cCuMHQM.
ABBayrM myHKTAA Kypranummsiaek [a;b] kecmama uxtuépuit uyerapamanran

MOHOTOH (YHKIIMSI YEKJIM Bapuarusira 3ra 0ynaau. by xoccanan Qoiinananud, yekiu
Bapuanusiii GyHKIUsUIAp CHHOUHYA KEHTaUTUPUIIT MyMKHH.

1-teopema. [a;b] xecmaoa 6Gepunecan f(X) Gyukyus wy xecmaoa Oyraxiu

MOHOMOH 6Y7Ca, ALHU:
m-1
[a,b]= Igo[ak’akﬂ]’ (&, =a, a,=h)

oynb, f(X) ¢dynkyus xap oup [a,a.,,] xecmaoa monomon 6ynaca, ymoa f(X)

@yukyus [a,0] kecmaoa uexnu sapuayusiea sea 6ynaou. [2]

« [a;b] xecmanuHr HXTHEPHIA OYIMHUIIMHN OJIHO:




n-1
4 = Z| f (Xk+1 —f (Xk)|
k=0

finFuaan Ty3amus. By 6ymmaumra a, (k =0,m) mykranapuu kymu6, [a;b] kecmanuHr

STHTU OVJIMHUIIMHU 0J1aMu3. SIHTU OYJIMHUIN YUYyH:

G = Z| f(a.)-1(@)|=B

oymmo, 9, < Gn(my TEHICU3IHK Gaxkapriagu. JeMax, sup{g}<B = f(X) dbynknusa
[a,b] kecMana yeknu Bapualusra sra. »

2-teopema. Acap f(X) yukyus [a;b] xecmaoa Jlunwuy wapmunu
kanoamaanmupca, svhu wynoai L>0 con monuncaxku, uxmuépuii X, X € [a,b]
HYKMAnap yuym.

\f(i)—f(x)\gL-\i—x\ (4)

menecusnuk baxcapunca, ynoa f(X) ¢yuxyus [a,0] kecmaoa wexnu sapuayusiiu

@dyukyus 6y1a0u 8a:

\;f(x)gL-(b—a)

menecusnuk baxcapunaou. [1]

n-1 (4) n-l
< 9 =) F (%) - F(X) <L) (X —X%)=L-(b—-a), VneN yuyn =
k=0 k=0

\;f(x)gL-(b—a) >

3-teopema. Acap f(X) ¢@yuxyusa [a;D] xecmaoa wecapananean xocunaea sea
oyaca, ynoa f(X) @yuxyus [a;b] kecmaoa wexnu eapuayuseca >2a 6ynaou. [1-2)
4 Teopema maptura kypa myHmaid Vysrapmac L >0 coH Tomwmmamukw,
VX e [a,b] YUyH
| f '(X)| <L
TEHI'CH3JIUK Oa)Kapuiiaiu. VX,)_(e[a,b] aykragap omubd [X;X] (éxm [X;X]) kecmanma

JlarpanHUHT YEKJIM OpTTUpMAJap XaKuaarud TeopeMacujiad hoiganaHamMus:




\f(>‘<)

Hemak, f(X) dyukuus [a;b] xecmama JIMmmuip mapTHHA KaHOATJIAHTHpApP DKaH.

SL-‘&—X)‘.

VYHpaa 2-Teopemara Kypa y 4eKJIu Bapuamusira sra oynagu. »

4-teopema. Aeap [a;b] xecmaoa anuxnanean f(X) gynuxyusnu wy xecmaoa
yuoy

f(x)=c+ j $(t)dt (5)

Kypunuwoa ugooanaw mymxun oyica, 6y epoa ¢(t) ¢ynuxyus [a,b] kecmaoa abconom

unmeepanianysuu @yukyus, y xonoa f(X) ¢dynxyus wy xecmaoa wexnu sapuayusea

sea 6yauo,

\; f(x)< j g (t)|dt

menecuznuk baxcapunaou [1,3].

<« TeopemaHuHT UCOOTH yHIOY:

9, ZIf(Xk+1) f (%) Z

k=0

Xk +1

[ syt

X

<Z j lg(t)|dt < j lp(t)[dt

k=0 Xk

TCHI'CU3JIMKIaH Keano YUKaaH. >

1.2. Yeku Bapuauusiu GyHKUMSJIAPHUHT X0CCATAPH.
Aifraitnuk, 4yexkiu [a,b] kecMa Oepuirad OYJCHH.
S-Teopema. [a,b] kecmadacu uxmuépuil uyexiu 6apPUAYUSIU DYHKYUALAD ULY
Kecmaoa yeeapaniareau 6ynaou.

4 VX' e(a, b] HyKTa oJlamMH3. YHJa IapTra Kypa:

9, =|f(x)— f(a)|+|f (b)

SEYALC ©)
oynagn. =
= |1 ()| =|f(x)- f(a)+ f(a)|<|f(x)- f(a)\+|f(a)|(§)\b/f(x)+|f(a)|:|v| —

f (X) uerapananran. p




6-teopema. Aecap f(X) sa g(X) pyukyusnap [a,b] Kecmaoa Yekau
gapuayusiu 6yica, yHoa.

a) T(x)£9(x);

0) (x)-9(x)
QyHKYUAIAp Xam uly Kecmaoda Yekau sapuayusiiu 0yiaou.

7-teopema. Aeap f(X) sa Q(X) ¢yukyusnap [a,b] kecmaoa uexnu sapuayusiiu

oyaub, uy Kecmaoa |g (X)| > ¢ >06yaca, ynoa ;83

Hucoam xam [a,b] xecmada uexnu

sapuayusiiu 6y1aou.

8-teopema. Aumaiinux, f(X) @yuxyus [a,b] xecmada anuxnanean éa C € (a,b)
oyacun. Aeap f(X) @yuxyus [a,b] 0a ueknu sapuayusiu 6yiaca, ynoa y [a,c] ea [c,b]

KecManapuuHe xap oupuda yekau sapuayusiu o6yraou ea akcunya. lllynuneoex,
b c b
Vi) =Vi(x)+V f(x) (7)

MeH2IUK baxcapuiaou.
4 dapa3 kunainmuk f (X) dyHknus [a,b] kecMana yekiau BapHanusIn OYICHH
[a,c] Ba [c,b] opamukHuHr Xap OupuHu V ycyn OujlaH ajoxuja Kecmanapra
aXpaTaMmus:
A=), <N <V, <..Y,=C €=2,<2,<2,<..Z,=b (8)
Hatwxana, 6yTyH [a,b] kecMa xaM Kucmiiapra axpanand. [a,c] Ba [c,b] kecManap

YUYyH KyWUJaru MHFUHAWIAPHU Ty3aMU3:

CAEDYTUMENITS SCES YEhENGI R

b b
=[ab] yayn 4 =9+, 6Ynam. = I + 9P =9 <\/ f(x) = 9™ <\/ (%)
Ba

b
90 <\[ f(x).=




f (X) dynkmus [a,c] Ba [C,b] kecManapHuHT Xap Ovpura YESKITU BapHaIysaTra ora Ba

KyHHJard TeHTCU3JIMK Oa’Kapuiiain:
c b b
V f(x)+V f(x) <V f(x) 9)

Ouau dapas kunannuk, f(X) dyakmus [a,c] Ba [¢,b] kecManapHuHT Xap Oupuaa
YeKJIM Bapuanusra sra OyicuH. [a,b] KeCMaHMHT MXTHEPHHA OYJIMHUIIMHU OJaMU3.
Arap ¢ HyKTa OYJIMHMII HyKTaJlapura KupMaca, yuaa C Hi XaM OYJTUHHII HyKTalapura

Kymamus. Hatmxana, .9n 1505695050107 (baKaT KaTTaJJalllMIIU MyYMKHH:
) c b
3, <8+ <\[ f(x)+\/ f(x) =
= f(X) ¢byHkuums [a,b] kecMaga YeKJM Bapualysra sra Ba:

V)<V 7 +V £ () 10)

TeHrcu3nuk Oaxapuiagu. (9)- Ba (10)-tenrcusnuknapaad (7)-TEHTCU3IUK KeIuO
quKaau.
By TeopeManan HaTHKa cudaTuaa KyHuaara xocca Kemd YMKaau.

9-teopema. Aeap f(X) ¢yxuyus [a,b] kecmaoa wexnu sapuayusea sea 6ynca,

VHOQ uxmuépuii X € [a,b] VUVH:

a(v)=\/ /()

MYIuK apuayusi X y3eapy8uuHuHe MOHOMOH YCY8UU 64 4He2apalaHeaH QyKyusacu

oynaou.

1.3. YUekan Bapuaumsijim GyKIUsjIap y4yH 3apypuii Ba eTapJ/iu maptJiap.
Avraitmuk, f(X) ¢ynkuus [a,b] opanukaa anukinanran O0yicuH. By nmaparpadaa
ou3 Ocpuiaran f(X) QYHKUMSHUHT YEKJIM Bapualysara sra OVJIHIIM Me30HJIapuHU

KEJITUPaMu3.




10-Teopema. f(X) gyukyuanune [a,b] kecmaoa uexiu eapuayusiea sea Oyruuiu

VUVH Uy KecMaoa MOHOMOH Ycyeuu ea ueeapananean wiynoau F(X) ¢@yuxyusnune
MagHcyo 6ynub uxmuépuil [X',X”] C [a,b] Kecmaoa:
| (x")— f(X)|<F(X")—F(X) (11)
meHeCusIuKHuUHe odaxcapunuwu 3apyp éa emapaull,2].
Hlynnait xoccara sra Oymran F(X) ¢ymkuusra  f(X) ¢yHkums  yuyH
MaKOPAaHTAa JICHWIIA]IN.
11-teopema. f(X) ¢yuxyus [a,b] kecmaoa uexnu sapuayusiea s2a 6yauwU Y4UYH

VHU WYy Opanukoa UKKUMA MOHOMOH YCY8YU 64 Ye2apalaHean @YHKYUSIAPHUHS

avuupmacu KypuHUmuUOa ugooanraul MymKuH OyIumy 3apyp 6a emapiiu:
f(x)=9(x)—h(x) (12)
« 3apypaurn. Autaiinuk, f(X) ¢yskmus [a,b] kecmana dexknu Bapuanmsra
sra OyicuH. YHaa 10-TeopeMara kypa 1ryHaai maxopanta F(X) Tonwiaauku, yHUHT
yuyH (11)- Tenrcusnmuk Oaxapwiaau. Tyswiummmra kypa F(X) GyHKIES MOHOTOH
YCyBUM Ba uerapanaHrad. Arap:
g(x) =F(x) Ba h(x)=F(x)— f(x)
ne6 Oenrmiacak, f(xX)=g(x)—h(x) Oymamm xamaa Kydujgarn MyHoca0ar

OakapuiiaJiu:
(11)
h(x")—h(x") = [F(X”) — F(X')] —[ f(x")—f (X’)] >0,
x">x Ba X", X' e [a, b] = h(x) T Ba yerapajiaHTaH, YyHKH:

hO| <|FOO|+|F ()| <M.

Erapiuauru. ®apas kunaitmuk, g(X) Ba h(X) ¢yukuumsiap [a,b] xkecmana
MOHOTOH yCyBuH Ba (12)-TeHrcusimk 0axapuiCcHH.
F(x) =9(x) +h(x)

ne6 o6, yausr f(X) yuyH MaxxopaHTa OYJIMIIMHYU KypcaTaMu3:




—+

[ (x) = £ ()] = [9(x") = 9(X)] = [h(x") =h(x)] < |9 (x") - 9 ()

+h(x") —h(x)| =[g(x") = g(x")] + [h(x") = h(x) ] = [ 9 (xX") + h(x")] -
—[9(xX)+h(x)]=F(x") - F(X) = F(X) —MaxopaHTa.

Vuna 10-reopemara kypa f(X) ¢yakmus [a,b] kecmana yeknm Bapuaiusra sra
oymanu. >
Hatwxka. Aeap f(X) ¢yuxyus [ab]  xecmada wexnu eapuayusea sea

oyaca,ynoa VX, € [a, b] HYKmMaoa yHUHe 4eKkiu Oup momoHIU IUMUMAAPU MABHCYO.

F=-0)= fim f); % +0)= fm f(x) (13)

S%y+0
4 1l-teopemara kxypa mryHmai ycyBuum Ba derapamanran Q(X) Ba h(X)
(GYHKIUSITAp TOMUIAIUKH,
f(x)=9(x)—h(x)
TEHINIMK Oaxkapwiaaau. MaTeMaTHK aHalIW3 KypCHJIAH MablIyMKH, MOHOTOH

(yHKUMSIIAp YUYH YEKIIN:

lim g(x)=9g(x *0) sa_lim h(x)=h(x, +0)

nap maexyn = (13). »

1.4. TyrpuiaanyBuu yn3ukiaap. 2Kopaan teopemacu.

12-teopema. f(X) @ynxyus [a,b] xecmaoa uexnu eapuayusiu gynuxyus 6yuob,

X, € [a,b] oyncun. Aeap f(X) ¢ynxyus X,Hyxmaoa ysnykcuz oyaca, yHoa:
g(x)=\ (1)

QyuKyus xam X, Hykmaoa y3ayKcu3 6ynaou.
4 x,<b ned dapa3 kumamu3 Ba ((X) QYHKIMSHHHT X, HyKTajga YHIIaH
y3JIyKCHU3 dKaHJIUTHHY ucbotnaitmus. Ve >0 con onuo, [Xo;b] KEeCMaHu yuoy:
Xo <X <...<X,=Db
TEHICU3JIMKHM  KaHOATJIAHTHPYBUM IOyHJIAW HyKTanap ¢&prampga KecMmanapra

aXparaMH3KH, HaTHXKada.




8=3 1)~ TRV O« (14)

TCHI'CU3JINK 6a)I(apI/IJICI/IH.

f(x) eC{XO}, OynaraHu yuyH, X HyKTQHM X,HyKTara IOyHAAd SKUH OJIMII

MyMKHHKH, | f(X)— f (X0)| <¢& O¥yncun. Yana (14) ra xypa:

\;f(t)<g+9n=g+nz_1:|f(xk+1)— f(x)|=¢+|f0x)— f(x)+

n-1 n-1 b
A [F (%) - FOx)| < e+ e+ | F(xe) = ()< 26 +\/ | (D)
k=1 k=1 X

b b X,
oymamm. Jlemak, \/ f(t)-\/f(t)<2e &ém \/f(Xx)< Z wmyHocabar ypurmm. =

X %
g(x)—a(x,) <2¢. 9(x) yHkuus ycyBuum Oynranu yayH —
0<9g(X +0)—g(%) <2¢
By TeHrcusnuk Ba & HUHT UXTUEPUMIUTHIAH (oii1aTaHCaK,
9(% +0)=9(x))

TCHIJIMKHY, AbHU ((X) OQYHKOMSHUHT X, HYKTaJa YHTIAH Y3JIYKCH3 SKaHIUTUHN
XOCHJI KAJIaMU3.

