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Kirish

Ma’'lumki, tabiiy fanlarning har xil sohalarida uchraydigan
ko'pgina jarayonlarni o'rganishda xususiy hosilali differensial
tenglama yoki xususiy hosilali differensial tenglamalar sistemasini
oldindan berilgan boshlang'ich va chegaraviy shartlarda yechish
masalalarini o'rganishga duch kelinadi. Bunday jarayonni ifodalavchi
matematik masalalar ko pgina umumiylikka ega bo'lib, matematik
fizika tenglamalarining predmetini tashkil etadi. Matematik fizika
tenglamalari matematikaning asosiy fundamental va tadbiqiy
bo limlaridan bo’lib, u bakalavryatning matematika, mexanika, amaliy
matematika va informatika kabi yo'nalishlari o'quv rejasidagi
umumkasbiy fanlardan biri hisoblanadi. Xususiy hosilali differensial
tenglama yoki xususiy hosilali differensial tenglamalar sistemasini
o rganish uchun ularni sinflarga ajratish maqsadga muavfigdir.

Uslubiy qo’llanmada Xususiy hosilali differensial
tenglamalarning va  differensial  tenglamalar  sistemasining
klassifikatsiyasi masalasi, hamda ikkinchi tartibli xususiy hosilali
differensial tenglamalarning umumiy yechimini topish usullari bayon
etilgan.

Ushbu uslubiy qo’llanma universitetlarning “Amaliy matematika
va informatika” yo’nalishlari bo’yicha bakalavrlar tayyorlaydigan
fakultet talabalari uchun mo’ljallangan bo’lib, shu yo’nalishning
namunaviy dasturida kiritilgan “Matematik fizika tenglamalari” fani
rejasiga asosan yozilgan.



1 -§. XUSUSIY HOSILALI DIFFERENSIAL
TENGLAMANING XARAKTERISTIKASI HAQIDA
TUSHUNCHA

Q —orqali xy,x5,...,X,, n=2, ortogonal dekart koordinatali

x nugtalarning n — o’lchamli R" evklid fazosidan olingan sohani

belgilaymiz.
() — sohadan olingan Xx nuqta va o, Qy,...,Q,,

Zaj =k, k=0,..,m, m>1, manfiymas butun indeksli

haqiqiy o’zgaruvchili F<x»---»pala2...a ,) —

Paa,..a,

haqiqiy qiymatli funksiya berilgan bo’lib, hech bo’lmaganda

OF - . . .
, bunda Z(x j=m, hosilalardan birortasi noldan

Paa,..a, j=1

0"u

= A ” deb olamiz.
OX{ 10X, 2 ...0x,"

farqli bo’lsin. Buyerda p, o 4

k
Fly..— 9% o0 (1)

o ,-
o o
ox;'..0x,"

shakldagi  tenglik  u(x)=u(x,x,,...,X,), x€Q noma’lum

fungsiyaga nisbatan m —tartibli xususiy hosilali differensial tenglama



deyiladi va bu tenglikning chap tomoni esa, m —tartibli xususiy
hosilali differensial operator deyiladi.

(2 sohada aniglangan u(x) haqiqiy qgiymatli funksiya va
uning (1) tenglamada gatnashgan barcha xususiy hosilalari uzluksiz
bo’lib, bu tenglamani ayniyatga aylantirsa, u holda shu funksiyaga
regulyar yechim deyiladi.

n

Agar F  funksiya p,, ., bunda ‘(x‘=2aj=k,
j=l1

k=0,...,m barcha o’zgaruvchilarga nisbatan chizigli funksiya

bo’lsa, u holda (1) tenglamaga chiziqli tenglama deb ataladi. Agar F

funksiya Poa,..a, bunda ‘(x‘ = Zn:a j=m o’zgaruvchigagina
j=1

nisbatan chiziqli bo’lsa, u holda (1) tenglamaga kvazichizigli

tenglama deb ataladi.

Lu= f(x) chizigli tenglama uning o’ng tomonidagi f(x)
funksiyaning barcha x €€ uchun nolga teng yoki aynan noldan
fargli bo’lishligiga qarab bir jinsli yoki bir jinsli bo’Imagan tenglama
deb ataladi.

Osongina ko’rsatish mumkinki, agar u(x) va v(x) funksiyalar
bir jinsli bo’lmagan Lu = f(x) chiziqli tenglamaning yechimlari
bo’lsa, u holda ularning ayirmasi w(x) =u(x)—v(x) esa Lw=0
bir jinsli tenglamaning yechimi bo’ladi. Bundan tashqari, agar

up(x), k=1,...,0  funksiyalar bir jinsli tenglamaning yechimlari



/
bo’lsa, u holda u = Z ¢, Uy (x), bunda c;— haqiqiy o’zgarmaslar,
k=1

ham shu tenglamaning yechimi bo’ladi.
(1) tenglamaning tipi

K(&hny)= D, 5—F§f‘l...§,f‘n

‘a‘zm pal...an
xarakteristik forma orqali aniglanadi.
> a,(x)D% = f(x) 2)
‘a‘ém
tenglama m — tartibli  xususiy hosilali chizigqli differensial

tenglamaning umumiy shakli, bunda a=(q,a,...,q,) -

multiindeks, o j >0, j=1, n, bundan tashqari « I butun sonlar,

%) ‘a‘u

a a,
ﬁxl .. 0X,

‘a‘ =0y +Qay +...+ @, multiindeks moduli, D% =

bo’lsin. D% — & almashtirish orqali (2)  tenglamaning

Z a, (x)E% simvolini hosil gilamiz, bunda &% = 1051551 2 En,
‘a‘ém

Z a,(x)E* formaga (2) tenglamaning bosh simvoli yoki

jaf=rm

xarakteristik ko’phadi deb ataladi.



xeQ tayinlangan nuqta bo’lsin. Noldan farqli

&=(,6,,...,¢,) #0  vektor uchun Z a,(x)E% =0 bo’lsa,

jo=m
u holda bu vektor xarakteristik yo’nalish deb ataladi.
F(x{,%,...,x,) =0 formula bilan berilgan gipersirt uchun har

bir nuqta xarakteristik yo’nalishga ega bo’lsa, ya'ni

(F(xl,xz,...,xn) =0

Z a,, (x)[G—F] [8—F] " =0, gradF #0 ©)

al=m 8)6‘1 8)(?”

N

\

bo’lsa, u holda xarakteristik sirt deb ataladi. Bu xarakteristika

tenglamasidir, bunda

g [OF 9F  OF
g .,ax .

ox; 0x, ox,

Ikkinchi tartibli kvazichizigli (barcha yuqori tartibli hosilalarga

nisbatan chiziqli) uzluksiz al-j(x) koeffitsientli  tenglamani

qaraymiz:

n 2

L 0“u
ZZ%’ (x) +®D(x,u,gradu)=0. 4)
i=1 j=1 0x;0%;

x=(x{,Xy,...,X,), n =2 o’zgaruvchili F'(x) funksiya c!

sinfdan olingan bo’lib, F'(x) =0 sirtda grad F(x)#0 va

> Dar oS0 (5)



bo’lsin. U holda F(x)=0 esa, (4) kvazichizigli differensial

tenglamaning xarakteristik sirti deb, (5) tenglama esa xarakteristik
tenglamasi deb aytiladi. 7 =2 uchun xarakteristik sirti xarakteristik
chiziq deb ataladi.
0%
o
to’lqin tarqalish tenglamasi uchun xarakteristik tenglama

oF LA (oFY
o (2o
X

ot

= azAu

shaklga egadir.
Uchi  (xp,fy;) nuqtada bo’lgan xarakteristik konus deb

ataluvchi
2
az(t —t0)2 —‘x—xo‘ =0
sirt xarakteristik sirt bo’ladi.

ou 2
—=a"Au+
ot ahurf

issiqlik o’tkazuvchanlik tenglamasi uchun xarakteristik tenglama

2
"(OF
F=0 d —a2 — 1 =0
’ g[ﬁxij

shaklga egadir. Uning xarakteristikalari osongina ko’rinadiki, ¢#=C
tekisliklar oilasidan iborat bo’ladi.

Au=f



Puasson tenglamasi uchun xarakteristik tenglama
2
n
oF
F=0 na Z — | =0
1=
shaklga egadir. Bundan F =0 na grad FF =0 ekanligi kelib
chiqadi, bu esa mumkin emas, ya'ni xarakteristik sirtga ega emas.
Endi xususiy hosilali differensial tenglamaning tartibini va uning
chizigli differensial tenglama ekanligini aniglashga doir misollar

keltiramiz:

1-misol. sin(u, —u,,) —sinu, cosu,, +sinu,, cosu, =0

tenglama xususiy hosilali differensial tenglama bo’ladimi?

Yechish:
OF _ 5(sm(ux —uy,)—sinu, cosu,, +sinu,, cosux) _
ou,, ou,,

= cos(uy —U),) —COSU, COSU,, —SINU ), SIN U, =

= CoSu, cosu,, +sinu,, sinu, —cosu, cosu,, —sinu , sinu, =0 .

Y Y Y Y
, oF L : :
Xuddi shunday, 5— =0  ekanligini ko’rsatish mumkin. F
u
y

funksiyadan xususiy hosilalar bo’yicha olingan hosilalar nolga teng
ekan. Demak, berilgan tenglama xususiy hosilali differensial tenglama

bo'lmas ekan.

2—misol. u)%x + ujz,y — (uxx — uyy) =0 tenglama xususiy

hosilali differensial tenglama bo’ladimi?

10



Yechish: Avval berilgan tenglamani soddalashtirib olaylik.

2 .2 2 2 2 2
F—uxx+uyy—(uxx—uyy) = Uiy = Usy, — U+

Vu, ., —u’ Endi esa, xususiy hosilalar bo’yicha

XX Yy yy = 2uxxu

-
hosilalarni hisoblaymiz:

oF oF
= Zuyy #0,

=2u.. #0.

XX

Ou ., ou

Yy
Demak, berilgan tenglama 2—tartibli xususiy hosilali differensial

tenglama ekan.

2

. 2 . 3 _
3—misol. COS™ Uy, +8IN" Uy, +4uy —2u, +u=0

tenglamaning tartibini aniglang.

Yechish:
2 2 3
8(cos Uyy +SIN" Uy +4uy —2u, +u)
ou .,
=-2cosu,, sinu . +2sinu . cosu,, =0
2 2 3
8(cos U, +sin uxx+4ux—2uy+u) )
=12u; #0

ou

Demak, berilgan tenglama 1—tartibli xususiy hosilali differensial

X

tenglama ekan.

2 . 2
4-misol. X Uy + XUy, FSINY-u—yu=0
tenglama xususiy hosilali chizigli differensial tenglama bo’ladimi?

Yechish:

11



2 . 2
8(x Uy + Xy, +SINY Uy, — Y u) )
=x"#0
ou

XX

bo'lgani uchun berilgan tenglama 2-tartiblidir. Hamda tenglama

Lu=f ko'rinishida bo'lib, bu erda

_ 2 . 2
Lu=x"u, +xu,+smy-u, —y-u

Y
operator noma’lum funksiya va uning hosilalari
Uyys Uyy> Uy, U larga nisbatan chiziglidir, chunki

L(au+ pv) = xz(au + BV, +x(ou+ ,Bv)xy +

+siny-(au+ Pv), —yz(au +pv) =

2

. 2 2
=ox U, +oxu,, +asmy-u, —ayu+ pBxv, +

xy
+fvy, + Psiny v, —ﬁyz\/:aLu + BLv

va tenglamaning o'ng tomoni  f(x) =0  dir. Shuning uchun 2—

tartibli xususiy hosilali bir jinsli chiziqli differensial tenglama bo’ladi.

5—misol. xuix +(x+Y)uy, =S5y -u, — y2u +sin(x+y)=0

tenglama xususiy hosilali chizigli differensial tenglama bo’ladimi?

