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Cy3 0o

V36ekucron Pecnybnmkacu TabmuMm Tyrpucuaard KoHyH Ba
Kagpmap Taiiépnamn Mwuuii  gacTypu TajlaOJapuHM — amalra
OLLIUPHUILLIA V36ekucTon Muumii YHUBEPCUTETH MEXAHUKA —
MateMmaTuka (akyJbTeTH MaTeMaTHK aHaiu3 kadeapacu >kamoacu
MAChYJMUATAHM XUC HDTraH Xojja WIMHUKA TNEeJaroruk KajapJap
Ta€pialn caMapaJopIMIUHU Ba CU(ATUHU OLIUPHUII MAKCAIJIApPUHU
Ky371a0 Y3 onaura KaTop BazudanapHu Oelruiaim.

benrunanran BazudanapiaaH acocuitiapu cudaTuia TabJIUM
cuaTuHM sHaJA OLIMPHIL Ba TajabajdapHU Xap TOMOHJIAMa 3aMOH
Tajmabnapura mMoc kenyBuH, JlaBnaT Tunuaa €3wiraH aaabuétiiap
OujiaH TabMUHJIAII Ba3u(aJapuHU KEJITUPUIIT MyMKHH.

[y Bazudanap OakapUIUIIUHUHT UCOOTH cudartuaa ro3ara
KeJlraH ymoly KyJUlaHMa «AHQJIM3UHT TaHjJaHTaH 0o0iapm»
danugan €3wiran 0ynuoO, y my (aHHUHT YKyB AacCTypu acocuja
Ty3WIraH Ba YKyB anaOuétu OakanaBpyiap yuyH JlaBiaT Tabiaum
CTAaHJIAPTUHUHT «MaremaTthkay WyHaIUMIIATa MOC KeJaau Ba
YHUBEPCUTETIAPHUHT 4-KypC Tajladallapy YUyH MYJDKaJIJIAHTaH.

Kynnaama TypT 000maH mbopar Oynud, xap Oup 000 yHIa
yupaiiuran TasH4 uoOopanap OwinaH OolulaHaaud Ba TajaOaHUHT
YTUATAaH MaB3yHM Kal mapaxaza Y3JallTHPraHUHU TEKIIUPHUIILI
MakKcaJua KeJITUPUIITaH Ha30paT CaBoJIJIapu OWJIaH TyTauIu.

KynnanmaHuHr  OupuHuM  O0OM  aHMK  WMHTETPAJHUHT
ymymiammacu Oyiaran CTUATbEC MHTETPAIMHUA YpPraHUIIIA aCOCU
Baszu(danu Oaxkapuin OwiaH Oup KaTopja MaTeMaTHUK aHaJTIW3HUHT
Ooomka kyrmiaad macajajapujia KaTrra axaMusTra sra OyjraH Ba
(danra oupuHum O0Yynu6 C.KopjaaH TOMOHMAAH KUPUTHITAH YEKJIU
Bapuanusiim  QyHKUUssiap OujaH TaHUIIMINTa OaFvIlJIAHTaH.
NkkuHun 0001a 3ca PUMaH MHTETpAIMHUHT TaOUU yMyMJIAllIMacu
oynran CTHUITbEC MHTErPAJIM Ba YHUHT XOoccaliapu ypranwiaan. Kyn
y3rapyBumii (yHKIUsUIAp Ha3apUSICHHUHT 0ab3u MacajajlapuHu
MaloHIap Ha3apUSCUHUHT JIEMEHTIIapu €pamMuia GU3nK HyKTau
HazapJilaH YpraHuil Macajacu y4YhHYM 000Ja aMayira OIIWpUJITaH.
KyimanmaHuHT OXHPTrU—TYPTUHYH oo0ua OPTOHOpMAJI
cucreMasniap, Oy cucrteMasapuuHr @ypbe KaTopyiapu Ouiad
OOFJIaHUIIIM, MAaTeMaTUK (PU3MKA TEHIJIaMAIAPUHU WHTETpaLIallIa
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yupauiuran dbyHKUUsIIap cuH(pIapuaH oupu—Jlannac
TEHIJIaMaCUHUHT e4yuMu OynraH cdepuk dyHkuusiap cuHbu Ba
YJIAPHUHT XOCCAJapUHU YPTraHUIll OUJIaH IIyFyJIIaHUJITaH.

Myammudnap kyulanma Tajnabanapaa OWiMM — OJMIITa
WHTUWJIWII XUCCUHUHT IAKJUIAHWIIWTA XW3MaT KWIaJAu Xamjaa y
Tanabanapra «AHaJUM3HUHT TaHJaHraH ©OoOnapu» (paHUHUHT
KEJIITUPWIITAH MaB3yJjiapu Oyinya OMIMMIIApUHU MYyCTaxKamJialiaa
¢paam Oepaau 1e0 yMua OWIaUpaauiap.



I-bOBb.
Yexkiu papuanuaad QyHKIUsIap

Yexiu BapuanusaIgd QpyHKUUA.

DOYHKUUAHUHT TYJIUK BAPUALUACH.

Yexiu Bapuanusaad QYHKOUSJIIAPHUHT MOHOTOH (QYHKIUSA
Omwi1aH OOFJIaHUIIIU

Yexan Bapuanusin (PYHKIUSHUHT Y3JIyKcu3 GPyHKUOUsA OWIaH
OOFJIAHMIIIN.

Yexau Bapuauusiaid (QyHKUUAHUHD Jlunmmouy  mapTuHu
KAHOATJIAHTYPYBYM QyHKUUA OUJIaH OOFJIaHMIIH.

Yekau Bapuanusaan QYHKUUSHUHT AU @PepeHnuaianyBuYn
GyHkuust OMJIaH OOFIAHULIN.

Yexiau BapualMAIU (pyHKUMSAHUHT a0courroT
HHTerpauialnyBuu (pyHkuus Owian Oorianumu. MaskopaHTa
GyHKkuus.

TyrpuianyBYM YU3HKJIAP.

Kopaax Teopemacu.

Yuby 000 aHMK UWHTErpajJHUHI yMyMIIalliMacu OynraH
CtuiThbeC  UWHTETPAIMHU  YpraHuiijga  acocul  BasudaHu
Oaxkapaguradn Ba ¢anra OupuHun OYynmuO C.)Kopman ToMoOHMAaH
KUPUTWITAH YEKJIM Bapualnusuid (yHKIUsJIap OWilaH TaHUIIUIITA
Oarunutanran  Yeknu  Bapuanusiau  GyHKuusuiap  ¢dakaTruHa
CTtunteeC UWHTETpAIMHU YpraHuiiga 3Mac, Oallku MaTeMaTHK
aHAJIM3HUHT OOITKA KYT1a0 Macajaiapu/a KarTa axaMusTra ara.

1-§. Uexkan Bapuanusijid QyHKIMsLIAP
Ba YJIAPHUHT X0CCAJAPH.

1. Yexsiu Bapuanusiiid PyHKUUSIHUHT TabpUuQu.
Avitaimuk, f(x) pyHKIUS yekiau [a,0] opanukaa aHuKIaHraH
oyJsicuH. by opanukHu ymoy

A=X) <X <Xy <o <X <Xy <. <X, =D



TCHICU3JIUKJIAPHA  KAHOATIAPTUPYBUA  UXTUEPUHM  HYKTanap
¢paamMuza n Ta OpaJMKKa OyiamMu3 Ba Kylujgaru WUFUHIWUHU
Ty3aMU3:

8 = 1105 F(x) - (1)

1-tappud. Acap (1)-tiusunounap vneN yuyn 10KoOpudan mexuc
yeeapananean 6ynca, ynoa f(x) @ynuxyus [a,b] xecmaoa ueknu
sapuauuaza 32a éxu y3apuuii 4e2apaiaHzan YHKuusa oetunaou.
Iy uuzunounapuune aHux WOKOpu yeeapacuea @OYHKUUAHUHZ
MYNAUK, 6aPUAYUACU éKU MYAUK Y32apuuiu 0ed amanaou xamoa y

\; f(x) kKabu beneunanaou.

V ()= Sup{9,} (2)

bab3u xommapna f(x) (I)yHKLII/ISIHI/IHF YEKCU3 OpaluKaaru
(MacaiaH, [a,+w) OpAJIMKIari) BapraIUsCH TYFPUCHIA XaM TaIHpHIII
MYMKUH OYJ1aJiu.

®dapa3 Kuwiauk, f(x) QYHKUIMS [a,+o) OpAIHKIA OepUiIran
OyJICUH.

2-Tabpud. Acap f(x) dyuxyusa vla Alc|a+x) oparuxoa uwexiu

gapuayusea 22a 0yauo, \? f(x) mymuK  eapuayualap meKuc

yecapanaunean oyica, ynoa f(x) @yuxyus [a+wo) opanruxoa wekiu
sapuayusea 32a 0eb amanaou xamoa

V 100 = Supd/ (0} (3)
0eb Kaby1 KUIUHAaou.

H30x. f(x) @ynxyusnune uexnu sapuayusea ’ea OVIUMUOA
VHUHZ V3NYKCU3AUSU MYMAAKO axamusimea 32a IMac.

Mucoaaap. 1) [a,b/] kecmaoa uxmuépuii uecapananean
MOHOMOH YHKYUS YeKIU sapuayusiea 32a o6yraou

<a) [a,b] - yexm OyncuH. =

9, =§|f(xk+1)—f(xk)| ((pyHKITME MOHOTOH OYJIraHu y4yH MOIYyJUIap

UUFUHIUCU 170569508010%050%0308 MOYyJIUTa TEHT oynann))



n—:

1[f(><k+1)— f(Xk)i =[F00) =) + T (%) = FOu) + F(%) = F (%) +eot F(x) = T (%))

=|f(x,) — F (%) =|f(B) - f(a) = \; f(x) = Sup{9,} =|f (b) - f (a)] .
0) f(x) QyHKLIUS [a,+0) OpaTUKIa Oepuirad OYJICHH. =

\70 f(x):= Sup{\? f(x)} = SAuEﬂf(A)— f(a)|}= | f (+o0) - f ()|,

Oy epaa f(+w) = fim £ (A). >

2) DHou ysmykcus, JeKuH YeKau sapuayused 3ea 0YyIMazaw

PYHKYUS2A MUCO KETMUPAMUS3.
4 VYly

2X

£(x) = xcosi, azap x#0 6yica,
0, acap X=0, oOyrca

¢yukuusaun  [0;1] kecmana kapaitmus. Kyingaru
11 11
O0<—«< <.<=—<=x<l1
2n 2n-1 3 2

TEHI'CU3JIMKIIApHU KaHOATIaHTUPYBUH HyKTanap épaamuna [0;1]
KeCMaHHU OpajIuKjapra axxpatamus Ba (1)-HuruHINHA XHCOOIaliMHU3

Xxam/Jia yuoy TEHIJIMKKA 973 Oynamus:
1
19n :z|f(xk+l)_f(xk)|:1+§+"'+ﬁ-:>

1 l 1
\{ f 00 =Sup{8,}=Supll+Z+..+-F=+= p

2. Yexsin Bapuauusiyid GyHKIusiap cuHgpmu.

ABBaJITH NMyHKTJa KypraHuMusjiek [a,b] kecmana uxtuépuit
yerapajlaHraH MOHOTOH (DYHKIMs YEKJIM Bapuanusara sra Oynaiau.
by xoccaman Qoinanannb, uyekiu Bapualusiau  QYHKIUSIIAp
CUH(UHM KCHTaUTUPHUIIT MYMKHH.