X, >a Oynran xomma Q(X) OGYHKUMSHUHT X, HYKTaja dYamjgaH Y3JIyKCH3
HKaHJIMTY XaM 11y Kabu KypcaTuiaau. p

by TeopeManan Kyinuaaru HaTH»ka KeJiu0 YMKaIu.

Haruxka. [a,b] xecmadaeu wexnu sapuayusinu yznykcuz f(X) @yuxyusnu wy

Kecmaoa uKKuma y3ayKcus, ycyeuu (YHKYUSHUHE auupmacu Kypunuwuoa ugooanrau

MYMKUH.
f(x) =g(x) —h(x).

13-reopema. Aumaiiiux, f(x)eC [a, b]6j/’fzcuH. [a,b] rkecmanu ywby

a=X, <X <..<X,=b
MEH2CUBTUKAAPHU KAHOAMIAAHMUPY8YU UXMUEPUL HYKMANAp epoamuoa KUcMiaped

ascpamamus ea.




8= 211 (%)= ()]

UUSUHOUHU onamus. Yuoa, acap:

A= kr:n%(xkﬂ - Xk)

oynca, Ywoy:

limd, =\/ () (15)

MeH2IUK YPUHau 0yaaou.

<« busra MabIyMKH,
b
V f(X)=sup{d,}

Ba OVJIMHMII HyKTajlapura HucoOartaH {9n} 1. Jlemak, TeopeMaHH HCOOTIALI y4yH

yuoy:
sup{g,}=lim3, (16)

A—0

TEHIJIMKHUHT O2)KapWIMILIUHUA KYpcaTUIl Kugosi.

dapa3 KWIANIKK,

Sup{g }=A (12)

OyJicuH. YH/Ia aHUK IOKOPHU YerapaHUHT Tabpudra kypa KyiugarmiapHu XOCUI
KWJIaMH3:

1) VneN yayn 4 <A

2)V e >0 con omuaranaa xam In, € N Tonmiaanky,

‘9n0 > A— & TEHTCU3IIUK Oa’KapHiIaJIu.

{3} T. = Vvn>n, yayn & > A—¢g Gynaam.
Hemak , Vn>n, y4yH:
A-e<8 <A<A+¢
skaH. = KeTMa-KeTnuK TUMUTUHUHT Tabpudura kypa:

lim3, =A (18)

A0

teurnuk ypunnu. (17) Ba (18) nan = (16). P




Yexnu Bapuanusiau QyHKIHS TYIIYHYACH ATPU YU3UKHUHT TYFPUIAHYBUMIUTH
Macajiacujia y3 TaTOMKUHY TOITaH.
AWTainmk,

x = g(t)
y=w(t), te[to;T]

cozuia orpu 4msKK Gepuiran 6yu6, @(t),w (t) eClt,;T] Gyncun. dapas kumaiim, t

AB = (L) :{ (19)

napaMmetp t, nan 7'ra kapa0 y3rapranja, yHra L orpu 4u3uKaa Moc KEeITyBYH:

(% y)=(2@®), ()
HyKTa 4 HyKTazaH B HyKTara Kapa0 y3rapcuH.

[t,;T] KecMaga  ywoy: t, <t <t <...<t =T TEHICU3JIIUKJIAPHU
KAHOATJAHTUPYBYM HUXTUEPHM HyKTalapHu onmO, ynapra (L) srpum ymsumkma moc
kenrad HyKranmapau A=A <A <A <..< A, =B n1e0 6enarmnaiimus. by HyKranapau
KeTMa-KeT TyTalTUpHum HaTmwxkacuga (L) Srpu 4M3MKKa YM3HITaH CHHUK YH3UKHU

XOCHII KUJIaMH3. By CHHHUK YM3HUKHHHI IICPUMCTPH.

P =286 9T + [y () v QT (20)

TEHTJIUK EpaamMuaa udoaanaHaiu.

3-Ttabpud. Aeap yuioy:
limP, =L (4= max(t,,, —t,))

A0 k=0,n-1
aumum maexcyo ea wexkau oynca, ynoa (L) sepu uusux — myepunanyéuu uusux
oeuunaou xamoa tumumuune xuumamu L ea ynune y3ynaueu o0eb6 amanaou.
14-teopema (Kopoan meopemacu). (19)-sepu  uuszuxnune myspunanysuu
Gy yuyn ¢(t) ea w(t) @ynyusnapnune [t,;T] opanuxoa uexnu sapuayusnea sea
oOyIuwY 3apyp 6a emapJiu.
Srpu unsmK &in y3ywmruan L=L(t) 1e6 yuu [t,;t] opanukga xapaiimus. Yeaa

L(t) T 6ymamm Ba At>0 Gymranma AL=L(t+At)—L(t) yuays:

t+At t+At

0<AL<\/ o) +\/ w(t)




TEHTCHU3JIMKIIAp OaXapwiagu. = Y3JIyKCH3 TYFPWIAHYBYM STpU du3uK ydyH L(t)

¢GyHKIMS T MTapaMEeTPUHUHT y3ITyKCU3 PYHKIHSICH OYIan.

1.5. CTuiTbec HHTErPAJTMHUHT TabPU(H Ba YHUHT MABXKY/AJIUK HIAPTH.
Cruntbec uMHTErpainy PumaH HMHTErpaJMHUHT TaOMMM ymymjammacu OYyiuo0,

Kyiugaruda aHukjaaHaan. AuTainuk, [a,b] kecmaza 2 Ta dyerapananran f(X) Ba g(X)
dbynknusaap 6epunran 6yicuH. [a,b] kecmanu ymioy:

A=X, <X <X, <..<X ,<X =D
TCHICU3JIMKJIADHA  KAHOATJIAHTHPYBUM HUXTHEPHHA HyKrajmap &paamuaa N Ta

[X: %] k=0,n—1, kuemnapra axparamms. AX, =X, — X Ba A= max AX, 1eb

OenrmnaimMmus. V&, € [Xk ; Xk+1] HYKTa 0110, ynOy HNFUHIUHY Ty3aMH3:

n—

o =3 F(E)[004) - 90)]= 3 F(£)A0(x) @)

(1)-fturuaaura CTHATHECHHHT MHTErPaJ HAFHHINCH JICHIIIaIH.

1l-tappud. Aeap LirTgczl Masxcyo 8a uekau 6yauod, yHume xuvimamu [a,b]

KeCManuHe Oynunuw ycyauea xamoa ynoaeu &, HYKmMaiapHuxe maHaauuuuea 60&nux

oyamaca, ynoa wy conea T(X) @yuxkyuanunz (X) ¢ynkuus 6yiuua Cmuamovec
b
unmezpanu oetiunaou éa (S) .[ f(x)dg(x) kabu bercunanaoull-3].

Jemaxk,
)] 1 (0dg() =limo =lim S (5805 @

Arap (22)-unterpan mamxya Oyiaca, yama f(X) ¢ymkmusa [a,b] xkeecmama g(X)
¢pyHkuusa 0yiinya HHTEerpaJIaHyBuM J1e0 aTanaau.

OHau CTUATBEC UHTETPAIMHUHT MaBXYMJIMK IIAPTUHU aHUKIaiimui. dapas

Kwiaiinmuk, g(X) ¢yHKOMS MOHOTOH YycyBum OyncmH. Y xonma AX, >0 Oynaranna

Ag(x) >0 6ynaau. Kyiiuaaru OenrunanuiapHd KUpUTaAMH3:




m, = inf ]{f (x)}, M, = Sup {f(x)},

X1 Xk +1 [Xerk+1]

(23)

§:nz_l:mkAg(Xk)’ §:nz_l‘,MkAg(Xk)-
k=0 k=0
2-tappud. S 6a S tiucunounap moc pasuwoa Japéy — Cmunmvecnune Kyiiu
6a 10Kopu tiuuHouIapu 0eb amanaou .
Opmuit HapOy Wurunauiapyu Kabu Oy WUFUHIWIAp XaM KyHUJaru xoccajgapra
ara.

1°. Aeap [a,b] kecmanune 6ynunuw HyKmanapuea sneunapu Kywiuica, ynoa S

Gaxam opmuwiu, S 3ca KAmMauwu MymMKUH.

JleMak, @T Ba {g} l.

2°. Tapby—Cmunmvechune uxmuéputl Kyiiu ueuHOUCU YHUHS UXMUEpuii 1oKopu
uueuHoucuoan kamma 6yaa oamauou (azap y oowka 6yauHuwea Moc Keica xam).
Arap ymoy:
l.=Sup{S} sa I"=inf{S}

TeHriaukiaap Eépaamuaa 1apoy—CTUATBECHUHT KYHH Ba IOKOPH HHTErpajiapuHH
aHWKJIacaK, yH/Ia:

S<I.<I1"<S
TEHrcu3NuKiap Vpuniu Oynaau. by tenrcusnmukmap Ba HapOy - Crunrbec
wuruHaunapuaad doiganannb, onaauii PuMaH MHTErpanu Xoiaugard KaOu Kyhujaaru
TeopeMa OCOHTMHA UCOOTIIaHAIH.

1-teopema. Cmunmoec uHmMe2patuHuHe Magicyo oOyauuiu yYuyH yuoy:

lim(S -35) =0
eKu:
n-1
mkz_(;kag(xk) =0 (24)

meH2IuKHUHe basxcapuruwiy 3apyp éa emapau (o, =M, —m,).




CTHIThEC HHTErPaJiM MaB:KY/l 0YVJaran pykuusiiap cungu
2-TeopeMa. Aeap f(X)e C[a,b] oyaubd, 9(X) @yuxyus [a,b] kecmaoa uexiu

sapuayusiea 32a b6yica, y xonoa:
b
(8)[ f (x)dg(x) (25)

Cmunimvec unmeepanu maexcyo 6yaaou(l,3].
< f(x)eC[a,b] = Kanrop reopemacura kypa Tekuc ysnykens = Ve >0

yuyH myHAail o >0 coH Tomwiaaguku, [a,b] KecMaHU Y3YHJIHMKIApU O JlaH KUYHUK

oynran Oynakmapra axpatwiragma, f(X) ¢GyHKOusHUHT Ty OVirakiapaara

g
TEOpaHUIIM @, Y4YyH ymly: @), <—————— TEHICU3IMK Oakapunanu. DHOu [a,b]

g(b)-g(a)
KECMaHU Y3YHJIMKJIApU O JaH KMYMK OYJIraH Kucmjapra axparamum3. = A <0 Ba

g

O <————. =
g(b)-g(a)

Za)kAg(X )<

n—

(b)— ( )é[g( k+1) g(X )]_

B £
g(b)-g(a)
(25)-unTerpan maBxym. P

[o®)-gla]=s = lm> 0,A9(x)=0 =

3-teopema. Aecap T(X) ¢ynkyus  [a,b] recmaoa Puman mavHocuoa
unmezpannanysyuu 6yiu6, g(X) gyukyus Jlunwuy wapmunu KaHOAMAAHMUPCA, SHHIU

g0)-g()[<L-(x=x)

(L=const,a < x<x<b)

(26)

meHnecuzuk obaxcapuica, ynoa (J3)-Cmuimvec unmezpanu maexicyo oyraoufl,3].

<« a) ABBant xoccanu ((X) ¢yHkuwms (6)-mapTHU OaXKapHILIaH TAlIKAPH

MOHOTOH YCYBUHM OYJIraH X0 Y4yH UCOOTIIaliMHU3.




i‘”kAg(Xk) <n2wk [9(%0) — g(Xk)](g L- nz_:a)k (X, —X)=
) h - (27)

n-1

= L-Z:a)kAXk

k=0
f(x) ¢yukuus [a,b] ma Puman MabHOCHIAa HHTErpaUlaHyBYM OYJIraHH ydyH
Izimga)kAXk =0 Ba Moc paBumga (27)-TEHICH3JIMKKAa Kypa Lim:z;::a)kAg(xk) =0
oymamu. = (25)-uHTEerpan MaBxy/I.
0) YMymuii X0J1. JIMMIImuIr mrapTHHE KaHOATIIAHTUPYBYH J(X) QYHKIUSIHU

KyHuJaru KypuHMIga €3ub ojaMus:

g(x)=L-x=[L-x=g(x)]=g,(x) - g,(x). (28)
(28)-trenrmukgarn  g,(X)=L-X ¢ynkmus Jlunmun mapTHHE  KaHOATIAHTHPHUIIN

Owran Oup Karopia MOHOTOH VycyBunm Xam Oymaau. Iy mapriapHu

0,(X)=L-x—9g(X) dynxuus xam 6axkapaau. Jlapxakukar, a < X < x<b yuys:

0,9 - 9,00 = Lx =) ~[ 90~ g0 |> L-x— 1)~ L - (x—x) =0=>
= {g,(x)} T
Ba
1020 - 9, 09] < L= 1)+ ]9, ~ 9, 09| £ Lx =)+ LK~ 1) =
=2L(x - X).
a) xonra kypa g,(X) Ba g,(X) map yuyH (24) mapt 6axapuiagu = (24)-mapt g(X)
GyHKINA yuyH XaM Oaxapunaagn —> (25)-unTerpan MaBkya. P>

4-teopema. Aeap f(X) ¢yuxkyusa [ab] xecmaoa Puman mavnocuoa

unmeepannanysuu oynuo, g(X) ¢yukyusnu yuoy:
g(x) =c+ [4(t)et, (29)

6y epoa ¢(x)—[a,b] Kecmaoa abconom uHmeSpaiianyeyu QyHKyus, KypuHuumuoda

ugooanaw mymrkun oOyica, ynoa (25)-unmeepan masicyo 6yaaou.




1.6. CTHiThEeC MHTErpAJTMHHUHT X0CCAJIAPH.
CrunTthec MHTErPATUHUHT TabpUUIaH TYFPUAAH TYFPU KyHUJaru xoccanap

KeJIUO YUKAIu:

1. (S)idg(x) =g(b)-9(a).

2", (S)I[ f,00) % f,(x) dg(x) = (S)z f,(x)dg(x) £ (S)z f,(x)dg (x).
3. (S)i FOd[g,(x) £9,(x)]= (S)i f(x)dg,(x) + (5)3 f (x)dg,(x).
4°, (S)zk- f(x)d(£- g(x)) =(S)k-£zf(x)dg(x).