Yechish: Berilgan tenglama chiziqli differensial tenglama bo’la
olmaydi, chunki Lu = xuix +(x+ y)uxy —S5y-u, — y2u operator

u,, ganisbatan birinchi tartibli (chiziqli) emas.

12



. 2 2
6—misol. Xlhyyy + Y Uy, =Sy sy, —Iny-u, -y u+

+sin(x + y) + x*=0 tenglama xususiy hosilali chizigli differensial

tenglama bo’ladimi?
Yechish: Berilgan tenglama bir jinsli bo’lmagan chiziqli

differensial tenglama bo’ladi, chunki
2 2
Lu=xuyy, +y uy, =5y u, —Iny-u,—yu

operator U U,, U larga nisbatan birinchi

xwyr Hyyys Uys U

darajali differensial ifoda va f(x)=—sin(x + y)—x* #0.
T—misol. u, =18y Uy, +Ty Uy U, —y-u,—yu+xy=0

tenglama xususiy hosilali chizigli differensial tenglama bo’ladimi?
Yechish: Berilgan tenglama chiziqli differensial tenglama bo’la

olmaydi, chunki

Lu

Uy =18V Uy, + TV Uy Uy, — Y-l — YU

operator Uy, Uy, larga nisbatan birinchi darajali differensial

ifoda emas. Ammo ushbu tenglama kvazichiziqli differensial tenglama

bo’ladi, chunki
Lu = Uyyy — 18V Uy, +7y-uxyuyy — Yy u,—yu
operator yuqori tartibli hosila u ga nisbatan birinchi darajali

xxy

differensial ifoda bo’ladi.

13



Mustaqil yechish uchun misollar

Quyida berilgan tenglamalarning tartibini aniglang:

2 .2 3 _
L1 cos™u,, +sin”u,, +4uy —2u, +u=0.
12, cosu.. +sinu.. +4u>—2u. +u=0
e yy yy x ¥ '

1.3, sin(u,, —u),)—sinu,, cosu,, +sinu, cosu,, =0 .

1.4, cos(u,, —u,) —cosu,, cosu,, +sinu, cosu, =0 .

y y Y
) 2
1.5. (uxx—uyy) — Uy — Uy, =0
2
1.6. (uxx+uyy) —2uyu,, =0
1.7 2o 2u” +u=0
T Nty tuy, | —ui = 2upuy, +2uy +u=0.
1.8 P332 3u. u? —u v ru=0
B Nyt ) —uy —3up g, —3uul, —uy, +uy+u=0.
1.9 (u +u )3—u3 —u3 +u2+5u—0
7 xx T %yy xx Py Ty Y
1.10 P332 3y’
0. Uy =ty ) —Upe =3upty,, —3uul, -
3 3 .
Uy, +uy, +u, =0

2 . 2

L11. cos™(uy, +uyy, ) +sin™(Uy, +u,,,) +ty, —
2 _

—(uy+4) +8uy+u—0.

112, Igluguy, | =lglu,y [-1g|u,, | +6u) +u, =0

14



1.13.

1.14.

1.15.

1.16.

1.17.

1.18.

1.19.

1.20.

1.21.

1.22.

(”xx _”yy)(”xx +”yy)_5_8x(”x )~

0
—a(ux —u),)+6u, =0.

(”x _”y)(”x +”y)_5%(”x —uy) -

0
—a(ux —u,)+6u, =0.

2(ux —2u)uxy —%(ux —2u)2 —xy=0
0 0
ﬁ_x(uiy —uy)—Zuyya(uxx —u,)—2u,+2=0.
0 2
2u Uy, —8—(uxx —uy)" = 2u Uy, +u, =0
0
Uy —8—(uxx —uy) = 2uyuy, +u, =0
0( 2 0
a(uyy —uy)—Zuyya(uyy —u,)—5u, =0.

2
(tguxx + ctguxx) - tgzuxx - ctgzuxx +6u, =0 .

cos 2u,., — cos” Uy, + sin’ U, —sinu, +8u, +u=0.
0 2 . 2

8—cosuxx +cos” U, +sin“u, +
Y

Hl o, SINU .+ 8uy, +5u =0.

15



0 2
1.23. 2uxy—6a(u —xy)+uy, =0.
2 2 2
1.24. (tguxx +ctguyy) — 18 Uy, —ctg U, +6u, =0 .

0 2
1.25. a(yuy +ux)—2uxuxy +u, —6u=0.

Quyida berilgan xususiy hosilali tenglamalarning chizigli,

kvazichizigli, bir jinsli, yoki bir jinsli emasligini aniglang:

0
2.1 2uy, —6a(u2 —xy)+uy, =0.

220 Uy, —i(uxx —uy) = 22Uy +u, +x-3y=0.
0 2
2.3. uyuxxy—a(uxx—uy)—Zuyuxx+ux+4y =0.
2.4 9 +ul)-2 +u, —6u+xe’ =0
4. y@y yuy, +uy Vi, +u, —6u+xe” =0 .
0 2
2.5. 2uxxuxxy_§(uxx_uy) —2uuy,, +u, =0,

0( 2 0
2.6. 8_x(”yy_”y)_zuyya(”xx_”x)_2”x+2:0'

2.7, 2xuy, —E%@i(u2 —xy)—2u,, =0.
X

0
2.8. —(yuy + u)% ) —2uu,, +u

_ Y _
e y FUy, —0u, +u+xe” =0.

16



2.9. yuxy+uyy—6ux+u2+4xy:0.
2.10. yuxy+uyy—yux+x2u—8xy=0.

211, yuyy,, +uy, = vy, +x°u=0.
2 29 (42 2u,, +4y=0
2.12. 2xuy, — a(y —xyu)—2u,, +4y=0.

.2
213,y + XUy, —COSY Uy, +sINXU=0.

2.14. a(x, )y, +20(x, y)uy, +c(x, y)u,, +
+d(x,y)u, + e(x,y)uy + h(x,y)=0.

2.15. (Bx+4y)uy, +(4x—y)u,, +4Hx—=3yu,, +
+(x+y)u, +yu, +2x+5y=0.

2.3
2.16. COSY Uy, + Uy, — Vibyy, + XU +yu=0.

2
2.17. (tguxx + ctguxx) - tgzuxx - ctgzuxx T
Aty +uty,, —3u=0.

0

2.18. Xutyy, —8—(qu)€ -3xy)—2u,, +u, +3x=0.
Y

2.19. xzyuxyy +Zexy2uyy —(x2 +y2)uxy +x?u=0.

0

2.20. 2uyuy, —a(yuy +u§)+yuyy —6u, +u+ye" "’ =0.

221 (u,—u, )(u, +uy)—8—8x(ux —uy,) =

17



0
—8—(ux —u),)+6u, =0.

0 0
2.22. ﬁ—x(ux—uy)+§(ux—uy)+(x+y)ux+xey:0.

223 Uy, + 8ex+yuyy —u,, + f(x,y)u=0.

224wy, +xyeuy, —9xu, +Tuy, + f(x,y,2)u=0.

225 u,—6uu,+u, ., =0.

2 -§. XUSUSIY HOSILALI DIFFERENSIAL
TENGLAMALARNING KLASSIFIKATSIYASI VA
ULARNING KANONIK SHAKLI

Ta’rif. Agar har ganday ‘5‘7&0 YuyH Z aa(xo)ga;t()

jo[=m
(boshgacha qilib aytganda, uning haqiqiy xarakteristikasi yo’q)
bo’lsa, u holda

> ay,(x) D%u = f(x)

‘a‘ém

chizigli tenglama Y nuqtada elliptik tipdagi tenglama deyiladi.

18



n—1
Ta’rif. Agar 25]2 #0 bo’ladigan har qanday &,...,5,_4
j=1

uchun Z a, ()60)5105l L E = tenglama &, o’zgaruvchiga
o[ =m
nisbatan m ta haqiqiy va har xil ildizlarga ega bo’lsa, u holda

> a,(x) D%u = f(x)

‘a‘ém

chizigli tenglama Y nuqtada X,

0’q yo 'nalishida giperbolik
tipdagi tenglama deyiladi.
Ta’rif. Agar x° tayinlangan nuqta uchun shunday bir

& =Gi(Hyses i), i=1,2,..,m,
o ’zgaruvchilarning affin almashtivishini topish mumkin bo lib,
natijada, Z a,, (xO) EY  forma u;  o’zgaruvchilarning
jaf=m
faqatgina | —tasinigina, bunda 0<[<n, saqlasa, u holda
Z a,(x)D%u = f(x)  tenglama XY nugtada parabolik
‘a‘ém
maxsuslikka ega yoki parabolik tipdagi tenglama deyiladi.
Ikkinchi tartibli xususiy hosilali chizigli tenglamani quyidagi

shaklda yozish mumkin:

n n

S a5 tnyy + 3Bty e+ () =0,
=1

j=1 i=l
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(a;=aj), bunda a, b, ¢, f funksiyalar x=(x,Xy,...,X,)
o’zgaruvchiga bog’liqdir. Yangi & erkli o’zgaruvchilarni

& =& (X1, Xy,.., x,), k=1,n shaklda kiritamiz. U holda

k=1
n n n
e, = 2L 2 e -+ 2 ug, (&), s
k=11=1 k=1
0
bunda e =8—§k. Hosila uchun olingan ifodalarni berilgan
X:

l
tenglamaga qo’ysak, quyidagini hosil qilamiz:

n

bunda
n n
ay =20, ik ji 5
i=1 j=1
by, = Zbi ‘i +Z Zaz’j .(gk)x-x-'
i =1 =l -
Endi

> a;,(x )iy,

i=1 j=l

kvadratik formani qaraymiz. y o’zgaruvchi ustida

20



n
Vi = Z ANy
k=1

chizigli almashtirish bajarib,

ZZﬁkz(xO) MM

k=11[=1

kvadratik formaga ega bo’lamiz, bunda

n n
_ 0 0
Gy (x) =) > ay(x") ey

i=1 j=1
bo’ladi.

Ma'lumki, chizigli almashtirishni mos tanlash yo’li bilan

kvadratik formaning @ (xO) matritsasini diagonal shaklga, ya'ni

a; -niz kanonik shaklga keltirish mumkin bo’lib, bunda

-

1

l
o, 1 =1,—n koeffitsientlar 1, —1, 0 qiymatlarni gabul giladi,
bundan tashqgari inertsiya qonuniga ko’ra, musbat, manfiy va nolga

teng koeffitsientlar soni kvadratik formani kanonik shaklga

keltirishdagi chizigli almashtirishga nisbatan invariantdir.

Agar barcha n ta «a; koeffitsientlar bir xil ishorali

1

bo’lsa, u holda tenglama x° nuqtada elliptik tipdagi tenglama deb,

agar n—1 ta «; koeffitsientlar bir xil ishorali va bitta koeffitsient

unga qarama—qarshi ishorali bo’lsa, u holda tenglama XY nuqtada
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giperbolik tipdagi (yoki normal giperbolik tipdagi) tenglama deb,

agar o; koeffitsientlarning m tasi bir xil ishoraliva n—m tasi

unga qarama-—qarshi ishorali (m >, n—m> 1) bo’lsa, u holda

tenglama x° nuqtada ultragiperbolik tipdagi tenglama deb, agar

o; koeffitsientlarning hech bo’lmaganda bittasi nolga teng bo’lsa, u

holda tenglama x° nuqtada parabolik tipdagi tenglama deb ataladi.

Kanonik formalar:

Au+D=0 (elliptik tip),
n
Uy, Z (giperbolik tip),
i=2
Z Z Uy m >, n—m> 1)
=1 i=m+l
(ultragiperbolik tip),

n—m
(+ 1y, )+@=0 (m>0)  (parabolik tip).
i=1

O’zgarmas koeffitsientli bo’lgan holda

n n
ZZ]” +Z y Feu+ f=0
i=1 j=1

tenglama uning aniqlanish sohasining barcha nuqtalari uchun bir
vaqtda o’zgaruvchilarni chizigli almashtirish yordamida kanonik

ey 4 . . A x+A, X, +.. 44
shaklga keltiriladi. u# funksiya o’rniga u=v-e 1A X n X
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tenglik yordamida v yangi funksiyani kiritib va A, o’zgarmaslarni

tegishli tanlash yordamida biz tenglamani yanada sodda shakldagi
kanonik formaga keltirishimiz mumkin bo’ladi.
n =2 uchun

Vee + vy vt fi=0  (elliptik tip),

Vep +ev+ f1=0

yoki > (giperbolik tip),

Vee = Vo +cv+ f =OJ

Ver + b, v, + f1=0 (parabolik tip).