1-teopema. [a,b] kecmaoa Oepuncan f(X) ¢hyukyus wy
Kecmaoa oynakiu MOHOMOH OyJica, SAbHU

m-1

[a’ b] = Igo[ak ) ak+1] (@, =a, a, =hb)

oyaub, f(x) @ynkyusa xap o6up [a,.a,.,] Kecmaoa MOHOMOH Oyica,
ynoa f(x) ¢ynkyus [a,b] kecmaoa uexnu sapuauusea sea 6ynraou.
«[a,b] xecMaHUHT UXTUEPHI OYIIMHUIIIMHU OO

n-1
lgn = Z| f (Xk+1 —f (Xk )|
k=0



HuruHIM Ty3amMu3. by OynuHuira (k =0,m) HYKTaJJapHU KYIIUO,
[a,b] kecmanuHT sHrM Oy IMHMIIMHEN onaMu3. SIHTH OYIMHHIN yIyH

_ m-1
Gnmy = > |f(as) - f(@)| =B
k=0

Oynuo, 9, < Ynm TEHICHU3IUK OaKapuiIagu =
sup{9,}<B = f(x) QyHKuMs [a,b] Kecmana yekiu Bapuarusara sra.
2-TeopemMa. Aecap f(x) ¢@yukyusa [a,b] kecmaoa Jlunwuy
wapmunu KaHoamiaaumupca, AvHu wynoau L>0 con monuncaxu,
UxXmuépuul x,x e[a,b] Hykmanap y4yu
‘f()?)—f(x)‘sL-‘;(—x‘ (4)

menecusiuk obasxcapuinca, ynoa f(x) ¢yukyus [a,b] kecmaoa uexnu
sapuayusiu Qyuxkyus o6ynaou ea

\;f(x)sL.(b—a)

MeH2CU3IUK baxicapunaou.
(4) n-1

419n:nz_l|f(xk+1)_f(xk)|S)LZ(Xk+1_Xk):L'(b—a), vYneN Y4YH =
\b/ f(x)<L-(b-a) >

3-Teopema. Acap f(x) ¢yukyusa [a,b] kecmaoa uwecapananean
xocunaea sea oOyaca, ynoa f(x) ¢yukyus [a,b] kecmaoa uexnu

sapuayusea d2a 6yraou.
«4TeopemMa miaptura kypa IIyHaad y3rapmMac L>0 COH
TONWIAJUKH, Vx e [a,b] YUYH

(x| <L

TEHICU3JINK OaKapuiIalu. vxx<[ab] HyKramap oiub |x.x| (Exm [xx])
KecMana JlarpaH>XHUHT YEKJIU OpTTUpMAaJIap XaKuaara
TeopeMacuiaH goigaraHaMu3:

\f(i)—f(x)\: f'(g)-(Q—x)\sL-\(i—x)\.

Hemak, f(x) ¢ynkmus [a,b] kecmaga Jlummuiy mapTHHU
KAaHOATJAHTHpPAp DHKaH. YHAA 2-Teopemara Kypa y UEKIHU
Bapuanusira sra oymaaau. »

MucoJa. Yoy
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. .
x* sin=, aeap x#0 6yuca,

f(x)= X
0, acap x=0, 6yica

Gyuxyus uxmuépuil yexau [a,0] xecmaoa yvexnu apuayusea sea.
<4 3-TeopeMasiad poinaiannbd KypcaTamus:

x=0 ma f'(x)= 2xSin§—;zC05§ Ba

f (AX) - f(0)

x=0 ma f'(0)=fim = fim AXSin - =0

Ax—0 AX Ax—0 AX
Oynranu yayH uxtuépuii uekiu [a,b] kecmana ymoy
<2 |b| +r=L

TEHICU3JIUK YpuHiu OVnaau. YHaa 3-teopemara kypa f(x)
¢ynkus [a,b] na vexnm Bapuanusra sra.

4-TeopeMma. Aeap  [a,b]  kecmaoa anmuxnanean  f(x)
DYHKYUAHU WLy Kecmaoa yuloy
f(x)=c+ j o(t)dt (5)

Kypunuuioa ugooanaws Mymkur o6yaca, 6y epoa o) ¢pyukyus [a,b]
Kecmada abcomom unmezpaiianyeuu  yukyus, y xonoa f(x)

@yHKyus uy Kecmaoa yegau eapuayusea s2a 0yauo,
V () <V |p)dt

MEeH2CU3IUK 0axicapuiaou.
<4 TeopemaHuHT UCOOTH yIIOY

n-1

9, Zlf(xm) fOo) =2

k=0

n—1 Xk+1

< Z [ledt < j lp(t)ldt

=0 X¢

X1

j p(t)dt

X

TCHI'CU3JIMKIAaH

Keaub unkagu. P>
3. Yexin Bapuanusiyia QyHKIMUSJIIAPHUHT XOCCAJIAPH.
Airaiinuk, dyekinu [a,b] kecma Oepuiaran OVIICHH.
o-TeopeMa. [a,b] xecmadacu uxmuéputi dekiu 8apuayusiu
Qyukyusnap uwy kecmaoa yesapanianean 6yiaou.
4 vx' e(a,b] HyKTa OJ1aMu3. YHJIa MIapTra Kypa

9, :|f(x’)—f(a)|+|f(b)—f(x’)|s\b/ f(x) (6)
oymanu. =

11



= |f ) =|F(x)- f@)+ f@)]<|f(x)- f(a)\+|f(a)|(§)\b/ f()+f@=M =

f(x) werapasanras. P
6- Teopema. Aecap f(x) 6a g(x) ¢pyuxkyusnap [a,b] xecmaoa
yexau eapuayusiu oynca, yHod
a) f(x)+g(x)
6a
0) (x)-9(x)
QYHKYUALAp Xam uly Kecmaoa 4ekiu sapuayusiu 6yiaou.
4a) F(x)= f(x)+g(x) OyIcuH. YHIa
F (%)= FO) = [F D) 2906 D] F () £a(x)] | =
=[ [F (%)= FOOIHa(0) = 9] [ <] F (% 0) = F(x )]+
+|g(xk+l) a(x,)| 6yJIaI[I/I =
:>Z|F(Xk+1) F(Xk)| Z|f(xk+1) f(xk)| Z|g(xk+1)

—g(xk)| SV f(x) +V g(x).:>V F(X) SV f(x) +V g(x) =

F(x) YeKJIU BapHaIsuIi (QYHKITHS.

0) f(x) Ba g(x) dyHkuusutap [a,b] ma deknIM BapuarUsId
OynraHu ydyH S5-Teopemara Kypa ynap Iy KecMmaja uyerapajaHraf
Oynaau, SbHU 3K >0 Ba L >0 COHJIAp TOMWIAANKHU, Vx e[a,b] YIYH

[f(¥)|<K Ba |[g(x)|<L
TEHICHU3JIUKJIap Oa’kapyiia iu.
OHIM  @(x) = f(x)-g(x) 1e0 OenrmnaiimMus. Y Xojjaa Kydujaarua
MyHoOca0aTIap Oakapuiiau:
D(%1) = P(%)] =] F (%) (%) = T ()G (%) =
= | f (%) 9(Kian) = FOG) 9 (X ) + F (X,0) 9 (%) — £ (X ) a(X, )| <
< ()| |9 (a) = 9 ()] +{ g ()] F (X)) = (%, )] <
<K '|9(Xk+1.) - g(xk)|+ L'|f (Xiin) — f (Xk)|
by epnan

\;@(X)SK.\b/ g(x)+L-\7 f(x)

AKAHJIUTH Ba @(x) - YSKJIU PYHKIMS OYJIMIITUHU TorlamMus. P

/-Teopema. Aecap f(x) ea 9(x) ¢yuxyusinap [a,b] xecmaoa

yekau eapuayusnu 0yauob, wy xecmaoa |g(x)=c>00yaca, yHoa )

g(x)

12



Hucbam xam [a,b] kecmaoa weknu eapuayusnu 6y1aou.
< h(x) :ﬁne6 oenrmwia®, YHMHT 4YEKJIM Bapualusara osra
X

OYJIUIIIHU K}"IpcaTaMHz;'

h(x,.,) —h(x, _| 1 | |g(xk+1)—g(xk)|_
M) =N g6 g(xk\ |g(xk)-g(xk+1)|<

(%) = 9 (X)) =>V h(x) S—z V g(x) = h(x)

- YEKJI BapHUaALHSIIN (byHKuH;I.

1
<zl

YHma 6-teopemara Kypa f(x)-h(x):% bynkuus xam [a,b]
KecMaJia YeKJIM BapHuanusuig oymamam. p

8-Tteopema. Aumatinux, f(x) @yukyusa [a,b] kecmaoa
AHUKIaHeaHn 8a ce(a,b) O6yacun. Aeap f(x) ¢yuxkyusa [a,b] oa wexknu
sapuayusiiu oyica, ynoa y [a,c] éa [c,b] kecmanapnune xap dupuoa

yexu eapuayusiau 6yaaou ea akcunda. lllynuneoex,
b c b
V=V fx)+V (X (7)
meHaIuK baxcapunaou.
A dapa3 xwmainuk f(x) Qysaxkous [a,b] kecmama Yekiau

Bapuanusuii 0yycuH [a,c] Ba [¢c,b] OpaduKHUHT Xap OUPUHU Vv YCYII
OWJIaH aJIoXuJa KecMaiapra axparaMmus:

A=Y, <Y, <V, <oV =C, C=1,<2,<1,<..Z,=b . (8)
Hartmwxkana, OyTyH [a,b] kecma xaMm Kucmiapra axpanaiau. [a,c]
Ba [c,b] KecMastap yuyH KyHuaru MUuruHIUIapHA Ty3aMM3:

m=1 /-1
I =20 - T % =2f@) - @) .
x=0 i=0
b
=[ab] YUyH 4, =9™ +& Oynamu. = 9™ + 99 =9, <\/ f(x) = g™ 3\7 f ()
Ba  g¥ 3\7 f(x).= f(x)byHakmus [a,c] Ba [C,b] kecmanapHHUHT Xap

Ompua YSKJIM Bapualusara sra Ba KyWnaaru TCHICU3JIHK
OakapuiIaIu:

\7 f(x) +\7 f (x) s\b/ f(x) . 9)

Oumu  dapa3 kKwmainmk, f(x) ¢yaxkous [a,c] Ba [c,b]
KECMAJIADHUHT Xap OWpHJia YEKJIM Bapualusara sra OyJcuH. [a,b]
KECMaHUHI MXTUEPUN OYIMHUIIMHU oJaMu3. Arap ¢ HyKTa

13



OYJIMHUII HYKTaJlapura KUpMmaca, yHJAa C HM XaM OYJIMHHUII
HyKTajnapura Kymamu3. Harwkanga, 39, nuruHan - (dakar
KaTTaJalllnuII MyMKHH:

c b
8, <M +9, <\ fF(x)+V f(x) =

= f(x) dyHkus [a,b] kecMana 4ekiu Bapuanusira sra Ba
V f@ <V @+ F) (10)

TeHrcusnuk Oaxkapunaau. (9)- Ba (10)-tenrcusnuxnapaan (7)-
TEHI'CU3JIUK KeJIn0O yukaau. P

by Teopemanman Hatwxka cudaruga KyMugart xocca Keiauo
YUKaIu.