5°. (S)] f()dg(x) =(S)[ f ()dg(x) +(S) f (x)dg(x) (a<c<b)

Mucoa. [-1;1] xecmana 6epuiiran ymioy:
F(x) = {0, arap —1<x<0 06ynca, 0, arap —1<x<0 6¥ica,

1, arap 0<x<1 6¥ynca

Ba g(X)={

1, arap 0<x<1 G¥ynca
0 1
(GYHKIUSUTApHU OJlaMK3. YHJIa (S)I f(x)dg(x) Ba (S)I f(x)dg(x) wmHTerpamiap
-1 0
MaBXKyZ Ba HOJTa TEHr OyJaau, YyHKH MKKana xoija xam CTuitbec WHFHHIMCHIA
1
kKatHamradn xamiap O ra Ttenr. DHmu (S) I f(x)dg(X) uHTerpadHHHT MaBXY/
-1

AMACIUTUHU KypcaTtamu3. BbyHuHr yuyn [-1;1] KecMaHUHT WIyHAal OYJIMHUIIWHU

onamu3ku, 0 Hykra OYiIMHUII HyKTacu OynmacuH. MHTerpan WUFMHAWHU Ty3aMU3:

n-1
o = Z f(&)Ag(X ) =((adiTaiimuk, Oe[x,%,,] Oymcmn = x <0<X, =
=0
fimFuaauaary k-4n KymutyBYngan OoIIKa XaMMacy HOJIra TeHr Oynaau, uyHku | #K
na

Ag(xi) = g(Xi+1) - g(xi) :0)) = f (gk) '[g(Xk+1) - g(xk)] = f(cfk) : (1_0) =




0, <0 oyrca, . 1
azap g yred :ﬁlma—ﬂj(s)jf(x)dg(x)_ﬂ
O

= f =
(50 {1, azap £<0  6ynca A-0

1.7. CTuiThbec MHTErpaju YYyH 0yiaakiad uaTerpaiam gpopmyJiacu.
b b
S5-teopema. Azap  (S) j f(x)dg(x) ea (S) j g(x)df (X)  Cmunmoec

UHmMezpaIIapuoan oupu masxcyo 0yaca, YHOA UKKUHYUCU XaM Maexicyod 0yiaou 6a

Yyuoy 6ynaxnad unmespaniaul Qopmyaacu YPuHil.:

(8)] F(9dg() = F()g(x)

2 ®)[900df (9 (30)

CTmiTbec MHTErpaJIMHM XHUCO0JIAIITa JOUP MUCOJLIAP.
ABBaJITU NMYHKTJIa KYpraHUMH3/IEK, MabJIyM maptTiap Oaxapunranga CTUIbTeC

MHTETPAJIMHU XUCOOJIalll yuyH Kyruaaru ¢hopmynanap YypuHiu Oyiaau:

(S)[ f()dg () = (R)[ F (x)g(x)dlx, (31)
(S)[ £09dg(x) = (R)[ f ()g'(x)dx, (32)

Ba

(S)] F(9dg(x) = (R)[ F(x)g'(x)dx+ f (a)-[g(a+0) - g(a)] +

(33)

+3£(6)-[9(6, +0) - g(c, ~0)]+ 0)-[(6) - g(b-0)]

[y dopmynanapaan ¢oitnananubd MUcoIap eyaMus.

1-mucoa. Kytiuoaeu Cmunmvec unmezpaniiapu XUcoOIancuu.

T

a) (S)JZ' x’d/n(L+ X); 0) (S)i xd sin x; 8) (S)Jl‘ xdarctgx .




<2a) (S)szd In(L+x) =(( (12) - popmynanan doitnrananamus))

‘ X2 NG 2
=(R) (x 1+—j X= = ——x+|n|x+]4 ‘ =2-2+In3=In3.
X+1 X+1 2 0

0

T T

0) (S)j'xdsinx= (R)Jz.xcosxdx:((uzx = du:-dx D:

dv = cos xdx vV =sinX

s
. 2

= XSInX| —
0

z
2

sinxdx=£+cosx =£+O—1=£—1.
2 o 2 2

O v [ Ny

) (5) [ xd (R) ]2 ax=Linpe 41| =0
B xd arctgx = x==In(x* + ‘ -
’ X+l 2 -1

2-MUC0J1. Kytiuoaeu Cmuamvec unmepaiiapu YUcoOIAHCUH.
3

a) (S) j xdg(x), 6y epoa
-1

0, aeap x=-1 o6ynca,
g(xX)=41, aeap -1l<x<2 6yica,
-1, aeap 2<x<3 06yuca;

ea

) (S) j x2dg(x), 6y epoa

1
-1, ageap 0<x< > oyaca,

0, aeap 1Sx<§ oynca,
9(¥) = S

2, aeap x:E oynca,

-2, aeap g <x<2 oyrca.




€43a) g(X) pyHKIUSHUHT X =—1 HyKTaJard cakpammu lra, X =2 HyKTaJaaru
cakpamu —2 ra TeHr xamaa X #—12 maykranapaa g'(x)=0. Yuaa (13)-dpopmynara

Kypa Kyiujarura sra 0yinaMus:
3
(S)jxdg(x) =-1.(1-0)+2(-1-1) =-1-4=-5
-1

1 3
0) g(X) byHKUHSHUHT X = > HyKTaJaru cakpammu lra, X = > HYyKTaJlaru

cakpamu -2Ta TEHI Ba X # %,g 6ynrana g (x) =0. MaTerpanau (13) —

dbopmynanan goitnananubd xucoonaitmMus:

(s)szdg(x)z(g.(0+1)+®2.(_z_o):%_§:—£.>

4

3-mucos. Cmunrmvec unmezpaniiapu XucoOiancum:

@) ()| xdg(x), 8 (S)[ x*dg(x), 9 (S)[ (< +1dg(x).
by epoa

X+2, aeap —2<x<-1 6ynca,

g(x) =1 2, acap —-1<x<0 o6yrca,

X*+3, aeap 0<x<2 6yuca.

« g(X) pynkuusauHr X =—1 Ba X =0 HyKTajgapuaard cakpaid 1 ra TeHr
Xama:

1, aeap -2<x<-1 6ynca,
9'(x)=<0, aeap -1l<x<0 6yica,
2X, acap 0<x<2 oOyica.

a)(S)ixdg(X): Txdx+J%x-2xdx+(—1)-(2—1)+O-(3—2):

-1
£ 2y
_2 3

2
BN
0 2 3 6

2

0 2 @02 2 0 2 2
6) (S)jx dg(x) = jx dx+jx 2xdx + (1) -1+
-2 -2 0




311 4
01=2] X
312 2|0

2
+1:—1+§+8+1:111.
3 3 3

B) (S)jfz(x3 +1)dg(x)(2:4):|‘1( *+1)dx +:[(x3 +1)2xdx +

-2

2

4 _ 5 2
+[(—1)3 +1]1+(03+1)-1:(X?+xj _i+2(%+x?j F0+1=
:1—1—4+2+%+4:15i.>
4 5 20

1.8. Ctuarbec HHTErpajIvMHu 0axoJIAalIl.

CTuiibTeC WHTETpaIMHU Ypranuim skapa¢Humga amamuérna f(X) Qyskmums
y3imykcu3 Ba §(X) GyHKIHS YSKJIM BapHaIUsTa 3ra OyiraH XoJl MyXHM axaMHsTIa dTra.

Bynnait xonga Ctunteec HHTETpaAIMHU Kyluaarnda 0axoJam MyMKHH.
6-Teopema. Aeap f(x) e C[a,b] sa g(X) uwexnu sapuayusiu ynxyus 6yica,
VHOA:

‘(S) [ f0)dg(x)|<M -V (34)

MeH2CUBTUK YPUHIU OVIIAOU.

by epoa:

M =max|f(x)|, V :\b/g(x).

a<x<b

<« CrunThec MUFUHAUCUHU Ty3UO0, YHH 0axoJsiaiiMu3:

o] =

> f(6)A9(%)

G ENERE

(35)

n-1 b
<MY JI() -9 <MV g() =M -V =
k=0 a




11-teopema. f(x)eC[a,b], g(X) - wuexwu eapuayusriu Gyukyus 6a

b
| = (S)I f (x)dg(x) 6yacun. Ynoa Ve >0 yuyn 36 >0: A< 6yneanoa:

o—1|<e\/ (%) (36)

b6ynaou.

1.9. CTniarbec MHTErpa u 0eJIrHCU OCTHAA JUMUTIA YTHILL.

7-Tteopema. @apas xunainuk, [a,0] kecmaoa {f (X)} (N=12,...) ¢yuxyuonan
Kemma-kemauk oepunzan 6yuo, Lm f.(X)=f(x)
oyacun. Aeap:

1) f.(x) eC[a,b],

2) n—>o oa f (x) f(x),

3) 9(X) -uexnu sapuayusinu ynxyus 6yica, y xon0a:

lim(s) | 1,()dg(x) = ($) ] lim , (x)dg (x) = (S)[ f (x)dg (x) (37

o6ynaou.
4 n—>ow ga f (X)f(x), 6ynmrann yayn Ve >0 onmHranga xaMm IryHmai
N, € N con Tormmmaauku, Vn>n, Ba 6apua X €[a,b] map yayn
1f.(x)— f(Q)|<e
TEHICU3IHMK Oaxapwnaan. YHAaa 15-mynktnarm (29)-TeHrcwsnukka Kypa N> N,

Oynranna Kyiuaaru MyHOCaOaTHH XOCHJT KHJIaMU3;

‘(5) [ £,00dg (0~ (S)[ f (x)dg(x)

(38)

:‘(s)j[ f,(x) - f(x)]dg(x)

b
<e\9()=




8-teopema. @apaz kunauaux, [a,b] xecmaoa T(X) pynxyus 8a
{9,(X)} (n=12,...) @yukyuonan «emma-xemaux Oepunecan OyIO, Kyuudau
wapmuap 6axicapuicun:

1) f(x) eC[a,b],

2)9,(X) (n=12,...)-uexnu eapuayusanu hynkyusiap,
b
Vg, (x)<V (n=12,..),

4) limg, () =9(x).

Y xonoa:

lim(s)| £ (x)dg, ()= (S)] f (xdg(x) (39)

oynaou.

Ha3zopar caBoJuiapu:
1. Yekmnu Bapuarusuiv QyHKIusIap Tabpudu.
2. OyHKUWSHUHT TYJWK BapualusICu HUMA?
3. Yeknu Bapuanusui QyHKIUsIap cuHdu.
4. Yexmu Bapuausuiv QyKIusiiap yayH 3apypuid mapTtiap.
5. Yeknu Bapralusuid QyKusiap yayH eTapiv mapriap.
6. CTuinThec MHTETPATUHUHT TabpU(UHU KEIITUPUHT.
7. CTUAThEC MHTETPATMHUHT MaBXY/JIUK [IAPTH.
8. CTUIIThEC UHTETPATMHUHT XOCCATAPUHU KEITHPHHT.
doiigajaHnJIraH agaduérTaap:
1. TyituueB T.T., Tumabaes XK K., Kyrnumyparos A.P., Kapumon K. K.
JlonoTHUTENHBIE TJ1aBbl aHau3a, T. “YHuepcuret”. 2015.
2. Brian S. Tomson Theory of integral. Simon. Fraser University Classical Real

Analysis.com, 2012.




// PEZKA: \\

2.1. I'apmonux ¢ynxkyusiap ea yiapHume Xxoccaiapu.
2.2. Xapuax meopemacu.

2.3. Cybeapmonuk (hyHKyuaap 8a yiapHuHe Xoccaiapu.
2.4. Maxcumymaap npuHyunu.

2.5. C*-cungpea meauwinu cybeapmonux ynxyusnune Jlannac

@epamopu. /

Tasnu wubopanap: ecapmonux @yukyusiap, cy62apMOHUK QYHKYUAIAp,

MOHOMOH KaAMarosdu, meKUucC AKUHIAUY YU, MAKCUMYMIAD NPDUHYUNU .

2.1. Tapmonuk GyHKIMAJIAP Ba YJIAPHUHT XoccajJapu

Tabpud. Arap D c[]" coxana 6epwiran U € C*(D) pynkuus ymdy:
_du du ou

AU=s—+—+..+—=0
X X, OX,
TEHTJIMKHY KaHoaTiaHTupca, QyHkims D coxaga rapMOHUK QyHKIUS AeiuIaIu.
o 0 0
Byana A=— +—+...+ — — Jlanac oneparopu [1-2].
ox' OX OX’

D coxama rapmMoHuk Oyiran Oapua ¢yHknusuiap tymiamaad  h(D)  xabwu
oenrunanmMus.
apMOHUK QYHKIMSUTAPHUHT aCOCHI XOCCATIAPUHHU KEITHPAMU3.

a) arap Ueh(D) 6ynca, y xonga mxtuépuit X € D mykra Ba cdepa yuyn
S(x°,r) c D ym0y TeHTrIuK YpuHIIu:
01 [ udo, (1)

n S(xo,r)

u(x’) =

Ooyana o — [1" da3onaru 6upnuk chepaHuHr ro3acu [1].




0) arap u(x) ¢yukmms B(x°,r) mapna rapMoHuK OYimO, YHUHT €nuiMacuia
y3IIyKcHu3 Oyica, ibHU:
u(x) e h(B(x’,r)) NC(B(x’,r)),

y xonga ymoy Ilyaccon popmynacu:

u) = [ u(YPy)do(y) ¥y
S(xo,r)
. r’—[x—x|
ypunmm, O6yaga P(X,y)=————— Ilyaccona sapocu,o —1" ¢daszomarn Oupimk
orlx—y

chepaHuHT 103acu, N>2. bomka tomonmaH, arap ¢(y) ¢yakmus S(x°,r) chepana

y3IyKcu3 Oyiica, y XoJa:

u) = | e(y)P(x y)do(y)

S(xo,r)
Gynknus mapnaa Jupuxie MacaqacHHUHT edumu Oynamu [1-2].

Hupuxne macamacu: Au=0, u

- =¢(X) uxtuépuit «perymsip» D <[] "coxanap
Y4yH,XycycaH 4yerapacu 0D cuimuk Oyiranja siroHa equmra sra Oyiaam.
P(Xx,y) Ilyaccon sapocu Yy e S(x’,r) Oynranma, X € B(x°,r) OViinua 4ekcu3 CHUIUIHK
Oyaranu yuyH (2) gaH yu0y HaTH»Xa KeJIHO YHKaJIH.

Hatmxka 1. D coxama rapmonuk Ueh(D) dbyHKIus 4ekcu3 CHILTUK OYnaau:
ueC”(D) [1-2].

2.2. XapHaK TeopeMacH

B) Teopema 1 (Xapnak). 'apMOHUK (PYHKIIUSITAPHUHT MOHOTOH KETMa-KETJIUTH
D coxa wumma €Ku o0 TEKHUC SIKWHIAMAAW,EKHM OUpPOp TapMOHUK (PYyKIMsTa TEKHC
sxuamamanu| 1-2].

n) [ 00° KoOMIUIEKC TEKHCIUTHIA TApMOHHUK (QYHKIHUIAp ToJIoMOpd
dyHkuusiap ounan y3suil 0ornukaup. Jlannac onepaTopuHUHT KOMIUIEKC KYPUHHILIN-

0 0 o o_1,0 i 0

= + =4 , OyHzaa Z=X +Ix ell, —=
o ox o207 Y AT e a2 2 o

),

2

i_:l(iﬂi). bynnman aca, feO (D) romomopd PyHkmus yuyH
07 20X  OX

2




Refottl ympot=f
2 21

tenrnukiaapaad ARef =0, AlImf =0 kenu06 umkany.

