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|. HIIYU JACTYP

Kupum.

Ma3kyp JacTyp PpHUBOXJIAHTAH XOPWXKUW JaBIATIIADHUHT OJUH  TabluM
coXacuaa »JpUIIraH IOTyKJIapu XamJa OpTTUpraH Taxpubamapu acocuaa
“MartemaTuka” KailWTa Taill€piaml Ba Majlaka OWIMPHII WYHAIUIIM  y4yH
TalépiaHraH HaMyHaBHHA YKyB peXa Xamja JacTyp Ma3MyHHUJIaH KeIuO YWKKaH
XoJiga Ty3wiran OynmO, y 3amMoHaBUW Tajabiiap acocuaa KaiTa Taiéprarmn Ba
Majaka OIIMPUII XKapaCHIAPUHUHT Ma3MyHHHHM TAKOMWUIAIITHUPUIL XaMmJa OJIMA
TABJIMUM Myaccacallapu TMeJaror KaJpJapuHUHT KacOWil KOMIETEHTIMTUHU
MYyHTa3aM OIIMPUO OOPUIIIHU MaKcas KUJIaaH. .

Kamusar Tapakkuétu Hadakar MamIakaT MKTUCOAUNA  CATOXUSTHHUHT
FOKCAKJIMTU OwWiiaH, Oaiku Oy cajoxXuaT xap OWp MHCOHHUHI KamMoJI TONUIIM Ba
YIFYH pUBOKJIAHUIINIAa KAHYAIUK UYHAITUPUITAHIUTH, UHHOBALMSJIAPHU TaTOUK
STWITAHJIUTH OWJIaH XaM yim4yaHaau. Jlemak, TabiuM TU3HMH caMapajopJiMIrUHU
OILIUPHUIIL, TTeIarOTJIapHUA 3aMOHABUHN OMJIMM XaMJla aMaJinii KYHUKMa Ba MaJlakajiap
OWwIaH KypOJUIAHTUPHIL, YET dBJ WIFOp TaxpuOalapuHU YpraHUIl Ba TabIuM
aMaauETUra TaTOMK ATUII OYTYHTM KyHHUHT J0y13ap0 Basudacuaup. “Marematuk
aQHAIM3HUHT Maxcyc O0o0mapu” MOJylud aiilHaH MaHa W1y WYHaIUIIIara
MacajalapHy XaJl 3TUIITra KapaTUJraH.

Onuit TapauM Myaccacajlapy IeNaror KagpJIApUHUHT MAJIAKACHHU OLIAPHUII
Ba yJapHU KailTa Tai€piaiil OyryHI'M KyHHUHT SHT J1013ap0 MacanaiapuaaH Oupu
O0ymb kenmMokma. MamilakaTUMH3 TabJIMM TH3UMHJIA OOCKMUMa-OOCKHY amaira
omupmwiIaéTran UcIoxXoTiap Oy macanara siHaja MachyausAT OuiaH EHAOMIUIITHU
Tanad KUIMOK/IA.

Ymby “MaTteMaTuk aHATW3HUHT Maxcyc 000yapu” MOIyJId MyTaxacCHCIHUK
dannapu O6JOKUAAru acoCHil Moaysuiap/ian Oupu O0ynu0, yHAa MaTEMaTUK aHAJIU3
Ba KOMIUIEKC Y3rapyBumiv (pyHKIUsIap Ha3apusacu (paHJapuHUHT aiipuM 0001apu
TaHy1a0 YKUTWIAIN.

MabiyMKH, XaKMKUI Ba KOMIUIEKC Y3rapyBUMiId (YHKUUAJIAD aHaIU3U
opacuja yxmanuimkiap Ba TadoByTiap 6op. Ymly Kypcla KOMIIEKC aHajau3ra
Xoc OynraH ycymnap ajloxyja TabKuAJaHAAu Ba yinap &EpaaMuia XaKuKan
Yy3rapyBuMin (QYHKIUSUIAD AHATU3WHUHT alpUM MacajaJlapuHUHT COJJAa Xall
STWINILM KYpCaTWIAIN.

MoayJaHMHI MaKcaau Ba Basudaaapu.

AHanM3HUHT Maxcyc 0oOnapu MOIYJIMHUHT MakKCaau OJHA  TabiIuM
Myaccacajapy Mneaaror KajpjapuHu KailTa Tai€piam Ba mManaka OUIMPHUIL KypCH
TUHTJIOBUMJIADUHUHT  OWJIMMIIADUHMA ~ MYyCTaxKamJjaii,  OJui
MaTeMaTtuka (aHUHUHT alpuM OYIMMIIApU Ba YJIApHU YKUTHUII
Oyiinua MajakajJapyuHHU OUIMPHUII BA SHAJIa TAKOMUJUTAILITUPHILI.




MoaynHuHr  Bazudacu  TUHIJIOBUWIApJA  MaT€MaTUKaHUHT  3apypui
MabIyMOTIapU MaKMyacH (TyITyHUaIap, TaCAUKIIAp Ba yIapHUHT HCOOTH, aMalIui
MacajajiapHd €uMIl yCyJ/ulapu Ba Oomkanap) OyiiMua KYHUKMallapHU
MTaKJUTAHTHPUII Ba SHATA PUBOKIAHTUPHIIIAH HOOpaT.

Moay.a 0yin4a THHIJIOBYMJIAPDHUHT OMJIMMH, KYHUKMA Ba
MaJlaKaJIapura Kyiuiaaauras rajgadmaap.

“MareMaTUK aHAJIM3HUHT Maxcyc O0o0mapu” KYPCUHHU  Y3JalITHPHIILI
*apa€HuJla amalira OlMPUIIaIuTal Macajiajiap Joupacuaa:
TuHrinoBYM:

- MaTeMaTUK aHaJIU3 Ba YHHUHI OyIuMIapu, yYHM VYKATUII OYiWYa SHIU
TEXHOJIOTHsUTApHU OWIIHIIY,

- MaTEMATHK  AHAJM3HUHT  MyaMMOJapyd Ba  YHUHI  PUBOJKJIAHHUIII
UCTUKOOIapH;

- MaTeMaTHK aHAJIU3 Ba YHU YKUTHUII OYiWYa SHTY Ha3apuil OuJammiiapra jra
Oyyuim;

Tunriaoun:

- MaTEMATUK aHAJU3HUHT aMaIuETra TaTOMKIapH;

-TapMOHUK Ba CYOrapMOHMK (yHKUMsAJIAp Ba YJIapHUHI XoccajapujaH
ol nananuml,

- cyOrapMOoHUK (DYHKIMSJIADHUHT allpoKCUMAIUsIIapH;

- CyOrapMOHUK  (PYHKIUSUIAQPHUHT CYNPEMyMH Ba IOKOpU JIMMHUTHJIAH
doiinanaHu aMaauil KYHMKMAJapUHH 3T AJUIAIIU JIO3UM.

Moay/HM TAIIKKWJI 3THII BAa YyTKA3UII Oyiin4ya TaBcUsiiap.

“MaTemMaTUK aHAJIM3HUHT Maxcyc O000mapu” Kypcu Mabpy3a Ba aMaluid
(ceMuHap) MaIIFyJI0TIap MIAKIUAA OO OopUIaIu.

Kypcuu yxutuim sxapaéHuia TabIUMHUHT 3aMOHABUN METOJUIapu, axOopoT-
KOMMYHUKAIIUSI TEXHOJIOTUSIIapU KYJUIAHWIUIIN Ha3ap/ia TyTUJITaH:

- Mabpy3a Aapcliapyuja 3aMOHABHM KOMIIBIOTEp TEXHOJIOTHSIapu EpaamMuaa
MPE3EHTALMOH Ba JIEKTPOH-TUJAKTUK TEXHOJIOTHUsIIap/IaH;

- YTKa3WJIaJIurad aMajiuid MalliFyJIoT/iap/ia TEXHUK BOCUTalapiaH, SKCIpecc-
CYpoBiap, TECT CYpPOBIApH, aKJIUN XYKYyM, TYPYXJU (UKpiall, KUUYUK TypyxJap
OwWjlaH MIIIAII, KOJUIOKBUYM YTKa3WIIl Ba OOIIKA MHTEPAKTUB TAbJIUM yCYJIJIapUHU
KyJulall Ha3apaa TyTHJIAIu.

MoayJHHMHT YKYB pexkaaaru 00mka anjap OuiaH y3apo 00FJINKINTH
Ba yCJIYOMi :KUXATAAH Y3BUH KETMA-KeTJIUIH.
MaTteMaTuk aHAJIU3HUHT Maxcyc 000mapu MOAYJIU ainreOpavik TU3UMIIAP,
F€OMETPUSHUHI 3aMOHAaBUI Macajallapy, COHJIM yCyJUlap Ba aMalluii CTaTHUCTHKA
kabu Moaysutap OusiaH yaMmOapyac OOFIUKIUDP.




Yoy danHu yKkuTHI KapaéHUa YKUTHIIHWUHT aHbaHABUM IIAKJUIApUIaH
TaITKapy SHTU TIEAaroTuK TEXHOJIOTHUSIApIaH XxaM OeBOoCHTa (o TaaHuUII Ha3apaa
TyTUIaAH.

Moay/JITHMHI 0JIMH TABJIMMIATrU YPHHU.

Matematuk aHanu3 (aHu pecnyOiMka oMl YKyB ropTiapuja MaTeMaThka
(GaHMHN OKOPHM WIMHM Ba METOAMK CaBUANA VKUTUIIHM TabMHUHJIAII/A,
MaTemMaThka (paHu YKUTYBUWJIAPUHUHT IOKOPH CaBUsJIAry Meaaror Oyiuuuiapuia,
KeJa)kaKk/1a WIMHMHA W3aHuIuIap onub Oopuiuiapuaa acocuil YpuH TyTaau.

By xypcna onnii MaTeMaTUKaHUHI aHAJIU3 KypcHra oMl OyJIuMiIapy, YHHHT
acocuil TyUIyHYaJAapUHM YKUTUII METOJMKAcH OWlaH TaHULITHPUIL KYy31a
TyTwirad. byHJaH Talmkapy MaTeMaTuK aHaiu3 (aHWHU YKUTHILJA 3aMOHABUMI
MEJAaroruK TEXHOJOTUsIapAaH (poiIamaHUuIIHU YPraTHIL XaM KYy3/1a TyTUJITaH.

“MaTeMaTHK AaHAJU3HMHI Maxcyc 0o0Jiapu”
Mopaya 0yiin4ya coatjiap TAKCMMOTH.

TUHII0BYMHUHT YKYB
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CyOrapMoHUK QyHKIMSHUHT YpTa
Kuitvaraapu m(u,r) Ba n(u,r) map.

Yexu Ba YEKCU3 COHJIaTH CyOTrapMOHUK
GyHKIUSIIAp CyIpeMyMH, FOKOPU JTUMUTH.

Kamu: 24 | 20 8 12 | 4




HA3APUI MAILIFYJOTJAP MABMYHHU

1-maB3y: Yekuu Bapuanusiiiv QyHkusjiap, yHKIUSHAHT TYJIA

BapHalMACH Ba YJIAPHHUHI X0CCAJIAPH.

MareMaTuKk aHaJIM3HUHT OMOMaTeMaTHKa, MEXaHWKa, OMMAaBUW XuU3MaT
Ha3apusACH, FTeOMEXaHMUKa Ba OOIIKA coXajlapJaryd KeHT KYJTaHWIUIIU. MaremMaTuk
aHAJIM3HUHT XOPIIK Ba peciyOiiMka MUKECUIATH J10J13ap0 MyaMMOJIapy, €YUMIIapH,
TeHaeHIMsIapu. Yeknu Bapuanusii  QyHKUUSHUHT  Tabpudu, MUCOIUIAP,
xoccanapu. Yeknu Bapuanusara sra Oyiaran QyHkuusiap cuHdu. TyrpuinanyBun
yn3ukap Ba XKopnan teopemacu. CTHITbEC MHTETPAIIM Ba YHUHT XOCCaJIapu.

2-maB3y: I'apmMoHuK Ba cyOrapMoHuk QyHKIusIap.
lapmonuk ¢ynkuusanap. Xoccanapu. Ilyaccon dopmynacu.  [apmonuk

¢yakmmsaan  C*  cuudra rtermmummura. Xapaak teopemacu. CyOrapMOHHK

dynxupsmap. C°  cumdra Termmum  cy6rapmonuk  QyHKumsHMHT Jlaruiac
oriepaTopu. Y3iIykcu3 Oyiamaran cyOrapMOHUK QyHKIHsIap.

3-map3y: CyOorapMoHuk (P)yHKUMSIHUHT YpTa KHiiMaT/IapH.
m(u,r) Ba n(u,r)maap
CyOrapMoHMK (YHKUMSHMHT YpTa Kuiimariapu m(u,r) Ba n(u,r)map.

Cyb6rapMonuk (QyHKIUSHUHT anmnpokcuManusicd. CyOrapMOHUK (DYHKIIUSHUHT
jariacuany. Pruce reopemacu.

4-maB3y: YUekJid Ba YeKCH3 COHATH CYOrapMOHMK QyHKIMATIAP
CynpeMyMH, IOKOPH JTUMHUTH.
Texuc derapananran cyorapmMoHuk ¢yHkuusiaap owiacu. CyOrapMoHUK
GyHKIUSIIAp KeTMA-KETIUTUHUHT FOKOPH JIMMUTH. XapTOTrC JIEMMAacH.

AMAJIMA MAIIFYJOTJIAP MABMYHU

1-2 amaumii MalFyJoTiaap:
Yexin Bapuanusiiin GQyHKUUsIap, yHKUMSAHUHT TYJIa BAPUALUSICH Ba
YJIAPHHUHI X0CCAJIAPH.

MareMaTHK aHAJIM3HUHT OHWOMAaTeMaTHKa, MEXaHHKa, OMMABHH XH3MAaT
HazapusiCl, TreoOMeXaHHKa Ba OoIlKa coxajapjard KeHr KYJUIaHWJIUIITUHUA
TymyHTUpuil. Yeknu Bapuanusuii (QYyHKUMSHUHT Tabpudu Ba XoCCaJlapuHH,
xamaa CTUITbEC WHTErpaii Ba YHUHT XOCCAJapUHU KEHIPOK VpraHuil Ba
MucoJIap EpaaMuaa TaTOUK STHIIL.




3-4 amaJauii MalIFyJaoTJap:

I'apmonuk Ba cyorapmMoHuk pyHKIusIap.
["apmonMK Ba CyOrapMOHUK (PYHKIMSUIAPHUHT 3HT COJIA, 3apyp XOCCATIAPUHH
ypranuin ouiian Oup KaTopzaa, yIapHUHT TojgoMopd GyHKIusuIap OviaH OOFINK
Macaanap.

S-amMaJIMii MalIFyJIoT.

CyOrapmMoHuK pyHKIUSIHUHT YpTa KHAMATJIapH m(u’ r) Ba n(u, r).ﬂap
CyGrapMonyk QyHKIMAHUHT ¥pTa Kuiimataapu m(u,r) Ba n(u,r)miap Ba

YJIAPHUHT XOCcallapy XaMm/ia yiiap opacuaard OOFIaHUIIHY YPraHuIl.

6-amMaJInMii MAIIFyJIOT.
Yeku Ba 4eKCHU3 COHAATH CYOrapMOHMK (PyHKIHUAIAP CyNIPEMYMH,
IOKOPH JIMMUTH.

Ymby amanuii MalFysao0T JaBOMHIA YEKIIM Ba YEKCU3 COHJIard CyOTapMOHUK
byHKIMIAp XOoccalapyd Ba CYNpPEeMyMH, TEKHUC YerapajaHraH CyOrapMOHHK
GbyHKIMsIAp OMlacura Ba CyOrapMOHUK (DYHKIHsUIap KETMa-KETIUTUHUHT I0KOPH
JUMUTUHU XHcoOalra A0Up MHUCOJUIApHHU, XapTOrc JIEMMACHHUHI TaTOMKHUTA
O] MacajaJapHu ypraHuiaau.

YKUTUII INAKJIJIAPH.

Maszkyp Moayn Oyinya Kyiugara YKuTUIN makuiapuaad GoiganaHuaagm:
Mabpy3ajiap, aMaJIii MaIFya0TiIap (MabIyMOTIap Ba TEXHOJOTHUSJIAPHH aHTIa0
OJIWIII, AKJIMH KU3UKUIITHU PUBOKJIAHTUPHIII, HAa3apuil OMITMMITapHU
MycTaxkamJiai);

0axc Ba MyHO3apaiap (Jioluxanap e4rumu OVinda namusuiap Ba acociu
apryMEHTJIAPHU TaKJIUM KWJIHIIL, IIATHII BA MyaMMOJIap €YMMHHH TOTTHTIT
KOOMJIMSATUHU PUBOKIAHTUPHIII).