Ikkinchi tartibli ikki o’zgaruvchili xususiy heosilali chiziqgli

differensial tenglamalarni kanonik shaklga keltirish.

Quyidagi kvazichiziqli tenglamani qaraylik:

2 2 2
Ae—u+2B O +Ca—u+F x,y,u,a—u,a—u
0x> OxOy 5y2 X Oy

=0, (6)

bunda 4,B,C e C*(Q).

Bu differensial tenglama
1) Agar B?-AC>0 bo’lsa, u holda giperbolik tipga,

2) Agar B*-A4C=0 bo’lsa, u holda parabolik tipga,
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3) Agar B> —AC<0 bo’lsa, u holda elliptik tipga tegishli
bo’ladi.
s=c(x,»), n=n(xy)
funksiyalar 1kki marta uzluksiz differensiallanuvchi funksiyalar bo’lib,
bundan tashqari €2 sohada yakobian noldan farqli, ya'ni

s 98
D(g,n): ox Oy
D(x,y) (on oOn
ox Oy

#0

bo’lsin. £ va 1 yangi o’zgaruvchilarga nisbatan tenglama

quyidagi shaklda yoziladi:

2 2 2
LAy L L (é mo 22, a—”)—o, )
ag ogon  on 0g 0
bunda
2
AE,n) = A(ééj 2Bé—§a—§+C % ,
0 ox Oy 8y
0 8 0 0
C(Em) = A( nj onon, ~[on
ox ox Oy oy
B(E.n) = A@ﬁ@n 8§6n+6§6n +C6_§8_77
ox Ox ox 0y Oy Ox oy Oy

va

2
5405 - ac) £ on_2on
Ox 0y Oy Ox
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E(x,y) va n(x,y) funksiyalarni shunday tanlash
mumkinki, bunda quyidagi shartlardan faqat biri bajariladi:

1) A=0, C=0; 2) A=0, B=0; 3) A=C, B=0.

1) B?—AC >0 bo’lsin. 4#0 yoki C #0 deb olamiz. Masalan,
A#0.

A(éﬂj 1289292, ¢ dp ) ) ®)
ox ox Oy oy

tenglamani qaraylik. Bu tenglamani

4205w ac)2);

ox oy
X{A%ﬂ+(8—VB2—AC)%9}:O
x y

shaklda ham yozish mumkin. Bundan, esa

A8—§0+(B+\/BZ—AC)6—¢:O 9)

ox oy
2¢ (B—VBZ—AC)%gzo (10)
X y

tenglamalar hosil bo’ladi. (9) va (10) tenglamalarni integrallash

uchun ularga mos oddiy xarakteristik differensial tenglamalarni

tuzamiz.
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yoki

Ady—B+VB?* - AC |dx =0,
Ady —|B—~\B*— AC |dx =0,

yoki bitta tenglama ko’rinishida

A(dy)? = 2Bdydx + C(dx)* =0

tenglama hosil bo’ladi. Bundan, A(xy,),)# 0 bo’lgani uchun

ng (.X,y) = CO”St, @2 (X, y) = const

integrallar mavjudligi kelib chiqadi. (Haqigatdan ham, o’zgarmas

koeffitsientli bo’lgan holda

dy B+\NB*—AC dy B-\B*-AC
A Cdx

9

dx d A
B+\B* - AC B—-\B*-AC
Y= x+C, y= x+GC5).
A A

E=(x,y), 1=¢,(x,y) deb olamiz. U holda (7) tenglamani
2B gabo’lib,
o%u
0501
tenglamani hosil gilamiz, yoki &E=a+ [, n=a— [ deb olib,

2 2
Tu_ou :@(a,ﬁ,u,a_u,a_uj
da~ 0f da O

ou Guj

= F sl sy T
1(577u oE o
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tenglikga ega bo’lamiz. Bu giperbolik tipdagi tenglamaning kanonik
shaklidir.

2) B?—AC=0 bo’lsin. A#0 deb olamiz. U holda (8) tenglama
quyidagi ko’rinishda bo’ladi:

A8—§D+BG—§D:O.
ox oy

Bu tenglamaning  @(x,y)=const umumiy yechimi yordamida

E=@(x,y) deb olamiz va 1 =n(x,y) sifatida esa, ikki marta

o . o . D(E.n)
uzluksiz differensiallanuvchi ixtiyoriy funksiyani =0
D(x,y)
shart (x9,yp) mnuqta atrofida bajariladigan qilib olamiz.
0 0
B?>-AC=0 shartdan va A_go + B—¢ =0 tenglikdan
ox oy

0 0
B ' +C @ _ 0 tenglik  kelib chiqadi. Shuning uchun
ox oy

B=| 422,522 |00 [ p99  cOP19N o yorpadi =0
ox o0y ) Ox ox oy ) oy

2
— ~ 1
tenglik ham o’rinli. C koeffitsient esa, C =—| A on + B on
A\ Ox oy

shaklga almashadi, bundan C#0 ekanligi kelib chiqadi. (7)
tenglamada C #0 ga bo’lib,
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u (én ou 8uj
877 ’ ’85 87’]

tenglamaga ega bo’lamiz. Bu parabolik tipdagi tenglamaning kanonik
shaklidir.

3) B> —AC<0 bo’lsin. A,B,C koeffitsientlar x va y ga
bog’liq analitik funksiyalar deb olamiz. U holda

A8—§0+(B+\/BZ—AC)6—¢:O

ox oy
tenglama (Xy,)() nuqta atrofida @(x,y)=@(x,y)+ip,(x,y) va

op

Ox

%
oy
bo’ladi. (Bunday analitik yechimning mavjudligi S.V. Kovalevskaya

shu nuqta atrofida + # (0 bo’lgan analitik yechimga ega

teoremasidan kelib chigadi).

5 :ng(X,y), n :¢2(x>y)

o(@1,9,) 20
o(x,y)

2
A(ﬁ_coj 130000 - a9 0
ox ox Oy oy

ayniyatning haqiqily va mavhum qismlarini ajratib,

deb olamiz. ekanligini ko’rsatish qiyin emas. Endi
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2 2
A(ﬁ_?j +23%%+c(%) -
ox ox Oy oy

:A(ﬁ—”j 4289191 ¢ onY
ox Oy oy

ekanligini, yani A=C va

j2E0n pfoon ozon), 2zon
ox Ox ox 0y Oy Ox oy oy

ekanligini, yani B =0 tengliklarni hosil gilamiz.
y 2 2 2
2 +2Btt, + Ct2 (B —AC< 0)

kvadratik formaning aniqlanganligiga ko’ra, fagat va fagat shu
holdaki, agar

o _0& _on _0n

8x:8y:8x:6y:

bo’lsa, u holda 4 =C nolga aylanadi. Lekin, biz o(x,y)

yechimni bir vaqtda bu tenglikni qanoatlantirmaydigan qilib

tanlaganmiz.

Shunday qilib, A gabo’lib,
82u+82 (én Ou Guj
- 3 U~
oE?  on? 0& " on
tenglikga ega bo’lamiz. Bu elliptik tipdagi tenglamaning kanonik
shaklidir.
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O’zgarmas koeffitsiyentli ikki o’zgaruvchili ikkinchi tartibli
xususiy hosilali chiziqli differensial tenglamalarni kanonik
shaklga keltirishga doir misollar.

1-misol. Uy, + 2uxy —3u y + 2u, + 6uy =0 tenglamani

Y.
kanonik ko’rinishga keltiring.
Yechish: A=1, B=1, C= -3, A=B* -~ AC=1+3=4>0
bo'lgani uchun, yuqoridagi tenglama giperbolik tipdagi tenglama
bo’ladi. Endi esa, uning xarakteristik tenglamasini tuzamiz va uni

yechamiz:

(dv)? = 2dydx —3(dx)* =0, y'*-2y'-3=0,

y=3x-C, y=—x+C,, C=3x-y, Cy=x+y.
Ci, C, o’zgarmaslarni mos ravishda &, 1 lar bilan almashtiramiz:
¢ =3x-y
u funksiyani murakkab funksiya deb qarab, birinchi va ikkinchi

tartibli xususiy hosilalarni hisoblab, tenglamaga qo’yamiz:
Uy =Ug Sy Uy 1, =g + Uy,
Uy =Ug -Gy, Uy 1)), = —Ug +Uy,

xx ~ Heg '(gx)z 22Uy Gy Mty '(nx)z +
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+ilg & ity Ty = 9u§5 + 6@!577 +utp,

uxy:u§§"fx'écy"'ugn'(é:x'ny"'gy'nx)"'unn'77x°77y+
+Hlg - §xy+u My = 3u55+2u5n+u >

Uyy =Ues '(gy)z +2Ugy Sy Ty Uy '(ny)z +

Tl Gy Uy Ty SUge = 2gy + .
Bu yerda shuni ta’kidlab o’tamizki, agar &, 17 lar x, y larning

chizigli funksiyalari bo’lsa, u holda &, =0, &,,=0, ¢&,, =0,

N =0, 1, =0, 7n,,=0 bo’ladi, hamda birinchi va ikkinchi

tartibli hosilalar quyidagi formulalarga o’xshab ketadi:

2
0
Uy (_é gx 577 j u=

nn
0 0
Uy (_5 gx 677 ) ( 6 ﬁy a ju_

:ugg '§X'§y+u§n °(§x°77y+§y °77x)+u7777 "My °77y’
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Endi topilgan ifodalarni U, + 2uxy — 3uyy +2u, + 6uy =0
tenglamaga olib borib qo’yamiz:

92/%5 +61/l§77 +1/l7777 +2‘ (—31/166 +2l/l§77 +u7777) —3(1466 _21/!577 +M7777) +

+2-(3u§ +un)+6-(—u§ +u,7)=0,

ya’'ni
16u577 4—8u77 =0.
Bundan
1 =0
ugn +§1/l77 =

tenglamaga ega bo’lamiz. Ushbu tenglama berilgan tenglamaning
kanonik ko’rinishi bo’ladi.

2-misol. u . +2u . +5u T 2u, —3u y = 0 tenglamani

xy

kanonik ko’rinishga keltiring.
Yechish: A=1, B=1, C=5, A=B*-AC=1-5=-4<0
bo’lgani uchun, yuqoridagi tenglama elliptik tipdagi tenglama bo’ladi.

Endi esa, uning xarakteristik tenglamasini tuzamiz va uni yechamiz:

2++4-20

12 -2y45=0, ' = : —1+2i,

y:(1+2i)x—C, x—y+2xi=C.

Bu yerda { 2 4 almashtirishni bajaramiz. Shunga ko’ra,
n=zx

Uy = Ug +2u77 ;
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l/ly :—l/lg R

Uy =Uge +AUgy + 4y,
Uy = ~Ugz =2y
Uyy =Heg
hosil bo’ladi. Topilgan ifodalarni tenglamaga olib borib qo’yamiz:
Uge + 4u§77 + 4u7777 + 2(—u§5 — 2u‘,§77 ) +SUge +

+2<u§ + 2u77 ) — 3(—u§ ) =0,
ya’'ni

Auge +4up, +Sug +4u, =0 .

Bundan
> 0
ugg +1/l7777 +Zu§ +1/l77 =

tenglamaga ega bo’lamiz. Ushbu tenglama berilgan tenglamaning
kanonik ko’rinishi bo’ladi.
Endi esa ushbu elliptik tenglamani sodda kanonik shaklga

keltiraylik, ya’ni tenglamadagi birinchi tartibli hosilalarni yo’qotamiz.