[ynunr yayd, f romomopd GyHKIMSHUHT XaKUKHAN Ba MABXyM KHCMJIAPH TapMOHHK
dykmusutap Oymaau. AxcuHua,arap U(z) e h(D) 6ynca, y xomma uxtuépuit z° € D
HyKkTa Ba yHHHT B(Z°,r) = D atpodu y4yH yuna romomopd f(z) yHkums masxyn
oymo, Re f(z)=u(z), zeB(z’,r) 6ymamu [1].
2.3. Cyorapmonuk ¢pyHkumusiap.

dapa3 kunainuk, D <[] "coxana U: D —[—o0,00) GyHKIHMS Oeprirad OYICHH.

Tabpud. Arap u(x) GbyHKIHS KyHHIard UKKA IIAPTHA KaHOATIIAHTHPCA!

1) u(x) roxopuman spumysaykcus, sbau VX' € D yuaym:

@u(x) <u(x’)

TCHICU3JIMK YPUHIIH

(bynman, D coxaHuHT UXTHEPUA KOMIIAKT KHCMHUAA (YHKLIMS FOKOpHIaH

yerapaJlaHraHJIMry KeJu0 YuKaan);
2) uxtuépuii X' €D mykra yuynm r(x°)>0 coH TomMIacaku xap KaHzjaii

r<r(x°) yays:

U(x) < — [ uwdo (4)
(o}

n S(xo,r)

TEHICU3JIMK YpuHiu O0yica, U(X) ¢ynkuus D coxama cyOrapMoHuk aevmiaamud. D
coxana cyorapMoHuk gyukiusiap cuapuau sh(D) xabu Genrunaitmms.

Kenrycuaa kymainuk ydyH Ou3 TpuBHaid U(x)=-—oco ¢dyskiusacn xam D nda
sh(D) ra rerunum, npe0 KapaimMu3. ODHAW CyOrapMoOHUK (YHKIHMSJIAPHUHT

XOCCaJlapuHU KeATUPAMHU3:
a) cyOrapMoHUK QYHKIUSJIAPHUHT MycOaT KOIPOUIMEHTIN  YU3UKIN
KOMOHMHAIMSICH CyOrapMOHHUK GyHKIus Oymaau [1]:

u (x)esh(D), a eR (k=12,..,m) =
= au (x)+au,(x)+...+au (x)esh(D);




0) 4eKIM COHAAru CyOrapMOHHMK (DYHKUIUSIAPHUHT MAKCUMYMU CYOTapMOHHK
byukmus 0ynaau[1]:
u,(x),u,(x),...,u_(x) esh(D) =
= max{u,(x),u,(x),...u,(x) } esh(D);
6) MOHOTOH KaMaroB4M CyOrapMOHUK (QyHKIHSAIAp KeTMa — KeTJIIMTHHUHT
JUMHTH cyOrapMOoHHK (QyHKIUs Oymaam [1]:
u(x)esh(D) , uXzu_(x) (j=12.)=
:Ijipguj(x) esh(D);
2) TEKUC SKUHJIAUIyBYM CYOrapMOHUMK (QyHKUUSATIAp KeTMa — KETJIMIU
CyOrapMOHHMK (DYHKITUSATA SKHHJIammauy [1]:
u (x)esh(D), (j=12,..), u,(x)3 u(x) = u(x)esh(D);
2.4. MakcumMymJiap NpUHLIMIIH.
0) Maxcumymnap npunyunu [1-2]. Arap u(x) e sh(D) ¢yukuus 6upop X' €D
HYKTa/la Y3MHUHT MaKCUMyMUT'a SpHUIIICA, SbHU:
u(x’) :sxu[pu(x) (5)
Oyica, y xonaa U(X) =const 6ynanu.
<« Yuboy:
M ={xeD:u(x)=u(x’)}
TYIJIaMHA Kapaimk. U(X) (yHKIMSHHHT IOKOPHIAH SPUMY3JIYKCU3 OYIraHIMrUaaH

Ba (8) maptnan M TtymuiamauHr D 1a EnuKiIury Kenub YuKau.

NkxuHun ToMoH1aH, uxtuépuit p € M yuyH (7) dopmynara kypa:

u(x’)=u(p) < 1n_1J' u(x)do <u(x’), r<r(p),

n S(p.r)

Oynmamu. By wmyHnocabartmanm U|, =U(X"), apam p wunr B(p,r(p)) arpoduna

u(x)=u(x’) oymumman kypamus. by aca M T1ymraMHuaT D 12 OYMK SKaHJIATHHH
kypcataau. [lemak, M =D.

Vpurim Oynaau.

<« By xoccaHuHT HCOOTH IOKOPHIArd 0) X0cca aH Keauo duKaau P> ;




€) — X0occaJiaH KyHuaara MyxuM xyJiocara keinamu3. dapa3 KuIaiiik,
3(X) esh(D)(NC(D) e) Arap 9(x) esh(D), u(x)eh(D) dyakmusiap yayH

S(x°,r) cc D chepana:

<ul

oynca, y xonaa B(x°,r) mapna $(X) <u(X) TeHrcusImk

6epwiran 6ymmo, B(X’,r) cc D 6yncun. Ymoy:

u= [ (P Ydo(y),  xeB(x.r).

S(><0 ,r)

Ilyaccon mnrerpammuu xapaiimik. U(X) € h(B) , U‘ g = 19‘ s 0ymub, e) — xoccara

kypa B = B(Xo, I’) na 19(X) < U(X) Oynmaau. VY3mykcus GyHKUUSIAD YUyH
ucboTnanran 6y xocca uXTuépuil J € Sh(D) yuyn xam ypurmmup: F(X) < U(X)
Ba Jeapmu 6apua X € S map yuys 19(X) = U(X) YPUHIAIUD;

Cyb6rapMonuk QyHKIMsUIap cUHUIa TAPMOHUK (PYHKIUS dKCTpeMai(MakCcuMa)

xoccara sra: arap Dcll"coxa uerapacuma ysmykcus ¢(&),<Ee€oD, dyHKnus
Oepunran  Oyica y Xxoijaa [I={vesh(D)NC(D):V|p= (o} cuH(pIa TapMOHHUK
u(x):ulp=¢ byHkuus makcuman 6yaanu,apuu U(X)>v(x), Vvell

2.5. C* cundra reruuumm cyorapmonuk pynkuusinunr Jlamiac oneparopu.

Teopema. Vkxu kappa cummk U(X) € C* (D) dyukuus D coxana cy6rapMoHuK

Oynmumm yuyH yHuHT Jlamac omepatopu AU>0 TEHTCH3IMKHU KAaHOATIAHTPHIIN
3apyp Ba etapiu [1-2].
Ha3zopar caBoJsiapu:

1. F'apMOHUK PYHKIUSHUHT TabpUDH.

2. N'apMoHHK GYHKIUSTHUHT aCOCUN XOCCATAPUHH KEITHPHHT.

3. M'apmonuk ¢ynkIMs Ba ronomopd GyHKIusIap opacuiaru OOFIaHMIIL

4. CyOrapmoHuK (GyHKUUSIIAP TabpudH.

5. CyObrapMoHUK (QYHKITUSTIAPHUHAT X0CCalapH.

6. CyorapmMonuk QyHkiussHuHr Jlacmacuanu.
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/ PEKA: \

3.1. Cybeapmonux QpyHkyusHune ypma KuuMamiapu m(u, r) 8a n(u, r)

nap.
3.2. Cybeapmonuk (hyHKYyusHUHE annpoxKCcUMayuscu.
3.3. Cybeapmonuk (hyHKYusHUHE 1ANIACUAHU.

\ 3.4. Pucc meopemacu. J

Tasnu uéopanap: cybeapmonux GyHKyus, 10Kan1 UHMeSPAIIAHY84lU, MOHOMOH

mynaamaap, Pucc meopemacu.

3.1. Cybrapmonnk gyHKuustHHHT ypTa KuiimaTaapu m(u,r) Ba n(u,r) aap

u(x) e Sh(D) ¢ynkuus Ba X° € D HykTa 6epuiran 6yiacud. Ymoy:

m(x°,r) = 1n_1 j u(x)do

n S(x%,r)

Ba

n(x°,r) =

v _[ u(x)dv ,

' B(C )

oyama V. r" mukmop B(X°,r)HUHT XaxMu, WHTerpauiapHu (Ypra KuiiMaTiapHM)
KapaiiuK.

2—-T1eopemal[l-2]. dapa3 kunaiinuk, U(X) € Sh(D) Ba u(X) #—co G¥iacuH.
V xonma uxtuépuii X° € D yuyH:

u(x®) <n(x°,r) <m(x°,r), n(x’,r)>-o , 0<r< p(x°,0D),

TeHrcU3IuKIap VpuHiau Oynanu. byHaan tamkapu, arap I MOHOTOH KamMaiuO HoJra
uaTmiica, yaaa n(x°,r) sa m(x°,r) ypra KuiimMariap MOHOTOH Kamaiu0, U(X°) ra
WHTHJIAIN.

2 — Teopemaan ymoy MyxuM HaTikara sra 0yinamus: D c R" coxama cyGrapmonuk

u(x) # —o ¢yukius D na nmokan wHTErpauiaHyBUHAMp, sibHU uxTHépuit B cc D




YUyH Iu(x)dV uHTErpan MaBxyamup.byHnan tamkapu arap mkkura U(X) Ba V(X)
B

cyorapmonnk ¢ynkmusuiapD  coxanma mesapnam yctma-ycT Tymica y xonga ymap D

coxaja arHaH TeHr oymamu. U(x)=v(x), xeD.
3.2. CyorapMoHUK (PYHKIUSIHUHT aNNPOKCUMALMUACH
Cybrapmonuk QpyHkIust y3nykcu3 OVnumu mapT smac.Y D coxanuHr xap Oup
HYKTacHa y3WIHIITa ora OYIUIy MyMKUH. AWHU NaiTAa, KyHuaara TeopemMa YpuHiIu
oynanu.
3-—T1eopemall-2]. Arap u(x)e Sh(D) Oyica, y Xonua mryHaaii MOHOTOH

YCyBUYM OYMK TYyILJIamyap:

D,cD,, cD, Ule:D
]=

j+1

KeTMa — KETJIMTH Ba IIyHAail MOHOTOH KaMaroB4M (PyHKIUsIIAP:

u;(x)esh(D,)NC*(D,),  j=123,.
KETMa — KCTJIIUTU MaB)KyI[KI/I,

u(x)=!iipouj(x) (xe D)

Oynanu.
« Yuoy:

1
2
4

K (x)=14Ce "M arap [X|<1 6¥ca
0, arap |x|>1 6yuca
Gyukuusan Kapaitmik. By ¢gynkinus C”(R") cundra Terumumm 6yim0, YHHHT CaIMOFU
suppK(x) =B(0,1) mup. Buaun K(X) HuHr ndomacumaru ysrapmMac C HHU IIyHAal
TaHaab 0JIaMU3KHU,

[ Ke)dv =1

oyacuH. U(X) #—oo 11e0, Oy saapo Epaamuaa yioy:




ué(x)Z% [ u(y)K(%)dV, 550 ©)

ly-X|<&
UHTErpallHi Kapaiuk. U (X) GyHKOusICHU:
D, ={xeD: p(x,0D) <4 }

OYMK TYIIJIaMJa aHUKJIaHraH 0ynuo, X € Dy na:
1 - X
U, (0 == [ UK (y—jdv = [ u(x+sy)K(y)av
o o o i

Oynamu. Keiimarn tenrmukaarn Oupuaum uHTerpan C”(D;) cuudra, uxkuHIM
unrerpan sca Sh(D;) cundra terumuu 6ynaau. bunobapus,

us(x) € Sh(D;) N C”(Dy).
U(X) HuHr cyOrapMoHHMK GYHKIOWS SKaHIMTHIAH, U; HHUHT O 40 1a, MOHOTOH

KaMaroBuW OYJUIIUINTH Ba:

j K(x)dV =1

e
TEHIVIMKAAH, Uy(X) HUHT U(X) ra MHTWINIIMHYE TOIamus3. P
3.3. CyOorapmMoHUK (p)YHKIMSIHUHT JAMJIACHAHU
F(D) - cung. R" dazona D coxa (D - Rn) o6, 6y coxamaru C~
cuH(pra Tteruuuid Ba (UHAT QYHKUUATIAP TYIIIAMUHHU (CHH()UHN) F(D) neb
6enrunanamm. Jemak, @ € F(D) 6ynca, y xomma (DECOO(D) Oymu0, yHUHT

CaJIMOTH

suppp={xeD: ¢(x)#0}ccD
oynmanm.
Aumu F (D) na sxunnammm tymymuacuan kuputamus.
Arap
suppp, < D, cc D (k=123,...)
0ymmb, 0y @, (X) KeTMa — KeTJIMK (D(X) ra Y3MHMHT UXTUEPHUM XyCYCUH XOCHJIacu

OMJIaH TEKHUC SKWHJIalIca, yHaa




K—>o na ¢ >¢

neitunany. Bywmait sxkumammm mabHocHaa F (D) TONOJIOTHK YU3UKIH (pasonup.

F(D) TonoJioTuK (hazora acocuii gyukyusnap ¢azocu (cuHbU) neHUINO,
NOTEHIMANIAp Hasapuscuaa (D) Ja aHUKJAHTaH YU3HKJIH, Y3IYKCHU3
(YHKIIMOHAIap MyXUM axaMHsTra rajaup.

Vmymnawean gynxyusnap. Ymuxm F (D) dazona ymoy
f: F(D)>R

aKCIAHTUPUII aHUKJIaHraH OynacuH. by akcinantupum Kydugaru mapTJiapHU
KAHOATJIAHTUPCHH:

a) T - amsuxmm, seau nxTHépnit (RS F Ba uxtuépuit A, U E R yayn

f(Ao+uy)=11(p)+ufy).

0) f - Y3IIYKCHU3, STbHU UXTUEPUHN Q, € F sa lim Py = @ KeTMa — KCTIHMK
k—o0

y4yH
im f () = () -
V xomma T akcmawtupum F  Qasoma ammknawram wusuxmu  ysmykcus

@yHKYUuOHan Nenaau.

Aditaitmuk, T dynximas D coxama anmknanran 6ymu6, y MHTErpaiaHyBdH
Oy JICUH: fe Ll(D). by ¢ynkIus F(D) Yu3UKIU (azo/ia y3IyKCU3 Ba YM3UKIH
Oyaran ymoy
f(p)=[fpdV, ¢@ecF(D) (2)
D

GyHKIIMOHATHY aHMWKIaan. AWHUM TalTaa, F(D) dazoma (2) kypunwuira sra

OynMaraH 4nM3uKIu QyHKIHOHAUIAPp XaM MaBxkyl. byHaail pyHKmoHanra Kyduaaru

f@)=p(’), peF[D), x €D

dyHKIMOHAN MEco 6Ya onagy (JIupakHUHT O - QYHKIHSCH).