BAXOJIAIII ME3OHM.
Maxkcuman
baxonamr me30H1
o Oat
Ne YKyB-TOHHII/IpI/IK TypJapu 55 "apao" | "saxmmu" ")"pra"

2,2-25 | 18-21 | 14-1,7
0,5 0,4-0,5 | 0,34-0,44 | 0,28-0,3

TecT-CHHOB TONIMPUKIAPUHA
OaxxapuI




9. | YKyB-TOHNXa HILIAPHHM 1 09-1 | 073-0,83 | 0,56-0.7
OaXkapuIIl
3, | Mycrakun m 1 09-1 | 0,73-0,83 | 0,56-0.7
TONIIMPHUKJIAPUHU OasKapuIll
MYCTAKHJ TABJIHM.

MycTaku/ MIIHU TAKWI S TUIIHUHT HIAKJIM BAa MA3MYHHU:

TUHTIOBYM MYCTaKWI WUITHU MyalssH MOAYJHUHT XYCYCHSITIIApUHU XHCOOTa
OJITaH XO0J1/1a KyWHJIary makuiapaad Goigananuod Taiépiamm TaBCHsl STUIAIN:

- MeBEPUHN XyXOKaTiapiaH, YKyB Ba WIMUM amabuétmapnaaH QoiigamaHuil
acocuia MOAyJI MaB3yJlapUHU YPraHUILL,

- TapKaTMa Matepuaiap oyinya Mabpy3ajiap KUCMUHU Y3TaIITHPHIIL;

- Maxcyc agabuérnmap OVitmya momyn Oynumiiapu €KM MaB3yliapud yCTHAA
UIJIaNT;

- aMaJiuii MalFysaoTiaapaa Oepuiirad TOMIUPUKIAPHU OaXKapHIIL.




I1. MOJTYJIHU VKUTHIIJIA ®ONIAJTIAHUIAIATAH

HUHTEP®AOJ TABJIUM METOAJIAPU
«DOCMY» MmeTOaH

TexHOJMOrUAHUHI MaKcaau: Maskyp TEXHOJIOrMs HWINTUPOKYUIApAaru
yMyMui (QUKpIapaaH XyCycui Xynocanap YMKapHUIll, TaKKOCIAII, KUECTAIT OpKaIn
axOOpOTHM Y3NAIITUPUI, XyJOocalall, IIYHHHTJIEK, MyCTaK/WI MKOAUM (UKpIain
KYHUKMQJIIADVHYA IIAKJUIAHTUPHUINTa XW3MaT KWiaaad. Maskyp TEeXHOJIOrusaaH
Mabpy3a MalIFyJoTIapuaa, MycTaxkamiamiga, yTUWIraH MaB3yHU cypamiia, yura
Basu(a Oepuiga XamJla amMalauil MaIIFyJOT HATIKAJApUHU TaxJIMJI dTHUIIIA
doiinanaHuI TaBCUS STUJIAIN.

TexXHOJOrdusIHM aMaJira OLIMPHII Taanﬁu:

- KaTHAITYWJIapra MaB3yra oujJl OyJiraH SKyHHH Xynoca €KH Fos Takiaud
ITUIIAIU;

-xap Oup umrtupokynra ®CMY TeXHOJOTHACHHUHT OOCKHUYJIApU E3MIIraH
KOFO3JIApHU TAPKATUIIA]IN:

* (OUKPUHTU3HU OaEH ATUHT

* GUKpUHTU3HUHT OaéHura cababd
KYpCaTHHT

* Kypcarran cabaOWHTU3HU
ncOOTIIad MUCON KEATUPUHT

* GUKPUHTU3HU YMYyMJIALITUPUHT

- AIITUPOKYMIIAPDHUHT MyHOCa0aT/Iapy WHAMBHIyall €KUM TYPyXHil TapThOaa
TaKJIUMOT KHJIMHA/IH.

OCMY  TaxyiminM KaTHaluuiaapja KacOui-Hazapuili OMIUMIIApDHU aMajiuii
Malmkjgap Ba MaBXKyd Taxpubamap acocujga Te3poK Ba MyBaddakusTiv
V3MalTUpUIUIImIra acoc Oyiaau.




“bpuuHr’ meroau

“bpucdunr’- (unr. briefing-kucka) Oupop-Oup Macana EKU CABOJTHUHT
MyXOKaMmacHura OaruilIaHTaH KUCKa Mpecc-KOH(epeHusl.

YTkazuim 0ocKu4iIapu:

1. TakxIUMOT KUCMH.

2. Myxoxkama >kapa€Hu (caBOJI-kaBoOJIap acoCU/a).

bpudunrnapnan TpeHUHr SKyHJIApUHMA TaxJMia Kuiauiga Qoigananum
MyMmkuH. LlyHUHTIEK, aManuil YHUHIApHUHT OUp MIakiau cudaTuga KaTHAIIYuiIap
Owran Oupra nom3ap0  MaB3y €EKM MyaMMO MyXoKamacura OaFuIlIaHTaH
OpuduHrnap Tamkuia STUIl MYMKUH OVmanu. Tamabanmap €xku TUHTIIOBUMIIAP
TOMOHHJIAH SIPAaTUJTAaH MOOWJ WIOBAJAPHUHT TAaKAUMOTUHM YTKA3UIIIA XaM
doiinanaHuI MyMKHH.




I11. HABAPUH MABJYMOTJIAP MATEPUAJLJIAPHU

1-mag3y: YEKJIM BAPUALIMAJIN ®YHKIUAJIAP BA YIIAPHUHI
XOCCAJIAPH.

/ PEJKA: \
1.1. Yexnu sapuayusnu ¢hynkyusnune mavpughu. Yexnu sapuayusiu

dyukyusiap cungu.
1.2. Yeknu sapuayusnu oynkyusiapHuHe Xoccaiapu.

1.3. Yexnu sapuayusanu ¢ykyusiap yuyH 3apyputi 8a emapau wapm.iap.

1.4. Tyepunanysuu uuzuxnap. Kopoan meopemacu.

1.5. Cmunmovec unmeepanunune mavpugu 6a YHUHS MABHCYOIUK
wapmu.

1.6. Cmurmvec unmeepanunume xoccaiapu.

1.7. Cmunmsec unmezpanunu xucoonau.

1.8. Cmunmoeec unmezpanunu 6axonaui.
1.9. Cmunmeec unmezvanu b6enzucu ocmuoa aumMumea VImuud.

Tassnu wmbopanap: uexiu eapuayus, yzeapuwiu uYe2apananean @QYHKYus,
@yHKYUuAHUHE MYIUK eapuayuscu, maxcopanma, Cmuimvec unmezpaiu.

1.1. Yeku Bapuauusaiu GyHKUMSHUHT Tabpudu. Yekau Bapuanusim
¢pyskumsiaap cundu.
Avitaiinuk, f(X) pynkius yeknn [a,b] opanukna anukinanran 6yicud. By
OpaJMKHH yIIOy
A=Xy <X <Xy <o <X <Xy <. <X, =D

TEHI'CHU3JIMKJIApPHU KAaHOATJIIAPTUPYBUM HUXTHUEPHUM HYKTalap €plamMujia h Ta
opaJiuKKa OViamMu3 Ba KyWuaard WHFUHIUHHA Ty3aMU3:

9, = :Z|f<xk+1)— F(x)] - (1)

1-tabpud. Aeap (I1)-uuzunounap VneN  YYYH  HOKOpUOAH  MEKUC
yezapananzan 6ynca, ynoa f(X) @yuxyus [a,b] kecmada uexknu eapuayusnza r2a

EKu yzeapuwmu uecapananzan Qyukuusa oeuunaou. Llly vueunounapuumne auux
I0KOpU Yezapacued YYHKYUAHUHZ MYJIUK 6APUAUUACU EKU MYTUK Y32apuiiu 0ed

b
amanaou xamoa y \| f(x) kabu bereunanaou:

\7 f (x) := Sup{4,} (2




Bab3u xomnapaa f(X) pynkuusaunr yekcus opanuknaru (macanas, [a,+oo)
OpaJIMKJard) BapHalMsACH TYFPUCHAA XaM TalHMpUIl MyMKuH Oynamu. dapas
kunaimk, f(X) dynkums [a+o) opanukma 6epunran 6yncun[1].

2-tappud. Aeap F(X)  yuxyus  Vi[a, Alc[a+0) oparuxoa uexau

A
sapuayusea s2a oyauo, \| f(x) myaux eapuayusanap mexuc udezapananeawn 0yica,

a

ynoa T(X) @yuxyus [a+0) oparuxda uexnu sapuayusea sea, deb amanradu Xamoa:

+o0 A
V f(x) = SAljf{V f(x)} 3
0eb kaoyn kununaou.[1-3]

Msox. f(X) @yuxyusnune uexnu eapuayusea sea Oymuwuda — ynume
VILYKCUIUSU MYMILAKO AXAMUSM2A 224 IMAC.

Mucoaaap. 1) [a,b/ kecmaoa uxmuépuii wecapananean monomon gynryus
yexu sapuayusiea 32a 6yiaou.
«a) [a,b] - uexu GyncuH. =

n-1
9, =21 (%) - F(x)| ((byHKIMS MOHOTOH OYNraHM yuyH MOAYJIAp HUFUHIMCH
k=0

WAFUHAMHUHT MOAYJIUra TEHT O0ynanan)) =

S 11 () - f(xk)i -
|f(xl)—f(x0)+ fF(X,)—F(x)+ F(x3)—F(x,)+...+ F(x,)— f(xn_l)|:|f(:<;o)— f(x0)|:

| (b) - f(a) = \7 f(x) = Sup{d,}=|f (b) - f(a)|.

0) f(X) pynkua [aa,+oo) opaJuK1a OepuiraH OyICHH. =

v F(x):= S;‘ff{\z f(x)} = Sup{f (A) — f ()= (+0) - f (2],

Oy epna f(+w)= tim £ (A) >

2) DHOu y31yKCu3, JIeKuH 4ekau eapuayused 32a 0yimacan yHKyusea Mucoi
Kemupamus.

4 Yoy

2X

F(x) = xcosi, acap x#0 o0ynca,
0, acap X=0, 6ynca

dbyaknusan  [0;1] kecmana kapaitmus. Kyhinnaru:
1 1 1 1
O0<—< <.<=-<=x<l1
2n 2n-1 3 2
TEHTCU3IMKJIAPHHA KaHOATJIaHTUPYBYH HyKTanap épaamuna [0;1] kecmanu
opanukjapra axparamus Ba (1)-HUFHHINHE XHUCOOIAMKU3 Xam/ia Y0y TEHIJTUKKA
sra Oynamus:

8 =D (%) - f(xk)|:1+%+...+% =

! 1 1
\{ f(x) =Sup{l9n}=Sl:p{1+§+...+H}=+oo 8




Yexiu Bapuanusan GyHKuusiap cuagu.

ABBaIITU IyHKTIA KYypranuMu3aex [a,b] KecMana MXTHEPUIA yerapaaaHrad
MOHOTOH (DYyHKIMS 4YeKIM Bapuauusra sra Oymamu. By xoccaman ¢oiinananu®,
YEKIIM BapHalUsIy GyHKIUsAIap CMH(GUHN KEHTAUTUPHIIL MyMKHH.

1-teopema. [a,b] xecmaoa 6epuncan (X) @yuxyua wy xecmaoa 6ynaxmu

MOHOMOH OYICa, SIbHU
m-1
[a’ b] = go[ak ) ak+1] (ao =4, a, = b)

oynub, T(X) @ynxyus xap 6up [a ,a,,,] kecmada monomon 6ynca, ynoa f(X)

@yuxyus [a,0] kecmaoa uexnu sapuayusea sea 6yraou|2).
<[a,b] xecMaHUHT UXTUEPUI OVIUHUIITIMHHA OJHO:

n-1
ISln = Z| f (Xk+1 —f (Xk )|
k=0

fimFuaan  Tysamms. by Oymmmmmra 8 (K =0.M) gykramapmm xymm6, [a,b]
KECMaHHHT SIHTY OYJIMHUIINHKU OJ1aMu3. SIHTH OYJIMHUII YIyH:

_ m-1
19n(m) = Z| f (ak+1) — f (ak)| =B
k=0

oynmuo, 4, < Gn(m) TEHTCHU3IIUK Oaxkapwiaau =
Sup{9.}<B = f(X) pynxuus [a,b] kecMana yekiu Bapuanysara sra. »
2-teopema. Acap (X)) @yuxyus [a,b] xecmaoa Jlunwuy wapmunu
Kanoamnanmupca, AvHu wiynoaii L>0 con monuncaxu, uxmuépuii XX <[a,b]
HYKManap yuym.
\f(i)—f(x)\sl_-\i—x\ (4)

menecuznux 6axcapunca, ynoa t(X) ¢gynxyua [a,b] xecmaoa vexnu eapuayusnu
@dyukyus 6yn1aou ea:

\7 f(x)<L-(b—a)

menecusnuk baxcapuniaou|l).

n-1 (4) n-1
419!‘!=Z|f(xk+l)_f(xk)|SL2(Xk+1_xk):L'(b_a), vYneN Y4yH =
k=0 k=0
\; f()<L-(b-a)p

3-teopema. Acap f(X) @yuxyus [a,b] kecmada wecapananean xocunaea sea
6ynca, ynoa f(X) @yuxyus [a,b] kecmada uexnu sapuayusea sea 6ynaou[1-2].
<«Teopema InapTura Kypa IOyHaaid y3rapmac L >0 COH TONUIamuKH, Vx e [a,b]

yuyH
/()<L

TEHTCH3INK Oakapuiagm. VX, x € [a,b] HykTamap omu6 [x,i] (éxu [>_<,x])

kecMaza JIarpamsKHMHT 4eKJIM  OpTTHpMaap XaKUaru

TeopeMacuiaH (oiinanaHamMus:




()
Jlemak, f(x) dbynaknus [a,b] kecmaga Jlunmui mapTUHE KaHOATIAHTHPAP SKaH.
VYHpaa 2-Teopemara Kypa y 4YeKJIu Bapuaiusira sra oynaau. »

4-teopema. Aeap [a,b] kecmaoa anuxnanean f(X) @yuxyuanu wy xecmaoa
Yoy

sL-\(i—x)\.

f(x)=c+ J.(p(t)dt (5)

Kypunuwoa ugooanraut Mymxun oyica, 6y epoa ¢(t) ¢yuxyua [a,b] xecmaoa
abconom unmezpannanyeuu @yukyus, y xonoa f(X) ¢gyuxyus wy xecmaoa uexnu
gapuayusea 32a 6yauo,

\7 f (%) S\; |qo(t)|dt

a

menecusnuk baxcapunaou|l,3].
<«4TeopeMaHuHT UCOOTH yHIOY:

n—1 Xics1

< Z .[ |(p(t)|dt = .[ |(p(t)|dt TEHI'CU3JIMKIaH

=0 X¢

X1

j o(t)dt

—1

a8 Z| f (X)) — (X )| =

Keano uukaaun. P

1.2. Yekan Bapuauusim QyHKUMSJIAPHUHT X0CCATAPH.

Aifraitnuk, 4yexkiu [a,b] kecMa Oepuirad OYJICHH.

5-TeopemMa. [a,b] xecmadazu uxmuéputl YeKiu 8apuaAyusiiu QYHKYUAIAp uLy
Kecmaoa weeapaianean Oynaou.
<« X €(a,b] HykTa onamu3. VHaa maprra Kypa:

, =|f(x)-f@)]+|f(b)- f(X')|S\7 f(x) (6)
oymamu. =

= (X)) =[F(x) - f@)+ @) <|f(x)- f(a)\+|f(a)|(§)\7 f(x)+|f(@)]=M =

f(X) werapananran.p»

6- Teopema. Aeap T(X) sa 9(X) @yuxyusnap [a,b] xecmada uexnu
sapuayusiu 6yica, yHoa:
a) f(x)+g(x) ea 6) F(x)-9(x)
@yHKYUAIAp Xam uLy Kecmaoa Yyekiu 8apuayusiiu 6yaiaou.
7-teopema. Aeap f(X) sa O9(X) @yuxyuanap [ab] xecmada uexnu

. . f
sapuayusiiu 6ynu6, wy kecmada |g(x)| = ¢ > 06yaca, ynoa T Hucbam xam [a,b]

g9(x)

Kecmaoa yekau eapuayusiu 6ynaou.