Buning uchun u(é,n)= v(é,n)-elgﬂ”’ g almashtirish

bajaramiz va birinchi va ikkinchi tartibli xususiy hosilalarni hisoblab,
tenglamaga qo’yamiz:

g =V LeMtHE L et THT
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l/lég = Vgg ’8/154_‘”17 +V§ ‘le;tg_'_‘un +

+vg QMOTHIT 1y g2

:1%§.eié+un_%2v§.lelé+un_+v.l2el§+un’

_ L AS+Hun e tun et un
l/l7777 = v7777 e +V77 ,ue +V77 ,ue +

Ve Lot H + Vi LeMeTHT L (22 +%)v§ LetetH
+2u + v, Lot Hn +(2,2 + 1’ +%ﬂ, - ,uj-v-e’l&”” =0.

5 1
Agar A= —g, U= —5 deb tanlasak, oxirgi tenglama quyidagi

sodda kanonik shaklga keladi:

3—misol. Uy, + 4uxy + 4u T 2u, —3u y= 0 tenglamani
sodda kanonik ko’rinishga keltiring.

Yechish: A=1, B=2, C=4, A=B*—AC=4-1-4=0
bo’lgani uchun, yuqoridagi tenglama parabolik tipdagi tenglama

bo’ladi. Endi esa, uning xarakteristik tenglamasini tuzamiz va uni

yechamiz:
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. 4++/16-16

2
y=2x-C, C=2x-y.

yl2_4y’+4:0’ y :2’

Endi esa &=2x—y deb, 1 ni shunday tanlashimiz kerakki,

Sx S
Y720 shart bajarilishi kerak. Buning uchun 1 =x deb
My 1y
, 6 Sy 2 -1 ,
tanlash yetarli, chunki = =1+ 0 bo'ladi.
My My
Demak,
c=2x—y
n=x
almashtirishni bajaramiz.
Shunga ko’ra,
u, =2u g+up,
Uy ==He>

Uyy =Uegg

bo’ladi. Topilgan ifodalarni tenglamaga olib borib qo’yamiz:

4M§§ +4l/l§n +l/l7777 +4<—21/l§§ —Z/lgn)+4ugg +

+2(2u§ +un)—3<—u§ ) =0,
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ya’'ni

Upp + Tug + 2u77 =0
tenglamaga ega bo’lamiz. Ushbu tenglama berilgan tenglamaning
kanonik ko’rinishi bo’ladi.

Endi esa ushbu parabolik tipdagi tenglamani sodda kanonik

shaklga Kkeltiraylik. Buning uchun u(qf,n)=v(.§,77)-e)“§+/J g

almashtirish bajaramiz va yuqoridagi misoldagi kabi birinchi va

ikkinchi tartibli xususiy hosilalarni hisoblab, tenglamaga qo’yamiz:

L AG+UN L AG N
Vpn * € +7v§ e +

+H2u +2)v, LMo THI +(u2 +7l+2,u)-v-e’l§+/””7 =0.

1
Agar A= I U =—1 deb tanlasak, oxirgi tenglama quyidagi sodda

kanonik shaklga keladi:

Vpp +Tve =0.

Mustaqil yechish uchun misollar

Quyida berilgan xususiy hosilali differensial tenglamalarni

kanonik shakiga keltiring:

3.0 4uy, +2u,, —12u,, +u, +u, +5x-3y=0.
3.2, 2uy +0uy, +5u,, +u, +u, +xy=0.

3.3. Uy +4uy, +4u,, +3u, +2u, +2x-3y=0.
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3.4. 16u,, +8uy, —48u,, +4u, +4u, +2y-20=0.

3.5. Uy +2uyy, +5u,, +2u, —3u, +x+2y=0.

xy
3.6. Yy + 06Uy, +uy, +4u, —3y=0.
3.7. 28uy, +14u,, —8luy,, +4u, +u+x+y=0.

3.8. Uy, +2uy, +10u,, +5u, +4x+3y=0.

Xy
3.9. Yy +12uy, +4u ), +4u, —3u, +2xy =0
3.10. 3uy +8uyy, +4u,, +u, +2y+4=0.

3.1 4uy, —12uy, +13u,,, +2u, +5u, +3x -y =0.
3.12. 4uy, —20uy, +25u,,, +3u, +2x=5y =0 .
3.13. 1duy, +14u,, =32u,, +4u, +3u, +2x-17=0.

3.14. uy, +4uy, +13u,,, +3u, —2u, +3x=0.

xy
3.15. 4uy, —12uy, +9u,,, +5u, +5x+4y =0 .

3.16. 27u,, +20u,, —68u,, +3u,+3x-2y=0.
3.17. uy, —10u,, +26u,, +3u, —2u,+3y =0

3.18. Auy, +4uy, +uy, +5u, +7x+y=0.

Yy
3.19. 3%, +206u,, —104u ,, +2u, —3u, =2y =0 .

3.20. Auy, —4uy, +2u,, —2u, +3xy =0

3.21. Ouy —30u,, +25u ), +Su, —u, +x -2y =0.

y
3.22. 14u, +20u,, —16u,, +4u, —Su, +x=0.
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3.23. 4uy, —20u,, + 29, —u, —4u, +3x=0 .
3.24. uy +10u,, +25u,,, +5u, =3u, +2x -2y =0

3.25. 26u . +26u,, —52u,, +4u, —S5u, +x+y=0.

Quyida berilgan xususiy hosilali differensial tenglamalarni
sodda kanonik shakiga keltiring:

4.1 g —Suy, +4u,, —3u, —4u, +6u=0.

xy

42, Ay +duy, +uy, —2u, +5u, +4u=0.
43, Uy —Uy, + 06Uy, —2u, +3u,—6u=0.

44. Uy —3uy, —4u,, +4u, +3u, +8u=0.

45. Uy +6uy, +9uy, +2u, —u, —2u=0.

4.6. Uy +uy, +12u,, +4u, +2u, —5u=0.

47 Uy =2uy, —8uy, +uy +5u, +Tu=0.

Yy

4.8. u, —6uy, +u,, —4u, —u,—6u=0.

49. e +4uy, +5u,, +3u, —4u, —u=0.

xy

4.10. 2uy +5Suy, +3uy, +2u, —u, —2u=0.

Yy Y

411wy +10uy, +25u ,, +3u, —5u), =3u =0 .
4.12. 4uy +4uy, +S5uy,, —Su, —4u, —2u =0
4.13. 3uy +5uy, +2u,, +u, —4u, —5u=0.

414 uy —8uy, +16u,, +3u, —4u, +2u=0.
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4.15. Suy, +4uy, +4u,, —2u, —4u, -3u=0.
4.16. 2u, —Tuy, +5u,,, +2u, —5u, —10u =0

4.17. 161y, —8u,, +u,,, +5u, —4u, +4u =0

4.18. Suy, —4uy, +u,, +6u, —Su, —=30u=0.

Yy
4.19. e =Ty, +12u ), +2u, +3u, +6u =0 .

4.20. wy —duy, +4u,, +3u, —6u, +4u=0.

Yy
421, 2uy —6uy, +5u,,, +S5u, —Tu, —u=0.

4.22. Suy, —4uy, —uy, +Tu, —4u, —28u =0
4.23. 4uy, —12uy, + 9, +5u, —3u), —15u =0 .

4.24. 3uy —uy, +2u,, +5u, —6u, —Tu=0.

4.25. 3uy, —2u,, —u,, +Su, —6u, —=Tu=0.

Yy
O’zgaruvchi koeffitsiyentli ikki o’zgaruvchili ikkinchi
tartibli chizigli differensial tenglamalarni kanonik shaklga

keltirishga doir misollar.

1-misol. yzuxx +2xyuy, + Xu,, + 2xu, +4u =0

Yy
tenglamani kanonik ko’rinishga keltiring.
Yechish: A= yz, B=xy, C= X%, A =x2y2 —x2y2 =0

bo'lgani uchun yuqoridagi tenglama koordinata boshidan boshqa
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barcha joyda parabolik tipdagi tenglama bo'ladi. Endi esa

xarakteristik tenglamasini tuzamiz va uni yechamiz:

2xyi\/4x2y2 —4x2y2 X

yZyrZ _2xyyr+x2 _ O, yr _ - ay
2y y

I » 1 5, 1

—y ==x"-=C

2)/ 2 2

U holda
22
=x" -y
{n:x

almashtirish bajaramiz. Shunga ko ra,

Uy =2xUg + Uy,

U, ==2yus ,
Uy, = 4x2u§§ +AxUgy Uy, +2Ug
Uyy = —AXVUge =2 VUgy
Uy, =4y2u§§ —2u§ :
Bu topilgan ifodalarnini tenglamaga olib borib qo yamiz:
y2(4x2u§§ +Axug, +u,, +2u§) +2xy(—4xyu5§ —2W§n)+
+x? (4y2u§§ —2ug ) + 2x(2xu5 +uy, ) +4u=0 .
Natijada

y2u7777 +2(x2 +y2)u§ +2xu, +4u =0,
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yoki
(772 —§)um7 +2(2772 —§)u§ +2nu, +4u=0
tenglamaga ega bo’lamiz. Bundan esa,

2
Ao -¢) oy g
u,, + U +———u, +
nn $ n
nt—¢& & nt-&

tenglama hosil bo'ladi. Ushbu tenglama berilgan tenglamaning

u=0

kanonik ko’rinishi bo’ladi.

2-misol. yu, +u yy = 0  tenglamani kanonik ko’rinishga

keltiring.
Yechish: Bu tenglama Trikomi tenglamasi deb ataladi va unda
A=y, B=0, C=1, A=-y.
Agar
1) ¥ <0 bo’lsa berilgan tenglama giperbolik tipda,
2) y=0 bo’lsa berilgan tenglama parabolik tipda,
3) y>0 bo’lsa berilgan tenglama elliptic tipda bo’ladi.
Trikomi tenglamasi gaz dinamikasi uchun muhim bo'lib,
giperbolik sohada bu tenglama tovush tezligidan yuqori harakatga mos
va elliptik sohada esa, bu tenglama tovush tezligigacha bo'lgan
harakatga mos keladi.

1) y<0 bo’lsin. U holda xarakteristik tenglama quyidagicha
bo ladi:

yyr2+1:0’ ,/_y,y'ilzo’ ~/—y-dyidx:0.
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Bundan esa,

2 3 2 3
—=\J(=») —x=C, —=\(-y) +x=C,
3 3
bo’ladi. U holda quyidagicha almashtirish bajaramiz:
' 2 E
E=x+-(-y)?
3
<
y 3
n=x- g(—y)z

Shunga ko'ra,
Uy =Ug +Up
1 1
uy, =—(=y)2ug +(=y)*u,
Uy = Ugg +2u577 +upy

1 1 1
1

5 5 5 1
uyy=2\/_7yu§—(_y)2 —(—y)zugg +(—y)2u§,7 —2\/; "

1 1 1
+(_y)2 _(_y)2 ugn + (_y)2 um]
Bu topilgan ifodalarnini tenglamaga olib borib qo'yamiz :
1
Yuge +2ug, +um7)+—2\/_7 (g —uy) + Y(—Uge +Uigy) -

Y
—y(ugy Tupy) =0,
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1
Ayug, +ﬁ(”5 ~uy)=0,

1
+ (ug —u,)
8y /_—y s “n

1
T

tenglamaga ega bo’lamiz. Ushbu tenglama berilgan tenglamaning

kanonik ko’rinishi bo’ladi.

2) y =0 bo’lsin. U holda xarakteristik tenglama quyidagicha
bo ladi:

(dx)2 =0, dx=0.

Bundan esa,
x=C
bo'ladi. Shuning uchun
=
n=y
almashtirish bajaramiz va y =0 bo'lgani uchun  u,, =0

tenglamaga ega bo’lamiz .

3) y>0 ©bo’lsin. U holda xarakteristik tenglama quyidagicha
bo'ladi:

y(dy) +(dx) =0, (fdy) zdx —O fdy+ldx 0.