WuterpannanyBun  QyHKOusiap  CHUHOUHU ~ KEHTaWTUpUII  Makcaauaa

yMyMJIaIirad GyHKIUSUIAp TYITYHIaCH KUPUTHIIA]IH.

2 —mavp u . F(D) dazona aHWKIAHTAH YM3UKIN Ba Y3IYKCHU3
(ynxuuonan D coxana anuknanran ymymaawean gynxyus nedvnany.

Arap ¢(X) >0 yuyn f((D) >0 6ynca, ymymnamran [ dyHxumsra
mycoam @hyHKyus neinnanu.

Macanan, ymoy
f(o) =[odu 3)

dbyHnkunonan mycoar Gpyuxius 6ynamu, 6yana ¢ D anmnknanran mxtuépuii Bopen
ymuamu.  AKCUHYa, Xap KaHaail mycOat dyHkuronai (3) kypunuiga udogaiananm

Aiiraitmuk, f (X) dynkimus D na muddepennmannanysun GpyHkims GyicuH:
f(x) e Cl(D). Arap ymOy
f(p)=]fpdV , ¢@ecF(D)

dopmyna épaamuna ubonananran | mHu dyHKIHOHAN (YMyMiamraH (GpyHKIWS) 1e6

KapauJIurad 6}”lncaK, YHUHT XyCYCHUM XOCWJIACU KyUuJaaru

@» y——¢dv, (l<k<n),

TEHTJIMK OpKaiu Oorika oup GyHKIMOHATHU aHUKJIAIIUHUA Kypamu3. by TeHrTUKHUHT

VHT TOMOHUAArd UHTErPaTHU 6}“/J1aKJ1a6 MHTEerpajuiail Ouinan

0@
—opdV =—|f—2dV
j (0 I O X

k

TEeHIJIMKKa Kejaamus. HaTmxkana

o f op
o) =—[ f 2L dv 4
ax(co) | ox. (4)

oynanu. bynnaru




£ 92 gy
OX,

wnTerpan nxtuépuii f  (pyHkumonan yuyn ammknanran 6ynm6, Gy xonar F(D)
dasoma ammknanran uxtuépuit | QyHKIMOHANHMHT XOCHIACHHH Ky#ujarmda

AHUKJIAIIIHU TaKO30 3TaJIHu.

3—mavpudg. Yuldy

o
F(p)=—-f| =%
() ox.

of
OXy

dynxuponan f  wumr X Oyiinua XyCycwii XOCWJIACH J€HMIanu Ba Kalu

OenruwiaHaau.
Ilynuaraek, | HuHT 1oKOpH TapTHOIM XycycHil XOCHIANapura XaM TabpH]

Oepulll MyMKHH:
k _ K| k
D*f(p)=(-1)" f(D"p),
OyHma

. o
D¥ =
kl I(2 kn
OX*OX,” .. X

, k=(k,k,,..k ).

Hemak, uxtuépuii  ymymnamrad ¢GyHkuus (GyHKIHMOHAT) HUHT HCTalTaH

TapTUOJAru XyCyCUi XOCUIaCH MaBxKy/Jl Ba y XaM yMymJiairad QpyHkius OViaau.

Cobones ¢pazocu. Qc R" ounk tymiam Ba 1< p<oo G¥icum.

4d—mavpudg. Arap f el’(Q) 6yamud, yHMHr yMyMmJjamradl XOCHIapu

XxaM xap KaHmad k=1..n yuyH el’(Q) 6yaca, feW'(QQ) Cobonen

k




daszora Termuutu naeiimms. Xap kanmaii  f eW'P(Q) yuyn Vf=(V,f,.,V_ f)
oenrunanmms.

W*P(Q) 6Gamax dazo 6ymmu6 (p=2 ma I'mnbept daszo), yHmaru HOpMa

b =0+ SIVIEP" 25

|f ||w1v°°(Q) =[], + kZ_;HVk fl,  p=o

W*P(Q)  ¢aso 1<p<oco yuyH cemapaben Ba 1< p<oo yuyH
pednekcus. W*P(QQ)  dasora Termuum OYauMm  yd4yH eTapid  IIApTIapHU
KEJITHPaMHU3.

4 —teopema. QcR" ounk tymmam 6yicun, {f } — W"?(Q) ¢asonaru
KeTMa-KeTiuk 6ymub, oupop f €L ¢ynkuusra sxkummamicud. Y xonama KyHdumard

TacAUKJIAp YPUHIIU:

(@) Arap 1<p<ow Ba xapkaumaii Ke{l,..,n} yuyH mynmaii @, €L’

TONWJICAKU YIIOY Vietn = 9,

f eW"P(Q)

MIAPTHH KAHOATIIAHTUPYBUYU YXOJIIA

V.f —g,

Ba oynanu.

() Arap l<p<oo Ba xapkaumait ke{l..nt yayn V. f

f eW'P(Q) Xap KaHjai

KEeTJIMK 4YerapajaHran Oyica, y xoJsa

kefl,...n} yuyn V.. —Vf

Ba

Oynanu.

5—teopema. Papas kumaiiiuk f Ba g dynximanap L (Q) dasora
terunun  0yimmo, K e{l,...,n} OyicuH. Y xomaa g=V, f Oymumu yuyH
f,>f Ba V f —9g maprnapaun xkanoartmantupyBun {f }=C”(QQ) xerma-

KETJIMKHUHT MaxyJ[ OYJIuIM 3apyp Ba eTapiaugup.




Cy6rapMoHMK  (yHKIEAnap ymymuii xomma C°  cundra  Terumimm
oynamacnurunan, AU - Jlamuac omepaTtopunu ¢akaT ymyminamrad QyHkuus cudaruaa

Kapaii MyMKuH 0ymaau[1-2]:
Au(g) = [uag, ¢ < F(D).
6 —Teopem a. Xap kanaaii cyorapmonuk ¢pynknus U(X) € Sh(D), u #—oo,
y4yH yMymJamrad MabHona AU >0 Oynanw, ssehu uxtuépuii ¢ € F(D), ¢>0 yuyn

J UA¢ >0 myHOcabaT YpUHIUIUDP.

Kymnaman, u(x) ¢ysxmms C* cundra terummm 6ymm6, y cyorapMoHHUK Oyrica,

X o%u o’u
ueSh(D)C*(D), yxomma AU=—+...+ — =0 mup.
%, 28

IOxopuma kenTupuiaraH TEOPEMaHUHT aKCH XaM YpUHIIM: arap yMyMJalra
byHKIUSA U yIyH:
Au(g) = [urg=>0, geF(D), 4>0,
MyHOca0aT Oaxapuica, y Xojia U cyorapmMoHuk QpyHkius OViaau;

3.4. Pucc Teopemacu

@.Pucc meopemacu. Xap xaugain U(X) € Sh(D), U=#—oco, QyHKIHS ONMHTaHIA
xam D coxama mrynmait Myc6ar ymaam u Mapxyaku, uxtuépuit D° cc D coxa yuys:
u() = [ K(x=y)du, +, (x) (7)

DO

6ynanu, Oynna @, (x) € H (D°) Ba:

i|n|X|, arap n =2 0ynca
2r

— l . 1
(-2, |

K(x) =

arap n> 2 o6yca.

bynma, K(X) o¢yukuuscu Jlammac TeHrjIamMacHHUHT (QyHIaMEHTal CYUMHIUD:
AK(X)=0(x) 0ymb, Oy epma O(X) - JlupakHuHr yMmymiamirad (GYHKIIHSCH,
0og(X)=¢(0), pcF(R"). o ra maccacu Xx=0 na 6yiran Oupauk yiruam (3apsm)

MOC KC€JIaau.




Hasopar caBoJsiapu:

1. CybrapMoHuK QyHKIUSHUHT YpTa KHAMaTiIapu m(u, r) Ba n(u, r) Japu.
2. CyOrapMOHUK (YHKIUSHUHT YpTa KuWMaTiIapu m(u, r) Ba n(u, r) Jap opacuaaru

OoFaHUILIAp.
3. CyOGrapMoHUK (PYHKIIUSHUHT alllIPOKCUMAIUSICH.
4. CybrapMoHHK (YHKIUSHUHT JalUIaCHaHd. Y MyMUH XOJI.
doiigananniarad agaduéraap:
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PEJKA:
4.1. Texuc uecapananeatn cyocapmoHuK GYHKYUsIAp OUIACU.
4.2. Cybeapmonux (hyHKyusiap Kemma-KemiueuHuHe 0Kopu TUMUmu.
4.3. Xapmoec nemmacu.

Tasinu ubdopanap: cybeapmonux hynxyusiap, mexKuc 4e2apaianeat, Kopu

Jaumum, J1OKajl yecapajilansaH, Xapmoec ACMMACU.

4.1. Tekuc 4yerapajganrad cyorapMoHuKk pyHKUOusiJIap onJiacu

CyOrapMoHuK QyHKITUSIIAP Ha3apusACHIa IOKOPUIAH JIOKAT TEKUC YeTrapajaHTaH
yHKIMAIAp CHHGU MyXUM poib YitHaiimm: arap xap oup X’ €D Hykra yuyH
mrynait arpod B(X°,r) cc D Ba mysnait M koHcranTa Tonwicaku, {u_ }c Sh(D)
cuH(aaH OJMHTaH Xap Oup U (X) GbyHKIUA ydyH ymoy:

u (x)<M (xeB(x°r)
TeHrcu3nuk Oaxkapuica, {U_ } cundra D na roxopuoan noxan mexuc uecapanamneam
cyOrapMoHuk (QyHkuusulap cuHpu neiimnagu. PaBmanku, xapanaérran {u,} cuHd
y4yH:
u(x) =sup,, u, (x)
¢byakus maBxkyd Ba y D nmanm ommnran xap Oup xommakt K cc D na rokopunan
gyerapajaHranaup. Arap Oy (GyHKIHMS IOKOpHIAaH SpuUM Y3JIyKCU3 OVyica, yHUHT

CyOrapMOHMK OYJIMIIUTMTHHKM UCOOTIAm KUAKH 5Mac. U(X) GYHKIUS FOKOpUIAH SPUM

y3IyKcu3 Oynmaca, yHa, oaTaa KyWniara peryJispianl onepamuscy Kapaiaau, SbHU

u(x)=lim sup u(y)=limu(y).
r—0 yeB(x,r) y—>X




Bynma U (X) ¢yskmms U(X) HUHT peeyrapranean (GyHKIHMACH Aeiumanm.
Perynspnanrad U (X) QYHKIHNS IOKOPUIAH PUM Y3IyKCH3 OYIan.

Tlonap mynnamnap. AWTANINK, D coxa Ba yHAaru 6upop E TY11aM Oepuiran
oyacun: £ < D.

Arap mynnait u(X) € Sh(D) sa u(X) #—o0 dynkuus masxyn 6yicaxw,
VX € E na u(x) = —oo Tenrmmk Gaxapuica, E tymmam D coxana nonsp mynaam
JNEUNITaIN.

[Monsip TymuIaminap Kyiuaaru xoccanapra sra Oyiaau:

a) nxtuépuit D = R" coxana nomnsp tymnam 6yryn R"na xam nonsp tymmam

Oynanu, SbHU
u(x) e Sh(D), u(X)#—o0, u|.=—o
6yuca, y xonna mynnail J(X) € Sh(R") dynkuus Tonmnanuxu,
F(X)F#—0 6a Y|.=—0
oynamu;

0) CaHOKJIM COHJArd TOJSp TYIUlamjap HUFUHAUCHU TOJSAp TYIuiaM OVyianu:
E,,E,... monsp tymiamiap 6yica, g = chl E, Xam moznsp TV11am O0ynanu;

5-Teopema [1-2]. IOkopuaan JoKal YerapajaHraH CyOTapMOHUK
(GYHKIMSUTApHUHT UXTUEPUET CHH(H {Ua} yayn U (X) =sup_,u, (X) oyicuH

VY xonna

u"(x) € Sh(D)

6ym6, N ={X eD: u(X) <u (X)} tymiam D na monsp tymmam 6ymamm.

4.2. CydorapmMoHnk (pyHKIUSJIAP KeTMA-KEeTJIUTHHUHT I0KOPY JUMUTH

6—Teopema. Dapa3 KUIANIK,

u;(x) e SK(D) , j=123,..




IOKOPUIaH JIOKajd derapajaHraH CyOrapMOHMK (yHKUUSTIAp KeTMa-KeTJIUTU

6ym6,  u(x)=limu ;(X) oyncun. Y  Xoina, u"(x) e Sh(D) 6ynmo,
J—©

N={xeD: u(x)<u (x)} tynnam D na nonsp Tyraam 6ymamu.
4.3. Xaprorc jJieMMacu
Xapmozc nemmacu. Dapasz kunaimk, D € R" coxana rokopuman 10Kaja TEKUC
YyerapaJiaHraH:
u;(x), j=123,..,
cyOrapMoHuK (yHKIUSIAp KeTMa — KeTJIUTd Oepuirad O0yiauo, xap Oup TalMHIaHTaH

x € D nykrana:

limu, (x) < 4

joo
oyncun. ¥V xonga Ve >0 Ba Kcc D xomnakT yuyH myHaail j, € N Tomunanuk,
vVi>1],, xeK na

u;(x)<A+e
TEHrCU3IMK Oaxkapuiaau[1-2].

€4 Yuby K ccGcc D mynocabarna 6ymran G coxana {U;(X)} xetma —

KeTJIMKHU FOKOPHJAH JIOKaJd TEKUC uerapajiaHramiuruias, myHgaii C =const

maBKynku, U;(X) <C (xeG) rtenrcusnuk Oaxapunamu. U; napuuHr ypuura U; —C

KeTMa — KETIIMKHK Kapal, 6us G ma U;(X) <0 neb kapanmmus MyMKHH.

Arap O<r< %p(K,@G) coHM omHca, yuaa uxtuépuit X° € K ga B(X°,r) =G

o0ynu6, daty TeopeMacura Kypa:

lim u,(x)dv < j limu,(x)dv < AV,r"
J—© J—oo
B(x°,r) B(x°,r)

oynamu. bynnan Ve >0 coH onuHrannga xawm, mryHaail j, tonunu6, > j, Oynaranna,
yuoy :
& n
j u, (x)dV < (A+Ejvnr
B(x°,r)

TEHTCU3JIMKHUHT YPUHIIN OYIUIIN KeTUO YUKAIH.




Oumu 0< S < mapTHU KaHOATJIIAHTUPYBYM O COHHMHHU TaluHiaab, Yy € B(X°,0)

HYKTaJapHU KapaMus.

l-vusma.