8-teopema. Aumaiinux, f(X) @yuxyus [a,b] xecmada anmuxnamean ea
ce(a,b) 6yncun. Aeap f(X) @ynxyusa [a,b] oa vexnu sapuayusnu 6ynca, ynoa y
[a,c] 6a [c,b] kecmanapnune xap 6upuda yexkiu sapuayusiu OYIaou 8a aKCUHYA.
Lynuneoex,

V F0=V 1004V F(3) @

meH2euK baxcapuiaou.
A Dapas kumaitmuk f(X) ¢ynkums [a,b] kecmana yexknu Bapuarmsnm 6yacus [a,c)
Ba [c,b] opamuKHHMHT Xap OMpHHH V yCyJ OWJIaH ajoxuja KecMajapra axpaTramus:

A=y, <y <Y, <.y, =C C€=1,<1,<1,<..7,=b. (8)
Hartwxana, OyTyH [a,b] kecma xaM Kucmitapra axpananau. [a,c] Ba [c,b] kecmamnap
Y4yH KyHUJard MUFMHAUIApHU Ty3aMU3:

m=1 (-1
‘gl(m) :Z“()’ku)_ f()’k)|; 19; :Z“(Zm)_ f(zi)| .
k=0 i=0
b b
=[ab] yuyn 4, =9 +9, 6ynamm. = 4™ + 9P =9, <\ f(x)=> g™ <\ f(x) Ba

9" S\; f(x).= f(X) dynxuus [a,c] Ba [C,b] kecMamapHUHT Xap GupHaa dexan

BapHanuysara sra Ba KYﬁHHaFH TCHI'CHU3JINK 6a>1<apHJ1az[H:

V F0+V F0 <V 10 . (9)

Oumu ¢apas xunaimuk, f(X) dynskums [a.c] Ba [c,b] kecMmamapauHT Xap
Oupua YeKIu Bapualusra sra OyiacuH. [a,b] kecMaHUHT UXTHEPUNA OYIMHUIIMHA
ojlaMu3. Arap ¢ HyKTa OYJIMHHII HyKTaJlapura Kupmaca, yHaa C HA XaMm OYJIMHHII
HyKTayiapura kymamu3. Hatmwkana, &, duruHau GakaT KaTTaJall|Iod MyMKAH:

c b
8, <8M+9, <\J f(x)+V f(x)=
= f(X) pynxuus [a,b] kecmana uyexnm Bapuamusra sra Ba:
b c b
VW<V f@)+V fF@) (10)

TeHrcusnuk Oaxapuianu. (9)- Ba (10)-renrcusnukinapaad (7)-TEHICU3IUK Keauo
qyUuKaan. P>
by Teopemanan HaTtwka cudarTuaa Kyiuaaru xocca Keamb Yukaau.
9-teopema. Acap T(X) ¢yxuyusa [a,b] xecmaoa uexnu eapuayusea sea
6ynca, ynoa uxmuépuii x € [a,b] yuyn:

0(x)=\/ )

Myaux eapuayusi X Y3eapyuuHuHe  MOHOMOH  YCY8YU 64  UYeeapaidaHeaH
@dyxkyuscu 6ynaou.




1.3. Yekuin Bapuanusiiin GpyKIusjiap y4yH 3apypuii Ba eTapiu maptiap.

Aviraiimk,  f(X) byHkIusa [a,b] opamukna aHwWkiIaHTraH OYyiIcHH. by
naparpadaa 6us 6epunran f(X) QyHKuMAHMHT yekaM BapuanuAra sra GYIHIIN
ME30HJIapPUHH KEITHPAMHU3.

10-teopema. f(X) @yuxyuanune [a,b] xecmaoa uexnu eapuayusea s2a

oYU YUyH uly Kecmaod MOHOMOH ycyeuu ea ueeapananzan uiynoaii F(X)
DYHKYUAHUHS MABIHCYO OYIUO uXmuépui [X', X”]C [a, b] Kecmaoa:
| f(x")-f (X')| <F(x")-F(X) (11)
meHeCu3IuKHUHe oaxcapuiuwu 3apyp éa emapaull,2].
Ilynpait xoccara sra 6ynran F(X) ¢ymxmuara f(X) ¢ymxmus  yuyn
MasKOPaHTAa JECUHWIIAIN.
11-teopema. f(X) @yuxyus [a,b] kecmaoa vexnu eapuayusea r2a 6ynuuiu

VUYH  YHU Wy  OpanuKod  UKKUMA MOHOMOH YCY8UU 64  Ye2dpalaHeaH
DYHKYUAIAPHUHE AUUPMACU KYPUHUWUOA UdoOaraus MyMKUH OYIuMU 3apyp 6a
emapiu:

f(x)=9(x)-h(x). (12)

[1,2] 43apypaurn. Aiitaiimuk, f(X) ¢ysxnua [a,b] xecmama uyexnn
Bapuanusara sra 6yncuH. Yuga 10-Teopemara kypa iyHpaii maxopanta F(X)
TOMWIAAuKH, YHUHT yayH (11)- TeHrcusnuk Oaxapwianu. Ty3unaummra kypa
F(X) ¢ynxims MOHOTOH YcyBuH Ba yerapaaaHras. Arap:

g(x) = F(x) Ba h(x) =F(x)— f(x)
ned Oenruiacak, f(x) = g(x)—h(x) Oymamgu xamjJa Kydujgara MyHocadaT
OarkapuIIain:
() ~hx) =[F )~ FOT-[1 6¢) - £0)] 20,
x">x Ba X",x'e[a,b] =nh(x) T Bagerapananran, uyHku:
|h(X)| S|F(X)|+|f(x)| <M.

Erapananru. ®apas kunaitmuk, 9(X) Ba h(X) ¢yrxmusnap [a,b] xecmana

MOHOTOH yCyBuH Ba (12)-TeHrcusimk 0axapuicHH.
F(x) = g(x)+h(x)
1e6 omu6, yrunr f(X) yuyn maxkopanTa 6ymmmuaN Kypcatamus:

£ )= £ = [9(x) = g(x)]-[n(x") = h(x)] <[g (x") - g(x")
+h(x") =h(x)] = [g(x") = g (x") ]+ [h(x") = h(x)] = [g (x") + h(x")]-
—[g(x)+h(x)]= F(x")-F(x) = F(X) — maxopanra. Yuna 10-teopemara x¥ypa

+

f(X) dynxims [a,b] kecmana ueknu Bapuanusra sra 6yamy. P

Harmxa. Adeap F(X)  gyuxyua [ab] Kecmaoa Yekiu
sapuayusiea sea Gynca,ynoa Vx, €[a,b] nykmaoa ynune wexnu 6up
MOMOHIU TUMUMAAPU MABIHCYO:




f(x,—0) = Eimof(x); f(x, +0) = Eimof(x) (13)

«11-teopemara kypa myHpaii ycyBunm Ba yerapamanrad J(X) ma h(X)
byHKIUSIIAP TOMUIAINKH,
f(x) =9(x) - h(x)
TEHMIMK Oaxapwiagu. MareMaTuk aHaiu3 KypcHJlaH MablyMKU,MOHOTOH
GyHKUMSIIAp YYYH YEKIIN:
Zim g(x) =g(x, £0) Ba flm h(x)—h(x0+0)

X—>Xo+0

nap maBxya = (13).»

1.4. TyrpuianyBuu yn3ukiaap. 7Kopaan reopemMacu.
12-teopema. f(X) @yuxyus [a,b] xecmaoa uexnu eapuayusnu @yuxyus

0ynub, X, € [a,b] 6yncun. Aeap T(X) @yuxyua X, nyxmaoa yznyxcus 6ynca, ynoa:
g(x)=V (1)

dyukyus xam X, Hykmaoa y3uykcus 6yaaou.
4 X, <b 1e6 dapas xkunamus Ba J(X) dyHKIMAHMHT X, HyKTajga YHraaH
y3IyKCH3 DKAHIUTHHK ucboTaaiimus. Ve > 0con om0, [Xo; b] KeCMaHH ymioy:
Xg <X <...<X, =D
TEHICH3JIMKHM KAHOATIAHTHPYBYM INYyHJAal HYyKTaJap EpAaMuaa KecMajiapra
akpaTaMHU3KH, HATHKaJa:

9= |fx)~ F(x) >V TO-¢ (14)

TEHI CU3JIUK 0a’KapUJICHH.
f(x)eC{X,}, Gynranu yuyn, X HyKTaHH X, HyKTara LIyHZAi SKWH OJIHII
MyMKHHKH, |f (%) - f(X,)| <& Oyncun. Vuna (14) ra kypa:

VO <et8 =43 f (ko) — F0) =2 +]F (1)~ T 00 +
+\n7| F (%) — F(4)| < +é +\n7| () — FO)| <26 4\ [F ()

oynagu. Jlemax, V f(t) —V f(t)<2s &Exnm V f(x)<2¢ w™yHOcabar YypuHIU.=

g(x)-9(x)<2¢. 9 (X) GyHKIUS YCyBUH 6yJ’IFaHI/I y4yH =
0<9g(%,+0)—9g(x,) < 2¢
By TeHrcusznuk Ba & HUHT UXTUEpUMIUTHIAH (DOIaTaHCaK,
9(%+0)=9(x,)

tenraukay, spHu J(X) GYHKIUSHUAT X, HYKTaJa YHTJAH y3JTYKCU3 dKaHJIUTHHU
XOCHJI KUJIaMU3.

X, > a0ynran xonma g(x) GYHKIMSIHUHT X, HYKTaja darjiaH
Y3ITyKCU3 SKaHJIMTH XaM IIIy KaOu KypcaTuiaay. »




By Teopemanan Kyitnnara HaTuka Keiau0 YUKaIu.
Haruxka. [a,b] xecmadazu uexnu éapuayusnu ysaykcus f(X) gynxyusnu wy

KecMaoa UKKUma Y3ayKcu3, VCyeuu @QYHKYUSHUHZ auupmacu KypuHuumuoa
ugooanaut MyMKUH.

f(x) =g(x)—h(x).
13-teopema. Aumaiinuk, f(X) C[a, b]6)7ﬂcuH . [a,b] xecmanu ywoby
a=X, <X <..<X,=b
MEH2CUBIUKTIAPHU KAHOAMIAHMUPY YU UXMUEPUTL HYKMAAp Epoamuoa KUcCMiapead
ascpamamus 6a.

n—.

8, = > [F () = F(x)]

=~

UURUHOUHU ONlAMU3. Y Haa, aeap:
A=max(X,,, —X
k:O,n—l( k+1 k)

oynca, Yuoy:
b
(im g, =\/ £(9 (15)

MeH2NIUK YPUHIU OY1aou .
<4 bu3ra MabIyMKH,

V£ (0 =Supls,}

Ba OYIMHUINI HyKTajapura HucOaTaH {9n} T . Jlemak, TeopeMaHy UCOOTIAII y4YH
yuioy:
Sup{4, } = ¢im 4, (16)

TEHTJIMKHUHT O)KapHJIUIITUHU KYpCaTHII KOS .

dapa3 KWIANIKK,

Sup{4,}=A (17)
OyncuH. YH/Ia aHUK IOKOPHU YerapaHUuHT Tabpudra Kypa KyWuJarmiapHu XOCUI
KWJIaMH3:
1) vneN yuyH & <A

2)Ve >0 coH onuHraHaa Xxam in, € N Tomumnaaukwy,
&, > A—¢& TEHICU3IMK OaxKapuiaIy.

{9,}T. = vn>n, yuyn 9, > A—¢ Gynazu.

Hemak , Vn>n, yd4yH:
A-e<8 <A<A+s¢

skaH. = KeTma-keTiauK TMMUTHHUHT Tabpudura Kypa:
fimg, = A (18)

A—0
teHruKk Ypuniu. (17) Ba (18)man = (16).»>
Yexmu  Bapuanusii  GYHKOUS — TYOIyHYacH  OTPH  YHM3UKHUHT
TYFPIWIaHYBUMIIMTY Macajacua y3 TATOMKWHU TOIraH.
AWTainuk,




v X = @(t)
A = : 19
B=() {y=x//(t), te[to;T] ( )

coama arpu uM3uK Oepunran Oymub, @(t),yw(t) C[t0 ;T] oyncun. dapas
kunaimik,  mapamerp ty mam T ra kapab y3rapranma, yHra L orpu 4u3uKIa Moc
KETyBYU:
(xy) =(o(x), w(x))
HyKTa A HyKTajaH B HyKrara Kapad y3rapcuH.
[t,;T] xecmama ymOy: t, <t <t,<..<t,=T

TCHICH3IIUKJIAPHN KAHOATIAHTHPYBYM WXTUEPUIA HYKTanapHu onud, ynapra (L)
STPU  YM3HKAAa MOC KedraH Hykramapau A=A <A <A <..<A =B 1eb

Genrunaiivus. By HykranapHu KeTMa-keT TyTamrTupuimn Hatmwkacuna (L) srpu

YU3HMKKa YN3WJII'aH CHHHK 4YHM3UKHH XOCHJI KHWJIaMH3. By CHHHUK 4YM3HUKHHUHI

IICPUMETPH.
n-1

P = Z \/[(D(tkﬂ) —o(t, )]2 + [V/(tk+1) —y(t, )]2 (20)

=0
TEHTJIMK EpamMuaa udoaanaHau.

3-tabpud. Aeap yuioy:.
/imP, =L (A=max(t,, —t.))
k=0,n-1

A—0

=~

aumum maedxcyo ea uexau oynca, ynoa (L) sepu uusux myzpunanyeuu uusuk
Oeuunaou xamoa aumumuune xuimamu L ea ynune y3ynaueu oed6 amanaou.
14-teopema (Kopoan meopemacu). (19)-sepu uusuxnune myepuianyeuu
Gy yuyn o(X) 8a w(X) @yuyusnaprune [t,;T]| opanukoa uexnu eapuayusea s2a
oOyIUwY 3apyp 6a emapJiu.
Orpu uu3uK Eiu y3yHauruHu L=L(t) 1e6 yHu [to;t] OpAIMKJA Kapanmus.

Vupa L(t) T Oynmanu Ba At >0 Oynranma AL =L(t+At)—L(t) ydyH:
t+At t+At

0<AL<V o(t)+\/ w(t)

TEHICH3JIMKIIAp Oakapuiiaau. = Y3JIyKCH3 TYFPUIIAHYBYM STPH 4M3UK yuyH L(t)
¢yHkuud t mapaMeTpUHUHT y3IyKCU3 (PYHKIUSCH OYIaau.

1.5. CTwiTbec MHTErpaJTUHUHT TAbPU(U Ba YHUHT MABKYJINK IIAPTH.

Crunthec unTErpanu PuMan uHTErpaqTuHuHT TAOUKK yMyMiiammacu 0ynuo,
Kylujaruya aHukjaaHaau. AWTainuk, [a,b] kecmana 2 ta yerapainaHran f(x) Ba

9(x) dbynkuusiap 6epunran 0yncus. [a,b] kecmanu ymoy:
a=Xy <X <X <.oo<X ; <X, =D
TEHTCU3IMKIIAPHA KAHOATJIAHTUPYBYM UXTUEPHUI HyKTaiap Epaamuaa N Ta




A = max AX,

X, s X k=0n-1 =X, . —
[ k k+1]' 0 , KUCMI1apra axpatamus. A% =X =X, Ba k=0.n-1 neb

Genrmaiivus, ¥ ok € [t % HYKTa 0110, Y0y WMFUHANHU Ty3aMH3:
n-1

n-1
o= F([904.) -9 (x)]= > F(E)Ag(x)
k=0 k=0 (1)
(1)-tiuruaaura CTHITHECHHHT UHTErpaj WHFUHIUCH JCHUITaIu.
1-tabpud. Aeap limo =1 MagoaHcyo ea uexknu 0yauob, yHune kuumamu [a,b]

KecManune OYIuHuW ycyauea Xamoa yHoalu Sk HYKMANApHUHZe MAaHaaHuuuea

6oznux 6ynmaca, ynoa wy conza f(X) @ynukyuanunz 9(X) @ynxyua 6yiuua
b
Cmunamvec unmezpanu oetiunaou 8a (S) _[ f (x)dg(x) kabu b6eneunanaou|l-3].

a

Jlemak,
(8)] f(X)dg(x):= fimo = giggnz F(£)Ag(x,). (2)

Arap (2) — uaTerpan mMasxys 0yica, yaaa f(X) ¢pynaxnus [a,b] keemana 9(X)
(ynknus 0yiinya MHTerpaLuIaHyB4Yu e artanaju.