O-teopema. Aeap f(x) pyknyus [a,b] xecmaoa uexnu
sapuayusiea 32a 06yaca, yHoa uxmuépuui x < [a,b] yuyH

g =\/ (1)

MYAUK 8apuayus x V3eapy8UUHUHZ MOHOMOH ycysuu  6a
yeeapanauvean ykyusacu 0ynaou.
AUxTuépuii  x,x"elablx' <x") HyKTaJapHH oOJcCak, yHAa 8-

Teopemara Kypa \x/ f(t)=\7 f(t) +\x/ f(t) TEHrIUMK YpUHIU OYIanu.
= g(x")-g(x")=

=\X/" f(t) —\7 f(t) :\x/ ft)>0= g(x")>g(x)=9g(x) T.»

2-§ Uekiu Bapuanusijim QyKmusjiap y4dyH
3apypuil Ba eTapJjm mapriap.

4. Avrainuk, f(x) ¢GyHkius [a,b] opanvkna aHUKIAHTaH
oyincuH. by maparpadaa 6u3z O6epunran f(x) QYHKIUSHUHT YEKIIU
Bapuanusra 3ra OVIUIIN ME30HJIapUHU KEITHPaAMU3.

10-Tteopema. f(x) ynkyuanune [a,b] recmaoa  uexkiu
gapuayusea 32a OYIUMWU VUYH ULY KecMaod MOHOMOH YCYy84U 6d
yeeapananean wyHoau F(X)  @YHKYusHune maexcyo  oyauo
uxmuépuit [x',x"]c[a,b] kecmaoa

£ (x") = F(X)| < F(x") = F(X) (11)
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MEeH2CUSTUKHUNZ OadCapuiuiiy 3apyp ea emapiu.

[lynnai xoccara sra oyaran F(x) ¢ynkuusra f(x) QyHKIUA
YUYyH MAKOPAHTA JICHUIIAIN.

43apypaurn. Papaz Kumanumk, f(x) GYHKOAS — YEKIU
Bapualnusira sra OyjiacuH. YHaa

FO)=V £

ne6 Oenrmiacak, F(x) ¢yHkuus [a,b] kecMaga MOHOTOH YcyBYM
Ba yerapajianrad oynaau. TYIuk BapuanydstHUHT Tabpudura Kypa

HESERLED) SV f(t)=Fx")-F(x')
TEHT'CU3JIUK OaKapujiajiu.

ETapjaujauru.
Airaiinuk, (11)-TeHrcusnuk 6axxapuiacut. YHja

n-1 n-1
8= f(x.) = f(x,)
x=0

SZ(;[F(xm)—lz(xx)]ZF(b)—F(a)- =
f(x) yeksau Bapuauusiu QyHKIus. P>
11-teopema. f(x) @yuxyus [a,b] kecmada uwexiu eapuayusea
92a OYIUMU YYVH VHU WY OPAIUKOAd UKKUMA MOHOMOH YCY84U 8a
yeaapaianean YHKYUsIapHuHe atuupmacu Kypunumuoa ugooanau
MYMKUH OYIUUU 3apYp 64 emapiu:

f(x)=g()—h(x). (12)
<43apypauru. Aiitaiinuk, f(x) QyHKIus [a,0] kecMana dekim
Bapuanusira 3ra OVicuH. YHaa 10-treopemara kypa mryHjai
MaxopaHTa F(x) Tomwiagukd, YHUHT y4yH (11)- TeHrcusmuk
oaxapunanu. Ty3unummra kypa F(x) GyHKIIUS MOHOTOH YCyBYH Ba
yerapajaHraH. Arap
g(x) =F(x) Ba h(x)=F(x)— f(x)
nebd Oenrumacak, f(x) = g(x) —h(x) Oynmanu Xamja KyHujaaru
MyHOca0aT Oaxapuiajiu:
h(x")—h(x) =[F(x") - F(X)]-[f (x") - f (x')](lzl)o ,
x">x Ba x",x'e[a,b] =h(x) T BadyerapajaHrad, 4yHKH
Ih(x)| < [FO)[+| fF ()| <M.
Erapawiurun. dapa3 xkwiaiiauk, g¢g(x) Ba h(x) QyHKusap
[a,b] kecMaia MOHOTOH YCyBYM Ba (12)-TeHrcU3aInuK OakapuiICHH.
F() =g(x)+h(x)
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ne6 onu0, yHUHT f(X) y4yH Ma)kopaHTa OYJIUIIMHU KYypCcaTamMus:
[ (") = £ ()] = [[g(x") = g ()] = [(x") ~h(x)] <[g (x") — g (x')| +
+[h(x") =h(x)| =[g(x") = g (x") ]+ [n(x") =h(x)] = [g (x") + h(x")] -
~[g(x) +h(x)]=F(x)-F(x) = F(x) —MaxopanTa. YHaa 10-teopemara
kypa f(x) dynkuus [a,b] kecmana yekim Bapuarusra sra
oymagu. »
Harmka, Aeap f(x) gyuxyus  [a,b] Kecmaoa uekiu
sapuayusiea 3ea OYica,yHOa vx, <[ab] HYKmaoa yHume wekiu oup

MOMOHJIU TUMUMIIAPU MABHCYO:
f(-0)= fm t(x);  f(x,+0)= fim f(x) (13)

«11-teopemara kypa mryHaail yCcyBuM Ba uyerapajiaHra

g(x) Ba h(x) (byHKummap TOIINIIAIUKHU,
f(x) =g(x)—h(x)
TEHIJIMK OaxapuiIaIu. MaremMaTuk aHaJu3 KypCHUaH
MabJIYyMKU,MOHOTOH ()YHKIUSJIAp YUYH YEKIIU
Zim g(x) =g(x, £0) Ba Xﬁixrorloh(x) =h(x, £0)

X—>Xq 0

nap MaBxya = (13).»

3-§ Ueksin Bapuanusijia y3Jaykcu3 GpyHkuusiap.
Kopaan teopemacu.

S.Yekimn BapuanMaIn y3JayKcu3 pyHKUUsIap.

12-teopema. f(x) ¢pynxyus [a,b] rxecmaoa uexnu eapuayusnu
dyuxyus 6ynub, X, <lab]l 6yncun. Aeap f(x) yuxyus x, nykmaoa
V3IyKCuU3 oynca, yHoda

0(x) =\ ()

DYHKYUA Xam X, HYKmaoa Y31yKcu3 Oy1aou.

%, <b ne6 dapas kmmamu3 Ba g(x) QyHKIIUSIHUHT X, HyKTaja
VHIIaH y3IyKCH3 SKaHIMIMHA UCOOTIalMK3. Ve >0COH om0, [%;b]
KECMaHH yII0y

Xg <% <...<X,=Db
TEHICU3JIMKHU KAHOATJIIAHTUPYBUM IIYHAAW HyKTalap EpaamMuia
KecMmajapra axpaTaMHu3Ku, HaTHXKaja
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5 =310 -f)>V fO-2  (14)

TEHI'CU3JIMK OaKapUJICHH.
f(x) eC{x,}, OynraHu yuyyH, X HYKTaHH X,HyKTara IIyHAai
SAKUH OJIMII MYMKHUHKHU,
[T 00) = T (%) <e
oyncun. YHna (14) ra kypa

\b/ ft)<e+ 9, =g+nf‘|f(xk+l)— f(x )| =&+|f(x)— f(x)|+

+\:7| f(4) = FOx)<e+e +\:7| )= 10026V 100
6§;anHwHeMaKa 4 M
V -V ft)<2e
€KU XO Xl
V(0 <2

MyHOCA0aT YPUHIU. = g(x)-g(X,) <2¢. 9(X) pyHKIMS YCyBUM OYyaraHu
Y4yH =
0<9(x,+0)—9(x,) <2¢
By TeHTCU3JIMK Ba ¢ HUHT UXTUEpUITUTHIAH (PoiiganaHCak,
9(% +0) = 9(x,)
TEHIJIUKHH, SBHU ¢(X) QYHKIUSHUHT X, HyKTaJa YHTJaH y3JIyKCHU3
SKAHJIUTHUHU XOCUJT KUJIaMHU3.

X, >a0ynrad xomma ¢(X) GYHKUMSHUHT X, HyKTaja dYarjaaf
y3JIYKCH3 SKAHJIUTH XaM 11y kKabu kypcatwiaau. »

by TeopemManiaH Kyiingaru HaTuxa KeJau0 YuKaau.

Harmka. [a,b] xecmaoaeu uexnu eapuayusiu ysaykcus f(X)
QVHKYUAHU WY KecMaoa UKKUmMA Y3IYKCU3, ycy8uu (DYHKYUSHUHES
auupmacu KypuHumuoa ugooanraus MyMKuH.

f(X)=9(x)-h(x).
<4 Arap

TOYAL

ne6 Oenrunacak, yaaa g(x) 1t Ba 12-teopemara kypa g(x)eClab]
oynagu. Yama h(x)=g(x)-f(x) ¢yakuus xam [a,b] kecmana
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y3JIyKCU3 Oymaau. OHAM yHUHr TOYJIMIIMHUA  KypcaTamus.
VX" > X, X,x"e[a,b] nap yuyn

h(x") =h(x) = [g(x") - g ()] - [f (x") = f (x)]=

:\X/ ) -[f(x) - F(x)]20

TEHI'CH3JIUK Oakapuiaan.= h(x) 1.»
13-teopema. Aumainux, f(x) eCla,bléyrcun . [ab]
KecMaHu yuioy

a=X, <X <..<X, =b
MEHeCUIIUKIIAPHU — KAHOAMIAHMUPY8YU — UXMUEPUU  HYKMAlap
EPOamuoa KUCMIapea axrcpamamus 6d

8, =311 (0) - %))

UURUHOUHU oNlamMu3. Ymuoa, azap

=m X .. —X
ﬂ“ k:%( k+1 k)

oynca, Ywoy
(img, :\b/ f (x) (15)
MmeH2IUK )?pz;HJzu oy1a0u .
<4 busra MmabiIymMKH,
\Z f (x) = Sup{3, }

Ba OYJAMHMII HyKTamapura nucOatan {9,)1. JlemMak, TeopeMaHu
ucOOoTIall yYyH YOy

Sup{d,} = £im 9, (16)
TEHTJIMKHUHT OKapUITUITMHKA KYpcaTHI Kudos .

dapa3 KWIaWINK,

Sup{$,}=A (17)
OyJICMH. YHJIa aHUK IOKOPH YE€TapaHUHT Tabpudra Kkypa
KyWHIarujapHu XOCWI KUJIaMU3:

1) vneN y4yH 9 <A

2)Ve >0 COH OJIMHTAHIA XaM 3n, e N TOMTHJIATUKH,
8, > A—& TEHI'CH3JIUK Oa)KapHIIaf.