Bundan esa,
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3
2 —
—y2+ix=C

bo’ladi. U holda quyidagicha almashtirish bajaramiz :

-

15
1

<
N | W

= W

Shunga ko'ra,

xx = Unn

1( 1
u —Lu +y2| y2u —Lu + yu
PN | Ty e e

Bu topilgan ifodalarnini tenglamaga olib borib qo'yamiz . Natijada

1
U, + YUee + u: =0,
Ylhpn ™ Vlgg 2/;5

yo'ki
Uy, +Ugs + 1 ug =0
UL/ S 29y s
3
2 5 ..
hamda &= 3 y2 ekanligidan
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1 —_
u,m +1/l§§ +§M§ =0

kanonik shakildagi tenglamaga ega bo'lamiz.
Mustaqil yechish uchun misollar

Quyida berilgan xususiy hosilali differensial tenglamalarni tipi

saqlanadigan sohalarda kanonik shakiga keltiring:
51. Gx+4yu,, +2(4x+ y)uxy -4y - x)uyy +

+(x+y)ux+yuy+2x+5y=0.

2)? 2
5.2. (1+x ) U, +u +2x(1+x )ux:O.

Yy
5.3 2)’ 2u, =
30 Uy —(1+y7) uy, =2y(1+y7 Ju, =0

5.4. (1+x2)uxx +(1+y2)uyy +xu,+yu, —2u=0.

55. x’u_ + 6L, +9y2uyy —2yu,+ye?’ ¥ =0.

5.6. xyzuxx - 2x2yuxy + x3uyy —yzux =0.

. o) _
57. Uy, —2SINX-Uy, —COS” X Uy, —cosx-u,=0.

2x x+y 2y _
58. eTuy +2e uy, +e” uy,, —xu=0.

59. Uy —2xuy, =0.

5.10. xuy +2xuy, +(x—Du,, =0.
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511 yuy, +xu,, =0.
512, Xuty +yuy, +2u, +2u, =0.
513. uy, +2smx-u,, —cos2x-u,, —cosx-u, =0.

514, uy +xyu,, =0.

5.15. xzuxx +y2uyy +2u, +2u,=0.

5.16. xyuy, +3(x—=Dy-uy, +2(x—1,5)y-uyy +2u=0.

2x x+y 2y _
517. e uy, +5e7 ruy, +4e” uy, —yu, +xu=0.
.2 . 2 2
5.18. sIn”X-uy, —2sIN" X Uy, —COS™ X U, +
2 2 _
+sm”x-u, —cos”x-u, =0.

5.19. uy —2(x—Duy, —4xu,,, +5u, —yu, =0

Yy
5.20. 2xuy, —06(x—2)uy, —36u,, —xu, +4u, =0 .

X _ x+y y_ —X _
521, €U, —e u +(e e )uyy

P Yy =
e'uy+2eu,=0.

3x+3 6x+6
522 Uy —=5€ uy, +4e” U, —u +2u=0.

i ) B
5.23. Uy, —3SINX Uy, —4sIn" XUy, +u, —u, +3u=0.

524, 2Xuy, —Xyly, —xyzuyy +yuy +xu, —2u=0.

5.25. Uy —28InX Uy, +2u, —u, =0.

46



Ko’p o’zgaruvchili ikkinchi tartibli chiziqli differensial

tenglamalarni kanonik shaklga keltirish.
Bizga ushbu
non

Z Z (x)

ikkinchi tartibli xususiy hosilali differensial tenglama berilgan bo’lsin.

+ Zb (x)— +c(x)u = f(x)

] l

Bu tenglamani kanonik shaklga keltirish masalasini qaraylik. Berilgan

tenglamani har bir tayinlangan X = X; nuqtada maxsus bo’lmagan

X
T X2 L iy :
E=B"x, bunda x= ,  chizigli almashtirish yordamida
xl’l
kanonik shaklga keltirish mumkin. Bu yerda B — shunday

n n
matritsaki, A=Bp  chiziqli almashtirish ) > a;(x,)A44;
i=1 j=1

kvadratik formani kanonik ko’rinishga keltiradi.

Har qanday kvadratik formani kanonik ko’rinishga keltirishning
turli usullart mavjud, masalan shunday usullardan biri to’la kvadrat
ajratish usulidir.

1-misol.  u, +2u,, —2u, +2u,, +6u, =0 tenglamani

kanonik ko’rinishga keltiring.
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Yechish: Berilgan tenglamaga mos kvadratik formani tuzamiz va

uni kanonik shaklga keltiramiz:

A +22020 =2205 4205 + 623 = (M + Ay = M3)* + 23 + 20005 + 525 =

2 2 2 2 2 2
=4+ = A3)" + (A +43)" +443 = +py + 3.
Berilgan tenglama elliptik tipda ekanligi ko’rinib turibdi, bu yerda
(1 =24+ 2 74
Hy =25 + /3
(M3 =243

N

Bundan esa quyidagi tengliklarga ega bo’lamiz:

-

M=y — Hy + i

1

Ay = iy St

N

Bu almashtirishning

matritsasini hosil qilamiz va uni transponirlaymiz. U holda

48



Bl =| -1

bo’ladi. Endi quyidagicha almashtirish bajaramiz:

&= B'X, bunda

ya’'ni
Si
S |=
&3
yoki

0O O|fx
1 O0|y|=
RN
2 2
S
16 ==X+
1
=x——y+
\% 2y

X
X=|y|,

z

—Xx+y

Xmtytt
2)/ 2

1
—z.

2

Berilgan almashtirish chizigli ekanligini hisobga olib,

Uy :uél _ugz +u§3 ’

uy :ugz N
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1
u, = Eué R
Uy TUge =g e +2Uge =g e Flg e TUg e,

| 3 |
Uy TUGE, T Mas THGE TGS TS

1
Uyy TUge, TUge T MEs
1 1 1
iz THUGE TGS TS
1
Uz = Zugsgs

tengliklarga ega bo’lamiz. Bu topilgan ifodalarni tenglamaga olib

borib qo’yamiz:

Uge —2Uze +2Uee —2Uzp TUge FlUge +

, 1 3 1
T\ U, THMas THeE THUes TS |T

5[] I I , I

A FMas THMeE TG [T A Has THes TGS | T
I

+6'Zl/l§3§3 =0.

Natijada Uge tUee Fuge = 0 tenglamaga ega bo’lamiz.

Ushbu tenglama berilgan tenglamaning kanonik ko’rinishi bo’ladi.

2-misol.  4u, —4u,, —2u, +u,+u, =0  tenglamani

Y

kanonik ko’rinishga keltiring.

50



Yechish: Berilgan tenglamaga mos kvadratik formani tuzamiz va

uni kanonik shaklga keltiramiz:
2 2 2
AN =4y =224 =Ch —A)" -3 =243 =
2 2 2 2 2 2
=4 =) = (L +4)" +A43 = —py + 3.
Berilgan tenglama giperbolik tipda ekanligi ko’rinib turibdi, bu yerda
1y =2% 1
Hy = 2p + /3
(3 =43

N

Bundan esa quyidagi tengliklarga ega bo’lamiz:

I N |
1 2#1 2#2 2#3

-

S
I
=
[\
|
-
W

Bu almashtirishning B matritsani tuzamiz va uni transponirlaymiz.

U holda

111 > 00
2 2 2 :
19:()1—1,BT:E 1 0
0O 0 1

1

= -1 1

2

bo’ladi. Endi quyidagicha almashtirish bajaramiz: & = B'Xx , ya’'ni
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1
— 0 0 i
51 2 ¥ 2
sl=l Lo ofly]e] X+
2 5 Y > y ,
§3 I 1 1 ) lx +
—— = ——X— z
2 2 d
yoki
( X
51—2
X
S =—+
) 5 Y
& lx +
=——X- z
3 5 Y

Berilgan almashtirish chizigli ekanligini hisobga olib,

1 1 1
Uy =5 tg Tl TS

uy :ugz _ugs’
u, :M§3 .

I I I I I I
U = J M8 THUGE T UGS TGS TGS T MG

1 1 1 1
y T UG8 THUEG TH YA THES TGS

uyz - u§2§3 B u§3§3

tengliklarga ega bo’lamiz va topilgan ifodalarni
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Auy =4y, —2u, +u,+u, =0

Y
tenglamaga olib borib qo’yamiz. U holda

Uge +2Uge —2Uge —2Ug e FlUg e tUse — 2z +2Use -
g et Mg e —2Up e —2Up e +2Usp tUg —Ug tug =0,

Bundan esa,

Ugg, ~Ugs, uge Ty, =0
tenglamaga ega bo’lamiz. Ushbu tenglama berilgan tenglamaning

kanonik ko’rinishi bo’ladi.

3—misol. u X

y Uy Tl U

y U= 0  tenglamani kanonik

ko’rinishga keltiring.
Yechish: Berilgan tenglamaga mos kvadratik formani tuzamiz va

uni kanonik shaklga keltiramiz:

K(A) =44, — 443 kvadratik formani kanonik ko’rinishga keltirish

uchun
(%=m+%
Ay =n -1,
ﬂ3 =13

almashtirish bajaramiz va quyidagi kvadratik formaga ega bo’lamiz:

2 2
Ki(m)=ni{ —ny —mnz —mn;s.

Ushbu kvadratik formani kanonik shaklga keltiramiz:
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2
2 2 1 2
Ki(n)=n{ —n3 —mnz —113 =(m —5773) =15 — 1Nz —
2 2
1, 1 1 5 o
——n5 =|n—— — +— =l — U5.
4773 (771 2’73) (772 2’73) My — Hp

Berilgan tenglama parabolik tipda ekanligi ko’rinib turibdi, bu yerda

-

1
H =1 =313
2
<
1
Hy =M + 13
\ 2
va Ha o’zgaruvchini shunday tanlaymizki, hosil bo’lgan

matritsaning determinanti noldan farqli bo’lsin, masalan, t3 =1]3.

U holda quyidagi almashtirishga ega bo’lamiz:

-

m=m—%%
<ﬂ2=nz+ln3
2
H3 =13

"

Bundan esa quyidagi tengliklarga ega bo’lamiz:

(%=M+M
1A = My — iy + 13
\%:ﬂs
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Bu almashtirishning B matritsasini tuzamiz va uni

transponirlaymiz. U holda

1 1 0 1 1 0
B=|1 -1 1], Bl =|1 -1 0
0 0 1 0 1 1

bo’ladi. Endi quyidagicha almashtirish bajaramiz: & = B'Xx , ya’'ni

& 1 1 0)\«x xX+y
=1 -1 0fjy|=lx=y|,
& 0 1 1)z y+z
yoki
[ &=x+y
{ & =x-y
\§3Zy+z.

Berilgan almashtirish chizigli ekanligini hisobga olib,
Uy =ug +Ug ,
U, =ug —ug +ug,
U, =g,
Uy TUge ~Hgs, TUGE Tlge, THag, TUSE T
TUGE THaE THE, TUSE

Upg SUge, TUg g,
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tengliklarga ega bo’lamiz va topilgan ifodalarni tenglamaga olib borib
qo’yamiz:
Ugg THge, TUGE TUoE TGS THeE T
Fug, Fug, Fug —ug, Fug, —ug, =0.
Bundan esa,
Ugg, ~ig,z, +2ug =0

tenglamaga ega bo’lamiz. Ushbu tenglama berilgan tenglamaning

kanonik ko’rinishi bo’ladi.
Mustaqil yechish uchun misollar

Quyida berilgan ko’p o’zgaruvchili xususiy hosilali chizigli

differensial tenglamalarni kanonik shaklga keltiring:

6.1, wy +2uy, —2u, +2u,, +4u,, +2xu, —2yu, =0.

6.2, Uy +2uy, =20 +2u,, +2u,, —2yu, +2zu, +2xu, =0.
6.3. Uy + Ay, —2u +4u,, +2u, —xu+yu, =0.
6.4 Uy +2uy, — 4y, —Ouy, —u,, —2xyu, +2u=0.
6.5. Uy +duy, —2u +4u,, —2u, +2u,, —2u, =0.