O CTUATHEC MHTETPATMHUHT MAaBXKYUIMK IAPTUHU aHUKJIaiMu3. Papas
KWJIANIINK, g(x) (GyHKIIMS MOHOTOH YCyBuM OyicuH. Y Xomma Ax, >0 Oynaranma

Ag(x) >0 6ymanu. Kyitugaru OenruianuiapHi KAPUTAMU3:

m, = inf ]{f(x)}, M, = Sup {f(x)},
]

(X X [%c Xt

3)

n—

1 _ n-1
§:zmkAg(Xk)1 S:ZMkAg(Xk)'
k=0 k=0

2-tappud. S 6a S tuzunourap moc pasuwoa Japoy — Cmunmoecnunz
Kyliu 6a 00Kopu uuzunounapu oed6 amaiaou .
Onmuit lapOy HiuruHaunapu kabu Oy HUFMHIUIAp XaM KyHuaarn xoccajapra ara.
1°. deap [a,b] kecmanune 6ynuHuW HYKMANapuea AHUTAPY KVWUICA, YHOAd S

pakam opmuwu, S 3ca Kamauwiu MyMKUH.

Jlemax, {S} T Ba {§}¢.

0 . % % o . o
2", Jlap6y - CmuimvecHune uxmuépuil Kytiu UugUHOUCU YHUHS UXMUEPULL IOKOPU
UuUHOUCUOaH Kamma Oy1a oamauou (azap y 60owxka 6yIuHumea Moc Keaca Xam).
Arap ymoy:

l. =Sup{S} ea I"=inf{S}

tenrukiaap  €pnamuga  apOy —  CTuUATheCHUHI KYy#HM Ba  OKOPH
HHTErpa/uIapyMHU AaHUKJIACAK, YH/IA!

S<IL.<1"<S
TeHrcu3aukiap Vpuuiau Oymaau. by Ttenrcusnmukiap Ba [apOy -
Crunrbec vuruHamIapuaan Qoinananud, oxnauii Puman uHTerpamu
XO0JIuJaru kabu Kyiujaara TeopeMa OCOHruHa UCOOTIaHaIH.




1-teopema. Cmunmoec uHme2paruHuHe Magicyo oOyauuiu yYuyr yuoy:

) %(s S)=0
Exu:
n-1
{im >, @,A9(x,) =0 (4)

meHenuKHuHe baxcapunuwiu 3apyp éa emapau (o, =M, —m,).

Cruirbec HHTErpaam MaB:xy/l 0yiaran pykuusiiap cuagu.
2-TeopeMa. Aeap f(x)eC [a, b] 6yauo, g (x) ¢yukyus [a,b] kecmaoa monomon
ycyeuu oynca, yHoa.

()] f (x)dg(x) (5)

Cmunmvec unmezpanu maexcyo o6ynaou[l,3].
< f(eClab] = Kantop Teopemacura Kypa Tekuc ysnykcuz = VE>0 ygyn
wysznail 6 >0 con Tonmmanuky, [a,b] kecMaHy y3yHIMKIapy O 1aH KUYUK GYIraH

Oynakiapra axparuiraiia, f(x) GYyHKUUSHUHT 11y OYnakiapaard TeOpaHUIIu
% yayn ymoy:

o, < TEHICU3IIUK Oakapuiiaau. JHIM [a,b] KecMaHu y3yHIUKIapy o

&
g(b)-9(@)

o E
JlaH KMYHUK OYJIraH Kucmiiapra axparamus. = 4<0 pa @ <—————. =
“ g(b)-g(a)

n-1

2 A9 (%) < meogum—

(b) g(a)ic

m lab)-g(a]=¢ = f'mzkag(Xk) 0 =

(5)-unTerpan maBxy. P>
3-Teopema. Aeap f(x) ¢dyukyus  [a,b] kecmaoa Puman mavnocuoa

uHmezpaiaHysyu 0yuo, 9(x) Gynxyua  Jlunwuy wapmunu KaHoamiauwmupca,
SABHU:

900 - g()[<L-(x=x)
(L =const,a< x < x<h) (6)
menecuzux basicapuica, ynoa (3)-Cmurmvec unmezpaniu masxcyo oyraoufl,3].

<a) ABBas XOccaHH 9(x) bynakuus (6)-mapTHU Oa)KapHuIIaH TallTKapd MOHOTOH
YCyBUM OYJIraH XoJ1 y4yH UCOOTIIaliMMU3.

n-1 n-1 (6) n-1
Za)kAg (%) <z @ [g(Xk+1) - g(xk)]S L- Za’k (X1 = %) =
k=0 k=0 k=0

n-1
= L'Za)kAXk
S ")




F(x) ¢ynkums [a,b] 1a Puman MabHOCHIa MHTETpAUIAHyBYH OYIITaHH yUyH
n-1 n-1
fim > ®,Ax, =0 Ba Moc paBuiza (7)-TeHICU3IIIKKA Kypa (im > oAg(%) =0
Y k=0 Y k=0
o6ymamu. = (5)-uHTETrpas MaBXYy/I.

0) Ymymuii xoJ1. JIUnmui mapTuHu KaHOATJIAHTHPYBYU 9(x) GyHKIUSTHA
Kyiuaaru Kypunumiaa €310 omamus:

9(9) =L-x~[L-x-g(9]=0,(¥ - g,(x). )
(8)-tenrmukgarn 9;(X) =L-X ¢yskuus JIummMi, mapTHHM KaHOATJIaHTHPHILH
Ownan Oup KaTopaa MOHOTOH YycyBum XaMm Oymanu. Iy maprinapuu
g,(x) =L-x-g(x) GyHknus xam 6axapanu. Jlapxakukar, d S XS X< b YUYH:
009~ 9,00 = L~ - [0 - 902 L- (k-0 - L- (-0 = 0=
= {9,017 Ba
000~ ,00] < LG +]0, (9~ 9,00] £ LK) + LK) =
= 2L(X - X).
a) xonra kypa 0,(X) Ba 0,(X) nap yuys (4) mapt 6axapunagu = (4)-maprt 9(X)
GbyHKIHS yayH XaM Oaxkapuiagu = (5)-uHTerpan marxyi. P
4-teopema. Aeap f(x) @yuxyus [a,b] kecmaoa Puman mavrnocuoa
unmezpannanysyu 6ynub, 9(X) dyuxyusnu ywoby:

g(x)=c+ I(p(t)dt,
2 9)

6y epoa $(X)— [a, b] Kecmaoa abconom uHmezpaiianysiu GYHKyus, KypuHumuoa
ugooanawt mymkun o6ynca, yHoa (J)-unmezpan magarcyo 6y1aou.

1.6. CTuaThec HHTErPAJTMHHUHT X0CCAJIAPH.

CtunTthec MHTETPATMHUHT TabpudUIaH TYFPUAAH TYFPU KyWHIaru Xoccanap
KeJIn0 YUK,

(8)[dg(x) = g(b) - 9(a).
10_ a

S)[[F,09+ £,00Hg(x) = (S)[ .00dg(x) + (S) [ f,(x)dg(x).
20 . a a a

o © [ 100d[9,00% 9, (0]=(S)] f ()dg, () £ (S)] F (x)dg, ().

(S)[ k- F0Od(£-g(x)) = (S)k-¢] F (x)dg(x).
4° . a a




o © [ £00dg(x) = (S)] £ ()dg(x)+(S)] f ()dg(x) (a<c<b)

Mmucou. [-1;1] xkecmaoa bepunean yuioy:
£(x) = 0, aeap —-1<x<0 6ynca, (X) = 0, aeap —-1<x<0 6ynca,
R acap 0<Xx<Z1 6yaca ed 9= 1, aeap 0<Xx<1 6yrca

0 1

dyukyusnapuu onramuz. YHAQ (S)j f(x)dg(x) Ba (S)I f(x)dg(x)  wmHTErpajuiap
-1 0

Map)XyJl Ba HOJITA TEHT OYJaau, YyHKU UKKaia Xoiaa XaM CTUITbec MUFMHANCHIA

1
KaTHamraH xamiap 0 ra Tenr. Duau (S) I f(x)dg(X) HMHTETpAJHUHI MAaBXKY.I
-1
AMACIUTUHU KypcaTamu3. ByHuHT yuyH [-1;1] kecMaHUHT HIyHIal OYJIMHUIIUHA
oslaMu3ku, 0 HyKTa OYJIMHMII HyKTacu OYynmacuH. HTerpan MUFUHIMHU Ty3aMuU3:
n-1
o =Y f(&)Ag(x) =((alitaiimuk,  O0e[X,X,]  Oymeur = X <0<x, =
k=0
HuruHANAard K-y kyumryBuugaH OOIIKa XamMMacu HoJra TEHr OYnaju, YyHKU
i#k ma
AJ(%) = 9(%.1) —906) =0)) = f (&) -[9(%.0) —9(x)]= f(5)-(1-0) =

0, acap & <0 6ynca,
= (&) :{ ‘

1.7. CTnarbec MHTErpau Y4yH 0yiaakiad uHTerpasiam (popmyJiacu.
b b

1
1, azap £<0  6yaca :éma_ﬂj(s)if(x)dg(x)—ﬂ
5-Teopema. Azap  (S) I f(x)dg(x) ea (S) j g(0dg(x)  Cmummsec

UHmMe2paIIapuoan oupu masicyo 6yica, YHoa UKKUHYUCU XAM MAB8HCYO 0y1aou éa
Yoy 6ynaxnab unmespaniaul GopmMyiacu YPuHil.:

(8)] F(9dg(x) = f ()9 (%) ) [9(df (x)

(10)
CTmiTbec MHTErPAJIMHMA XUCO0JIAIITa JOUP MUCOJLIIAP:

ABBaJITM TYHKTJA KYpraHUMHU3JEK, MablyM Mmapmiap Oaxapunranma Ctuibrec

MHTETPAIMHU XUCOOIall yayH KyHuaara GopMynanap YpuHIu Oyiaau:

() F0)dg () = (R)[ f ()e(x)dx,
a a (11)

() F0)dg () = (R)[ f () g'(x)dx,
a a (12)
Ba

(S)] F()dg(x) = (R)[ F()g'()dx+ f (a)-[g(a+0)-g(0)]+

T wallace F. Lovejoy, Paul T. Homan// Methods of Estimating Reserves of Crude Oil, Natural Gas, and Natural Gas
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+mZ f(c.)-[a(c, +0)—g(c, —0)]+ f (b)-[g(b) - g(b—0)]

2

(13)
[y dopmynamapnan Qoitnanianud MuCoIap €HaMu3.
1-mucoa. Kytiuoaeu Cmurmovec unmezpaiiapu XucoOaaHcum:

T

2 2 1
(S)IXden(1+ X); (S)jxd sin x; (S)dearctgx
a o 6) © 6) -1 :
2
(S)[ x*den(L+ x)
4a) °© =(( (12) - hbopmytanan doligaranaMus))
2 2 2
= R)j X dx I(x 1+—j X = =(X——x+£n|x+]j]‘2=2—2+£n3=£n3
o X+ x+1 2 0
S)|xdsinx= (R COs xdx = =
6)()-[)( sinx = ( )IX e [(dv=cosxdx = v:sinxjj
: 3 s
= xsin X —Ismxdx——+cosx =—+0-1=—-1
5 o 2 2
1 1 X 1 1
(S)jxdarctgx: (R)j ——dx = =0
B) e X +1 2 -1 »

2-mucoJ. Kyiuuoaeu Cmunmvec unmezpaiiapu XucoOiancumn:

3
(S) [ xdg(x)
a) -1 , by epoa
0, aeap x=-1 6yica,
g(x)=<1, aecap —-1<x<2 6yica,
=1, aecap 2<Xx<3 o6yica,

ea

(S) [ x*dg(x)
0) 0 , by epoa

-1, aeap 0<x< % oynca,

0, aeap % <X< g oynca,
9(x) =

2, aeap ng oynca,

-2, aeap g< X<2 6ynca.

2 Wallace F. Lovejoy, Paul T. Homan// Methods of Estimating Reserves of Crude Qil, Natural Gas, and Natural Gas
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<a) ! () dyuxumsanar X =1 nykragaru cakpaum Ira, X =2 mykragaru

cakpalum —2 Ta TeHT Xamaa —12 HyKTajapaa 9'(x)=0 . Yuna (13)-

dbopmynara Kypa Kyiugarura sra 0yiamms:

(S)ixdg(x) =-1.(1-0)+2(-1-1)=-1-4=-5

1 3
9(x) *=3 *=3
0) (O YHKITUSTHUHT 2 HyKTaJaru cakpammu lra, 2 HYKTaJaru
X # 1 X § () = 0
cakpamu -2Ta TEHI Ba 2 2 6ynranma 9 (x)=0 Wuterpanuan (13) —

dbopmynanan oimanaHnd XUCOOTaANMU3:
2

Sfeatd-{3] 03] 2052

0

3-mucos. Cmunrmvec unmezpaniiapu XucoOiancum.:

2 2 2
($)[xdg(x),  (8)[x*dg(x). ()] (x* +Ddg(x).
a) -2 0) -2 6) 2
X+2, aeap —2<x<-1 6ynca,
g(x) =1 2, acap -1<x<0 o6yrca,
By epda X*+3, aeap 0<Xx<2 6yrca

<) dyukupstanar X =—1 pa X=0 gykranapugaru caxpammn 1 ra enr
Xamza:
1, aeap -2<x<-1 6ynca,
g'(x)=40, aeap -1<x<0 6yuca,
2X, acap 0<x<2 oyrca

(S)jxdg(x): ]xdx+Ix-2xdx+(—1)-(2—1)+0-(3—2):
a) ) -2 0
1o

+2x
2 3

2
_1:l_2+E_1:£
o 2 3 7 6

(S)szdg(x) = szolx+jx22xo|x+(—1)2 A+
-2 -2 0

2
+1:—1+§+8+1:111
3 3 3

0

24) 1

(S)JZ.(X"' +1)dg(x)(: J.(x3 +1)dx +j(x3 +1)2xdx +

B) -2 -2
-1 5 2
o X
2 5 2

]2 +1) 1+ (07 +1)-1=(X744+ xJ

:l—1—4+2+%+4:15i
4 5

20 p

2
+0+1=
0




1.8. CTniarbec MHTErpaJIuHMu 0axoJiall.

CTuIbTeC MHTErPAIMHK YpraHum xkapaéuuaa amanmuétaa f(X) dpynxmus
yanykcus Ba §(X) dyHKuMS Yekam BapuanusAra sra OYIraH X0l MyXUM aXaMUsTra
sra. bynnaii xonna CTunThec MHTErpaIuHN KyHugarnda 0axosjam MyMKHH.

6-Teopema. Aeap ' (¥) €Cla,b]
VHOA:

sa Y (x) yexau sapuayusiiu QyHKyus oyica,

<M.V

(S)f f()dg(x)
: (14)

MeH2CU3TUK YPUHIU OVTIAOU.

b
by epoa: M =max|f(x)|, V=\/g(x).

a<x<b

4 Crunteec HUFUHAUCUHU TYy3UO, YHU 0axojaiMu3:

nZ:)f(ék)Ag(xk) =nz::|f(§k)|-|Ag(xk_)|g

o] =

< Mni:|g(xk+1)_g(xk)| < MV g(x)=M-v /1:0
2, / E (15).»>

11-Teopema. F()eClabl, 900 - yermy sapuayusanu QyHKyus ea

b
I =(8)] f(x)dg(x)
a 6yncun. Ynoa V&>0 yyyy 36>00 A<3 gri0a10a:

|0'—||£g-V g(x)

(16)
oynaou.
1.9. CtuinTbec MHTErpasu 0eJrucu OCTHAA JUMUTIA YTHINL.
7-TeopeMa. Papas xuraiauk, [a,b] kecmaoa {00} (n=12..)

dyHKYuoOHAN Kemma-Kemauk bepunean 6yauo, fLrE f.(x)=f(x)
oyacun. Aeap:
1) f.(x) e C[a,b]
2) N—>® g fa ()2 F(X),
3) 900 yernu sapuayusnu pyuxkyus 6yaca, y xo10a:

b b b

am(S)| ,(x)dg(x) = (8)[ fim f,(x)dg(x) = (8) f (x)dg(x)
a a a (]:7)

oynaou.