{9,}T. = vn>n, YUYH 9, > A-¢ OyJnaju.

Jlemak , vn>n, y4yH
A-e<8 <A<A+¢
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’KaH. = KeTMa-KeTIuK TUMUTUHUHT Tabpudura Kypa
fim3, = A (18)

TeHruk ypunid. (17) Ba (18)gan = (16).»
6. TyrpunanyBuu umsukjap. 7Kopaan teopemacu. Uekiu

BapUaALUSIIN byHKIIMSA TyLUIyHYaCH Arpu YU3UKHAHT
TYFpUJIaHYBUMJIUTY Macaiacuaa ¥3 TaTOMKWHM TOIITaH.
ANTaNIuK,
r x=o(t)
=(L): 19
AB=®) {y=w(t), teftyT] (19)

CoJlIa ATPU YHM3HMK OepmiraH OYiano, o(t),y (t) eClt,;T] OVicuH.
dapa3 Kunalauk t nmapamerp t, nad 7 ra kapad y3rapranga, yHra L
ATPU YM3HUKJIAa MOC KEITYyBYH
(xy) = (p(x), y(x)

HYKTa A HyKTagaH B HyKTara Kapal y3rapcuH.

[t,;T] KecMaga ymoy t,<t, <t,<..<t, =T
TEHI'CU3JIUKJIAPHU KaHOATJIAHTUPYBYM UXTUEPUN HYKTaJdapHU OJIMO,
ynapra (L) orpm  uUM3MKIa MOC  KEIraH  HyKTajJapHU
A=A <A <A <..<A =B n1e0 Oenrunaiimus. by HyKTagapHu KeTMa-
KeT TyTalTHpuIl HaTwxkacugaa (L) srpwm 4M3wWKKa YM3MITaH CHHUK
YU3UKHU XOCHJ KWJIaMH3. By CHHHUK YM3UKHHUHT IEPUMETPH

R = nz:ll\/[(ﬂ(tkﬂ) _§0(tk)]2 + [‘//(tk+1) - W(tk)]2 (20)

TEHIIMK EpaamMuaa ndoaanaHaIm.
3-tabpud. Aeap yuiby
(imP, =L (4= max (., —1,))
k=0,n-1

A1—0

aumum  maexcyo ea uekau oyaca, ynmoa (L) osepu  uusux
mMy2puIanyedu Yu3ux oetuunraou xamoa iumMumnune Kuumamu L ea
VHUHZ Y3YHAUU 0eb amanaou.

14-teopema (Kopoan meopemacu). (19)-sepu  uuzuxnumne
MYSPUIAHY8UU OYIuU VUYH o(x) 84 w(x) QVHYUAIapHuHe [t,;T]
opanuk0a Yekaiu sapuayusea 32a 0yauuiu 3apyp 8a emap.u.

43apypaurn.  @Papa3z  kwiaimk, (19)-3rpu 4M3HK
TYFpWiaHyBuUM OyicuH. Y Xxojja [t,;T] KECMaHUHI UXTUEPUU

OYIMHUILIN YUyH

n-1

P, =Y Vot -0t )] +[v(te) -wt)f <M

k=0
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TEHI'CU3JIMK Oakapuiagu. YHAa
[p(te.) — 0] <ol ) — 00T +lw ) v )T

ra Kypa

nz:l:\/[(ﬂ(tkﬂ) —o(t, )] <M

TEHICU3JIUK YPUHIU OVyiaau, SbHU ¢(x) — YEKIM BapUalUsIIU
byukuus O0Vnaau. Xyaau 1y KaOu w(x) (QYHKIUSHUHT XaM YEKJIU
BapUALUSIN OYIUIIMHA XOCUJT KUJIaMU3.

ETapananru. AWtainuk, ¢(x) Ba w(X) (QyHKIUIAp YEKIH
Bapuanusiin GyHKIusaap OyiacuH. YHa

P = nz_i\/[(P(tkﬂ) - (D(tk)]z + [‘/’(tk+1) - ‘//(tk)]z Snz_l‘, [§0(tk+1) - (D(tk)]+

3 ) w6V PO v O =M =
(19) — TyFpuITaHyBYM 3TPH YU3HK. P>
Teopema nucobotuaan KYpuHUO TypUOANKH

T T
L=/imP, S\t/ o(t) +Y w(t)

TEHT CU3JIUK OaKapujiajiu.

Orpu 4u3uK €iW y3YHJIUTHHU L=L(t) 10 YHU [t,;t] opauKIa
KapaiiMu3. YHma L(t)T OViamud Ba At>0 OYITaHIa AL=L(t+At)—L(t)
Y4yH

O<AL<t\+/At(p(t)+t\+/Att//(t)
t t
TeHICU3JIUKIAp Oaxapuiaaad. = Y3IyKCU3 TYFPUJIAHYBYH OSTPHU
yn3uK yuyH L(t) ¢pyHkmus t mapaMeTpuHUHT y3IyKCH3 (YyHKIHSICH
oynanu.

Ha3zopar caBosuiapu.

1. Yekaun Bapuanusijid QyHKUMSIHUHT Tabpudu, MUCOJLIIAP.

2. [a,b] kecmamaru mxTHépH YerapajaHraH, MOHOTOH YCyBYH
GyHKIMSIHUHT YeKJIU BapHALMATA ra Oy MM
KYpPCATUICHH.

3. [a,b] kecmama y3aykcu3, JleKMH 4YeKJM BapHanusra 3ra
OyaMarad QyHKUUATra MUCOJI KeJITHPHUJICHH.

4. [a,b] kecmamarn O6yaakjm MOHOTOH (QYHKIHUSIHUHT YeKJIH
BapUaMAra 3ra 0yJauuiu.
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5. [a,b] kecmama Jlunmmunm MmMAPTHHH KAHOATJIAHTHPYBYH
(GYHKOMSTHUHT YeKJIH BapHalusira 3ra 0yJIimim.

6. [a,b]ma werapamanranm xocmjara sra O0yaraH (pyHKOHSTHUHT
YeKJIM Bapuanuara sra 0yJuium.

7. Yoy

XCOS——, aeap x#0 Gyica
f(x)= o P e,
0, acap X=0, Oyrca
(YHKUUAHUHT UXTHEPUN KecMaJa YeK/JIU Bapuanusara jra

Oy IMIIU KYPCATUIICUH.

8. f()=c+[p(dt KYpUHMINHAATH  (YHKUHAAHHHT YeKJIH

BapUalMAra 3ra Oy auuiu.

0. Yexksin Bapuanusan (QyHKOUSAHUHT YerapajaHraHJIUIH
XaKHJIard TeopemMa.

10. Yexkau Bapuanusaan QyHKOUsIap ycruaa apudMeTuk

amaJiiaap.
11.
12. \; f (x) =\°/ f (x) +\; f(x), a>c>b TEHIJIMK UCOOTJIAHCHH.
13. f(x) pynkmusa [a,b] na yexkam Bapuanmsira 3ra 6yiaca, ynaa
g(x) =V f(t)

¢ynkousauHr [a,b] ma T Ba dYerapajaHraH OyaumM
UCOOT/IAHCHH.

14. Yexkum Bapuanusiivi (YHKOUSUIAPp YYYH 3apypuil Ba
eTapJiM mWaptJap.

15. f(x) ¢pynkmus [a,b] 1a yekau Bapuanusiiiv 6yauo,

x €[a,b] OyJcuH. Arap f(x)eC{x,} 0yaca, yuaa g(x):\Z f(t) eCx,}
OyMIu UCOOTIAHCHH.
16. Yexkaum BapuanMsijn y3JIyKCH3 (PYHKUMSHU HMKKHTA

Y3JIyKCH3, yCyBYHM pyHKUMATIAPHUHT ailupMmacu
KYPUHMIIKAA Upoaaall MyMKUHJIUTY UCOOTIAHCHH.

17. Arap f(x)eClab] Ba gn:§|f(xk+1)—f(xk)| 0yJica, gin39n=\2f(x)

OyJaMIIM MCOOTIAHCHH.
18. TyrpuiaanyBum 4yu3ukiaap Ba 2KopaaH TeopeMacu.
19. TyrpujaanyBum 0VJMaran Yu3MKKa MUCOJI KeJTHPUJICHH.
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I1-bOBb.
CTuiaTbec HHTErpaJu

CTUITbeCHUHT HHTErpaJl HWHFUHIWIAPH.

CTuiarbec HHTErpaJIn.

Cruntbec uHTEerpajum Owinan PuMaH MHTErpajm opacuaaru
OOFJIaHMIIL.

Hap0y — CTWITbeCHMHT KyHH Ba WKOPHY UUFUHINJIAPH.
CTUiTheC MHTErPAJIMHUHT MaBXKYAJUK HIAPTH.

CTuiThec MHTErpaJd MaB:Ky/l 0yJran pyHKuusijiap cHiHpu.
Cruiarbec  MHTErpajM  y4YyH Oyjaakiaad  MHTerpaJuiail
¢popmyaacu.

CTuiarbec HHTErpaJIMHU XUCO0JIaIl YCYJLIAPH.

CTuiTbec MHTErpaJIMHUHT TeOMETPUK MABbHOCH.

CTuiirbec HHTErpaJy yUYYH Ypra KUUMAT XaKU/Iard Teopema.
CTuiaTbec HHTErpaJIMHM 0aX0JIAlIl.

Cruiarbec HHTErpaau 0eJrucu OCTUIa JUMHUTIA YTHIIL
NxkuH4n TYp Jrpu  4YM3HKIM uHTerpagHu Crmiatbec
HHTErpaJiura KeJTHPHUIIL

1-§. CTUATHEC HHTETPAJIMHUHT TAbpUupu
BA YHUHI MaBKY/JIMK IIAPTH.

7. CTUITbEC HHTErPAJTUHUHT TAbPUQM.

Cruntbec UHTETpaM PuMaH  WHTETrpaJuHHHT  TaOWUi
yMyMJIalmmMacu 0Yiau0, Kyiugarunya aHuKIaHaIu.