2 —teopemaBa U;(X) <0 (xeG, [=12,..) maprunan dpoinanannd, j=> j, na:

_ j u, (x)dv s;n j u, (x)dv <
Vn(r+5) B(y,r+5) Vn(r+5) B(XC.r)

V,(r+96) 2

OynmumuHM Tonamus. PaBimankuy, eTapanya KHYUK O Jiap y4yH:

u;(y) <

u()<A+e, jzj,, YyeB(X’,9),
TEHTCHU3JIaK Oakapuiiau.
Hemak, komnakt K ra terumum xap oup X° Hykra (X° € K) onunranga xam, 0y
Hykrara Oormuk mydmaii  j(Xx°) Ba  S(X°)>0 commap  TONMIANUKH,
j>j(x°), yeB(x°8(x%) 6ynranna;
u;(y)<A+e

oynanu. Ymoy:
J B(X°,8(x%)

x%eK




vinruamu (mapnap iuruaaucu) K xommakTtan Tyna xommaiian. Jemak, B(x°,5(x%))
IIapIapHUHT YeKiau coHparucu xam K HH Kommainu. bynman sca myHmait |,
Tonuaub, j=j,, yeK na

u;(y)<d+e

Oynuiy kenubd yukagu. »
N 3 o x. Xaprorc neMmacw KyWugard BapuaHTAa XaMm YpurIagup: (apas

kuaiimuk, D cR" coxana roxkopunan sokan Tekuc derapananrad {u;(x)} < Sh(D)
ketMa — keTiMK Ba A(X) € C(D) ¢ynkums OGepwiran O0YVimb, xap Oup TalMHIaHTaH
XxeD na:

!iﬁou ;(x) <4(x)
oyncun. Y xomma Ve>0 Ba VKccecD yuwyn 3Jj,:Vj>j,, XeK na
U; (X) < A(X) + & TeHrcu3uK Oaxapuaum.

<« By TaciMKKa WIIOHY XOCHJ KHWJIHII y49yH XapTorc jJeMmacu ucoorumaru
. - g
COHMHM IIyHfail TaHmam 3apypku, uxtuépuit X,y e B(x°,r) yuyn | A(x) — A(y) |< 3

oyncuH. Y xonua:

= B(x°, r) B(x%, 1)

im [ w@ar<s [ A@ar< Vnr"{A(xO)nLg}

o o & .G
0ymu6, A coHmM YpHUTA A(X°)+§ UIITUPOK Kuiaaw. byHmaH Tamkapu, WXTHEpHA

yeB(x°,8) yayn | A(x°) - A(y) |<§ murufan 6us B(x°,0) ma u;(y) mu j2 Jo (X°)

napaa rokopuaan A(Y)+& OWIaH TEKHC YerapajiaHraHJIMTHHM Ba HUXO0AT, OyTyH K

kommaktaa U;(X) <A(X)+&, j=j,, XxeK,oxaunmurunu ncbornai onamus.[1] P




Hasopar caBoJsiapu:

1. Yerapananran cyOGrapMoHUK (QYHKIHSIIAp OMIACHHUHT aHUK IOKOPY YeTapacH.

2. CyOrapMoHUK (GYHKIUSHUHT PETYIU3ALHUSACH.

3. CyOrapmoHHK (yHKIMSUIAp KETMAa-KETIMTUHUHT aHWK FOKOPH 4Yerapacu Ba
IOKOPH JINMUTH.

4. Xaprorc 1eMMacH.

doiigananniarad agaduéraap

1. Canynnaes  A., Teopuss mmopunorenuuana. Ilpumenenus. Palmarium
Akademic Publishing, 2012.

2. Klimek M., Pluripotential theory. Clarendon Press., 1991.




IV. AMAJIUH MAIIFYJIOT MATEPUAJJIAPU
1- Ba 2— aMaJui Maryjgorjaap: Yekau Bapuauusaau
pyHkuusiaap, pyHKUMAHUHT TYJa BADHAUMACH Ba

YJAAPHUHI Xoccajgapu
HMmpan makcana: MaTtemMaTuk aHaau3HUHT OMOMaTeMaTHKa, MEXaHHUKa, OMMaBHI

XU3MaT Ha3apusCcH, T'eOMeXaHuWKa Ba OOIIKa coxalapJard KEHr KYJUITAaHWJIAIIUHU
TymryHTHpuil. Yeknu Bapuanusiin (yHKIUSHUHT Tabpudu Ba XOCcalapvHH, Xamja
CruitheC HMHTETpPAIM Ba YHUHI XOCCAJapUHU KEHIPOK VYPraHuIl Ba MHUCOJUIAP

épaamua TaTOMK STHIIL.

NiHu 6akapuin y4yyH HaMyHa:

1-MucoJ. Yuuby:

T .
X’ sin=, aeap x#0 6ynca,

X

f(x)=
0, acap x=0, 6yrca

Gyuryus uxmuépuii yvexnu [a,b] xecmaoa vexnu sapuayusea sea.

> with(plots) :
x2~sin[£] 0<x<L2
f= X ;
S 0 x=0
2 . (th
_ x“sin| — O<xand x<2
= X
0 x=0
S -

> smartplot( );




2n 3m oon o on O}l m om 3m 2m
2 2 2 2

plot(f,x=0.2,-5..5, color=red, thickness =2, discont = [ usefdiscont = [ bins
=35]], grid=1100, 100]);

4
7
0 —— N L S S E S e |
051 13 3
X
_3
_;I_—




2xsin(£]—cos[£]n O<xand x <2
g:= X X
0 x=0

plot(g,x=0..2,-5..5, color=red, thickness = 2, discont = |usefdiscont = | bins
=351, grid =100, 100]):

<«43-teopemanan origananubd KypcaTaMus:
T
X

x20ma  f'(x)=2xSinZ-zCos”  ma
X

x=0ma £'(0)=rim ) =TO) i AxsinZ 0

Ax—0 AX AX—0 AX

Oynranu yuyH uxtuépuii yekiu [a,b] kecmana yioy:
(0| <2. |+ 7 =L

TEHI'CH3JIMK YpuHiIn Oynaau. YHaa 3-teopemara kypa f(x) dynkuus [a,b] na vexnn

BapHanusra ora. >




2-MucoJa. Kytiuoaeu Cmuimvec unmezpaiu XucooaiaHCum.:

(S)JZ. x*d/n(+ X);

)| (S)j‘xzdﬁn(lnL x) =(( (12) - popmynanan doiinanaHamus))

2 X X2
[x 1+—de= = ——x+€n|x+ﬂ ‘ =2—-2+/n3=/n3.
0x+1 2

3-MucoJ. Kyiudaeu Cmunmvec unmespaiu XucoOiaHCum:
3
()] xdg (),
|

6y epoa:

0, aap x=-1 o6ynca,
g(x)=<1, ageap -l<x<2 o6yrca,
-1, aeap 2<x<3 oyca,;

€ g(X) bysknusHEHAT X = —1 HyKTamaru cakpamm -1ra, X =2 HyKTaJaru Cakparim —
2 ra TeHr xamaa X # —1;2 mykranapgaa g'(X) =0. Yuaa (13)-popmynara kypa

Kylujarura sra Oyiamus:

(S)i xdg(x) =-1-(1-0)+2(-1-1) =—1-4=-5

> Mmucoa 9

> with( plots) :




1
0<x<—
> y(x) =1 In(x) 2 . lim v(x) .
x—>0 x
0 x=0
v :=x—piecewise| 0 < Xx andx<i - x=0,0
27 In(x)’ ’
undefined
> plot(v(x),x= 0.. %, color = [red]);
141
121
1_
08 -
06 -
0.4-
02 -
I:I T
il .1 0z 03 0.4 0.5
>
> Mmucoa 10
sin(x)
> f(x) = ’ X 2> T




sin(x)

f=x—

> plot( )

> with( plots) :
> plot = Pi
(f(x),x= Pi..20- Pi, color= | green]);




(\/\/\,/\/\/\m\

;'Wm'\jn'wwwﬁ;wwm

=01

-0.24

0
cos(x)  sin(x)
X 2

sin(x)

2

X

B cos(x) sin(x)
g=x— % 2




>

> plot(g(x),x= -10-Pi.. 10- Pi, color = [ green]);

En&fikgé}ki:Bjin

-0

-03 4

2

> Pi=x0<xI=3Pi/2 <x2=2Pi1 <..<x2n-1=nPi-Pi
/2 < x2n=nPr;

>

>

Pi=x0<x1=3 Pi1/2<x2=2 Pi<...<x2n-1

>
> f(m);

0
7]

2

R




()

2
Sm
> with( plots) :
> 4 1
> = | — |
vin) iZZTC (2'1'—1)’
n
4
vi=n—
i—2m(2i—1)

>

> plot(v(n),n= 2..10, color= | green]);

1.44
1.3-
1.2-
1.1—-
N
I:I.Q—-
I:I.E-
I:I.T"-
D.ﬁ—-

0.5

2 3 4 5 f 7
e

> plot(v(n),n= 2..20, color=green]);




1.2+

1.6+

1.4+

1.2

1.0+

024

0.6 4

>

> plot(w(n),n= 2..20, color=[red]);




1.55-5
1.50
1.45-5
1.40
1.35-5
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> MmucoJa 14

> u :=x—>piecewise(0 <xand x < 1,x2,x= 1,2, 1 <x
and x <2, 3);

u :=x—>piecewise(0 <xand x <1, x2, x=1,2,1 <x

andx£2,3)

> W= x—>piecewise(0 <xandx <1, 2-x2, I <xandx
<2,2);

w :=x—>piecewise(0 <xand x <1, 2x2, ] <x and x

<2,2)




> p= x—>piecewise(0 <xand x < 1,—x2,x= 1,0,1 <x
and x < 2, 1);

p :=x—>piecewise(0 <xand x <1, —x2, x=1,0,1 <x

andeZ,l)

> plot(p(x),x=0.2,-1.3, color = green, thickness =2,
discont = true);

3_

1.5 2

-14

> plot(u(x),x=0..2,-1.3, color = blue, thickness = 2,
discont = true);




-1 4

> plot(w(x),x=0.2,-1.3, color =red, thickness =2,
discont = true);

3_




> plot([u(x), w(x), p(x)],x=0.2,-1..3, color = [ blue,
red, green ], thickness =3, discont = true, grid
=1100, 100]);

3_

1.5 2

>

Mmucoa 15

> gi= x—>piecewise(0 <xandx < l,xz,X: 1,51 <x
andx <2, x+3);

g :=x—>piecewise(0 <xand x < l,xz,xZ 1,51 <x

andx£2,x—|—3)

> plot(g(x),x=0.2,-1..6, color=red, thickness =2,
discont = true);




) q/
44

0.5 1 1.5 2
x

-1 4

> fl == x—)piecewise(O <xandx < 1,x2,x= 1,5,1 <x
andeZ,x—FS)

f1 :=x—>piecewise(0 <xand x < l,xz,x= 1,51 <x
and x SZ,x—I—S)

> plot(fl(x),x=0.2,-1.8, color = blue, thickness = 3,
discont = true);




0.3 1 1.5 2

X

-1

> f2 := x—piecewise(0 <xandx < 1,0, 1 <xandx < 2,
2);

12 :=x— piecewise(0 <x and x < 1,0, 1 <x and x
<2,2)

> plot(f2(x),x=0.2,-1.5, color = green, thickness =3,
discont = true);




—_
—
in
b2

0.3

B

> plot([g(x), fl1(x), f2(x)],x=0.2,-1.8, color= | red,
blue, green, thickness =3, discont = true),

H
T

6_

i _—
/

0.5 1 15 2
x




MycTakui e4yMin y4yH MUCOJLIIAp:

1-mucoa. Kytiuoaeu Cmunmovec unmezpaiiapu XucoOiauCum:

T

a) (S)_z[ xdsinx;  0) (S)Jl' xdarctgx .

2-MuUcoJ. Kytiuoaeu Cmuimvec unmezpaiiapu Xucooaiaucum:

(8)[ x*dg(x)

0y epoa:

1
-1, aeap 0<x< > oyaca,

0, aeap 1S)c<§ oynca,
909 =) 22

2, aeap x=§ oynca,

-2, aeap g <x<2 oyrca.

3-mucoa. Cmunmvec unmecpaniapu XucoOIaHCum.:
2 2 2
@) () xdg(x), @) (S)[**dg(x), @) (S)[ (x +Ddg(x).
-2 -2 -2
4. laterpanau XuCOOJaHT.

1) jsin xde*
0

2) | xdcosx

Oty [N




1
3) .[ x*darctgx
)

, -1, aeap x=-2
4) jxdgzﬁ(x) oy epna @(X) =40, aeap 2<x<1
-2
-1, aecap 1<x<2
X% =2, acap —3<x<-2
0, aeap -2<x<-1
2
5) j(x—l)d;zﬁ(x) 6y epra o(X) ={2X+1, aeap -l<x<l1
-3

X, aeap 1<x<?2

3, aeap x=2

-

2, aecap x=-3
X+2, aeap —-3<x<-1

3
6) |xdg(x) Oyepma p(x)=1, veap  —1<x<0
3 !

x? -1, acap 0<x<3

“

T
X, aeap 0Sx<§

NN

7) Isin xdg(x) Oyepma o@(X)=<2, aeap x=—,x=7
0

X—z azca z<)C<7Z'
2“3

8) j(x+2)d(exsgnsinx)

9) I(x—l)d(cosxsgn X)
0

[ (¢ +1)dp()

Oy epna




(X +2, acap —2<x<-1

@(X)=<2, aeap —-1l<x<0

X3 +3, acap 0<x<2

\




3 Ba 4 - amaauilt mamryaoraap: 'apmMoHuk Ba
cyOorapMoHukK pyHKumusaap

Nmpan makcan: bus Kyitnna rapMOHUK Ba CyOrapMOHUK (YHKIMSJIAPHUHT HT
CoNa, 3apyp XOCCAJIApWHU YpraHWil OwiaH OWp KaTopaa, YJIApHUHT TOJIOMOpPd

byskusiap 6unad OOFIMK MacalajJapuHu Kypub YuKamus.

NiHun 6a:kapuin y4yH HaMyHa:

1. U(X,y) =Xy dyHKIus rapMOHHUK QyHKIUS OYIa ogagumMu?
>U = XY,
u:=xy

s plot3d(u,x=-4 .4,y =-4 .4, color=red, thickness =2, grid = [ 100, 100 ]);

Jlanmac Tenrnamacu Oyinya GyHKUMSHA TAPMOHUKIIMKTA TEKITUPAMU3, STHHU:




2 2 2
U_y 9U_o U, %Y _5i0-0
OX OX ox* oy

Hemak, U QyHKIus rapMOHUK OViaau.
2. U (X, y)= x* — y® + X (pyHKUUS rapMOHUK (QyHKIMS 6YIa o1a uMu?