AN X gq f, ()2 T(X), oynranu yuyn Vé>0 onunHranaa xam

n,eN x e[a,b]

o Yn>n
IyHaau COH TOITHJIAQIHUKH, 0 Ba 6apqa

yiyH

Jap




.00 - F(Q|< s

TEHTCH3NIUK Oaxkapuianu. YHaa 15-nmynkrnaru (29)-TeHrcus3nmkka Kypa >N

Oynrannga KylWuaaru MyHOCaOaTHH XOCHJT KMJIAMU3:

‘(8) [ £,00dg (0~ (9)]  (xdg(x)

= ‘(S) [I£,09 = f (9 Jdg(x)

b
<eV 0=

(a8)»
8-Teopema. Papas Kunaiiux, [a.b] wecraoa TX) @yHryus ea
19,(0} (n=12..) @dyuKkyuonan kemma-Kemiuxk bepunean 6yaub, Kyuuoasu
wapmaap 6axiCapuicuu:
1) f () Clabl,
2) 9n () (N=12-) yorenm sapuayusaiu QyHKyuaiap,
b
\Y )<V (n=12,..),
3" 9, () =V ( )
/img, (X) =g(x
4 9.0 =09
Y xonoa.
b b
am(S)[ f (x)dg, (x) = (S)[ f (xdg(x)
a a (19)
o6ynaou.

Ha3zopar caBoJsiapu:

1. Yexknu Bapuanusuii QyHKOusIap Tabpudu.

2. OyHKUWSHUHT TYJVK BapualusICu HUMA?

3. Yexnu Bapuanusuid GpyHKIusIap cuHdu.

4. Yexmu Bapualusuin QyKIusiiap yayH 3apypuid mapTiap.
5. Yeknu Bapuanusu QyKiusiap yayH eTapiiv mapriap.
6. CTunTbec MHTErPATUMHUHT TAbPUPUHU KEITUPHHT.

7. CTUAThEC MHTErPATUHUHT MaBXY UMK HIapTH.

8. CTWIIThEC UHTETPATMHUHT XOCCATIAPUHU KEITUPHHT.
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2-mas3y: TAPMOHUK BA CYBI'APMOHUK ®YHKIUAJIAP.

/ PEZKA: \

2.1. I'apmonuk ynkyusnap ea yiapHuHe xoccaiapu.
2.2. XapHak meopemacu.

2.3. Cybeapmonux @yHKyuaIap 6a yiapHuHe Xoccaiapu.
2.4. Maxcumymaap npunyunu.

2.5. C? cuHgea meeuwnu cybeapmonuk gyuxkyuanune Jlaniac
@epamopu. J

Tasinu nbéopanap: capmorux Qynkyusiap, cyoeapmorHux QyHKyusLap,
MOHOMOH KAMAI08YU, MEeKUC AKUHIAULY8YUU, MAKCUMYMLAD NPUHYUNU.

2.1. F'apMoHuK pyHKUIMSAIAP Ba YIAPHUHT XOCCAJIAPH.

Tabpud. Arap Dc" coxana Gepunran U € C*(D) dyukuus ymby:

AU = ~ + 7 + ~ = O
oX;,  OX, OX;,
TCHIJIMKHYA ~ KAaHOATJIaHTUpPCa, (QYHKIIUSA D coxana TapMOHUK  (PYHKITHS
0? 0? 0?
etimnamu.byana A =—5 +—5 +...+ — — Jlamac oneparopu[1-2].

h(D)

D coxama rapmonumk 6ynaran Gapua (yHKIMSTAp TYILIAMUHH
Oenrunanmms.
["apMOHUK QYHKITUSITAPHUHT aCOCHM XOCCATIAPUHU KEeJITHUPaMU3.

a) arap Ueh(D) 6¥uca, y xonga uxruépuii X’ €D HykTa Ba cdepa yuyH
S(x°,r) = D ymly TeHIIIUK YpUHIHK:

u(x’) =

= | u(x)do, (1)
Il s

oyuna o,— " dazonaru oupiuk chepanunr ro3acu[l].

6) arap U(X) ¢yukums B(x°,r) mapma rapMoHUK OYnMO, yHHHT
énmMacua y3iaykcus 0yica,apHu:

u(x) e h(B(x% r)) NC(B(x%r)),
y xoiaa ymoy Ilyaccon hopmynacu:
u()="| uPxydo(y) @)

S(x°,r)




2
rz—‘x—x0

— Ilyaccona sapocu, o,— [" dasomaru

ypummm, oynga P(X,y) = -
o, r|x-Y|
oupiuK cepaHuHT ro3acH, N> 2. bomka Tomonaan, arap @(Y) dyuxums S(x°,r)
chepana y3nykeus O0yiica, y XoJa:
u)= | @y)Pxy)do(y)
S(x%,r)

byHKIMs mapaa Jupuxiie MacalaCHHUHT edruMu Oymaau[l-2].

Hupuxne Macanacu: Au =0, u| 5 =¢(x) nxtuépuit «perymipy» DcD”

coxaJiap y4yH,XycycaH uerapacu 0D cuuMK OYyiranja sroHa equmra sra oyiaiau.
P(X,y) Ilyaccom smpocu yeS(x°,r) Oyaramma, xeB(x%r) O6yiinua uekcus
CHJUTHK OYyJiranu yuyH (2) naH ym0y HaTWxka KeJud YMKaIu.

Hatmxa 1. D coxama rapmonuk Ueh(D) ¢yukims dyekcns cumimk

oynmamu: ueC”(D)[1-2].
2.2. XapHak TeopeMacH.

B) Teopema 1 (Xapuax). 'apMOHMK (QYHKIUSIIAPHUHT MOHOTOH KeTMa-
ketmurd D coxa wmumpma €km 00 TEKWC SKUHIAMAAW,EKH OUpOp TapMOHHK
bykiusara Tekuc skunaamamu| 1-2].

1) UU0? KOMIUIEKC TEKHUCIWTHIAa TapMOHMK (DYHKLUAIAp ToJoMopd
byakuusiap OuiaH y3BUM OOFMUKaup. Jlammac onepaTOpUHUHT KOMIUIEKC

2
KYPUHHIIU- A = 52+ 82:4 8_’ Oyuma Z=X +iX,ell, ﬁzl(i_ii)’
oX; OX,  0z0Z 0z 2 0% 0%,
o 1,0 .0

== +i . bynman »aca, feO (D) romxomo HKIUS H
P 2(6)(1 axz) y (D) pd Oy y4y

Ref:f+f, Imf:f__]c
2 21

ypkamu. lllynuar yayn, f romomopd QyHKUMSHMHr Xakukuii Ba MaBXyMm

tearmuknapaan ARef =0, AlImf =0  kemu6

KUCMJIapy TapMOHMK (ykuusiap Oymamu. Axcumua,arap U(Z) € h(D)6¥ynca,y
xonpa mxtuépuii z°eD Hykta Ba yHmHr B(z°,r)cD arpodu ydyn yHma
romomopdp  f(z) bynkums wmamxyn 6ymu6, Ref(z)=u(z), zeB(z’r)
oymamu[1].

2.3. Cyorapmonuk ¢pyHKHusAIAP.

®apa3z kumaitiuk, Dcl"coxama U:D —[-00,00) ¢ynkuus Gepuiran
Oy JICUH.
Tabpud. Arap U(X) ysxkuus KyHugard MKKH — IIapTHH
KaHOATIaHTHPCA:




0
1) u(x) IOKOPHIaH SPUMY3ITYKCH3, SHHU vx eD YUYH:
limu(x) <u(x’)
X—>X
TEHI'CU3JIMK YPUHIIN

(bynman, D coxaHuHr UXTUEpPUN KOMIIAKT KuUCMHJA GYHKIUS FOKOPUIAH
yerapaJlaHTaHJIMTY KeJTuO YuKaIn);

2) uxtuépui xX’eD Hykra yayd r(x°)>0 CcOH TomuIacaku Xap KaHjai
r<r(x°) yuys:

u(x’) < u(x)do (4)

n-1
n S(x°.r)
TeHrcu3uK ypunmu 6yica, U(X) ¢yskuus D coxanga cybrapMoHUK aedmmaiu.

D coxana cyorapmonuk ¢gynxmusap cununan Sh(D) kabu 6enrunaiimus.
Kenrycuma Kynaitmuk yayn 6ms tpusnan U(x) = —oo dysxmuscu xam D
ma SN(D) ra terumum, ne6 xapaiivus. DHmm cyOGrapMOHHK (yHKIMATAPHUHT

XOCCaJIApPUHU KEATUPAMMU3:
@) CcyOrapMOHUK (PYHKUUSUIApHUHT MycOaT KO3(PQPUUMEHTIN YU3HUKIH
KOMOUWHaIusacu cyorapMmoHuk pyukius 6ymaau[1]:

u (x) eSh(D), a eR, (k=12,...m) =
= au,(x)+a,u,(x)+...+a_u_(x) e Sh(D) ;

06) YeKIM COHJaru CyOrapMOHUK  (GYHKUUSJIADHUHT  MaKCUMyMU
cyorapmonuk ¢yHkuus o0ymanu[1]:

u, (x),u,(x),...,u (x) e Sh(D) =
= max{u,(x),u,(x),..,u_(x) }eSh(D) ;

6) MOHOTOH KaMaroB4H CyOTapMOHUK (PYHKIUsIap KETMa — KETIIMTUHUHT
JUMUTHU cyOrapMoHuK GpyHkuus 0ynamu[l]:

u(x)esh(D) , ux)zu.(x) (j=12..)=
:Ijimuj(x) e Sh(D) ;

2) TEKHC SIKWHJIAIIYBYA CYOTapMOHUK (QYHKIMSUIAp KeTMa — KETIIUTH
CyOrapMOHHK (yHKIHsITA SKHHIamau|1]:

u;(x) esh(D), (j=12..), u,(x)= u(x) = u(x)esh(D);

2.4. MakcumymJiap NPpUHIMIIN.

0) Maxcumymnap npunyunuf1-2]. Arap U(X) (S Sh(D) byHKIUA OUpOp

0 V)
X" € D nykrana y3uHEHT MaKCHMyMHTa SPHILCA, SHHH:

3 Wallace F. Lovejoy, Paul T. Homan// Methods of Estimating Reserves of Crude Oil, Natural Gas, and Natural Gas
Liquids United Kingdom, 2015, English




u(x’) =supu(x) (5)

xeD
6yaca, y xonaa U (X) = const 6ynanu.
<« Yuoy:
M ={xeD: u(x)=u(x’) }
TYINIAMHM ~ Kapaiinuk.  u(X)  QYHKOMAHMHT  JOKOPMJAH  SPMMY3IIyKCH3
6ynrammuruaad Ba (8) mapraad M tymnamamar D na émuxmry xenm6 ankamy.
Ukxunun TomouaH, uxtuépuit P € M yuyn (7) popmynara xipa:

u(x®)=u(p) < 1n_1 j u(x)do <u(x®), r<r(p),

O'nl’ S(p,r)

oynanu. by MyHocabatnan y Ston = u(x®), aeau P muar B(p,r(p)) arpopuna

u(x) =u(x®) 6ymmuman xypamus. By sca M 1ymmamuunr D na oumx
SKaHJIMTHHU Kypcatamu. [lemak, M =D. »
e) Arap  9(x) e Sh(D), u(x)eH(D) QyHKIMATApD  y4yH
S(x°,r) cc D cdepana:
9| <ufg

0ynca, y xonaa B(x°,r) mapra $(x) < u(X) TeHICH3IUK YpUHIU Oymany.
<« by XoccaHUHT UCOOTH FOKOPHUJIAru 0) XOccajiaH Kenub yukaau P ;
€) — XoccaaH Kyiuaara MyxuM xysocara keinamus. dapa3 Kuianivk,
3(x) e Sh(D)C(D)
oepunran 6ymm6, B(x°,r) cc D 6yncun. Ymoy:
ux)="| J(Y)P(x,y)do(y), xeB(x*,r),
S(x°,r)

2
2.5. C* cundra reruunim cyéorapmonnk GpyHkuustnuar Jlanjac oneparopu.

ITyaccon unterpanunu Kapainuk. u(x) e h(B) , u‘ = 3‘ . 0ymo, e) —
xoccara kypa B =B(x°,r) na 3(x) <u(x) 6ymaau. V3mykcus GyHKIHIAD yIyH
ucboTnanran Oy xocca uxTuépuii ¢ € Sh(D) ydyH xam ypunmuaup: H(x) < u(x)
Ba iesipiu 6apua X € S map yuyH 9(X) =u(x) YpuHImaup;

Teopema. Mkku kappa cummk u(x)eC?(D)  o¢ynxkuus D coxama

cybrapMmonuk O6ynuiny yayH yHuHr Jlamnac oneparopu Au >0
TEHTCU3JIMKHY KAHOATJIAHTPHINU 3apyp Ba etapym|[1-2].

Ha3zopar caBoJsiapu:
1. F'apMOHUK PYHKIUSHUHT TabpUDHU.
2. N'apMoHHK GYHKIUSTHUHT aCOCUN XOCCATAPUHH KEITHPHHT.
3. l'apmonuk ¢yHKIMs Ba roioMopd PpyHKIUsIIap opacuaaru OOFIaHUIII.
4. CybrapMoHuK (QyHKIHsIIap TabpUupH.
5. CyObrapMoHUK (QYHKITUSTITAPHUHAT X0CCaIapH.




6. Cyorapmonuk gyHkiusHuHT Jlacmacuanm.
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3-mae3y: CYBTAPMOHUK ®YHKUMUSHUHT YPTA KUMMATJIAPH
m(u,r) sa n(u,r) JIAP.

/ PEZKA: \

3.1. Cybeapmonux ynxyusnune ypma suiimamaapu m(u,r) éa n(u,r)

aap.
3.2. Cybeapmonux yHKYUAHUHS ANNPOKCUMAYUSCU.
3.3. Cybeapmonux yHKYUsHUHE T1ANIACUAHU.

K 3.4. Pucc meopemacu. /

Tassnu udopanap: cybeapmonux ynkyus, 10KaL UHMeSPaLIaHy84u, MOHOMOH
mynaamnap, Pucc meopemacu.

3.1. Cy6rapmonuk gpyHKUMSHHHT YpTa Kuiimatiapu m(u,r) Ba n(u,r)
Jap.
u(x) e Sh(D) dynxmms Ba X° € D HykTa Gepunran 6yncus. Ymoy:

— [ u(x)do

O, S(x°.r)

m(x°,r) =

Ba

n(x°,r) = Vi [ u(x)dv,

r B(x°,r)
n ,

Oynma V r" mukmop B(X°,r)nuHr xaxmu, uHTerpamniapuu (ypra KuMaTiapHu)
KapaiimK.

2-Teopem a[l-2]. ®apas kunaitmk, U(X) € Sh(D) sa U(X) % —oo
oyncun. Y xomna nxtuépuit X° € D yaym:

u(x®) <n(x’,r) <m(x°,r), n(x’,r)>—-w , 0<r < p(x°,0D) ,

TEHICU3NUKIIap Ypuniu OVnanu. bynaan tamkapu, arap I' MOHOTOH KaMaiinO
HoJIra MHTHIICA, yHAa N(X°,r) Ba m(X°,r) ypra KuiiMaTiap MOHOTOH Kamaiiuo,
U(X’) ra merumamm.

2 — TeopeMaian ymly MyXuM HaTwkara ora 0ynamusz: D < R" coxana
cy6rapmonmk U(X) # —o0 dyukiums D na noxan unterpannanysuumup, seuu

uxtuépuit B —— D yuyn IU(X)dV WHTErpaj MaBxyaaup;
B

3) cybrapmMoHMK ¢QyHKIms D coxammHr xap Oup
HYKTacHaa Yy3W-JIMIIra J3ra OVIMIIM MYyMKUH. AWHM nalTaa,
KyHuiaru TeopemMa ypuHiu Oyiaau.




4.2. CyO0rapMoHHMK ()YHKUHSIHUHT AaNIIPOKCUMAIUSICH.
4.3.

3—teopemall-2]. Arap U(x) S Sh(D) Oynca, y Xoa mryHaam
MOHOTOH TYTUIaMJIap:

D,cD,cD, J_L_JlDJ.:D
KCTMa — KCTJIMI'K Ba HIYH,Haﬁ MOHOTOH KaMalOBYH (I)YHKHI/IHHap:
u,(x) e Sh(D,)NC”(D,), 1=123,...