Airainuk, [a,b] kecMama 2 Ta yerapananran f(x) Ba g(x)
GyHKIMsIap Oepuiaran 0yiacuH. [a,b] xkecmann ymioy

a=Xy <X <X, <.<X, <X, =Db

TeHICU3JIUKJIApHA  KAHOATIaHTUPYBYM  UXTUEpHM  HyKTalap
épmammaa n Ta [x;x.,) k=0n—1, KUCMIIApra a)KpaTaMu3. Ax, =X, —X,
Ba A= max Ax, ne0 OenrmnaiMms. V&, e[x;x.,] HYKTa oJn0, ymoy

=0,n—1

WUFUHIWHUA Ty3aMU3:

n-1

o= z o) -at0]=Y fFE)aax) (1)

k=0
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(1)-timruagura  CTWITbECHHHI HHTErpaj  HWUFHMHIHCH
enIaIn.

1-Tappud. Aeap

limo =1
A—0

maexcyo ea uexknu Oyaud, ywune Kuumamu [a,b] kecmanume
OVIUHUWL YCyauea Xamoa yHoazu & HYyKMAaiapHuHe MAaHIaHumued
boenux oyamaca, ynoa wy counea f(x) ¢pyukuuanune 9(x) ¢pynkuus
oynuua Cmunmuec unmezpanu oeiunaou 6a

(S)[ f(dg(x)

Kaou bencunanaou.
Jlemak,

©)] F00dg00 = fimor = fim 3 £(5)aa(x).  (2)

Arap (2) — unTerpan maBxkyn Oyiaca, yHaa f(x) pyHkuus
[a,b] kecmama g(x) yHKHEUs OYyiiMya WHTerpaJIaHyBYM Jic0
aTajaau.

N30x. Puman unmezpaiu Cmuimvec uHmezpaiunHume Xycycutl
xonu oynuo, Cmunmvec uumezpanuoa 9(X)=x Oeuuica, YHOaH
Puman unmeepanu xenub yuxaou.

OHaun  CTWiTheC HMHTETPAIMHUHT MaBXYIJIUK  I[MapTHHU
aHUKJIaMU3.

dapa3 Kunanauk, g(x) QyHKIMS MOHOTOH YCYBYM OYJICHH. Y
X0JIJIa Ax, >0 Oynranaa Ag(x) >0 Oyasu.

Kyiinmgaru Oenrunanuiapau KHpUTaMu3:

m = inf {100} M, = Sup{f (9},

Xi s Xi 41 [Xk ka+1]

n-1 — n-1 (3)
§=kaAg(Xk), S=ZMkAg(Xk)'

k=0 k=0

2-tappud. S 6a S tueunounap moc pasuwoa Jlapby —
Cmunmpecnunz Kyuu éa 0Kopu uu2unounapu oed6 amanaou .

Onnuit  JlapOy #uruHawiapu kabu Oy HWHFUHAWIAD XaM
KyHuIaru xoccajaapra ira.

1°. deap [a,b] xecmanune OyIUHUWL HYKMALApuea SH2UIAPU
Kywuica, yuoa S paxam opmuwu, S 3ca Kamatiuuwiy MyMKUH.

Jemax, {s}* Ba {S}{.
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2°. Jlapby - CmunmvecrHune uxmuéputl Kyuu UUeUHOUCU YHUHE
uxmuépuil Kopu uusuHoucudaxn kamma Oyna oamauou (azap y
OowKa OYyIUHUU2A MOC Kellca XaM,).

Arap ymily
l. = Sup{S} Ba I =inf {§}
TeHrnukiaap €paamuaa JlapOy — CTUATbECHUHI KyiM Ba KOKOPH
MHTErpauIapUHM aHUKJIacakK, yH/a
S<I.<1"<S

TEHICH3NUKIap VpuHiau Oynaau. by tenrcusnukmap Ba [lapOy -
Ctuntbec MuruHanIapyuaan ¢oiganannd, ogqauid PuMan uHaTerpaiu
XOJIMJIaru Kabu Kyiujgaru TeopemMa OCOHrMHa UCOOTIaHaIu.

1-TteopeMa. Cmunmbec unmezpaiurHune Magxicyo oOyauwu y4yH

yuby

fim(S-8)=0

A—0

eKu
n-1

fim Y 0,Ag(x) =0 (4)

MeH2IUKHUHE OadXcapuiuiiy 3apyp ea emapiau (o, =M, —m,).

8. CTuiiTheCc MHTErpaJd MAaBXKyaA Oyjaran Qykousiap
cuHbwu.
2-Tteopema. Acap f(x)eCla,b] 6ymub, 9(x) @yuxyus [a,b]
Kecmaoa MOHOMOH ycysuu oyica, yHOd

(8)] f (x)dg(x) (5)

Cmunmbec unmezpanu masxcyo 06ynaou.

4 f(x)eClab] = KaHTOop Teopemacura kypa TEKUC Y3JIYKCHU3
=Ve>0 Y4YyH IIyHJal &>0 COH TONWIAAUKH, [a,b] KecMaHu
Y3YHJUMKJIApU & JaH KUYMK OYiran  Oynakiapra aXpaTwiramia,
f(x) GyHKUMUSIHUHT 11y OYynakiapjard TEOpaHUIIH o, YUYH YOy

o <t
g(b)—g(a)
TEHICHU3JIMK Oaxkapwiaau. DHAM [a,b] KeCMaHM y3YHJIUKIapU & JaH

KMYUK OYJIraH KuCMIIapra akpaTaMus. = A< Ba o, < m =
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n-1 n-1

o Ag(x,) < ; (b) o) [9(X1) - 9(x)] =

:m{g(b)_g(a]:é‘ = éijﬂ:z_zkag(thO N

(5)-unTErpan maBxy. »

3-teopema. Aecap f(x) ¢yuxyus [a,b] xecmaoa Puman
MavHocuoa uumezpaniawysuu oyauo, 9(x) dyuxyus  Jlunwuy
WapmuHu KaHoamiaHmupca, SibHu

90— g9 <L-(x-x) (6)

(L=const,a<x<x<h)
menecu3uKk basxcapunca, ynoa (J)-Cmunrmvec unmezpaiu Magicyo
oynaou.

<«a) ABBan xoccanu ¢(x) ¢yHKIus (6)-mapTHU OaXKapHUIIIaH
TallKapy MOHOTOH YCyBUYHM OYJIraH X0J1 y4yH UCOOTIaiMU3.

6

Zkag(Xk) <Zwk 9(X1) — g(xk )ISL Z_l:a)k(x a—X) =
LS o, (7)

f(x) ¢yuakmus [a,b] ma Puman MabHOCHIA HWHTErpalIaHyBYH
OyJIraHW y4yH
gim nicokAxk =0
—0 k=0
Ba MOC paBuliia (7)-TEeHrcu3aruKKa Kypa
gimnzl:a)kAg(xk)=O
200
oynamu. = (5)-uHTErpans MaBxyI.
0) YmMymuid xo0J1. JIunmui miapTHHU KaHOATIIAHTUPYBYM g (X)
(GYyHKIUSHUA Kyiugard KypuHuiga €3u0 ogaMus:
9(x) =L-x~[L-x-g()]=9,00-g,(0.  (8)
(8)-tenrmukmarn  0,(X)=L-x  ¢dynkumsg  Jlummmin - mapTUHU
KaHOATJAHTUPUIIM OWjlaH Oup KaropJa MOHOTOH VYCYBUM XaM
oynmagu. Uly maptiaapHu g,(x)=L-x-g(x) QyHKIHUS Xam OakapaJiu.
Jlapxakukar, a<x<x<b YyYyH
— — — (6) — —
9,(0-0,(0 = L%~ [9(0 - 90> L- (- ~L-(x-x) = 0=
= {9,011
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0200~ 9,00 < L(x=)+]9, (0~ 9, (0| £ Lx =)+ L(x =) =
=2L(x - X).

a) xonra kypa g,(x) Ba g,(x) map yuyH (4) mapTt Oakapuiiaau
= (4)-mrapt g(x) ¢hyHKIUA yuyH XaM Oaxkapwianu = (5)-uHTerpan
MaBxKy/1. P>

4-teopema. Aecap f(xX) ¢yuxyusa [ab] xecmaoa Puman
MavHOCUOa unmezpaiianyeuu 6yauo, 9(x) gyukyuanu yuoy

9(x) =c+ [p(t)d, (9)

6y epoa ¢(x)-[ab] kecmada abconrom unmezpannamnyeuu Gynxyus,
KypuHuwiuoa ugooanaut MymxuH Oyica, yHoa (J)-unmeepan
mMaeducyo oynaou.

dTeopema maprura kypa |p(t) HHTErPAUIAHYBUH = |p(t) -

YyerapajlaHrad, SbHU 3L>0:vte[ab] Y4yH |p(t)<L. YHAA a<x<x<b
yuyH ymoy

\g(&)—g(x)\ - c+j¢(t)dt—c—f(p(t)dt - Jx.go(t)dt gﬁ(p(t)\dt < L-Idt —L-(x-X)

MyHocabaTinap Oaxapunamud, sbHH §(X) QyHKIES  Jlumomig
apTUHU KaHoaTiaHTUpaaud. Y Xxojjga 3-teopemara kypa (5)-
UHTETpaJl MaBxXKy1. P>

2-§. CTHIThEC HHTErPAJMHHUHT X0CCAJIAPH
9. CTUIThEC HHTETPAJTUHUHT X0CCATAPU

Ctunthbec MHTETPANUMHUHT TabpUbUIAH TYFpUAAH TYFPH
KyWugaru xoccajaap KeJauo YrKaam.

i (S)ng(x)z g(b)-9(a).

2. (S)i[fl(x) + f,(0Hg(x) = (S)i f,()dg(x) + (S)i f,(x)dg (x).
3. (S)i f()d[g,(x) + g,(x)]= (S)Z f (x)dg, () + (S)i f (x)dg, (x).
4°, (S)z[k- f(x)d(2-g(x)) = (S)k -fi f (x)dg (x).

5. (9)] f()dg(x) = ()] f()dg(x)+(S)[ f(xdg(x) (@a<c<b)
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HN30x. 5°-xoccaoacu (S)Tf(x)dg(x) UHME2PAIHUHE  MABIHCYO

OYIUUUOAH (S)jf(x)dg(x)ea (S)if(x)dg(x) UHMEeSPANNaAPHUHE — Xap

OUPUHUHZ MABIHCYO OYaUUU Keaub YuKaou, akcu 3¢a YPuHiu oyauuiu
wapm smac.

Mucoua. [-1;1] xecmaoa 6epunean yuiby
() = 0, acap —1<x<0 o6ynca,
1, aecap 0<x<1 6ynca

ed

(x) = 0, acap —-1<x<0 6ynca,
9= 1, aeap 0<x<1 6ynca

Qyukyusapuu onamus. YHIa
(S)[ f(xdg(x) Ba (S)[ f()dg(x)

WHTETpajilap MaBXKyJ[ Ba HOJITa TEHT OYiaau, YyHKHU UKKaja XoJaa
xaM CTUITheC MUFUHANCHAA KaTHAIITaH xajap 0 ra TeHr.