6.6. Uy +2uy, +2u,, +2u,, +2u, +2u,,. +3u, =0.

R - - -

6.7. u, +2u, +2u,+2u,—2u,+2u,=0.

6.8. Uy, +u, +u, +2u,—2u, =0.
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6.9.

6.10.

6.11.

6.12.

6.13.

6.15.

6.16.

6.17.

6.18.

6.19.

6.20.

6.21.

6.22.

6.23.

6.24.

6.25.

Upe 22Uy, —2u, =4, +2u,, +2u,, =0.

Upe 2Uy, =20, + 1y, + 20y, + 20, +2u,, +2u, =0.

Yy

Upe T Uy, +U Uy +2u, —2u, =0.

Uy 22Uy, —4u,, +2u ), +4u, +2u, —2u, =0.

Yy

Uy 22Uy, —2u,, +2u ), —2u,, +4u, +2u,—4u, =0.

xy

Uyy =2y, + 1y, —2uy, +4u, +2u, —4u, =0.

Uyy =20y, =20, 1, +2u, +2u, —4u, =0.
2uy, +2u,, —2u,, +3u, —u=0.
Uy +2uy, +2u,, + 41, +5Su, —xu,+yu, =0.

Uy =y, +2u,, +4u ), +u,, —2xyu, +3xu=0.

2 i -V =
Uyy T Uy, +Uy, =3x7u, + ysinx-u+xe ~ =0.

Uy +2uy, +2u,,

y —2Uy, +3u, —u=0.

xy

Uy =20y, =20y, + 20, —2u,, —2uy +2u,, +2u, =0.

Uy 22Uy, —2u, +2u ), —2u,, +2u, +2u, —2u, =0.

Yy
Uy + AUy, —2u, +5Suy, + 30, —xu, + yu, =0.

U 22Uy, —2u,, +3uy,, —2u), +3u,, —3xu, +5yu=0.
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3 -§. CHIZIQLI BO'LMAGAN XUSUSIY HOSILALI
DIFFERENSIAL TENGLAMANI UNING BERILGAN
YECHIMI BO'YLAB SINFLARGA AJRATISH

Bizga ushbu

k
Fla.— 9" o9 (1)
Ox; ... 0xy"

shakldagi u(x)=u(xy,Xy,...,x,), x€€ noma’lum fungsiyaga
nisbatan m —tartibli xususiy hosilali differensial tenglama berilgan
bo'Isin.

Chiziqli bo'lmagan m —tartibli xususiy hosilali (1) differensial

tenglamani ham

K(&hnly)= D, 5—F§f‘l...§;‘n

‘a‘:m pal...an
xarakteristik forma orqali sinflarga ajratiladi. Lekin, xarakteristik

formaning koeffitsientlari bu holda x € nuqtadan tashqari

izlanayotgan yechim va uning xususiy hosilalariga ham bog'liq
bo'ladi. Bu holda m —tartibli xususiy hosilali differensial tenglamani
berilgan yechim uchungina sinflarga ajratiladi.

1-misol. Quyidagi tenglamani berilgan yechim bo’ylab tipini

. 2 2 2 2
aniqlang: uxx—l-(uxx—Z)uxy—uyy:O, u=x"+y".

Yechish: Bu tenglamaga mos,
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K=F, A} +F, Wy +F, 25
xx xy Yy
kvadratik formani qaraylik. Berilgan yechim uchun,
2 2
K=(2uxx+uxy)ﬂ,l +(uxx—2)1112—21/lyyﬂ-2,

U, =2, uxyzO, uyy:2

ekanliginni hisobga olsak, K = 42,12 — 4222 bo'ladi. Agar

& =24, n =2, almashtirish bajarsak, K =¢& 2 —172 formaga
ega bo’lamiz. Demak, berilgan tenglama uning berilgan yechimi
bo ylab giperbolik tipdagi tenglama bo'ladi.

2—misol. Quyidagi tenglamani berilgan yechim bo’ylab tipini

aniqlang: u)%x + (uxx —2)uxy —l—u)z,y + 4uyy +4=0, u=2xy.

Yechish: Bu tenglamaga mos,

K= (2uxx +”xy)}“12 + (1t =2) Mg + Quyy, +4)2;3

xx

va u,, =0, Uy, = 2, Uy, = 0 ekanligini hisobga olsak, u

2
holda K = 2&12 - 2&12«2 + 4222 = 2(2«1 —%AQ) + 3,5]22

bo'ladi. Agar &= \/E(ﬂ,l —%lzj, n=+/3,54, almashtirish

bajarsak, K = qu + 772 formaga ega bo’lamiz. Demak, berilgan
tenglama uning berilgan yechimi bo'ylab elliptik tipdagi tenglama
boladi.
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3-misol. Quyidagi tenglamani berilgan yechim bo’ylab tipini

aniqlang: Uy T Uy Uy, —l—u —4uyy =0, wu= 2y2.

Yechish: Bu tenglamaga mos,
2 2
K =4 +u My +(uy, +2u,, —4)4;
va u, =0, Uy, = 0, Uy, = 4 ekanligini hisobga olsak, u holda
.2 2 2 1
K = 2"1 + 42«122 + 422 = (A’l + 2]2) bo ladi. Agar
E=4+24 almashtirish bajarsak, K =¢ 2 formaga ega
bo’lamiz. Demak, berilgan tenglama uning berilgan yechimi bo'ylab
parabolik tipdagi tenglama bo’ladi.

Mustaqil yechish uchun misollar

Quyidagi tenglamanlarni berilgan yechimi bo ylab tipini

aniqlang:
2 2
71wy, Fugdl, +uy, =8, u=2\/§xy.
2
7.2. u)%x—4uxy+u)2,y=0,u:(x+y)
2 _ _
730 Uy Hugity,, +uy, —4u,, =0, u=>5xy.
7.4. ui‘x—4uxy+u§’,y+uyy+4:0,u=xy.
2 2 _ _ 2
7.5. - —4u, +uyy+uyy—4—0, u=x".

60



2 2
7.6. Uy, —4u,, +u

7.7.

3
Uy, TU

2
17
=0, u=x2+2 4+ 1y
> 4 167

u, +ud, —8u, =0, u=x2+y2.

XY=y Yy Yy

1
7.8. 3uix—6uxy+uyy—4=0, uzz(x2+y2) :

7.9.

7.10.

7.11

7.12

7.13.

l/lzl/l

xx%xy

4
XX

2
U +2uxy 3u

Su,, +u, —2(x+y)—-8=0, u=x2+2xy :

Yy

py TUy—2x=0, u=2xy—-8y.

1

: Zuix +2u)5€y +3u,, —2u, +2x=0, u =xy—§x2 :

5 1 »
5w —Tu. +25u. —150 =0, u=—xy+—x"+y .
xx xy yy Y 7 Y 7 Y

7.14. uix —4u§y +7Tuy, —4u, +u, +3x+4y+3=0,

7.15.

7.16.

7.17.

7.18.

3

+y2.

u:%x2+xy :

uix—2u§y +u§y+2ux—2(x+y):0, u=%(x+y)2 :
u)%y +uxxuyy+u)2/y+2uxx+2uyy =0, uzxz—y2 :
uix—2u§y +u§y+ux+uy—2(x+y)—8:0, u=x*
ui’x—4ufcy +8u,,, +4u, —4x+3=0, u=%x2+xy :
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7.19. u)%xuxy—Suiy+u§’,y+uy—2x—y+1:0, u=x2+xy.
7.20. uZ + +ul —du, +2u,, =0, u=x>+
20. uyy Hup g, +uyy, =iy, +2u, =0, u=x"+xy .
5 1 2
7.21. 5”xx_3“xy_2“yy_”x+”y:0, uzz(x+y)

3 2
7.22. uL.u —4uxy—u

2 2
by +u,—x-2y=0,u=x"+xy+y".

2
Yy Y

2 3 0 4= 2
7.23. Uy, + Uy, —uy, —2u, +2u, =0, u —(x+y)

4 3 _
724 Uy + Uty —uy, =3y, +2u ), +u, —x—y+2=0,

1
u:—x2+xy :

7.25. u)scx+u u —u3

by =Wy, =y, —2u, +2u, =0,

1 5 1 »
U=—x"+xy+—y-.
2 Y 2)/

4 - §. XUSUSIY HOSILALI DIFFERENSIAL
TENGLAMALAR SISTEMASINING TIPINI ANIQLASH

Bizga wuy, 4y, ..., up noma'lum funksiyalar qatnashgan har

biri m — tartibli quyidagi N ta xususiy hosilalali differensial

tenglamalar sistemasi berilgan bo’lsin:
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| 5‘%.

buyerda p’. . . =——L— 0<||<m, 0<j<N.
xpx2..xn AL i

LRt Ox'OX5 ..L.0x,)!

Ushbu tenglamalar sistemasining tipini aniqlash uchun uning
xarakteristik formasini tuzamiz. Buning uchun bizga quyidagi

kvadratik matritsalar zarur bo’ladi:

oF o o
519}11'2..1” 5191'?1'2...1'” - 5191'1]\12..1”
OF,  0F, R |
Aij i = 519}11'2..1” 5191'?1'2...1'” 5191'1]\12..1” . Dlip=m.
k=1
OFy  0Fy OFy
519}11'2...1'” 5191%1'2...1'” - apil]\é...in
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Bu matritsalardan foydalanib, Ay, 4,, ..., 4,

haqiqiy skalyar
parametrlarga nisbatan ushbu Nm — tartibli xarasteristik formani
tuzamiz:

K(ll,lz,...,ﬂn):det Z Ailiz...inﬂ‘lil”°ﬂ“in

n
li|=m

Yugqoridagi sistemaning tipini aniglash ushbu xaraktristik formaning
shakliga qarab, m - tartibli bitta tenglama qaralgani singari tiplarga
bo linadi.

2u, —4v, +3u,, +8v;, —u =0

1-misol. tenglamalar
3u, —2v, +6u, +3v, +2u=0

sistemasining tipini aniqlang.

Yechish: Avvalambor, biz

matritsalarni tuzamiz. Bizning misolda N=2, n=2, Zik =1, yy=u,

k=1
matritsalar quyidagicha bo’ladi:

€,

U, =v bo’lgani uchun Ailiz..
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OF, OF,

ou, Ov, 2 -4 _ _
Al(): = ,buerdall=1,lz=0,
oF, OF, 3 2
Ou, Ov,
oFy 0K
Ou,,  Ov, 3 8
Ay = = , buerda 7 =0,i, =1.
oF, OF, 6 3
6uy ﬁvy

Endi esa KA, Ay, A,) = de‘{ Z Ailiz...i ﬂ,li‘ ﬂ,,i” J
i|=m

xarakteristik ko phadni tuzamiz:

Ky =det| |2 “Ha+> %4, |
(MoAp)=detl| - Jh+ o A=

det 24 +34, 44 +84,
=de
34 +64, =24 +34,

=827 —3923.

j = 402+ 923 +1227 — 4825 =

B*—AC=0°-8- (—39)=312>0. Demak, berilgan tenglamalar

sistemasi tekislikning hamma nugqtalarida giperbolik tipda bo’ladi.

Uy +Uy, +v, +v, —xyu=0
2—misol. tenglamalar

—v, +u, +2u=0

Vx—l/ly y

sistemasining tipini aniqlang.