KCTMa — KCTJINI' MABXYJIKH,

u(x) = Ijilguj(x) (xe D)

Oynmanu.
« Yuoy:

K(x) = _!cfe S aeap <1 6¥nca,
‘_0. acap |x|>1  6inca,
¢ynxunsan kapainmuk. by ¢ynkmus C*(R") cundra ternmm 6ymam0, yHUHT
canmoru suppK (x) = B(0,1) ip. Ouau K (X) HUHT udogacuaaru ysrapmac C
HU [IyH/ai TaHaa0 OJaMH3KH,
[K(x)dVv =1
o
6ymeun. U(X) # —o0 1e6, 6y supo épramuna ymoy:
1 - X
U=~ | u(y)K(yjdV 550, (6)
5 ly-x|<& 5
MHTErpannu Kapaimuk. U (X) byHKIHSICH:
D,={xeD: p(x,0D)< &}

OUMK TYTIaMza aHuknanran 6y, X € Dy na:

u (x)——j u(y)K( 5 )dv j u(x+dy) K(y)dv

Oynanu. Keiimuru tenrmvkaarn Oupunun unterpan C*(D,) cundra, ukkuHuun

unrerpan sca SN(D, ) cundra rerumumm 6§namm. buro6apus,
u,(x) e Sh(D,)NC*(D,).
u (X) HUHT cyOrapMoHuK GyHKuMs >Kkanmuruiad, U ; nunr o ~L 0 na, moHOTOH

KaMaroB4M OYJUIILIUTH Ba:

[ K(X)dV =1

TeHrnukaad, U (X) Humr U(X) ra untwiumumnyg Tonamus. M




4.4, CyOrapMoHMK QyHKUMAHHMHI JIANJIACHAHM.

u) CyOrapMoHHMK (YHKIUSIap YMyMHUH XoJiga c? cuH(ra TEruium

OyIMacnuruia-, AU - Jlamnac orepaTopuHu (akaT yMymiamrad (QyHKIHS
cudaTuaa Kapam MyMKuH 0yiamu[1-2]:
Au(p) = [uAep, ¢ € F(D).
4 — T € 0 p e M a. Xap KaHmal cyOrapMoHUK (QyHKIUS
u(x) e Sh(D), U# —o0, yuyn ymymnamran masHoma AU >0 Oynanm,

spun uxtuépuiit. @ e F(D), >0 yuyn ju A@>0 wmynocabar
VPUHIUIUD.
Kymmanan, U(X) GyHKUIHA C? cuH(pra terunum OynuO, y cyOrapMOHUK
, o°u o°u
6yica, U € Sh(D) (N C*(D), yxomma AU = P —I—...—I—y > 0 aup.

1 n
IOKOpI/II[a KCIITUPWIITaH TCOPCMAHUHI" dKCH XaM S'/pI/IHJII/IZ arap ymymJjiamraH

bynkuua U yayn:
Au(p)=[uAp=>=0, @eF(D), =0,

MyHocabat 6axapwica, y xoinna U cybrapmonuk pynkius 6yiaau;
4.5. Pucc teopemacu.

K) @.Pucc meopemacu. Xap xkangaii U(X) € Sh(D), U #—oo, pyukuus
onuHraEma xam D coxanga mympmaii myc6at ymuam A MaBXyIKU, UXTHEPUM

D° = D coxa yuys:
u(x) = | K(x=y)du, +@,(x) W

Oymnanu, 6ynna CDDO (X) eH (DO) B!

E

Y -

111|x L aap n=72 ovica,

-

K (Y} =4 1
— - —— , azap n>72 binca
(n—-2)o,

Ocnatubd yramus, K(X) dbynknusicu Jlaruiac TeHTrIaMacMHUHT (yHAaMEHTa
eanvimup: AK (X) = 0(X) 6ymu6, 6y epra O(X) - Jlupakuunur ymymmamran
byrxmascr, & o @(X) =@(0), peF(R"). & ra maccacn X =0 na 6ysran

OupnuK Yadam (3apsi) MOC KeJTau.




Ha3opar caBoJsiapu:
1. CyGrapmonuk QyHKIMAHUHT ypTa Kuiimatiaapu m(u,r) Ba n(u,r) napu.
2. CyGrapmoHMK (YHKUMSHMHT ypra Kuitmatiapy m(u,r) Ba n(u,r) map
opacujary OOFJIaHUIILIAP.

3. CybrapMoHUK (PYHKIHUSHUHT almpOKCUMAIIHSICH.
4. CybrapMoHHK ()YHKIUSHUHT JalUTaCHaHu. Y MyMUN XOJI.

DoigaJaHNITAH a1a0uéTaap:
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4-mas3y: YEKJIM BA YEKCU3 COHJAATU CYBI'APMOHUK ®YHKLUSJIAP
CYIIPEMYMMU, IOKOPU IUMUTHU.

- PEZKA:

4.1. Texuc uecapananeatn cyb2apmoHUK QyHKYUAIAp OUNACU.
4.2. Cybeapmonux @yHKkyusiap kemma-Kemuueuhune 1Kopu IUMUmu.
\_ 4.3. Xapmoec nemmacu.

Tassnu udopanap: cybeapmonux ynkyusiap, mexuc yeeapanianean, Kopu
JIUMUM, JIOKAJ Ye2apananean, Xapmozac 1emMmacu.

4.1. Texuc yerapajaHrad cyorapMoHuUK pyHKuMsJIap OMJIaACH.

CyOrapmoHuk  (yHKIUsIIAp Ha3zapusicuAa IOKOpPHIAH  JIOKal — TEKUC
yerapajaHrad GyHKUusiIap cuH(U MyXuM poJib YiiHaWIU: arap xap Oup x"eD
HyKTa yuyH wyHnaii atpod B(X°,r) c< D Ba mrysaail M KOHCTaHTa TOIMIICAKH,
{u_} < Sh(D) cundnan onmuran xap 6up U (X) byuxuus ym6y:

u (x)<M (xeB(x°r)
TEHICH3JIMK Oa)kapuica, {Ua} cuapra D ma rwxopudan noxan uecapanancan

cyorapmonuk GyHKMsuiap cuadu nevinnaan PaBmanku, KapaiaéTran {Ua} cuHb

y4yH.

u(x) =sup, u,(x)
byHkums Mapxyn Ba y D nmam ommmran xap 6up xommakr K cc D na
IOKOpUJIaH dYerapajaHranaup. Arap Oy QyHKIUS IOKOPUIAH SIPUM Y3IIYKCHU3
Oynca, YHUHI CyOrapMOHUK OVIMIUIMIMHM HCOOTIAall KUWKWH 3Mac. U(X)
byHKIUS OKOpUJAH SpuUM Yy3IykKcu3 Oyimaca, yHAa, oOJarna KyHujgaru
peTyJIspIIall onepanysIcy Kapanaau, SHHH: -

u (x)=lim sup u(y)=Ilimu(y).
r—0 yeB(X,r) y—X
bynna U*(X) byHKIIHS U(X) HUHT pe2ynapianead QyHKIUACH ASHIIIa TN,

Perynspnanran u’ (X) GYHKIUS FOKOPHJIaH IPUM y3ITYKCHU3 Oy iau.
5-T1Teopewmall-2]. KOkopuman Jiokay derapajaHraH CyOrapMOHHK
GYHKIUSITApHUHT UXTUEPHUN CHHDU {Ua} yUyH:

u (x) € Sh(D)




oym6, N={xeD: wu(X)<u (X)} Tymiam D na nmonmsap tymnam 6ynamu,
oynna u(X) =supu,(X).

[TyHuHraek, Kyuuaard T€OpeMa Xam ypHUHIIH.
4.2.CyorapMmoHnk GyHKIMSIAP KETMA-KETJIUTHHUHT FOKOPH JTUMUTH.

6—T1eopema. dapa3 Kunailnuk,
u, (x) e Sh(D) , j=123,...
FOKOPH/IaH JIOKAJl YerapaaHran cyorapMoHNK GyHKUHMsIIAp KETMA-KETIUIH
6ym6, U(X) =lim U, (X) o6ymcun. YV xonnma, U*(X) e Sh(D) 6yxmo,
J—>x©

N ={X eD: u(X) <u (X)} tymnam D na nonsp tymnam 6ymanm.
4.3. Xaprorc JieMMacH.

Xapmozc nemmacu. ®apas xunaitmik, D € R" coxanga rokopuman nokain
TEKHUC YerapajiaHraH:

u(x), j=123..,

cyOrapMoHuK GYHKIUSAIAp KeTMa — KeTuru Oepuwiaran Oyiamb, xap Owup
taiiuananran X € D nmykrana:

limu, (x) < A

j—o0
oyncun. V xomma Ve >0 Ba Kcc D xommakr yuyn mrysmait Jo €N
tomwtamaku, V) > |, X € K na:
u,(x)<A+e¢

TEHrCU3IMK Oaxkapuiaau[1-2].

<« Yuoy K cc G cc D wmynocadarna 6ymran G coxana {U; (X)}
KeTMa — KETJIMKHH OKOPH/AH JIOKaJl TEKHUC YerapalaHraHIWTUIaH, IIyHIai
C =const MaBxkyzkn, U, (X) <C (X (S G) TEHICU3IMK Oaxkapmimagu. U J.
naprunr ypuura U, —C xerma — kemmxam xapab, 6us G na U, (X) <0 neb
KaparimMi3 MyMKHH.

Arap Q<r <1 p(K,0G) coHu onmHca, yHAA UXTUEPUI x° e K na
3

B(x°,r) — G 6§16, ®ary Teopemacura Kypa:
lim [ u(X)dV < [ limu (x)dV < AV r"
7% Bxor) BOCr) 7

6ynamu. bynman V& >0 con ommeranna xam, myHmait j,

Tormnub, j > j, 6yaranaa, ymoy :




[ u,(x)av < (A+£)\/nr”
B(x°,r) 2

TEHTCU3IIMKHUHT YPUHIM OYIIMIIN KENNO YnNKaIN.
Dumn 0< S <I mapTM KAHOATIAHTHPYBYM O COHMHH TailMHIAO,
y € B(X°, ) Hykranapuu kapaiimus.

l-vusma.

2 — Teopema Ba U, (X)<0 (xeG, J=12,..) wmaprunan Qoiinananud,
]2 Jo ma:

uj(y)é [ u,()dv < - [ u,(x)dv <

( +5) B(y,r+6) Vn(l’-l—5) B(x°,r)

< L(A + fj
V (r+s) 2
OYymumuHU TonaMus. PapniaHky, eTapiuya KMYUK O J1ap y4yH:
u(y)<A+e¢, jzj,, yeB(x’9),
TEeHrcu3jIaKk Oakapuiaau.

JleMak, KOMITaKT K ra rerumnumm xap oup x° HYKTa (X0 S K) OJIMHTaHJIa
xaMm, Oy HyKTara OOFJMK UIyHJau j(XO) Ba O (XO) >0 COHJIAp TONWJIAJIVKH,
j=j(x°), yeB(x’,6(x°)) 6ymranza:

u (y)<A+e¢

U B(x*,5(x"))

x%eK

jimrmam  (maprmap  dwrmmmmcn) K kommaktEM  Tyma  kommaiinm.  Jlemak,

oynanu. Ymoy:




B(XO , O (XO)) mapyIapHUHT Yekiu conariucu xaM K nu korutaiinu. Bysnan sca
mymmaii jo Tomwm6, | > J,, Y€K na
u (y)<A+e

Oymumm kenub yukaau. P
M 3 o x. Xaprorc nemmacu KyiHujaru BapuaHTIAa XaM YypuHIuaup: (apas
kunaimk, D < R" coxama rokopumaH JoKanl ~TEKUC dYerapajaHra

{u j (X)} <= Sh(D) xerma — xermux Ba A(X) € C(D) ¢ynxuus 6epunram

6y1u6, xap oup Taiiuananran X € D na:

limu, (x) < A(X)

joowo
Gymeum. Y xomma Ve >08a VK e D yuyn 3j,: V> j,, X€K na
U, (X) < A(X) + & Tenrcusmix 6axapuam.
<« By TacIMKKa MIIOHY XOCWJI KWJIHUII yu4yH XapTorc JIEMMacH ucOoTHIaru

I conumHu 1myHnail tannam 3apypku, uxtuépuit X, Y € B(XO, I’) yayH

| A(X)—A(y) |< g oyicun. Y xonga:

im [ w()dvs [ AX) dVSVnr”[A(x°)+g}

B(x°,r) B(x°, r)

0 g
6ym6, A comm Ypuura A(X )+§ UIITUPOK Kuiaau. ByHmaH Tamkapw,

uxtuépunn Y € B(Xo,5) yuyH | A(XO) —A(y) < g muruman 6m3 B(X°,0)

na U (y) mn |2 jO(XO) nappa tokopunan A(Y)+& Ounan Tekuc
yerapalaHTaHIMIMHKM Ba HuxosAT, 6yryn K kommakraa U j (X) < A(X) + &,

]2 jo , X € K, sxanmrunn nc6ornaii onamus.[1] P

Ha3zopar caBoJsuiapu:

1. Yerapamanran cyOrapMoHUK GQYHKUUSJIAD OWIACHHUHI aHUK IOKOPHU
Yyerapacy.

2. CyOrapMoHUK QYHKUUSHUHT PETYIU3ALHUSACH.

3. CyObrapMoHuK (QyHKIMsUIAp KETMA-KETJIMTHHUHT aHUK FOKOPH 4Yerapacu Ba
FOKOpU JIUMUTH.

4. Xaprorc 1eMMacH.
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IV. AMAJIMA MAIIFYJOT MATEPUAJLJIAPU

1- Ba 2— amaJInii MAIIFyYJIOTJIAp:

Yexu Bapuanusaian GyHkuusiap, pyHKUUAHUHT TYJIa BAPHALUACH Ba
YJIAPHHUHI X0CCAJIAPH.

Hmpan makcaa: MaremMaTuk aHaJu3HMHT OHMOMaTeMaTHKa, MeEXaHHKa,
OMMAaBUW XHW3MaT Ha3apusICH, T'EOMEXaHWKa Ba OOIIKAa coxXajapaard KEHT
KYJUTAaHUJIMIIUHU TYIIYHTUpUII. Yeknu Bapuanusiii GyHKUMSHUHT Tabpudu Ba
xoccanapuay, Xamaa CTUiTbeC HMHTETpPajd Ba YHUHI XOCCAJIAPUHU KEHTPOK
ypraHuui Ba MuUcoJiiap €épaamMuaa TaTOUK THUILL.

Nuau 0askapuil y4yH HaMyHa!

1-MucoJ. Yuuby:

T .
x> sin=, aeap x#0 6yica,

f(x)= X
0, acap x=0, 6yrca

@yuxyus uxmuépuii yexau [a,b] kecmaoa ueknu eapuayusiea sea.

> with(plots) :
> e xz-sin[%] 0<x£2;
0 x=0
xzsin(l) O0<xand x<2
= X
0 x=0
>

> smartplot( )




N

2n 3m oon o on O}l m om 3m 2m
2 2 2 2

plot(f,x=0.2,-5..5, color=red, thickness = 2, discont = [ usefdiscont= | bins
=35]], grid=1[100, 100]);

4
2_
0 N | — T 1
D5 ~"1 15 3
X
_2—
_;1_—




2xsin(£) —cos[ijn O<xand x<2
g:= X X

0 x=0

> plot(g,x=0..2,-5 ..5, color=red, thickness =2, discont = |usefdiscont = | bins
=35]], grid =100, 100]);

<«43-teopemanan origananubd KypcaTaMus:

x20 ta  F')=2xSinZ-aCos”  ga
X X
=0 ma 1'0)= im0 =TO _ i AxsinZ =0
Ax—0 AX Ax—0 AX

Oynranu yuyH uxtuépuii yexsm [a,b] kecmana ymoy:
[f'(x)|<2-pj+7z =L

TEHrcU3IMK YpuHan OYynamu. YHna 3-teopemara kypa f(X) dyuximus [a,b] na
YEeKJIM Bapuanusra sra.p

2-MucoJa. Kytiuoaeu Cmunmvec unmepanu XucoOaiaHCum:

(S)_Z[xzdén(l+ X);




(S)JZ. x?d/n(L+ x)
< 0 =(( (12) - hbopmynaman ¢oiiganaHamMms))
XZ

2 2 2
dx:j(x—l+inX= = X_—x+£n|x+]4‘ =2-2+/n3=(n3
x+1 5 x+1 2

~R)]

0

3-mMucoJ. Kyuuoaeu Cmuimvec unmepaiu XucoOaiaHCcum:
3
(S) _|' xdg (x) , 6y epoa:
-1

0, aeap X=-1 oyca,
g(x)=<1, aeap —-1<x<2 6yica,
-1, aqeap 2<x<3 oycaq,

) | g(x) GyHxupsauar X = -1 HyKTaJaru cakpammu lra, X = 2 HYKTaJlard CakKpariu
—2 ra TeHr xamaa X7 -12

nykTanapaa 9 (x)=0 Vuna (13)-hopmynara xypa
KyHugarura sra 0yiaMus:

(S)ixdg(x) = 1.(1-0)+2(-1-1) =-1-4=-5

MycTrakui e4yuil Y4yH MUCOJLIIAP:

1-mucou. Kytiuoaeu Cmunmovec unmezpaiiapu XUucooiaHcum.