1
DOHAU  (S) j f(x)dg(x) HMHTETPAIIHUHT MAaBXyJ SMACIUTHHU
-1

kypcaramu3. byHuHr yuyH [-1;1] kecMaHuHT myHAalH OYITMHUIIUHA
oamu3ku, 0 HykTra OYiIMHUII HyKTacu OyimacuH. HHrterpan
WUFUHIWUHU Ty3aMU3:

o =ni f(£)Ag(x) = ((aTaluK, 0e[x,,X,.,] OYICHUH

= x <0<x, = HHFHHAUAArd k-uu KYIaayBUngad OOIIKa XaMMacH

HOJITAa TEHT OYJIaiv, YyHKH i=k Ja
AQ(%) =9(X.1)—9(x) =0)) = F (&) [9(%,) —9(X%)]= F(&)-1-0) =
_ e )_{O, acap & <0 oOynca,

10. CTuarbec WMHTErpaJm y4YyH Oyjakjaad HMHTerpasiaml
¢popmyiacu.

1
/imo -1 S)| f(x)dg(x)—2
1, acap £<0 6ynca = fmo =( )J; (x)dg(x)

S-Teopema. Azap (S)jl f(x)dg(x) 6a (S)Tg(x)dg(x) Cmunmoec

UHMe2PpaIIapuoan oupu maexncyo 06yaca, YHOa UKKUHYUCU XAM
maedncyo 6ynaou ea yuiby 6ynrakiab unmezpaiiaul hopmynacu
VPUHIU.!

($)[ £00dg() = F()g(x)

“®foxdto  (10)
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4 ®dapa3 KWIANIHK, (S)j{g(x)df (x) MaBxyjJ OVyicuH. [a,b]

KECMaHU MXTHEPUN yCyln OmnaH [x,X%.] (k=0,n-1) KuCMJIapra
axXpataMu3 Ba V&, €[x,,X.,] HyKTAIapHU TaHIalMU3.

b
(S)j f (x)dg(x) uHTErpan yuyH CTUATbeC WUFUHIWCUHU OJIAMU3:

o= ni f(EO[9(K1 — 9(x)]=((0y HUFUHAVMHYE KyHHIard KYpUHUIIAA €310

r=0

0JIaMHU3)) =

=if(§k1>g(xk)—”2f(§k)g<xk)=

— 3 F(E)906) - Y FE 900 -

=-{g(a) f(&) +"Zg(xx) &) - fFEL)]- g(b)f(én_l)}=

=((f(9)-9()|2=f(b)-g(b)- f(a)-9(a)
udoganu Kyuo aiupaMmus)) = f(x)g(x)

* {o(@) [1(2)- @]+
+3006) (1)~ 1G0T+ o) (1) - f@“)]} -

by Tenrnuknaru karra kaBc (urypanu KaBc) muugard udomaa

b
(S) _f g(x)df (x) CTWITbEC HHTETPAIM YYYH HWHTErpall MAFUHINHU

oepamu.by iuruaam [a,b] kecmamm [£,&.,] kKecmanap €pmaamuaa
OVJIMHMILIKATA MOC KeJlagu. Arap

A=maxAx, Ba 1 =maxA¢&,
ne6 Oenrmnacak, (1—0)~(1—0) O6ymamu. = (11)-reHrmKmIa 250
(1 —0) ma numuTra yTcak, yHJIa MCOOT KWJIUIIUMHU3 Kepak OYiraH
(10)-dbopmynnanu xocuiI Kuiamus. p

3-§. CTniaThec HHTErPAJUHM XHUCO0IalII.

11. CTtunThbec MHTErPAJIUHM XHCOOJIAIIL
6-Tteopema. f(X) gyukuyus [a,b] xecmaoa Puman mavHocuoa
unmezpainanysuu 6yauo, 9(x) pyrkyus yuioy

g(x)=c+ I@(t)dt
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Kypunuuioa ughooanancun, 6y epoa o) @yukyusa [a,b] xecmaoa
abconrom unmezpanianysyu yuxkyus. Y xonoa

(S)[ £ ()dg(x) = (R) | f (X)ep(x)dx (12)

MmeHaaUK YPUHIU 0y1aou.

«4(12)-TeHIIUKHUHT YHT TOMOHUJAru PumaH wuHTErpaiu
TeopemMa  mapTura kypa MaBxkyd. CTuiaTbec — HUHTETpaiu
MaBXKYJJINTH 3ca S-MyHKTAAru 4-reopemMajaa MCOOTIaHraH. JHJU
dakat (12)-TeHINIUKHUHT YPUHIIM SKaHJIUTHHA UCOOTIAII KepakK.

YMyMmuiinkka 3u€H KeJITHUpMaraH xoijijaa o(x)>0 ned dapas
KWJIAMU3, YYHKU UXTUEPUN ¢(x) OYHKIUSIHU  HUKKUTa MycOaT ¢,(X)
Ba ¢,(x) (QYHKUMSAJIApHUHT allupMacu KypuHHUIIMAA udoanal
MYMKUH:

P(X) = @1 (X) — 9, (%)
byHuHT yuyH
o)+ o(x) )= o(x)

@, (X) = — Ba ¢,(X)= 5

ne6 o kudosl.
Opatnarm ycyn Ounan CTwiThbeC WHFHHANCUHU TYy3aMH3:

n- n-1 Xk+1

o=Y 1(E) [00%.0) -9 )I=Y [FE)e(dk  (13)

1
k=0 k=0 x,

NxxuHun TOMOHIAaH

n—1 Xks1

(R)[ f ()e(x)dx =Z [REEL (14)
TeHrnuk Ypunnu.(13) gan (14) Hu ailupamMu3 Ba alKMpMaHu
O0axonaniMu3:

o—(R) j f (X)p(X)dx

n-1

D) - F()]p(x)dx

k=0

<

n—1 Xku

<2 1T G- T Oopadx =((x e [x ] =
= [[E)- T o) <X o, [ok=3 aa00)  (15)
b
[laptra kypa (S)[ f(x)dg(x) - MaBKyx =

! @s b
=N éméa)kAg(xk):O :émazlf(x)dx: (12).»
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NcbOotnanran teopemanaH ¢ougananud, Kylujgara Teopema
XaM OCOH UCOOTIaHaIH.

/-Teopema. Aumatinuk, f(x) ¢yukyusa [a,b] kecmaoa Puman
mavHocuoa unmepannanysyu, 9(x)eClabl, g(x) @yuxyus yuyn
[a,b] Kkecmanune uexkau coHOa2U HYKMALAPOAH Maukapu oapya
Hykmanapuoa 9'(x)  xocuna maedxcyo oyaubd, 9'(x) xocuna [a,b]
Kecmaoa abconom unmezpaiianysdu 6yaicun. Ynoa

(S)] £ ()dg(x) = (R)[ f ()9’ (x)dlx (16)

oynaou.
4 TeopeMa mapTHHY KAaHOATIAHTHPYBYH ¢(X) QYHKIUS yUyH

9(x) =g(a)+[ o't

dbopmyna ypuniau Oymamu. YHma ¢(t)=g'(t) Oynran xomma 6-
Teopemara kypa (16)—TeHITIMKHA XOCHIT KujlaMus. P>

OHnu g(x) GyHKuMs y3unuiira sra 6ynran xoijaa CTUiIThec
WHTETPAIMHU XUCOOJIAITHN YpraHaMu3.
YHu y3unumura sra OViarad «CcTaHaapT» po(x) QyHKIOUSIAH

OolLIANMU3.
0, aeap x<0 o6yuca,

p(X) = {
p(x) GyHKIUS x=0 HyKTaga l-Typ y3uiuiira 3ra OYyimo,
YHUHT 11y HyKTaJaru cakpamiu
p(H0)-p(0) =1

1, acap x>0 6ynca

oynanu.
p(X) GyHKIMsICH Kabu, yuioy
0, aeap Xx<c Oyuca,
p(x—C)= _
1 aecap X>C Oyica
Ba

0, aca X<C Oyica,
pc-) ={ Y >
GyHKIUSAIAp XaM x=c HyKraga l-Typ y3unumra sra Oyiauo,
YJIApPHUHT 1y HYKTaJaru cakpamu moc pasumiga | Ba —1 ra TeHr
oynanu.
f(x) GyHKUMSIHU x=c HYKTaaa y3Jaykcu3 ae0 (dapa3 Kujiamus

1, aeap X=>C Oyrca

Ba
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(8)] f()dp(x—c)

UHTCTpAIHK XucoOnaiimMu3. By epma a<c<b (c=b Oynranma
UHTErpan =0 Oynaan).
Ctuitbec MUFUHANCUHU TY3aMU3!

o= ()00 )

dapa3 KWIANIUK, ce[x,X,.] (X <c<x.,) OyiacuH. YHma i=k
oynranga Ap(x, —c¢)=0 Ba Ap(x, —c)=0 Oymaam. =

= o=1(§)Ap(x —c)=f(5)= (S)T f(x)dp(x—c)=Limo = {im f (g,) = T(c).
Jlemak, a

(S)T f(X)dp(x—c)=f(c) (a<c<b) (17)
TeHrJIHKaS'prHJIH Oynap skaH. XyJau 11y Kabu

(S)T f(x)dpc—x)=—F(c) (a<c<b) (18)

SKAHJIMTHHM XOCHJI Kuiamu3 (c=a Oynranga Oy HMHTErpal =0
oynann).

OHu O3 KalilcHIUp MabHOA 7-TeOpEMaHH YMYMIAIITHPYBUH
TEOpEeMaHHu UCOOTIAIl HMKOHHUATHTA STaMH3.

8-Teopema. @apasz xuravauk, f(x) ea 9(x) @yuxyusrap [a,b]
Kecmaoa bepunean 6yauob, Kyuuoasu wapmiap 0axicapuiCum.

1) f(x)eC[a,b]

2) 9(%) eC([a,b]\Q{ck }j 6a

a=C,<C <..<C,=b nykmanap 9(x) Gyukyusanune 1- myp y3uruw
HyKmanapu,

3) uexnu conoacu nykmanapoan mawrkapuoa 9'(X) xocuna
MasdHcyo,

4) 9'(x) xocuna [a,b] kecmaoa abconiom unmeepannamnysuu.

Y yonoa (8)| f(x)dg(x) Cmunmvec unmezpanu magxcyo 6ynaou

6a Kyuuoacu meHaiuk oaxcapuiaou.
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(S)[ F()dg(x) = (R)[ f (g ()dx+ f (a)-[g(a+0)—g(a)]+

+mZ_ f(c.)-[a(c, +0)-g(c, —0)]+ f(b) {g(b)-g(b-0)] (19)

M3o0x. Azap g(x)eClab] 6yaca, ynoa (19)- gopmyna (16)-
dopmynaza atinanaou, AvHU S-meopemadarn 7-meopema Keaud
YuKaou.