Yechish: Avvalambor, biz
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matritsalarni tuzamiz. Bizning misolda N=2, n=3, Zik =1, yy=u,
k=1

u, =v bo’lgani uchun Ailiz.. matritsalar quyidagicha bo’ladi:

€,

oF, OF
ou, Ov, 1 0O _ _ _
AlO(): = ,buerdall=1,lz=0,l3=0,
oF, OF, 0 1
Oou, Ov,
oF; OF
6uy 8vy 1 1
= = ,buerdai; =0,i, =1,i, =0,
0= om am [Tl o) PreRA=0R=0E
6uy 6vy
oF, OF
ou, Ov, Olbd'O'O'l
— = , erda iy =VU, 1, =0, 1, = 1.
1= or o, |T\1 o) e =02 =05
ou, ov

z z

n

Endiesa K (A1, Ay,...,4,) =det| > A, Al Ay
ij=m

xarakteristik ko phadni tuzamiz:
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K(A4,45,43) =

oF,  OF or) ok oF  OF
ou, Ov
P U e R P Y
ou, Ov, ou,,  Ov, Ou, O0v,
flo el e o))
0 1 -1 -1 1 0

(ll+ﬂ,2 Ay + A
= det
L+ 4-4

Xarakteristik formaning K(A4,4,,43) = 2,12 — 2,32 kanonik shaklida

]2212—2224-2.22—2,32:&12—2/32.

ikkinchi koeffitsient nolga tengdir. Shunga ko'ra, berilgan tenglamalar

sistemasi fazoning hamma nugqtalarida parabolik tipda bo’ladi.

u,+u,+v,—u=0
. X y y . ..
3-misol. tenglamalar sistemasining
Ve —2u, —v, +xu=0

tipini aniqlang.

Yechish: Avvalambor, biz

matritsalarni tuzamiz. Bizning misolda N=2, n=2, Zik =1, yy=u,
k=1

u, =v bo’lgani uchun Ailiz..i matritsalar quyidagicha bo’ladi:

n
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OF, oF,
ou, Ov 1 0
Al(): * * = ,buerdai1=1,i2=0,
OF, 0F, 1

ou

ov

X X

oF, OF
ou y ﬁvy 1
oF, OF,

ou y ﬁvy

1
J , buerda 4 =0,i, =1.

Endiesa K (A, Ay,....A,) =det| Y A Al Ak

1 e n
li|=m

xarakteristik ko phadni tuzamiz:

1) _d 1 O 1 1 1 B
(41,4) = det (O lj 1“{_2 _1]/1/2 =

A
:det( 1;29 ilﬂfﬂgj:gf —AF 42203 =28 + A3,

Xarakteristik formaning  K(4;,4,) = 2,12 + 222 kanonik shaklida

ikkiala koeffitsient ham birga tengdir. Shunga ko'ra, berilgan

tenglamalar sistemasi tekislikning hamma nuqtalarida elliptik tipda
bo’ladi.

Mustaqil yechish uchun misollar
Quyida berilgan tenglamalar sistemasining tipini aniglang:
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8.1.

8.2.

8.3.

8.4.

8.5.

8.6.

8.7.

8.8.

8.9.

-

.

-

.

-

.

-

.

-

"

-

"

-

"

-

"

-

"

Uy —Vy+Uy,+v, +u=0

2ux—vx+4uy+2vy—u=0.

—u, +u,+v, +xy=0

y
2uy +3u), =3v, +u=0.

Uy +2u), =3v, +v, +x=0
3uy +3u, —3v, =3v, +u=0.

4u,+u, —3v, +xu=0

y

u, —Su,+2v. +usinx=0.

y
Au_+5u,—3v, +x*u=0
X y X

2uy —5uy, +v, +ucosx=0.

2., =
Suy +3v, +v, +x7y =0
Uy +2u, +v, +usiny =0.

10w, +2v, +u +x%cosy=0

y
4uy —3uy, +5v, +v, —4xsiny =0.

3
2ve+u, +6v, —x"y=0

ux+2uy+2vx—3vy+3xy2 =0.

4

6u, —2u, =3v, +4v, +x" +y=0

2
3u, —2u, —8v, +u+y- =0
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(11, +06u), +5v, +3v, +x+sinu=0
8.10. s

\3uy—5vx+vy+u+cosx:O :

(2w, +2v, +12u, —2u =0
8.11. 1

\vx+4uy+vy+xy=0 :

2u, +7uy +v, —2u=0
8.12. <

—eVsinx =
\3ux+31uy+vy+3vx e’ sinx=0.

(2ux+3vx—vy—5u=0

\3ux +3v, +3u, +4v, =0.

8.13. <

< 14 <rux+uz—3vx+vz+x=0
\ux+vx—2vy—2vz+u=0.

v, tu,—2v.+5u=0

8.15. <
Uy =V +v, =V, +xu=0.
rux—vy+2uz—3vz—u=0
8.16. s
\uy+2vx—2uz+vy+2u:O.
(1, —u, +2v, —3v, +5u=0
817. 4~ L 7

Uy =V +2u, +v, +4u=0.

Uy —2uy, +v, —v, +6xu=0

2u, —4v, +2u,+v, +4yu=0.

8.18. <

Uy =V, —v, +2xpu=0

2u, +2u, +v, +4x+u=0.

8.19. <
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2u, —u,+v,+u=0

y
Uy —2v, +2u, +4u+6y=0.

8.20. <

u,+2v, —v, +xy=0

Uy —vy+2u,+v,=0.

8.21. <

( _ _ X+y _
. Uy —Uy, +V, =2V, +5ue”"~ =0
\ux+vy+2uz+vz+3u=0 :

2u, —u,+v, +u=0

y
8.23. <

X _
\vy+2uz+vz+2ue =0.
r B B y:
< 24 Jx u,+vy—2u, +u+e =0
\ux+vy+2uy+uz+3u=0.

r xy_
U, +v.—u.+u+e” =0
g2s5. 4+t 7

Xy _
\ux+vx+2uy+vz—ue =0.

5-8§. IKKI O'ZGARUVCHILI IKKINCHI TARTIBLI
XUSUSIY HOSILALI DIFFERENSIAL TENGLAMALARNING
UMUMIY YECHIMINI TOPISHGA DOIR MISOLLAR

Bu paragrafda ikki o'zgaruvchili ikkinchi tartibli xususiy hosilali
differensial tenglamalarning umumiy yechimini topishga doir
misollarni garaymiz.

1-misol. u X = 0 tenglamaning umumiy yechimini toping.
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Yechish: u, =v deb belgilash kiritamiz. U holda vy, = 0

tenglamaga ega bo’lamiz. Ushbu tenglamani yechish uchun uni
integrallaymiz va v = C(x) tenglikka ega bo’lamiz. Topilgan ifodani
kiritilgan belgilashga olib, borib quyib, u, = C(x) tenglamaga ega
bo’lamiz. Bu tenglamani integrallab u(x,y)= f(x)+ g(y)
umumiy yechimga ega bo’lamiz, bu yerda f(x) va  g(x)
funksiyalar ixtiyoriy differesiallanuvchi funksiyalardir.

2-misol. u, . —2u T 3u = 0 tenglamaning umumiy
yechimini toping.

Yechish:

A=1, B=-1, C=-3, A=B*>-AC=1-1-(-3)=4>0
yuqoridagi tenglama giperbolik tipdagi tenglama ekan. Endi esa

xarakteristik temglamasini tuzamiz va uni yechamiz:

244412 ,

y'2+2y'—3=0, y' = 5 =-1%+2, y'=-3, y'=1

y=—3x—C1, y:X+C2, C1:3X+y, C2:x—y,

buerda Cj, C; o’zgarmaslarni mos ravishda & va 7 lar bilan
almashtiramiz, ya'ni

E=3x+y
U holda u funksiyani murakkab funksiya deb qarab & va 1

o zgaruvchilar x wva y o'zgaruvchilarning chiziqli funksiyalari
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ekanligini hisobga olib birinchi va ikkinchi tartibli xususiy hosilalarni
hisoblaymiz:
Uy =3ug +u, ,

u :lxlg—l/l

y n-

Uy, = 9u55 +6ué:77 Uy
Uyy =gz — ey —Uyy
Uy =Uge —2u577 +up, -

Topilgan ifodalarni  u . — 2uxy —3u.,, =0 tenglamaga olib borib

Yy

quyamiz. Natijada

Outz + Gyt =2 (Sge —2uazy =ty ) =3tz =2y +1 ) =0,
yoki 16u577 =0,

Ugp =0
tenglamaga ega bo’lamiz. Ushbu tenglamaning umumiy yechimi
yuqoridagi 1-misolga asosan quyidagicha bo’ladi:

u(c,n) = f(5)+gm).
Buerda & va 1 o'zgaruvchilar o'rniga ularning x va y
o zgaruvchilar orqali ifodalarini quyib,
u(x,y)=fQBx+y)+g(x-y)

umumiy yechimga ega bo’lamiz.

3-misol. #.., —2u. =0 tenglamaning umumiy yechimini
xy x g g Yy

toping.
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Yechish: u, =v deb belgilash kiritamiz. U holda v, — 2v=0
tenglamaga ega bo’lamiz. Ushbu chiziqli tenglamani yechamiz va
v=C(x) e’ tenglikka ega bo’lamiz. Topilgan ifodani kiritilgan

belgilashga olib borib quyib, u, =C(x)ezy tenglamaga ega
bo’lamiz.  Bu chizigli bir jinsli  tenglamani  yechsak,
u(x,y)=r (x)ezy +g(y) umumiy yechimni hosil gilamiz, bu
yverda f(x) va g(x) funksiyalar ixtiyoriy differesiallanuvchi
funksiyalardir.

xX+y

4-misol. Uyy = 2u, —3u y+ 6u =2e tenglamaning

umumiy yechimini toping.
Yechish: Ushbu tenglamani yechish uchun avval tenglamadagi
birinchi tartibli xususiy xosilalarni yo'qotamiz. Buning uchun

AXFHY almashtirish bajaramiz, bu yerdagi

u(x,y)=v(x,y)-e
A va U o'zgarmaslarni keyinchalik tanlaymiz. Birinchi va ikkinchi
tartibli xususiy hosilalarni hisoblaymiz:

u,=v, LMY 4y p ety

uy = vy . elx—i_:uy _|_ V- Iuelx—l-,uy

_ Ax+uy Ax+uy Ax+uy Ax+uy
Uyy =Vyy - € +V, - ue +v,,-Ae +v-Aue

Topilgan ifodalarni —2u, —3u y+ 6u=2e""" tenglamaga

Uy

olib borib quyamiz. Natijada
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Ax+uy Ax+ Ax+ Ax+
Vyy t€ + vy e v e v e TR —

—2-(vx P +v-ﬂe’lx+“y)—3-(vy LMY +v-,ue/1x+”y)+

+6v- eI = 05y

5

yoki

Vi © eMTHY 4 (- PAVNE MY (4 — 3, - MY

HAL =24 =3u+6)v- ™ THY = 2"V
tenglamaga ega bo’lamiz. Ushbu tenglikda A va u o'zgarmaslarni
shunday tanlaymizki, oxirgi tenglikda birinchi tartibli xususiy
hosilalar gatnashmasin. Buning uchun A =3, =2 deb tanlaymiz
va quyidagi tenglamaga ega bo’lamiz:

3x+2y _ A Xty
e vxy—Ze ;

ya ni

_n,"2x=y
Vyy =2e :

Buerda v, =¢@ deb belgilash kiritamiz. U holda ushbu
0, = De 2¥Y
chizigli tenglamaga ega bo’lamiz va uni yechamiz. Natijada
@ ==2¢2" +C(x),
ya'ni
v, = 2 1 C(x)

chizigli tenglamaga ega bo’lamiz. Bu tenglamani integrallab,
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v=e T f(0)+2()

ekanligini hosil gilamiz.

u(x,y) =v(x, y)- e+

almashtirishga asosan,

u(x,y) =" +[ f(x)+2()]- e

umumiy yechimni hosil qilamiz, bu yerda f(x) va  g(x)

funksiyalar ixtiyoriy differesiallanuvchi funksiyalardir.
Mustaqil yechish uchun misollar

Quyida berilgan tenglamalarning umumiy yechimini toping:

91. uy,—4u, +3u, -12u=0.

92, Uy —4uy, —Su,, =0.

93. Uy, —siny-u,=0.
_ _ _ ", 3x+2y
94. Uy, —2u, —5Su, +10u =2e :

9.5. 3ty —Suyy, —2uy, +3uy +u, =2

9.6. uy, +au, +bu,+abu=0.