T

2 1
(S) j xd sin X; (S) [ xdarctgx

a) O 1 :
2-MUC0J. Kytiuoaeu Cmuimvec unmezpaiiapu Xucooaiaucum:

2
(S) [ x*dg(x)

0
0y epoa:

-1, aeap 0<x< % oynca,

0, aeap % <X< g oynca,
9(x) = 3
2, acap X= 5 oynca,

-2, aeap g< X<2 oynca.




3-mucoa. Cmurmvec unmezpaiiapu XUcoOaaHCuu.

(S)[xdg(),  (S)[x*dg(),  (S)[(x* +1)dg(x).
a) -2 0) -2 -2

4. HHTerpamHu XucCOOJIaHT.

6)
1) _[sin xde”
0

2
2) | xd cosx
0
L
3) | x*darctgx
-1

r—l, azap x=-2

2
4) J. xdg(x) 6yepma @(X)=40, aeap 2<x<1
-2

-1, aeap 1<x<2
X2—2, azap —3<x<-2
0, aecap —-2<x<-1
2
5) [(x-1)dg(x) Gyepna p(X)=12x+1, aeap —l<x<l
-3

X, aeap 1<x<?2

3, acap x=2
(2, azap x=-3

. X+2, acap —-3<x=<-1
6) Lxd¢(x) oyepra @) =14 fogp —1<x<0

x2 -1, acap 0<x<3

.




-

X, aeap O£x<%

7) Isinxd¢(x) oyepaa @(X)=12, aeap x=—,x=1
0

T
X_E’ azap —<x<71w

"

8) I (x+2)d(e*sgnsinx)

9) j(x—l)d(cosxsgnx)
0
(X+2, acap —2<x<-1

2
[OC+Ddg(x) 6yepma @(x)=12, aeap -1<x<0
-2

X3+3, acap 0<x<2

\

3 Ba 4 — amaJanil MalIFyJI0TJ1ap:

I'apmoHuk Ba cyOrapMoHMK (PYHKIIUAJIAP.

Nmpan makcan: bus Kyiinna rapmMOHHMK Ba CyOTapMOHUK (yHKIUSJIAPHUHT
SHT COJJa, 3apyp XOccajlapuHu VYpraHnum OwiaH Oup Karopaa, YJapHUHT
rosiomop®d pyHKIMsIIap OMTaH OOFIMK MacalaJapyuHU KypuO YMKaMU3.

Wuinu 6aKapyil y9yH HAMYHA:
1. U(X,Y) =Xy ¢ynxuus rapMoHuK GyHKIHs 6Y1a onagumu?
> ui=xy,

u=xy

> plot3d(u,x=-4 .4,y =-4 .4, color = red, thickness =2, grid = [100, 100]);




Jlannac Tenrnamacu 6yiinya GyHKIMSHA TAPMOHUKIIMKTA TEKITUPAMU3, STHHU:

2 2 2
a_u:y a_ljzo 8_lj+a_l'zl:O+O:O
x 7o ok oy

Hemak, U dyHKIMS TapMOHUK OY1au.
2. U (X, y) = X* — y? + X (yHKIMS rapMOHHK (GYHKIMS GYI1a onagumMu?

Jlanutac Tenrnamacu 0yiinya (GyHKIMSIHA TAPMOHUKIIMKIa TEKITUPAMU3, SHHU.

2 2
A=£%4~Q5=0
oxX“ oy

ng2x+l QE:—Zy

OX oy

ox: oy?

A=2-2=0




Hemak, U dyHKIMS TapMOHUK OY1au.
> fe=tl/x +)7);
= % ln(x2 + yz)

> plot3d(f,x =-3..3,y=-3 .3, color = green, grid = [ 100, 100]);

> Laplacian( (1) )




MycTakui equin y49yH MUCOJLIAP:

1. Arap f(X) dyukuus D < R" coxama roxopuaH sSpuM y3IyKCH3
6ynca, y xonga uxtuépuit M € R conn yuyn ymoy {X eD: f (X) <M }

TYIUTAMHUHT OYMK TYTUIAMIIUTH HCOOTIAHCHH.

2. D = R" coxana 6epunran uxtuépuit @(x) dynxuuscyu yuy ymoy:

o, (y) = lim sup o(x) ,

Y B(y.r)
o, (y) = mo(x)

QyHKUMANApHY KapalnuK. (), Ba (), 1apHU D na roxopunan spuM y3mykcusauru

UCcOOTIAHCUH. (U, = (U, XaKuJa HUMA JCHUIIl MyMKHH?

3. S(XO, I’) cepana nxTuépuii 6open ymyamu (L Oepuiran OyncuH. Y

XoJia yioy U(X) = _[ P(X, y)dy - IlyacCOH WHTerpajiu Xakujia HUMa
S(x°,r)

. 0
e MyMKuH? HTerpaaHuHr B(X ,r) Jla TapMOHMKJIWIM HMCOOTIAHCHUH,

yerapaBuil KNAMAaTIIapy aHUKJIAHCHH.

4*. D < R? coxama nxtuépuit U € Sh(D) dyuxuus yuyn mynnait
U, (X) € Sh(D) nc” (D) KeTMAa — KETIMK MaBxynkd, U, (x) J u(x),

] > 0. Uxtuépuit D — R" yuyn 6y Tacauk ypuniumu?

5. u(x) e Sh(D) 6ym6, 0 < <2 raiinsnanran con Gyncun. Y
on2ve (U,) < & 6ymub,
U(X) S Lip::fo (D \U 8) Oynamgu.  bynnan D coxama  mynnait
w(X) € LipffO(D) mapxkynk, @(X)=U(X), XeD\U okaumuru

kenub umkanu. Kyitmparm MyamMmo Xakuja Huma Jevumn MymkuH? [lynpai

C()(X) S Sh(D) ﬂ Liplofo (D) MaBKyaIMHUKH, X € D\U na a)(X) = U(X)

(24

xonma VE >0 YUyH LIYHJIai U(9 cD MaBXYyIKH, H

OyJICHH.

") jommys3ua OunaH Mypakka® KM X03Mpraya Xaji KUWIMHMAraH Macananap Oe/lriiaHraH.




6. F(D) cundra rerumm dpyuxuusra mucon xenrupunr. F (D) na ounx

TYIIaM, aTpod TYIUIyHYaCHHU OCPUHT.

7. bup HyKTara, AUCKpET HyKTajapra, [a, b] KecMmara, S(O,l) chepara,
B(O,l) Hrapra TeKUC Xouamrad OupiaukK 3apas (Yrgam)iapra MOC yMyMIIallraH

byHKIUsIap XyCyCUATIapU YpraHWICHH. YJiap YyYyH XyCyCHH Xocuiaiap
xucobyrancuH. Xycycuit Xxocuianap yiadam 0yia onagumMu?

5 — AMaJInii MALIFYJIOT:
C y . m(u,r) . n(u,r)
yorapmMoHuk (pyHKIUSIHUHT YpTa KHiiMATIapu Ba Jap

Nmpan makcan: CyOrapMoHUK (QYHKIUSHUHT YpTa KUWMatTiIapu m(u,r) Ba
n(u,r) 1ap Ba yJapHUHT XOCCalapH, Xam[a ylap Opacuiard OOFIaHHIIHM
ypranunigad udopar.

Ninu 6a:kapuin y4yyH HAMYHA:

MOHOTOH KamMarOBYH CY6FapMOHI/IK Q)YHKHI/IHJIap KCTMa-KCTIIUMT'NHUHT JIMMUTHU

cyOrapMoHUK OYJIUIIMHA UCOOTIIAHT.

u;(x)eSh(D), u;(x)=u,,(x) (j=12,..,) =limu;(x)eSh(D)

A j—ooo
Ucobor:
u (x)eSh(D) um(x)g u (x)

(j=12,..) =limu;(x)eSh(D) Wvx,,

joo

limu, (x)<u; (%,)

X—>Xg

limlimu; (x) <limu, (%)

Jjo X=Xy joo )

limlimu; (x)<u;(x)<u(x,)

X—>Xg j—oo )

limu(x) <u(x,) -

X—>Xo




MycTakui equin y49yH MUCOJLJIAP:

1.1 « DETYIsp HyKTanap TYIJIaMHHU Fa TUMHJIATY TYTIIaM SKaHJIUTH, SHHU
YHH CaHOKJIM COHJAru ENuK TYIiamiap WHFUHANCH YKAHIUTH UCOOTIAHCHUH.
. 0
2. Arap K C D1 N D2 oymo, X € K nykra K D1 ra HucOaraH
perynsp 6ynca, y xomnay K C D2 ra HacOaTtaH XaMm peryisp Oymagummu?

Mucosnap KeITHUPUHT.

Kaiicu xonma peryssipiiuk TyIIyHYacH K uun ¥3 uuMra  oJIraH coxara
OOFJIMK dMaC.

3". Arap uxruépuii B(Xo,g) atpod yuyH (€>0), KHE(XO,&‘)
xommakt X' HyKTazaa perynsp Oyica, X° ra noxan pe2yiap HyKma JeHunaiu.
Arap R "/ K - Gornanran oynca, y xonaa X’ € K wumr perymusip OYIuIm yuayH
YHUHT JIOKaJl perysp OYIUIIN 3apyp Ba eTapiy SKaHIUTHHY UcOOTIaHT. ")

4", Vxtnépuii momsap Gynmaran kommakr K < R" yuyn Kl c K -
perymap kommakT Mamxyamu? K HE wumpan perynmsp kommaktimap OuimaH

K, - perymp (J=12,...)

KOMITaKTJIap MaBXKyJIMHUKH, j —> 0 na CO(X, K i D) T a)(X, K, D) OYJICHH.

l’)
SAKUHJIAIITUPUIIT MYMKHHMH ! K j (- K ol

5. Ymymnamran (yHKIUsAIap KeTMa — KGTJII/I}?% @f} Oepwiran 6ynuo0,
nxtuépuit @ € F(D) yayn lim f j (@) = T (@) 6yncun. V xonna f, xerma
jooo

— ketmuk T ra (kyucus) sxumnawysuu neiiunanu Ba xabu Genrmnaxagu. f Hu

yMyMJalrad GyHKIHs SKaHIUTHHA UCOOTIIAHT.

6. Arap f(X) ¢ynxumas D — R" coxama 1oKopHIaH SpuUM y3TyKCH3
6yica, y xonna uxtuépuit M € R conu yuyn ymoy {x e D: f(X) <M}

TYIUTAMHUHT OYMK TYTUIAMIUTH UCOOTIIAHCHH.

7. D = R" coxana 6epunran nuxtuépuii @(x) dynxuuscy yayu ymoy:




@,(y) =limsup o(x) ,

r—0 B(y,r)
@,(y) =lim a(x)

dyHKIMsIapHU Kapainuk. (), Ba (W,napan D na rokopunan spuM y3myKcH3Iuru

MCOOTIaHCUH. (U, = (U, XaKKWJa HUMa JCHUIIl MyMKHH?

8. S(XO, I’) chepana nxTuépuii Oopen yauamu (L Oepwiran OyiacuH. Y
Xoj1a ymoy U(X) = I P(X, y)d,u - IlyaccoH umHTErpasin Xakuna HuUMa

S(x°,r)
o 0
nernm MymkuH? HHTErpajHuHT B(X ,I’) Jla TapMOHUKJIUTH HCOOTIAHCHUH,
yerapaBuil KUMMaTiapy aHUKJIAHCHH.
9*. D < R? coxana nxtuéput U € Sh(D) GyHKIUS yIyH IIyHJIai

U, (X) S Sh(D) nc- (D) KeTMa — KeTIMK MaBxyaku, U, (X) J u(x),
] > 0. Uxtuépuit D < R" yuyn 6y Tacawmk ypuriamu?

10". u(x) € Sh(D) 6ym6, 0 < <2 raitumnanran con 6ymeun. Y
2n-2+a (Ug) < & 63}']11/169
u(x) Lipffo (D\U g) Oynmagu.  bynnan D  coxana  mynpaii
C()(X) S Llp:_CO(D) mapkyakn, @(X) =uU(X), xeD\U oxaumuru
kenu6 uywmkamu. Kyilumpmarm myammo xakuaa Huma geitmm mymkuH? [lynnai

w(X) € Sh(D) Liplofo (D) wmaxynmuxn, X € D \U 1 a(X) = u(x)

[24

XoJ/1a Ye>0 YUyH LIYHJIai Ug cD MaBXYAKH, H

OyncuH.

6 — amauii MalIFyJIo0T:

Yexkiiu Ba 4YEKCH3 COHIATU CYOrapMOHUK QYHKUUSJIAP CyNIPeMYMH, IOKOPH
JIMMUTH.

Nmpan makcan: YmlOy aManuii MamFyJioT JAaBOMHJIa YEKJIM Ba YEKCHU3
coHAaru CcyOrapMoHuUK QYHKIUSJIAp Xoccajapu Ba CYNPEMyMH, TEKHUC
yerapaJlaHran cyorapMoHuK (GyHKIUsIap OUJlacura Ba CyOrapMoHUK (QyHKIMsIIAp
KETMa-KeTJIMTUHUHT ~ IOKOpU  JIMMUTHUHU  XUcoOJjamra  JIoup

*) rony3ua Gunan Mypakkab EKu X03Mpraya Xaja KMIMHMArad Macananap Oe/riIaHraH.




MUCOJUIApHHU, XapTOrc JIEMMAaCHHUHT TaTOMKUTA OMJ MacalajlapHu ypraHamus.

Ninun 6a:kapui y4yyH HAMYHA:

IOxopugan J0Kal TEKMC 4YerapajlaHraH {uj (X)}< Sh(D) xerma -

ketmk VX eD Ja I|mu (X) < A(X) mapTHu  OaxapcuH. Arap

jooo
A(X) eC(D) oynca, Xaprorc nmemmacura &ypa U, (X) < A(X)+e&
tenrcuzmuk D coxamuur nuuna texuc ypunmuaup. By nemma sna kanmait A(x)
nap yuayn ypunnu? FOxopunan éku Kyituman spum ysnykeus A(x) dysxumsnap

Y4yH YHHUHT YPUHJIU YMACIUTUHU KYPCATHHT.

Ky pcarma. ®apas Kunaiiuk, U(X) e Sh (Rn) dyrxumsacn X =0
HyKTajga yswimmra osra  Oyaran, 1M U(X) < U(O) , (yHkuma Oymuo,

x—0

n 0 n
U, (X) € Sh(R )C (R ) MoHoTOoH kKamatoBun, U(X) Ta MHTHIYBUM KeTMa —

ket Oyncuu: U, (X) J u(x). v xomma {Uj(X)} Ba A(X) =U(X) yuyn
Xaprorc jemMmacu ypuHiM 3mac. by epna A(X) = U(X) y3JIyKCU3 OynMacsaH,
(dakat OKOpHIaH IPUM y3ITYKCH3.
OHAM KyHuJaH spuM Y3Iykcu3 (YHKIUS YYyH XaM XapTorc JieMMacH
YPUHIN 6}”1J1MaanrHHI/I KypCaTHII YYyH C=R’ TEKUCIIMKIA
=UU, U{ Z——
k=1

<0, } Jlovpaiap MMFMHINCUHU ITyHAAW TaHJIAll KEPAKKH,

m

V*(Z, E)‘ =1 6¥ncun. V xonma Em UU ne6, Z_ € E nyxranapnu Ba
k_

a2 O comnapnu urynsaii TaHIAIT MyMKHHKH,

u(2)=V'(z, Em)+max{;|n\z\ | o}

m




cyOrapMoHuK (QyHKIMsAIAp KE€TMA — KeTmrd yuyHn U (Zm) 2> —  Oaxapwiau.

JleMax, 2°eE Y4YH lim u. (O) = 0 nurupan, 6y KeTMa — KeTJIHK YYYH XaM
m-—oo

Xaprorc nemmacu ypurm smac. Byrna A(z) =V (z, E U{0}).

MycTakui eduin y49yH MUCOJLJIAP:

1". ®apas xunaiimak, U, (X) € Sh(D) NC(D) 636, I_i_muj (x)<0

J—>©
6yncun. Y xompa myHmaik 6ym 6yamaran B < D artpod mamxynxu, B na
XapTorc JeMMacu YpUHIU OVIIUIINHYU, SbHU UXTUEpUN & > 0 YUYH IIyHJau jo

HUHT MaBXy]l OYJIMIINHY, j > jo mapna U, (X) < & OYynuIuHU UCOOTIIAHT.