Jlanumac Tenrnamacu Oyiinda (yHKIMSHA TAPMOHUKIIMKIA TEKITUPAMU3, STHHU:

o° 0

A=—+ 0
aXZ ayZ

a—u:2x+1 a—:—2y
OX

2 2
5_13_2 6_22_2
OX oy
A=2-2=0

s

Hemak, U QyHKIMs rapMOHUK OViaau.
> 1=l +)7);
f:Z% ln(x2 + yz)

splot3d (f,x=-3.3,y=-3..3, color = green, grid =100, 100]);




> Laplacian ( (1) )

> with(plots) :

> f(z) =In(lz —1]);
f=z—In(lz —1|)

> plot3d<ln<\/ (x — 1)2 —I—y2 ),x=—5..6,y=—5..5>;




z—In(|lz — 1] |z + 4|)

g.

> g(z) =In(lz — 1]-|z + 4]);



MycTakui e4yMin y4yH MUCOJLIIAp:

1. Arap f(X) ¢ynkums D cR" coxama rokopuman spuMm y3aykcus Oyiica, y
xonma uxtuépuii M € R conn yuyn ymoy {xeD: f(X)<M} TymiamMHUHT OYHK
TYTUIAMJITATH UCOOTIIAHCHUH.

2. D R" coxana 6epunran uxtuépuii @(x) QyHKIHMACH yUyH yIIoy:

@, (y) =lim sup o(x) ,
r—0 B(y,r)

@,(y) =lima(x)
(GyHKIMSIapHU KapallluK. @, Ba w,apHu D 1a 1okKopuaaH spuM Yy3ITyKCHU3JIMTH
UCOOTIAHCHH. @ = @, XaKU/a HUMa JICHUIIT MyMKHH?
3. S(x°,r) cdepana uxtuépuii Gopen ymuamm x4 OGepunraH OyicuH. Y Xoia

ymoy u(x) = I P(x,y)du - Ilyaccon mHTerpaim XaKuaa HUMA JIEHHUIT MYMKHH?
s(x%.r)

Nurerpanauar B(X°,r) na rapMOHMKIMIM MCOOTIAHCHH, YerapaBHii KUHMaTIapH
AHHMKJIAHCHH.

4*. DcR® coxama uUXTHEpHIL U e Sh(D) dynkiuss  yuyn 1mryHpai
u;(x) € Sh(D)(N1C*(D) xetma — keTuk MaBxkyakH, U; (X) Ju(x), j— . Nxtuépnii

D c R" yuyn Oy Tacauk ypuHIuMu?

5%. u(x) e Sh(D) 6ymu6, 0< « <2 Ttaiimnnanran con 6yiucun. Y xonga Ve >0

(U,)<e 6ymm6, u(x)eLip™,(D\U,)

o

yuyH wmyagai U, < D wmaexynku, H

2n—2+a
Oynmagu.  bynman coxama  IIyHJIau w(X) € Lip?*, (D) MaBXYIKH,

o(X)=u(x), xeD\U skanmuru kenu6 unkamu. Kyhngaru MmyaMMo Xakpja HEMa

loc
a—

neimm mymkun? Ilyunaii (x) € Sh(D) (1 Lip,°,(D) wmaexyamuku, X D\U na

@(X) =u(X) OyiacuH.

") jommysua OunaH Mypakka® EKH X03Mpraya Xaja KUIMHMAraH Macananap Oe/lriiaHraH.




6. F(D) cundra termnum Qynkuusra mucon kentupunr. F(D) nma ouwmk
TYI1aM, aTpod TYIUIyHYaCHHU OCPUHT.

7. bup Hykrara, auckpeT Hykramapra, [a,b] xecmara, S(0,1) cdepara, B(0,1)
Hrapra TeKUC JKoMmamrad Oupiuk 3apsi (Yadam)iapra MOC yMyMIIalirad GyHKIUsIap

XyCyCUSITIapHU YPraHWICHH. YJap y4yH XyCYCHUW XocHuialap XUCOOJaHCUH. XyCycui

xocuiayiap yidam Oyna ojlaguMu?




S — amasMii MalIFyJIoT:
CyGrapMoHuK GpyHKUMSIHHHT ypTa KuiimaTaapu m(u,r) Ba n(u,r) gap

Wmpan makcan: Cy6rapMoHUK QyHKUHMSHHHT YpTa KuiiMariapy m(u,r) Ba n(u,r)

Jap Ba YJapHHUHI XOcCcajapu, Xamja yjiap opacujard OOFJIaHUIIHU YpraHUIIIaH

nubopar.

NHu 0askapuil y4yH HaMyHa:

MOHOTOH KaMaroBYM CyOrapMOHUK (PYHKIUSTIAP KETMA-KETIUTUHUHT TUMUTH

CyOrapMOHUK OYJIUIIMHA UCOOTIIAHT.

u;(x)esh(D), u;(x)=u,,,(x) (j=12..,) =limu,(x)eSh(D)

J joo
Ucoor:
u (x)eSh(D) uj+1(x)s u (x)

(i=12,..) =limu;(x)eSh(D) Wvx,,

joo J

limu; (x) <u; (%)

X—>Xg

lim limu; (x) < limu; (x,)

0 X=Xy joo

limlimu, (x)<u; (x)<u(x,)

X=Xy j—o

limu(x)<u(x,) -

X—=>Xp

MycTakua e4yMin y4yH MUCOJLIAp:
1) CyOrapMoHHMK (YHKIUSUIAD YYYH JIOKaJl MAKCHMyM MPHHIWIHN  YPUHIIH
SMACIMTHHH KYPCATHHT, SBHH, cyorapMoHMK ¢ymkmus X €D Hykraga moxan

MaKCUMyMra OSPUIIMIINAIAH YHHHT KOHCTaHTa OYnIumM Kenud dYukMmaau. AWHU

nanTaa, rapMOHUK QYHKUHUSIIAP YUYH 3ca Oy NPUHIUIT YPUHIIH.




2) Kyiinmarn Xaprorc jeMMacHHMHT yMmymutamvacuiau ucbormanr: D cl]" coxana
IOKOpUJIaH TeKuc yerapananran U;(X), j=1,2,... cyOrapMoHuK (QyHKUMsIAp KeTMa-
KeTnuru Oepwiran OyicuH. Arap xap Oup ¢ukcupiaanran XeD Hykrama

!L_rpou (¥ <g (X) TEHICH3JIMK Oaxapwica, Oy epaa ( (X) eC ( D) , YHIA UXTHUEPUI

KP D komnakr Ba uxtuépuil &>0 coH yuyH myHgal j,€N CcOH Tonwiaaukuy,

Oapua 2> j,, X K nap yuyH

u,(x)<g(x)+¢
TEHICU3JIUK YPUHIIN OYJ1aau.
3) Arap g(x) ¢akarruma spum  ysaykcus QyHKmms Oynca ysaykcus g (X)
byHKUMsIIap yuyyH XapTorc JEMMAcCHHUHI YMyMJallMacu TYFpU OYJIMacIUTHHU
UCOOTIIAHT.
4) 1, perymsap HyKTajdap TYIIIaMUHM F_ TUOUmarsd TYmiaM SKaHJIUTH, STbHE YHH
CAHOKJIM COHJAru €nuK TYIuiamiiap WMFUHIMCH SKaHIUTH UCOOTIIAHCHH.
5) Arap K < D, N D, 6¥m6, x° € K nykra K — D, ra nuc6aran perynsp 6yica, y

xongay K c D, raHucOatan xam perymsp Oynagumu? Mucomnap KeITUPHHT.

Kaiicu xonna perynsapiauk TymyHdacn K HH 3 muura oJyiraH coxara OOFJIUK
aMac.
6) Arap uxtuépuit B(X’,¢) arpod yuyn (¢>0), K NB(x’,&) xommakr X’
HyKTajga perynsp Oymca, X° ra sqoxan peeyiap nykma neimmamu. Arap R"/K -
6ornanTaH O6yica, y xonaa X° € K HUHT perynsp OYIWIIM YUyH YHUHT JIOKaJ PErymsp
OYIUIIN 3apyp Ba €TapIv KAHJIUTMHN ncboTnanr.”
7) Uxrtuépuit momsip 6ynmaran kommakt K < R" yayn K, < K - perymsp kommakt
Mapxyamu? K HEM nuupaH peryisp KOMOakTiaap OuiaH SIKWHIAIITUPUIIT MYMKHHMU?
K,cK

ia» K, - perymap (j=12,..) xommakmiap MaBXyIMHKH, [-—>o0 1a

o(x,K;,D) T o(x,K,D) 6yncun.




8) VYmymnamrad (yHKIUsIap KeTMa — KETJIUTH {fﬂJ ﬁgpﬁﬂraH O0ynmu6, mxTuépuit

¢ € F(D) yayn lim f,(¢) = f(#) 6yncun. V xomna f, kerma — xkemmmk f ra (xyucns)
J—oo

AKUHAAQULye4y JeWWIamd Ba KaOu OenrwiaHaav. f HM ymymmamrad  QyHKIHS

9KAHJIUTHHU UCOOTIIAHT.

9) Arap f(x) ¢oyuxkuus D < R" coxama rokopumaH spuM y3iaykcu3 Oyiica, y Xojia

nxtuépuii M e€R  coun yuyn ymoy {XeD:f(X)<M} TymnaMHHUHT OYHK

TYTUIAMJIATH UCOOTIIAHCHH.
10) S(x°,r) cdepana uxTuépuii 6open yauamu 4 OGepunrad O6yncuH. Y Xonaa ymby

u(x) = _[ P(x,y)du - IlyaccoH wuHTerpanu Xakujaa HUMa JICHUI MyMKHH?
s(x°.r)

Nurerpanauar B(X°,r) 1a rapMOHMKIMrM MCOOTIAHCHH, YerapaBuii KuiMaTiapu

AHHMKJIAHCHH.
11) DcR®  coxama  HXTHEpHIL U e Sh(D) pynkiuss  yuyyH  myHaai
u;(x) € Sh(D) (N C*(D) xetma — keTuk MaBxkyakH, U; (X) Ju(x), j— . Nxtuépnii

D c R" yuyn Oy Tacauk ypuHIuMu?




6 — amaamii MaFyJa0T: YekJiM Ba YeKCH3 COHAAru cyorapMoHuk GyHkuusjiap
CylpeMyMH, IOKOPH JIMMHTH.

Nmpan makcaa: Yoy amanuii MamFysiaoT JaBOMHUAA YEKIU Ba YEKCHU3 COHAAru
CyOrapMoHMK (yHKUMAJAp XOcCcaJlapy Ba CYOpEMyMH, TEKHUC uerapajiaHraH
CyOrapMOHMK (YHKIMsUIap oOwWilacura Ba  CyOrapMOHMK (QYyHKOUsUIap KeTMma-
KETJUTUHUHT OKOPH JUMHUTHHM XHCOOJNAIIra JOWp MHCOJUIAPHH, Xaprorc

JIEMMACHUHUHT TaTOMKUTA OUJ] MacalajlapHU YpraHamus.
NiHu 6a:kapuin y4yyH HaMyHa:

IOKkopunan nokan Tekuc werapananran {U;(X)} < Sh(D) ketma — xkerimk
VxeD na !iEOu ;(X) < A(x) maprau 6axapcun. Arap A(X) € C(D) 6ynca, Xaprorc
nemmacura kypa U, (X) < A(X) + & Tenrcusnuk D COXaHMHI MYM/IA TEKUC YPUHIUIMD.
by nmemma siHa kaHmait A(x) map yuyH Ypurnu? FOxopuman €ku KyWuaaH spuM
y3nykeu3 A(x) GyHKIUsUIAp y9yH YHUHT YPUHIIA YMACITUTUHU KYPCATHHT.

K ¥ p c aTm a. ®apas kwraimik, U(X) € Sh (R") ¢yakuusicn X =0 nykrama

ysumumra sra 6ymran, limu(x) <u(0), dymxmms 6ymu6, U, (x) e Sh(R")C*(R")

x—0

MOHOTOH KaMaroBuHM, U(X) ra MHTHIIYBYM KE€TMa — KETJIMK OyicuH: U;(X) Ju(x). v
xonma {u;(x)} Ba A(X)=U(X) yuyn Xaprorc nemmacu ypunim smac. by epna
A(X) = u(x) y3mykcu3 OyimMacaaH, (pakat OKOpHIAH SPUM Y3ITYKCH3.

DHIIM KyWHJIaH SpUM Y3ITyKCU3 (YHKIHUSA YUyH XaM XapTorc JIEMMAacH YPUHIH
Z _—

1
s,

Joupanap HUFUHIMCHHY IIyHail TaHnam kepakku, V (z, E)| ,_o=1 Oyncun. Y xonna

6ymMaciurnan Kypcatum yayn C=R® Texmcimkma E =Uljk :U{

k=1 k=1

m
= =UUk ne6, z,€E Hykramapuu Ba o, >0  CcoHJapHM LIyHAall TaHIaIl
k=1

MYMKHWHKH,




m

um(z)zv*(z,Em)+max{iln|z| , O}
a

1
CyOrapMOHUK (QyHKOHUSUIAp KeTMa — KeTIUrH yayH U, (Z.) 2> > Ooaxapunanu. Jlemak,

0 —_
z ek yayn limu_ (0)=0 nurugan, Oy keTMa — KETIMK yYyH XaM XapTorc

aemmacu ypuniau amac. byana A(z) =V (z, EU{0}).

MycTakui edyuil y4yH MUCOJLIAP:

1)  Airaitnux, u, (x)esh(D)NC(D) Ba I_i_muj (X)SO OVicun. Y xolja miyHgai

jo
xed Kaepaa 3ud 0ynmaran S < D tymuiam Tommmm6, D\S nma {uj (x)} KETMA-KETIINK

JIOKaJT IOKOPHUJIaH TEKUC dYerapajgaHran OyimumuHu ucootnanr. [lynnai kummb, D\'S
na XapTore JIeMMacH YpUHIIH.

1
——,arap x = L palnuoHal CoH
2) ] ma anuknanraH U (X) =5 q q byHKIUA

—1, arap x — uppaloHasICoH
Kylugaru xoccara sra: U (X) #0, amMo U *(X) =0. Xamma epma u(x)<u"(x)
TEHTCU3IIMKHU KAHOATIAHTUPYBYH, KyliHAaH spuM y3iIykcus Gyiran U(X) QyHKuus

MaBXYJIMH?
3) Jespiaun xamMma epja KaHAauaup cyOrapMoHUK (yHKIHMS OWIaH yCTMa-yCcT
TYIIYBYU FOKOPUJIAH SPUM Y3ITyKCU3 (YHKIMA Yy OuiaaH XaMma epjla ycTMa-ycT

TYIIUAIIMHA UCOOTIIAHT.

4)  dapas kunaitnux, U, (x) € Sh(D) N C(D) 63ub, limu ;(X) <0 6yncun. V xomnma
J—oo

myHgai 6ym 6ynmaran B < D arpod maBxynku, B ga Xaprorc nemmacu ypuHiIu

OynumMHY, TbHU UXTUEPUN & >0 ydyH mIyHAall j, HUHT MaBXyx OYnIuIIuHH, | > |,

napza U;(X) <& Oymummnayu ncOOTIaHT.