8-TeopeMaHMHT UCOOTH.

E3yBHM copmanamTHpMIl y4yH KyHHIaru OelTHialliapHu
KHUPUTAMM3:

a, =9(c,+0)—-g(c), (k=0,m-1)

a, =9(c)-9(c —0), (k=Lm)
YHIOa 1<k<m-1 y4yH
Oﬁf —oy = g(ck +0) - g(ck -0)
oynanu. Kyhinnaru épnamun QyHKUMSHUA OJIaMU3;

0, = i p(x~6,) -3 i (6 ~X)

Asaukimadaran  g,(x) Qyskmus  g(x) QyHKIUSHAHT Oapdya
Y3WINUIUIAPUHYU Y3U]1a CAKJIANId Ba
g, () =9(x)- gl(x)
byHKIUsA y3nyken3 QyHKIUs OViaau.
Jlapxakukar,
1) x=c, OVnca, g,(x) QYHKIUSA y3TyKCU3 (PYHKIUSITAPHUHT
altupmacu cudatuaa y3mykcus 0ynanu;
2) x=c, OyacuH. ABBan 0,(X) (YHKIUSHUHT c (k<m) HyKTaJaa
VHTIaH Y3IyKCU3 OYIUIIMHU Kypcaramus. xe[c,,c +0) OYVJICUH =
9.(¥) =9g(x) -~ p(x—¢) =
g,(cy) =9g(c) —a;p(é)) = g(cy).

MKKHMHYA TOMOH/IAH,

fim 9,09 = m | 909 - p(9 -¢,) | = 9(c, +0)- s -

=g(c, +0)—[g(c, +0)—g(c,)]=g(c,) -

= g,(x) GyHKIUA x=c, HyYKTaja VHTAaH y37TyKcu3. XyJIu LIyHTa
yxmam  g,(x) (QyHKOUSHUHT ¢, (k>0) HyKTajga damjaH
Y3JIIYKCU3JIUTU XaM KypcaTuiagu. =

9,(x) eC{c,} = 9,(x)eC[ab].
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Arap x=c, HyKTa OJIMHCA, yHAa Oy HyKTaHUHTI OUpOp
aTpodua aHUKJIAHUIIWTA Kypa ¢,(x) PyHKIUSA Y3rapmMac KMAMaTHU
KaOyJ1 Kuiaagd. = g'(x)=0 = x=c,

HYKTaJa

92(x) =9'(x)
oymamu (anmbarra Oy TEHITMHMK Q'(X) MaBXKya OViaraH HyKTajaapja
Kapajaajn).

V3nyken3 O6ynran g,(x) GyHKUMS Y4yH aBBajru 7-Teopemara
kypa CTuiabTeC MHTErpaInd MaBxXKy]l OyJiaau:

($)] F(9dg, () = (R)[ f()dg; () = (R f()g'()dx  (20)

Ouau (17) Ba (18)-Tenrnuxnapaan Qoigananud, Kylujgaru
WHTETPpaTHU XUCOOJaliMu3:

S)| f(x)dgl(x>=mza; ()] F(9dp(x—c,) -
=Y e ()] F(dple, -0 =3 ey o)+ Yay F (@) =

= f(a)-[g(a+0)—9(a)]+§:f(Ck)~[9(Ck +0)—-g(c, —0)]+

k=0

+f(b)-[g(b)—g(b—0)] (21)

(20) Ba (21)-TenrnukiapHM Xamad Kymwum EpaamMuiaa
ucOoTnammumMu3 kepak oyiras (19)-TeHrIMKHA XOCHIT KujaMus. P

12. CTuiaTbec MHTErPAJUHHE XUC00J1a1Ira J0Mp MUCOJLIIAP.

ABBaJITH TYHKTAA KYpPraHUMU3ACK, MabJIyM MIapTiap
Oaxapriranna CTHIIBTEC MHTETPAIMHE XHUCOOdaIl YIyH KyWugaru
dopmynanap ypuniau Oynaau:

(S)[ £ (0dg(x) = (R) [ f (x)p(x)dx, (22)
(S)] ()dg(x) = (R)] f (x)g'(x)dx, (23)

Ba

($)[ F(9dg(x) = (R)[ F()g'(x)dx+ f (a)-[g(a+0)—g(0)]+

+m2:ff(ck)-[g(ck+0)—g(ck—0)]+f(b)-[g(b)—g(b—0>] (24)

[y dbopmynanapnan Qoitnananud MUCOIIAp €4aMU3.
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1-mucoa. (22) éxu (23) — popmynanapoan goudananuo,
Kyuuoaeu Cmuimvec unmezpaiiapu XucoOaiaHCum.

a) (S)j'xzdfn(1+ X); 6) (S)ixd sin x; 6) (S)jxdarctgx.

<a) (S)j x*den@+x) =(((23) - popmynagan doiigaaaHaMu3))

2 2 2
X — 1+— dx= = X——x+€n|x+]j‘ =2—-2+/n3=/(n3.
X+1 2 0

0

0) (S)jxd sinx=(( (23) dbopmynanan dorinanaHamMus))=

2 = du=d
(R)jxcosdeZZ([u % = Y _ij:
2 dv = cos xdx vV =sin X

2

2
= XSin X —j5|nxdx_—+cosx :£+0—1=£—1,
0 0o 2 2

NN

B) (S)jxdarctgx = (( (23)-bopmynanan dorigananamus ))=

j. =—£n(x +1) —O.P
2-MI/ICOJI. (24)-4)0pﬂ4yﬂa0aH Qoiidananubd  Kyuudasu

Cmunmovec Unmecpasuiapu XUCOONAHCUH:
a) (S) [ xdg(x), 6y epoa

0, acap x=-1 o6yrca,
g(x)=<1, acap —1l<x<2 6yrca,
-1, aecap 2<Xx<3 6yica;

6a

0) (S)J% x?dg(x), 6y epoa

-1, aeap OSX<% oynca,

1 3
0, acap = <X<— 6yica,
p > > 2%

9(x) = 3
2, aeap X:E oynca,

-2, azap S<X£2 oynca.
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4a) 9(x) pyHKUMSHUHT X=-1 HyKTagard cakpamm lra, x=2
HYKTaJard cakpamm —2 ra TEHI XaMmJla x=-12 HyKTajJapja
9'(x)=0. YHuna (24)-dbopmynara kypa Kyiugarura sra 0yiamus:

(S)ixdg(x) = 1.1-0)+2(-1-1)=-1-4=-5

0) 9(X) QyHKIUIHUHT x:% HYKTaJara cakpamu Ira, x_g
1.3 o :
HyKTaJaru cakpamu -2 ra  TEHT Ba X# i oynranmga g'(x)=0.
Nuterpannu (24) —popmynanan ¢poiaananud XxucooiaiiMus:
Medgb)=( L) (0s0): (3] (20t 8. 17
(S){xdg(x)_(ij orip 3] 2052
3-MHCOJI. (24)-gpopmynaoan  otioananub  Kytiuoacu

Cmunmwec Unmecpasuiapu XUCOONIAHCUH.:
@) (S)[xdg(x), ) (S)[x*dg(x), ) (S)[(*+1dg(x).

X+2, acap —2<X<-1 oynca,
Ey epda g(x) =<2, azap -1<x<0 6yuca,
X*+3, aeap 0<X<2 6jnuca.
4 g(x) GyHKIUSIHUAT X=-1 Ba x=0 HyKTaJapuJard cakpaiiu
1 ra Teur xampga
1, aeap —2<x<-1 6ynca,
g'(x)=<0, aeap -1<x<0 6yuca,
2X, acap 0<Xx<2 o6yrca.

a) (S) [ xdg (x) = (((24)-dbopmymnanan

(bOﬁJIaHaHaMHB))Z Txdx + T X-2xdx+(-1)-(2-1)+0-(3-2) =

-1 2
+oX
2 3

2
3 _1:l_2 E_l_g
0 2 3 6

0) (S)Ixzdg(x) Ix dx+Ix 2xdx + (-1)% -1+

x3 |t x*
+_

+0-1=— 8 L
3|2 2

+1:—1+—+8+1:11—.
3 3 3

0

B) (S) j'(x +1)dg _f(x +1)dx+I X% +12xdx +

-2
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2

+0+1=
0

+[-2 +1] 1+ (02 +1)-1=(X744+ xj

404851 p
4 5 20

=) 5 2
Lo X
-2 5 2

4-mmcon. (22)-gopmyraoan ¢potidoananud, o00ouit Puman
unmeepanudasu Oynakiab uxnmezpaiiaul QHOpMyIaAcCuUHUHe OUp
YMYMIAUMACUHU KEIMUPAMU3!

Aumatinuk, u(x) ea I(x) yuxyusnap [a,b] xecmaoa abconrom
uHmeepaﬂﬂaHyequ 0y1uob,

U(x)=U(a)+ j ut)dt 8a V(t)=V()+ j I(t)dt OYICUH.
VHoa xyuudaeu c])opMsza ypuHﬂu oynaou:

j U (x)9(x)dx =U (x)V (x)| — jV(x).u(x)dx. (25)

4= iu ()90 dx (( (22)-bopmymaman doiigananamus
))=(S) j U (x)dV (x) =((bymakna® wuHTErpamianm dbopMmynacuiad

doiaananamus))= U (x)V(x) T

TV(X)-u(x)dx N 2

N3o0x. (25 )-popmynadazu u(x) ea 4(x) pynuxyusnap U(X) ea
V(X) @yHxkyusnaprune xocuiacu Oyaimaca xam, Xocuid asugacutu
baoscapanmu. Azap  u(x),%(x) eCla,b] 6yca, ynoa
U'(x)=u(x) ea V'(x)=93x)
o0yauob, (25)-gpopmyna o0outi 6yraxknab unmezpaiiaul popmynacuea
aunianud Koaaou.

4-§. CTUITbEC MHTETPAJTMHUHI TE€OMETPHUK
MAabHOCH BA HHTErPaJHU 0aX0JIalll.

13. CTuaThEC MHTErPAJTHUHUHT T€OMETPUK MAabHOCH.

Airaitnuk, f(t) Ba g(t) dbyHkusuiap oupop T =[a,b] OpaJIMKJa
aHUKJIAHTaH OVu0, KyWuaaru mapTiapHid KaHOATJIaHTUPCHUH:

1) f(t)eC(T) Ba f(t)>0,

2) 9(t) ¢dyHkoms T Ja KaTbUd YCyBYM OYIMO, Y3WIIMII
HyKTajapura (cakpaiuiapra ) sra OyJIUIIN XaM MyMKHH.
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Yoy
(8)] f ®dg () (26)

Ctuntbec MHTErpanuHu Kapanmus. Kyiungaru

x=g(t),
{y: f@t), teT (27)

napaMeTpuK TEHIJIamMajiap TEKUCIUKIAa OUpOp 7 YU3UKHHU, yMyMaH
OJITaH/1a Y3WJIMIILTa 3ra OYJIraH YN3NKHU aHUKJIanIu.
Arap 6upop t=t, Hykraga ¢(t) ¢pyHKIMS cakpaiira 3ra 6yica,
g(t, —0)<g(t, +0)
oynmamu. g9(t,-0) Ba  g(t,+0) HykTamapra y=f(t) dyskaus OV
ykugard 1 ta f(t,) HyKTaHU MOC KYSJIH.