2. Arap T(X) ¢ynxuma D — R" coxama 1oKkopuaaH SpuM y3myKCH3
6ynca, y xomna uxtuépuit M € R conu yuyn ymoy {xe D: f(X) <M}

TYIUIAMHUHT OYMK TYTUIAMIIUTH UCOOTIAHCHH.

3. D = R" coxana 6epunran uxtuépuii @(x) dynxuuscyu yayu ymoy:

o, (y) = lim sup o(x) ,

r—0 B(y,r)
@,(y) = limo(x)

QyHKUMANApHY Kapainuk. (), Ba (U, JApHU D na roxopunas spum y3aykcH3Iuru

UCOOTIIaHCUH. (U, = (U, XaKuJa HUMA JCHUII MyMKHH?

4, S(XO, I’) cepana nxTuépuii 6open ymyamu (L Oepuiran OyncuH. Y

XoJ1a ymoy U(X) = I P(X, y)dy - IlyaccoH umHTErpasn Xakuaa HuUMa
S(x%r)

. 0
nennin MymkuH? VHTerpamHuHr B(X ,r) Jla TAPMOHMKJIUTA HMCOOTIAHCHH,

yerapaBui KUMMaTiapu aHUKJIAHCHUH.

5%, D < R? coxama uxmuépuii U € SN(D) dynxuusa yuyn mynnaii

%) roJiay34da Ounan MypaKKa6 EKH Xo3uprada xaJjl KWIMHMaral MacaJiajap OeruianraH.




U, (X) S Sh(D) nc- (D) KeTMa — KeTIMK MaBxyaku, U, (X) J u(x),
] > 0. Uxruépuit D < R" yuyn 6y Tacauk ypuniamu?

6" u(x) € Sh(D) 6ym6, 0 < <2 raiimunanran con Gyncun. Y

xomma Ve >0 YUyH HIyHAAH Ug < D wmasxymxu, H (Ug) < & 6ynuo,

2n-2+a

u (X) € Lipffo (D \U g) Oymagu.  bynnan D  coxana mynpait

loc

C()(X) S Lipa_O(D) mapxyakn, @(X)=U(X), XeD\U okaumru
kenmu0® uukanu. Kykumpgarm MyamMmo Xakujga Huma aedumn MyMkuH? ynpai

w(X) € Sh(D) Lip'°f0 (D) wmaxynmuxn, X € D \U 1 a(X) = u(x)

o

OyicuH.

7. D Z{O < ‘Z‘ < 1}C C Temmk powpaza TapMOHHK U(Z) = In\z\
dyukumsacn yuyn f(z2) e D), Re f(z) =u(z) wmasxyn smacmuruan
KYpCaTHHT.

8. (JIenown). Arap U (Z) byHKUMACH Xap OUp apryMeHTH Oyiinya rapMOHHK
oyiuca, y N - rapMoHUKIUp, SHHU Xap OUp apryMeHTH OYitnya rapMOHHKIUTHIAH

2
yamar C (D) CUH(]ra TeruuuIMiInuru kenuod ynkaau. Vcootnanr.




V. KEMCJIAP BAHKHA

Case 1. OyHKIUSHA YEKJIM Bapualysra sra OYJIUNUIMK OujIaH YHUHT YEKIIN
JUMUTTA 3ra OYIUIUIMK Opacuaard MyHocaOaTHU aHWKJIAHT.

Dapa3s KunaimmK f(X) bynkus  [a,f0]  opanMKIa aHUKJIAHTaH

oynmuo,xap KaHmai [a,t], (t>a) Kecmama 4YeKIM Bapuanusara sra OyicwH. Arap

t
Ilm V f JIUMHUT MaBXyJ 65”.]103 , Ilm f (X) MaBXKYIJIUTUHA

t—oo a X—>+00

ucootnanr. Teckapucu Ypunnumu? Mucosap KEATUPUHT.

Case 2. Jlunmwi mapTHHU KaHOATIAHTHPYBUM (DYHKIKS YSKIH BapHaIUsTa
ora [2-Teopema,l-mabpy3a]. YOy TaCIMKHUHT TeCKapucu ypurauMu? Mucosap
KEJITUPUHT .

Case 3. Maple mactypu épaamuaa QyHKIUSHA TYIUK BapUALUSCHHH
XHUCOOJIaHT.

f () = cos® x b [0, m] opamukna wmkkura YcyBum (QyHKUMSIAP

VHKITUSTHA
aliupMacu maxiauaa udoganaHr.

> with( plots) :

> f(x) = cos’(x);
f:=x—>cos(x)2

> plot(f(x),x= 0..Pi, color=[black]);
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h :=x—>piecewise(0 <xand x < % n,1—2 cos(x)2, % T
<x and x < T, 1)
x—>piecewise(0 <xand x < % w1 —2 cos(x)z, % T <x
and x < T, 1)

> plot(h(x),x= 0..Pi,color=blue]);
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| 1
g = x—>piecewise(0 <x and x < PRL I — cos(x)?, P
<xand x<m 1+ cos(x)z)

1 1
x—>piecewise(0 <xand x < PR 1 — cos(x)z, o <x

and x <m, 1 + cos(x)z)

> plot(g(x),x= 0..Pi, color=[red]);
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> plot([h(x),g(x), f(x)],x=0..Pi, -2 .. 4, color = [ blue, red,
black));
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Case 4. Ctuitbec MHTETpalIi/a JJIUTUBIIMK XOCCACH KalCH X0Ja YpUHIIU?

Case 5. Ctuntbec unrerpam masxyn 6ynaauran f(X),g(X) ¢ynxuusnap
y4yH MUHUMAJ CHH()HU aHHKJIAHT.

Case 6. 'omomopd QyHKIMSHU YHUHT XaKUKUI €KM MaBXyM KUCMU
épaamua KaHaa ycysuiap OuiiaH TUKJIall MyMKHAH?




VI.MYCTAKWJ TABJIUM TOINIIIINPUKJIAPU

1. Yuby:
ﬂ. -~
0= xcosE, acap x#=0 oOyicq
0, azap x=0, 6yica

GYHKUMSIHUHT UXTUEPHUIA KeCMajia YeKJIM Bapualusra sra Oyiuim
KYpPCAaTUJICUH.

\{ f(x)=\{ f(x)+\{ f(x), a5 b

2 TEHTJIMK UCOOTJIAHCHUH.

3. f(x ¢byuknus [a,b] qa yeknu Bapuanusra sra 0yica, yHaa
9(x)=V f()

byHKIUAHUHT [3,b] 1a T Ba yerapajaHrad OYIuImm ucOOTIIaHCHUH.
4. TyrpunanyBuM OyJIMarad Yu3UKKa MUCOJ KEJITUPHUICUH.
5. Kylingaru GyHKUMATApHUHT TYJIUK BapUalUsICUHU XUCOOJIaHT:

) f)=vx,  xe[L4]
2) f(x)=arctgx, xe[-11]
3) f(x)=[x] . x e[-13]
4 f(x)=x°, xe[-2;3]
5) f(x)=sinx, x €[0;27]
6. OYHKIUSHUHT TYJIUK BapUALMACHHH XHMCOOJIaHT:

0, x=0
f(x)=<1-%, 0<x<1

5, x=1
7. OyHKIUSHAHT TYJIWK BapHAMSICUHU XUCOOIaHT:
rx -1 x<1
f(x)=410, x=1
X%, 1<x<2

8. Yuly:

x2cosZ x =0

0, x=0




¢yukusan [0,1] kecMaga YeKIM Bapuamusra sra SKaHJIUTMHA UCOOTIIaHT.

9. Ymby:
xsinl, X#0
f(x)= X
0, x=0

(byHKIII/IHHI/I [0,2/1] kecMazia YeKIH Bapuaumra 3ra YMACIUTHHA UCOOTIAHT.
10. Arap V f (X) = A 6¥uca,y xonna V (kf (x) + m)

11. Arap f(X) dyuxmms D < R" coxama rokopuman spuM y3iykcus
6ynca, y xomma uxtuépuiit M € R conu yuyn ymby {xeD:f(x)<M}
TYIUIAMHUHT OYMK TYTUIAMIIUTH HCOOTIAHCHH.

12. D < R" coxana 6epusran uxtuépuit @(x) dyuxuuscu yayn ymoy:

@, (y) =lim sup o(x) ,
=0 B(y,r)
w,(y) = lim @(x)
X—Yy
QyHKUMsANApHM Kapailiuk. (), Ba (0, JapHU D na IOKOpUIaH spUM
Y3JYKCHU3JIUTH HCOOTIaHCHH. (), = (U, XaKuJa HUMa JeHUI MyMKUH?

13. F(D) cundra rerumm dyuximsra mucon kenrupunr. (D) na ounx
TYI1am, aTpod TYIIyHYaCUHHU OEPUHT.

14. bup HykTara, AMCKpET HyKTajlapra, [a, b] KecMara, S (0,1) cdepara,
B(O,l) miapra TeKUC Kouamrad Oupiuk 3apsy (Yiuam)iaapra MOC yMyMIIallraH

GyHKUMATIAp XYCYCHSITJIIApU YpraHWICHH. YJap Y4YyH XyCyCHH Xocuiaiap
xucobyiancuH. Xycycuit xocunanap yiauaMm 0yia onagumMu?

15. Ymymnamran ¢GyHKIUsJIAp KeTMa — KETJIUTH {f J.} oepunran 6ynuo,
UXTUEPHH P € F(D) y4yH |Im f j (¢) = f((D) oyncun. Y xonna fj KeTMa
j—ooo

=7

f wu ymymnamran GyHKIMS SKaHIUTMHA HCOOTIAHT.

—xermk f ra (kyucus) sxumrawysuy neiinnanm Ba - KalOu OenruiiaHay.
16. Uxtnépunit Gopen ¥ymyamum L/ y4yH IOyHJAd JUCKpPET (JUCKpET

HyKTajapra S>KOWJaliraH) yiadamuap KeTMa — KEeTIMrd U4 ;  MaBKyJIKH,

L, [
Hi=t oynaau. UcOoTmanr.
17. S(x°,r) cdepana uxTuépuit Gopen Ymuamu L4 Gepwirad Gyiacun. Y
xomza ymoy y(x) = I P(x,y)dy - Ilyaccon muTerpami xaknia
S(x%,r)
uuma neiinm mymxua? Warerpamamnr B(X°,r) na rapmonuknurm
UCOOTIIAHCUH, YerapaBui KUMMAaTIapy aHUKJIAHCHH.




18. D c R? coxama nxtuépuit U e Sh(D)yHkums ydayH myHjaif
u, (X) c Sh(D) (C~ (D) Ke€TMa — KCTJIMK MaBXYIKH, u, (X) d u(x), J— .
Uxtuépuii D < R" yuyn 6y Tacauk ypuniamu?




VII. TJIOCCAPU

Tepmun

V36ek THaAMIATH MAPXH

Nuram3 Tuauaarn mapxm

Yexau
BapHualusiJIin
GyHkuus
Function of finite
variation

8= 2| (%)= F %)

UUFUHAWIAP Vne N y4yH
IOKOPUJIaH TEKHC
YerapajgaHras

For every n € N the sums
n-1
4, = Zl f (Xe1)— F (%))
k=0

upper uniformly bounded

Tyauxk Bapuauus
Combined
variation

\; f (x) = Sup{4,}

\; f(x) = Sup{4,}

byaakin MOHOTOH
Piecewise
monotone

Gynkmus xap 6up [a,,a,.,]
KecMaJia MOHOTOH

If function monotone on
every [ak J a'k+1]

JInnmun maprTu
Lipschits condition

myHjaai L>0 con ronuicaku,

UXTUEPUH X, x e [a,b]
HYKTanap y4yH
\f(i)— f(x)\ < L.\i—x\

Forany x,x <[a,b] there
exists L>0 such that
\f(i)— f(x)\ < L-\i—x\

Cruiarbec n-1 n-1
HHTErpaJ 0=Zf(§k)[9(xk+1)—9(xk)]= 0=Zf(§k)[9(xk+1)—g(xk)]=
AUFUHIHUCH - o
The sum of f(&)Ag(X,) =2 f(&)Ag(X)
Stieltjes integral k=0 k=0
/imo =1 MaBxXyJ Ba YEKIU .
0 g Mo =1 exists and finite,

Cruarbec
HHTErpaju
Stieltjes integral

O0ynu0, yHUHT KuiimaTu [a,b]
KECMaHUHT OYJIMHUII

ycyJura xamaa yHaaru S
HYKTaJapHUHT TaHJIaHUIINTa
O0oFMK O6ymaca.

and its value isn’t depending
on partition of [a,b] and
selection of the points

% on [a,b]

m, = inf {F(},

JlapOy — e m, = X'nxfl{f ()},
CTUI/I.]ITbeCHl/IHl" M, = : X?‘jkpl]{f (x)}, M, = Sup {f (x)},
KyiH Ba I0KOPH - Exk Y]
AMFUHINIAPH S =) mAg(X) S= ) m, A

Upper and lower = 2,MmAI)
sums Darbu- = Y M, Ag(X,). n-1

Stieltjes =R 5= “ MiAg(x.):

Jlapby — l. = Sup{S} sa l.=Sup{S} and
CTHUITbEeCHUHT

KYiH Ba OKOpHU

=inf{s|

=inf{s}




HHTerpauiapu
Upper and lower
integrals Darbu-

Stieltjes
ueC?*(D . .
D c Rn coxaga 6€pI/IHFaH ( ) function de:":]ec_l
r ueC?(D) s, | onanopen set DcR"ifit
;;’;LOI;;?HK 5 a%’yHKHH’I@};m y satisfies the Laplace
u owu u .
Harmonic function | AU Eﬁ+y+---+¥:0 equation:
X1 ’ ) AU = @ + @ + ...+ @ =0
TCHI'TIMKHU KaHOATJIaHTHUPCAa - 8 X12 axzz 8X§
Jlamiac \ 62+62+ +az A 62+62+ +8z
onepaTropu =—t—=t.t— =ttt —
Laplace operator 0% o, X 0% %,
h(D) D coxana rapmonuk 6ynran | Set of all harmonic functions
Oapua GyHKIMSIIAp TYTIIAMU on anopenset D
o R" dazomaru Gupmik The square of unit sphere on
" chepaHuHT 103acH R"
yaccon rz—‘x—x02 rz—‘x—x02
dopmy.aacu P(x,y)= . P(x,y)= n
Poisson formula Gnr|X—Y| aanX—yI
JAupuxie
MacaJiacu Au =0, U|aD = @(X) Au =0, U|ao = @(X)

Dirichlet problem

Yexcus CHILIIUK

Infinitely smooth ueC” (D) uec’ (@)
Tosnomopd f(2) byHKIHS z,€C _ Funct!on f(z) C-
dyHkums U(z,,) differentiable at the any
Holomorphic HYKTaHHHI OMPOp c " neighborhood of the point
function arpogia C- z,€C
b depeHnranianyBun
U(X) Gymxuns kyiinnarn Function u(x) satisfies
VKK NTapTHA following conditions:
KaHOAaTJIaHTHPpAaOdN: 1) u(x) _ upper
1) u(x) roxopunan semicontinuous function: for
Cy0rapmonuk 0 0
dpyHKIHS spuMysiykcus,span VX € D VX" €D satisfying
Subharmonic yayn limu(x) <u(x°) limu(x) <u(x°)
function s -

TEHI'CU3JIUK YPUHIIN
2) uxtuépuii X° €D uykra
yayH r(x°) >0 con
TOIMJIAUKH, Xap Kanaan

2) For every XO eD exists
r(x’)>0 ¢, any "< r(x%)
following inequality holds




r <r(x°) yuyn

1

= [ u(do
n s(x°.r)

TEHI'CU3JIUK YPUHIIU.

u(x®) <

[ udo

n s(x°.r)

u(x®) <

D coxama cybrapmoHuK

Family of subharmonic

sh(D :
(B) byHKIMsIap cCUHH functions on an open set D
Arap u(x) € Sh(D) dynxkuwas | |f function u(x) e Sh(D)
. 6upop X" € D nyxrana reaches its maximum at the
aKCMMyMJIap Y3UHUHI MAaKCUMYMMUIa i X°eD iai
NPUHIHITH ApHUIIICa, SHHU any point of pedf
Principles of u(x°) = supu(x) u(x®) =supu(x)
maximums xeD xeD then
63mca, y xomaa U (x) = const u(x) = const

oynanu.
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