5  Arap f(x) ¢ysxuus D  R" coxana rokopugan spuM y3inykcus Oyiica, y xosaa
nxtuépuiit M e€R  comnm yuyn ymoy {XeD:f(X)<M} TymnaMHUHT OYHK
TYTUIAMJTMTH UCOOTIIAHCHUH.

6) S(x%,r) chepana nxtuépuii 6open yauamu 4 Gepunrad 6yncun. Y xomnaa ymoy

u(x) = J- P(X,y)du - IlyaccoH wuHTerpamu Xakuaa HUMa JeHUIl MyMKHUH?
s(x°.r)

Wurerpananar B(X°,r) 1a rapMOHMKINIHM MCOOTIAHCHH, YerapaBHil KHHMAaTIapH
AHWKJIAHCHH.

7) DcR®  coxama  wuXTHEpHIA u e Sh(D) ynkiuss  yuyn  myHzmai
u;(x) € Sh(D) (NC”(D) kerma — KETIMK MaBKYIKH, u; (X) Ju(x), j— . Vxtuépnii
D c R" yuyn Oy Tacauk ypuHIuMu?

8) D={0< |Z| <1} = C Temuk moumpana rapmonuk U(z)=In |Z| byHKIMSICH yIyH
f(z) e Sh(D), Re f(z) =u(z) maBxyx 3MacIUruHU KYPCATHHT.

9)  (Jlenmown). Arap U(z) dyHkiuscu xap Oup apryMeHTH Oyiindya rapMOHHUK OVica,
y N - TapMOHUKIUD, STbHU Xap OUp apryMeHTH OYyindya TapMOHUKJIMIHAAH YHHHT

C?(D) cuH(Tra TETHILTHINTY KeIu6 unKaay. Mc6oTnaHr.




V. KEMCJIAP BAHKH
Case 1. OyHKIMSHUA YEKJIW Bapualysra 3ra OYJIMILIMK OWjaH YHHHT YEKIIU

JUMUTTA 3Ta OYIUIUIIMK Opacuiard MyHOCa0aTHU aHUKJIAHT.

dapas kumaiauk  f(X) Qyaknms [a,+oo] opaiMkaa aHUKIaHTaH OYin0,xap

t

KaHmail [a,t], (t>a) kecmama wexam Bapmarmsara sra OymacmH. Arap |imV f
t—>w a

JUMUT MaBXKyn Oyica |, limf(x) maexymmruan ucbormanr.Teckapucu

X—>-+a0
VpuniuMu? Mucostap KEATHPUHT.

Case 2. Jlunmuil mapTUHU KaHOATJIAaHTUPYBYH (PYHKITMS YEKIIU BapHalusra sra
[2-Teopema, 1-Mabpy3a]. YOy TaCIUKHUHT TeCKapHCH YpuHImMu? Mucoiuiap
KEJITUPUHT.

Case 3. Maple nactypu €paamuia GyHKIMSIHA TYJIUK BapUAIUSICUHA

XUCOOJIaHT.
f (X) =cos’ X ¢ynkuusuu [0, 7] OpaauKIa MKKMTA YCyBuYM (QYHKUUANAP aiupMacH

makJmaa ug o ajiaHr.

s with( plots) :

S f(x) = cos’(x);

f:=x—>cos(x)2
s plot( f(x),x= 0..Pi, color=[black]);
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1 1
h :=x—>piecewise(0 <xand x < P 1 -2 cos(x)z, o
<xand x <, lj
: : 1 2 1
x— piecewise| 0 < x and x < PR 1 —2cos(x)", o <x

anden,l)

s plot(h(x),x= 0 .. Pi, color = [blue]);
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1 1
g = x—>piecewise(0 <xand x < L} w1 — cos(x)z, > T

<xand x<m, 1+ cos(x)z)

x—>piecewise[0 <x and x < % m, 1 — cos(x)z, % T <x

and x <m, 1+ cos(x)z)

s plot(g(x),x= 0..Pi, color=[red]);
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plot([h(x),g(x), f(x)],x=0..Pi, -2 ..4, color=[blue, red,
black]);
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Case 4. Ctuntbec HHTETpaTiIa aIATABIIMK XOCCACH KalCH X0aa YpUuHIHA?
Case 5. Cruntbec uaTerpasu Mapxyn oymaauran f(X), g(X) byHkumsiap yayH
MHHHUMAaJ CHH(OHY aHUKJIAHT.

Case 6. 'omomopd PyHKIMSHY YHUHT XaKUKHI €KW MaBXyM KUCMHU EpAamMuia

KaHAal ycysap OWiaH TUKJIAI MyMKUH?




VI. MYCTAKWJI TABJIUM TOHHINUPUKJIAPHU

1. Ymoy:

XCOSi arap X # 0 6yica
0, arap x=0 6ymnca

(GYHKIMSHUHT UXTUEPUIN KeCcMaJla YCKIIM Bapualysra sra OYJIUIIN KYpCaTHIICHH.
b c b

2.V f(x)=V f(x)+V f(x), a>c>b teHrauk ucOOTIaHCHH.
a a C

3. f(x) dyukuus [a,b] ma uexknu Bapuarmsra sra 6yica, yHaa

900 =V £V
GyukustHAHT [@,0] na ycyBum Ba yerapananraH OYIUIIN UCOOTIAHCHH.

4. TyrpunanyB4M OYIMaran 4u3uKKa MUCOJ KEITHUPUIICUH.

5. Kyitnaaru GyHKIVSUTApHUHT TYJIUK BapHAIUSICUHNA XHCOOJIAHT:
1) f)=vx,  xe[L4]
2) f(x)=arctgx , xe[-L1]

3) f()=[x] . x e[-13]
4) f(x)=x%, x e[-2;3]
5) f(x)=sinx, x e[0;27]

6. OYHKIUSAHUHT TYJIWK BapHAIMSICUHU XUCOOJIAHT:
0, x=0
f(x)=41-%, O0<x<1
S5, x=1

/. OyHKUMSHUHT TYJIUK BapUaLUACUHU XUCOOJIAHT:

x-1 x<1
f(x)=410, x=1

X%, 1<x<2




8. YOy

x> cosz, X #0
f(x) = X

0, x=0

dbynknusau [0,1] kecMaja Yeksiv BapHualysra 3ra SKaHJIUTuHA UCOOTIaHT.

9. Ymiby:
xsinl, X#0
f(x)= X
0, x=0

byukuusau [0,2/m] kecMaa YeKIM BapHalysra sra SMacJIuruHu UCOOTIIAHT.

b b
10. Arap \/ f(x) = A 6ynca,y xonma \/ (kf (x)+m)

11. Arap f(X) ¢yukuus D < R" coxama roxopuman spum y3nykcus Oyiica, y
xonga uxtuépuit M € R conn yuyn ymoy {XeD: f(X) <M} TymiaMHUHT OYHK
TYIIJIAMIIUTHA UCOOTIIAHCHH.

12. D c R" coxana Gepuiran uxtuépuii w(x) QyHKIUSACH YIyH YIIOY:

@, (y) =lim sup o(x) ,
r—0 B(y,r)

@,(y) =lima(x)
QyHKUMsUITapHU KapailllnK. @, Ba @, JapHU D 11a FoKopuaaH SpuM y3ITyKCH3IIHTH
UCOOTJIAHCHH. @) = @, XaKU/1a HUMa JACHHUIT MyMKUH?
13. F(D) cundra rterunuin Qyskuusara mucon kentupunr. F(D) na ouwmk
TYIaM, aTpod TyIIyHYaCUHU OCpUHT.
14. bup Hykrara, TucKpeT Hykramapra, [a,b] xkecmara, S(0,1) cdepara, B(0,1)
Irapra TEKUC JKoimairad Oupauk 3apsia (Yadam)iapra MOC yMyMitamirad (GyHKIHsIap

XyCYCHUSTIapHU YPraHWJICHUH. YJIap Y4yH XyCyCUH Xocuianap XucoOjgaHCHUH. XyCYCUM

xocuianap yinuam 6yna onagumu?

15. Ymymnamran ¢pynkuusnap kerma—kermuru {f;} Oepunran 6y1n6, nxruépuii

¢ € F(D) yuyn !m f,(#) = f(#) 6Yncun. ¥ xonna f; xerma — ket f ra (kyucus)




Kyucus

akunrauyeuu nevunanu Ba f, —==—f xabu Genrwnamamu. f wu ymymnamran
(GyHKIUS SKaHJIUTUHA UCOOTIIAHT.
16. UxTuépuii Oopen ymuyaMu 4 Y4yH IIYHJIAW AUCKpPET (IMCKpET HyKTajapra
9 9 Kyucus 9
KOWIIAIITaH) yiadamiap KeTMa—KCeTIUIU A MAaBKyIAKH, A;————> 4 Oynanu.
NcboTnanr.

17. S(x%,r) chepana nxTuépuii 6open yauamu 4 Gepunran 6yicus. Y xonaa

ymoy u(X) = J- P(X,y)du - IlyaccoH MHTerpajin Xakuaa HUMa JACHUIT MyMKHH?
S(x%,r)

Wurerpanauar B(X°,r) 1a rapMOHMKINIM MCOOTIAHCHH, YerapaBHil KHHMAaTIapH

AHUKJIAHCHH.
18. DcR? coxama uxTuépuit U e Sh(D) ynkiuss  yuyH mryHpait
u;(x) € Sh(D) (N C*(D) xetma — KeTIHK MaBxKyaKH, U; (X) Ju(x), j— . Vxtuépnii

D < R" yuyn 6y tacauk ypusauMu?




VIL. TJIOCCAPUU

Tepmun V36ex THUIHAATH Hapxu NHram3 Tuamaary mapxu
ek n-i For every n € N the sums
BapHALHSLIN 9 =D 1 F (%) — F06) n1
GyHKIus 5 k=0 g, = Z| f (%) = T4
Function of finite Huruaauiap Vne N ydayn k=0
variation IOKOPHU/IaH TEKHUC YerapajlaHTaH upper uniformly bounded
Tynauk Bapuauust b b
Combined V f(x)=Sup{3} V f(x)=Sup{I }
variation 2 2
By”a;‘ig;'eyv‘i’;oml* dynxums xap 6up [a,,a, ] If function monotone on every
SR ETE KecMala MOHOTOH [a;a,.,]

myHjaai L>0 con Tronuicaku,

0 Forany x, X e [a,b] there exists
JInnumun mapru UXTUEPUU X, X € [a,b] HyKTanap

Lipschits condition L>0 such that
WWH\fuy—f@ﬂSLWX—A \fuy-fuﬂSLWX—A
Cruarbec n1 n1
HHTerpa G:k—o f(é:k)[g(xkﬂ)_g(xk)]: O':Z f(gk)[g(xkﬂ)_g(xk)]:
WHFUHIUCH - - -
_The sum of Z (£)A9(x,) f(£)A9(x,)
Stieltjes integral -0 k=0
éﬂ]" = | mamxyn sa s girrola =| exists and finite, and
Cruarhec Ki}(;Jl;I/II/;f{’I/I}}III—II“HgI VFHI;I;I{I/I:E?Ti [ifr]a its value isn’t depending on
HHTErpa/u Y yey partition of [a,b] and selection
Stieltjes integral Xamzia yH/Iaru g

of the points
& on[a,b]

HYKTaJapHUHT TaHJaHHUIITUTa
O0orMK Oymaca.

m, = :nfl{f(x)} m, = |nf {f(X)}

Hap0y —

CTHITHECHHHT My = [)f ljkpl]{f ()} M, = kSlk;pl) {f (x)},
Kyﬁn Ba IOKOPH -t Exk K]
ey | S 7B s=gmaate
CSteles | S=2Mg() 5-8'M,a00x)
k=0
Hapoy —

CTHITHECHUHT . =Sup{S} sa I" =inf {S} . =Sup{S} and I" =inf {S}
Kyl Ba OKOpH




HHTerpauiapu
Upper and lower
integrals Darbu-

Stieltjes
D c R" coxana Gepuiran u e C*(D) function defined on
TapMoHHK ueC*(D) dyuxuus ymoy an open set D c R" if it
byHKuus o%u o4 o%u satisfies the Laplace equation:
Harmonic function AUEa_Xlsza_Xzer---Jr%:O AUE@+@+ +@:0
2 2 2
TEHIJIMKHU KAHOATIaHTHPCA X 0X, X
2 2 2 2 2 2
Jlamac oneparopu A:a_+a_+_”+a_ A:a_+a_+m+a_
Laplace operator X2 oxl ox’ ox;  ox; OX:

D coxana rapmoHuk Oyiran

Set of all harmonic functions on

h(D) Oapua GyHKIMSIIAp TYTIIAMU an open set D
o R (asonarn bnpmik The square of unit sphere on R"
chepaHUHT 103acH

Iyaccon rz—‘x—x02 rz—‘x—x02

dbopmynacu P(x,y) = . P(x,y) = n
Poisson formula o,r[x -y o,r[x-y|
JdupuxJie
Macajaacu Au =0, U‘aD = @(X) Au =0, U‘ao = @(X)

Dirichlet problem

Yexcus CHIIUK
Infinitely smooth

ueC”(D)

ueC”(D)

Toomopd f(2) DyHKIHS z,€C Function f(z) C-differentiable
at the any neighborhood of the
(l)yHmmﬂ_ HYKTaHUHT OUpOp U(z,,¢) y netgn
Holomorphic point
. atpopuna C-
function z,€C
muddepeHnanianyBuu
U(X) dyukIms Kydugara HKKH
[IapTHU KaHOATTIAHTHPA/IH: Function u(x) satisfies
1) u(x) roxopuman following conditions:
SAPUMY3ITYKCU3,IbHU vx’ e D 1) 'LL(.X') — upper semicontinuous
yayr limu(x) <u(x’) function: for vx° e D satisfying
CyOrapmoHuk o limu(x) < u(x°)
pyHkums TEHI'CU3JIUK YPUHIIU x—>x°
Subharmonic 2) nxtuépuit X° € D HykTa 2) For every x° e D exists
function yayr r(x°) >0 con r(x’)>0, forany r <r(x°)

TONWIAJUKA, Xap KaHIau
r <r(x°) yuyn

1n_1 [ ueydo

n S(x°.r)

u(x’) <

following inequality holds

in_l [ ueyde

n S(x%,r)

u(x°) <




TEHTCU3JIUK YPUHIIN.

D coxana cybrapMoHuK

Family of subharmonic

sh(D .
(D) byHKIuMsIap cuHbU functions on an open set D
Arap U(x) € Sh(D) QysKIit | 1.6nction u(x) e Sh(D)
_ bupop x* €D nyxrana reaches its maximum at the any
MakcuMymiIap | {3uHMHT MAKCHMYMUTA 3pHUIICA, intof x° D .ie. if
NpHHIHIH i p0|rl of x°e ,|.erz].|
inci u(x®°) =supu(x) then
Principles of u(x°) =supu(x) (x°) Up (X)
maximums xeD

Oyica, y xonga U (X) = const
Oynmanm.

u (x) = const
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