2
97. Uy —a“uy,, =0.

2 _
9.8. Uy +2auy, +au,, +u,+au,=0.

99. Uy —A4uy, +4u,, +u, —2u,=0.
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9.10. uy, =, +6u, =0.

XX
3x+2
9.11. uy, —3u, —4u, =2

9.12. u, —x-u,=0.

2x—
9.13. Uy —ty, —6u,, +2u, +3u,=e" .

9.14. uxx—Zuxy—Suyy+2ux:e3x_2y.
915. Uy, —y-u, =0.

9.16. uy, —16u,, +6u,=0.

917 uy, —uy, +6u, +4u, =0 .

9.18 1 =0

A8 Uy, ————-u, =0.
cos” y

9.19. tyy — 6y, +Suy,, +2u, —duy, = et

3
9.20. ty, —Su, —3u, +15u =2

Uy

9.21. Uy, —6-uy =

9.22. Uy — Sty —6u,,, = e

9.23. Uy —4u, +2u, —4u, = >t

9.24. uy, —2u, —3u, +6u = 2 sinx .

Uy

9.25. uy, —3u, —4u, +12u = 2e**Y cosx .

Uy
6 - §. LAPLASNING KASKAD USULI
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Quyidagi

Uy, +a(x, y)uy +b(x, y)uy, +c(x, y)u = f(x,y) (1)
tenglamani qaraylik, bu yerda @, b, c¢ koeffitsentlar va f oldindan
berilgan, hamda x va y o’zgaruvchilarga bog'liq funksiyalardir.

Agarbu a, b, c koeffitsentlar uchun

oa
=—+ab—-c=0 (2)
ox
ayniyat o’rinli bo’lsa, (1) tenglamani quyidagi ko’rinishda yozish
mumkin:
ov
—+bv=f, (3)
ox
bu yerda
ou
v=—+au “4)
oy

bo'ladi. Bundan, esa berilgan xususiy hosilali differensial

tenglamaning umumiy yechimini
u=e 1 {X - J.{Y - jf : ejbdxdx} ejady_jbdxdy} (5)

shaklida hosil gilamiz, bu yerda X va Y - ixtiyoriy funksiyalar
bo’lib, mos ravishda x va y gabog’liq. Xuddi shunga o’xshash,
agar

ob

=—+ab—c=0 6
o (6)
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ayniyat o’rinli bo’lsa, (1) tenglamani quyidagi ko’rinishda yozish

mumkin:
o +av=f , (7)
oy
bu yerda
ou
v=—+bu 8
. (8)

bo'ladi. Bundan, esa berilgan xususiy hosilali differensial

tenglamaning umumiy yechimini

u= e_dex {Y+ j{X + If : ejadydy} erdx_Iadydx} 9)

shaklida hosil gilamiz, bu yerda X va Y - ixtiyoriy funksiyalar
bo’lib, mos ravishda x va y gabog’liqg.
h#0 bo’lgan holda (1) tenglamaga o’xshash quyidagi

tenglama garaladi:

2
Lll/ll—@ul—FCll%-Fb]%‘FClMl:fl . (10)
X0y ox oy
bu yerda
al:a_ﬁgnh’ B =b,

clzc—ﬁ—a+%—b81nh, h=1" a_@lnh : (11)
ox Oy oy oy
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Agar uy funksiyani topish mumkin bo’lsa, u holda qaralayotgan (1)

tenglamaning yechimi quyidagi formula bilan topiladi:

?”+mﬁ—f
u=- . 12
P (12)
(10) tenglama uchun
2
ho=2n—k -0, (13)
Ox0y

bo'ladi. Agar /=0 bo’lsa, u holda u; funksiya yuqorida
ifodalangan usul bo’yicha hosil qolinadi. Agar /; # 0 bo’lsa, u holda
yuqoridagi jarayonni davom ettiramiz va yuqoridagiga o’xshash
Lyuy = f> tenglamani hosil qilamiz va hokazo.

k#0 bo’lgan holda yuqoridagiga o’xshash quyidagi
tenglamalar  zanjirini  hosil qilish mumkin: L_ju_;=f_q,
L »u_» = f_, vahokazo.

Agar qandaydir /; (yoki k;) lar i— qadamda nolga aylansa, (1)
tenglamaning umumiy yechimini topish mumkin bo’ladi.

1-misol. Yuqgoridagi usul yordamida

o°u pou, B ou_,
ox0y Xx—yox x—yoy

(14)

Eyler-Darbu tenglamasini 8 yoki ' koeffitsentlardan birortasi

butun son bo’lsa, u holda bu tenglamani yechamiz, bu erda
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!

aey)=—F by =P ) =0, f6)=0

Endi (2) formula bilan aniqlangan % ni hisoblaymiz va quyidagi

tenglikni hosil qilamiz:
L _Ba-p)
2
(x=»)
Agar =1 bo’lsa, h=0 bo'ladi. Agar h=#0 bo’lsa, (11) ga
ko’ra quyidagilarni topamiz:

a1:_2+ﬁ” by = p ,clz—ﬁ+ﬁ 7=0.
X—=y xX—y (x- y)

Bundan

_1+852-p)
hy = 3
(x=»)
bo'ladi. Agar =2 bo’lsa,uholda s =0 bo'ladi va hokazo.
Umuman olganda,

Ou__p ou__a ou
oxoy Xx— y@x xX—y oy

E(Ol,ﬁ)— =0 (15)

Eyler-Darbu tenglamasining umumiy yechimini ixtiyoriy o va 3
haqiqiy sonlar uchun ham hosil gilish mumkin. Biz bu erda o¢ va 3

natural sonlar bo'lgan holda umumiy yechimni topamiz. Shu

magsadda (15) tenglamani

2
6 ﬁ 5u 0 (16)
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shaklida yozamiz. (16) tenglamani x bo yicha differensiallab,

Ou 0% 0%u
L e
ox“0y ox? Ox0y
yoki
o> (ou) , 0 (ou 0 (ou
o) 5(3) o)«
OxOy \ Ox Ox \ Ox oy \ Ox
tenglamani hosil qilamiz. Bundan ko rinadiki, ﬁ_u funksiya
X
E(l+a,B)=0
tenglamani  qganoatlantiradi. Shunga asosan, E(a,p)=0

tenglamaning Z(«, ) ixtiyoriy yechimi uchun

oZ(c,
(—ﬁ) =Z(1+a,p)
ox
ekanligini hosil gilamiz.
Xuddi shunga o xshash, (16) tenglamani y bo'yicha
differensiallab,
oZ(c,
(—ﬁ) — Z(Ol,l + ﬁ)
oy
ekanligini hosil gilamiz. Umuman olganda
8m+n—2Z(a, ﬁ)
axm—layn—l

ekanligi kelib chigadi. (17) fo'rmulada «a = 3 =1 deb olsak,

Za+m-1, p+n—-1)=
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am+l’l—2Z(1, 1)

Z(m, n)=
axm—l@yn—l

(18)

tenglikka ega bo'lamiz, bu erda Z(1,1) funksiya

E(L1) = ﬁzu_ 1 (ou ou 0
U wdy x—y\éx Oy

tenglamaning umumiy yechimi bo'lib, bu yechimning ko rinishi
O(x)-Y
21~ PO =P
X=Y
shaklda bo'ladi, bu erda ®(x) va Y(y) - ixtiyoriy funksiyalar.

Shunga ko'ra,

2
E(m,n)zﬁu— n 6u+ m 6u:0 (19)
ox0y Xx—yox x—yoy
tenglamaning umumiy yechimi
6m+n—2 D X _\I;
u(x,y)=—— n_{ )= 20 } (20)
ox" 0y X=y

fo'rmula bilan beriladi, bu erda ®(x) va WY(y) — ixtiyoriy

funksiyalar.
Xuddi shunga o xshash,

o%u n ou m ou

E(—m,—n) = + — =
ox0y XxX—yox Xx—yoy

0 @

tenglamaning umumiy yechimi
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() = Z () = G-yt 2 {q)(x)—\f'(y)}
ox" oy™ x—y

fo'rmula bilan beriladi, bu erda ®(x) va WY(y) — ixtiyoriy
funksiyalardir.

2-misol. u,, + 2xyu y = 2xu =0 tenglamaning umumiy

yechimini toping.

Yechish. Tenglamani yechish uchun Uy, =Vv almashtirish

bajaramiz va
1
Uu=—v,.+yv (22)
2x
tenglikka ega bo’amiz. Oxirgi tenglikning ikki tomonini y bo’yicha
differensiallaymiz va quyidagi tenglikni hosil qilamiz:

1
U,=—"v., +v+yv, .
Yooy VY y

1
u, =v dan foydalansak, v= 2_xvxy +v+)yv, tenglikni, bundan
esa, 0’z navbatida v, + 2xyvy =0 tenglamani hosil gilamiz.

Oxirgi tenglamada v, =w almashtirish bajarsak, w, + 2xyw=0

2
tenglamaga ega bo'lamiz. Uni yechib, w= f(y)e " tenglikka ega

2
bo’lamiz. Olingan ifodani o’rniga qo’yib, v, = f(»)e ™ tenglikni

) 2
hosil gilamiz. Uni integrallasak, v = j f(&)e ™ °d E+g(x) ni
0
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y
hosil gilamiz. v, =-2x j f(g)ge‘xzf dé+g'(x)  ekanligini
0

hisobga olib, topilgan ifodalarni (22) ga olib borib qo’yamiz. Natijada

u—Lv + v—L —
2x Y 2x

" 2
2x[ f(E)Ee™ SdE+g'(x) |+
0
y , 1
+y| [ (@) g+ () |=rg(0)+ —g'(0)+
0

J 2
(=51 (e 0dE
0

hosil bo'ladi. Shunday qilib,

Y, 2
= yg(x) + =g )+ [ (=) (e 4
. 0

umumiy yechimga ega bo lamiz.
Mustaqil yechish uchun misollar
Quyida berilgan tenglamalarning umumiy yechimini toping:

10.1.  yu,, +(x—y)uxy —xuy, =0.

10.2. xzuxx —yzuyy =0.
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10.3.

10.4.

10.5.

10.6.

10.7.

10.8.

10.9.

10.10.

10.11.

10.12.

10.13.

10.14.

10.15.

10.16.

10.17.

10.18.

10.19.

10.20.

2

X U

2
we T 2xyuy, =3y u,, —2xu, =0.

2 2, _
X Uy +2XYU,, + Y Uy, =0.

u

Xy

—xu, +u=0.

Uyy + ity +xUy, +Xxyu=0.

uxy+ux+yuy+(y—1)u=0.

Uyy + XUy +2yu, +2xy1u = 0.

Y

: 2
U, —2sinxu,, —cos” xu,, —cosxu, =0.

Xy Yy Y

Uy, + Xty +2y1,, +(2xy+1Du=0.

Y

U, +ux+yuy+(y+1)u:0.

Y

U, +xux+yuy+(xy+1)u=0.

Y

Uy, +xu, +u=0.

Y

u

xy

u

Xy

—xux+xuy—(1+x2)u:O.

— XUy +uy, —xu=0.

Uy, + Xty +2 )1, +(2xy+2)u=0.

Y

U, +xux+yuy+(xy+1)u=0.

Y

2. 2N,
uxy+xyux+2xyuy+(2x+2x yu=0.

Uy, + Uy +8Xyuy, + Bx+8xy)u=0.

u

Y

xy

+u, + 8xy2uy +(16xy + 8xy2)u =0.
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10.21.

10.22.

10.23.

10.24.

10.25.

uxy+xux+yuy+(xy+1)u=0.

3 3 2 3.3
Uy + XUy +y u, +(Bx" +x7y )u=0.

4 4
Uyy + YUty +x U, + X yu=0.

Y
Uy, +12u, +xyu), +12xyu =0.

Uy, +SIN XU, +SI0 YU, + (cosx+sinxsin y)u =0,
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