(9, —0), f(t,)) Ba (g(t,+0), f(t,)) HyKTagapHu KecMma €paamujia
TyTamtupwica, 0y kecma OX Vykura mnapamwien Oyiaau Ba y
YU3UKHU {, HYKTAJaru CaKpamnaaH KyTAJIAMU3.

bomka cakpam HykKrajapujga XaMm M1y >Kapa€HHU aMaira
OIIUPCAK, 7 YHU3HMK Y3JyKCU3 YW3MKKa ailmaHaau. Xocuia Oyirad
Ju3uKHU [ Ae0 Oenrunaimus. (1-uyuzma)

»

y
f(t) T

f () |-

0 g@ g@t,-0) gt,+0) gb) X
1-yu3ma.

Onou (26)-unmeepannune xutimamu 1wkKopuoan I UYU3UK,
gyuuoan OX yku, én éxnapuoan x=g(@) ea x=g(b) eepmuxan
YU3UKIAap OUNAH 4e2apanianean 22pu YUUKIU Mpaneyusiune 13ued
mene OYIUUMUHU KYPAMU3.

T =[ab] KECMaHU y1IOy

a=t) <t <.t <t <..<t =b
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TEHICU3JIUKIIAPDHU  KAHOATJIAHTUPYBYM  HUXTUEPUU  HYKTAJIAp
épnamuga Kucmiapra axparamui3. Hartwxama, OX  ykujgaru
[9(a);g(b)] Kecma XxaM

g(@)<g(t) <..9(t) <9(t.,) <..<g(b)
HyKTaJ1ap €paMmuia Kucmjapra axpaiaiy.

m, = inf {f(t)} Ba M, = Sup {f (1)}

koteal [ty b1

ne6 Oenrunad, Cruntbec - JlapOyHUHr Kyl Ba HOKOpHU
WUFUHIUIAPUHU TY3aMU3:

n-1 _ n-1
S :kaAg(tk)’ S :ZMkAg(tk)
k=0 k=0

by HuFMHAWIAPHUHT KUWMAaTiIapu MOC paBullla OepuiraH
IMAaKJIHAHUT HWYujga €ETraH  Ba YHM Y3  HWYUra  OJITaH
KYynOypuakjIapHUHT to3ajapura TeHr Oynanu. (26)-uHterpai
SKUHJIAITyBYU OYJIraHU YUyH

n—o0 n—o0
(1—0) (A1—0)

b

fimS=/imS=8= (S)j f (t)dg(t)
oynanu.

14. CTuiarpbec HHTErpajM yY4YyH ypTra KHAMAT XaKuaa
TeopeMa.

dapa3 kwmainnk, [a,b] kxecmama Oepunran f(x) dyHKIHS
yerapajiaHra OyJICUH:
m< f(x) <M.

9- Teopema. Aeap [ab] xkecmaoa Oepuncan f(X) pyuxyus

MOHOMOH  yCy8uu  OYIUO, (S)Tf(x)dg(x) Cmunmvec unmeepaiu

magaHcyo oynca, y xonoa yuioy

()] F(0dg(x) = u-[9(b) - g (@)] (28)

meHeauK YpuHau oynaou, 6y epoa m<u<M.
<4[a,b] KECMaHU opalMkiapra Oynn0, CTUITbECHUHT
UHTETpal HMFUHANCUHN Ty3aMH3:

o= H(&)Ag(x,).

By TeHrnuk Ba m< f(x)<M TEHICHU3IMKAAH (oiganaHcak, Kyhuaaru
TEHI'CU3JIMKKA KCJIIaMU3:
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m-[g(b) - g(a)]< o <M[g(b) - g(a)]
by TeHrcuznukaa 1—0 Aa JUMuTra yTub

m-[g(b) - g(a)] < ()] f ()dg(x) <M -[g(b) - g(a)]

EKU
(S)j‘ f(x)dg(x)
90 -o@
DKAHJINTUHYU TolaMu3. Arap
(S)T f(x)dg(x)
4T 90— o@

nebd Oenrmnacak, m<y<M OYnuO, OXUPrH TEHIJIUKIAH HCOOT
KWIMIITUMU3 Kepak OyiraH (28)—-TeHIIMK Keaud yukagu. »

Harm:ka. Arap 9-teopemana f(x)eCla,b] Oyica, yHaa
IyHai celab] Hykra Tonuaaguky,

(S)] F()dg(x) = f(c)-[g(b) - 9(a)]

TEHIJIMK OaKapuiiaiu.

15. CTuiarbec MHTErpaJInHuU 0axoJIalll.

CTunpTeC MHTErPAJIMHYA YPTraHUII KapacéHuaa amanuéraa f(x)
byHKIHS y3IyKCu3 Ba ¢(X) (yHKIHS YSKIIM BapHualysra sra Oyiarax
X0JI MyXHUM axamudarra sra. byHmaint xonga CTHIThEC MHTETPATUHU
Kylnaarnda 6axojiamn MyMKHH.

10-Tteopema. Aeap f(x)eClab] 6a 9(X) uexkiu eapuauusiu
@yukyus o6ynica, yHoa

(S)] £ ()dg(x)

MEH2CU3IUK YPUHIU OVIIAOU.
by epoa
M =max|f(x), V :\7 g(x).

a<x<b

A CTunTheC MMFUHIMCUHU Ty3U0, YHH 0aX0JaiiMu3:

> F(E)Ag(%) = 3| F(E) Ag(x,)| <

o] =

< Milg(xm)—g(xk)l <MV (=M -V = (29).»
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11-Teopema. f(x)eClabl, g(x) - Yexkiu sapuayusiu GyHKyus éa

I:(S)j.f(x)dg(x) OyacuH. YHOa ve>0 YUyH 36>0: A<5 OVIeanoa

|O'—||S8-\b/ g(x) (30)
b6ynaou.

o= 3 F(E)A00) =3 [ 1500
> k=0 x, .

n-1 Xk+1

1 =(S) j f00dg(0 =Y | F(xdg(x)

kOXk

=lo-I|= ZJ f(&)— F(0Mg(x) <
snimk X].ldg(x) Zl: k{/g(x)— ((f(x)ec[ab] OYynranu yuyn Kanrtop

TeopeMacura Ki’fpa Ve>0YyUyH 35>0: 1<6 OYATaHAa o, <sO0Ynann))

n—1 X4

gZV g(x) = 5Vg(x) >

k=0

5-§. CTriIThEeC HHTErPAJIH 0CJTMCH OCTH/A
JJUMHUTIA YTHIIL.

16. 12-teopema. @Dapaz kunauaux, [a,b] kecmaoa
{f.(X)} (n=12,..) pyHKyuonan kemma-kemaux bepunear 6yauo,
amf (x) = f(x)

oyacun. Aeap
1) f.(x)eCla,b],
2) n—>w oa f,(x)f(x),
3) 9(x) ~wexau eapuayusnu yukyus o6yica, y xo10a

am(s)| £,(0dg(x) = ($)[ eim £,()dg () = (S)[ f(dg(x) ~ (31)

bynaou.
dn->o qma  f,(x)2f(x), OYIraHu ydyH Ve>0 OJIMHTaHAA Xam

IIyHJIal nye N COH TONMWJIAJAUKK Vn>n, Ba 0apya xe[a,b] Jlap y4yH
If.00-f(X)|<&
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TEHI'CU3IUK Oaxapunaau. YHAa 15-nmyHktaaru (29)-TeHrcusiavkka
Kypa n>n, Oyaranjga Kyiuaaru MyHOCa0aTHH XOCUJT KHJIAMU3:

()] £,(0dg(x) —(S)[ f ()dg (x| =

_ ‘(S) [[£,00- f (9Jg ()

<eV o= (31).»

13-teopema. Papasz Kunatiiux, [ab] kecmaoa f(x) Qyukyus 6a
{9,(0} (n=12,..) ¢@yHxyuonan remma-Kkemiux oOepuiean 0yIuO,
Kyuuoazu wmapmiap 0axicapuicum.

1) f(x) eC[a,b],

2)9,(x) (n=12,...)-ueKau sapuayusiiu QyuKyusiap,

3)\2 9,(x)<V (n=12,.),
4) timg, () =g(x).

Y xonoa
am(s)| f (x)dg, (x) = (S)[ f (xdg(x) (32)
oynaou.

< ABBasl TUMUT (QYHKIMS g(x) HUHT YEKJIM Bapualusra sra
OYNUIIMHY KypcaTaMu3: OyHUHT yuyH [a,b] kecMaHu yioy
aA=X <X <..<X,=Db
TEHICU3JIMKJIapHU KAaHOATJIAHTUPYBYU UXTUEPUIN HYKTaJIap
€paamMuia Kucmiiapra axparuo, vne N y4yH

mz_|9n(xk+1)—9n(xk)| S\; 9,0 <V

TEHICU3JIMKKA 3ra Oynamu3.by TEHrcu3iaumkaa n-—>oo J1a JUMHUTTa
yTaMu3:

mz_l|gn(xk+1) - gn(xk)| S\b/ gx)<sy =

= g(x) -4EKJIM BapUalUsIIA PyHKIUA .
Ouaum  (32)-TeHrnukHU — ucOoTinamra yramus. CTuiaTheC
WUFUHIUCUHU Ty3aMU3.

|_‘

m—

o= f(4)A9(x,). f (489, ().

=0

=~
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Ve>0 COH OJHMO, OpajJuKHM IIyHJal KWYMK OYnakiapra
oymamMu3ku, f(x) (PYHKUUSHUHT Xap OUp OpajuKIaru TeOpaHHUIIN
o <& 65'0121;[1/1.

Yunpa (l1)-teopemara kypa KyWuaarda TEHICU3JIMKJIApra osra
oynmamMus:

<g-V

o—(S)[ f(x)dg(x) (39
2 33

o, —(S)T f()dg, (x) <&-V

MKKHMHYM TOMOHJAH, N - Ja o, >0 =
dn,eN: Vn>n, 1a
o, —ol<e (34)
oynamu. Yaaa n>n, Oynranma (33) Ba (34)- TeHrcuU3IMKIapAaH
KyWHIarujiapHu XOCHI KUJIaMU3:
‘(S)i f(x)dg, (x) - (S)i f(x)dg(x) (S)i f(x)dg, (x) —o, |+

<

+|O'n—0'|+ <g-V+g+g-V:(2V+l)-g;::) 32

o—(S)[ f ()dg(x)

6-§. UKKUHYHM TYp 3rpH YU3UKJIM UHTETPAJTHA
CTHiITheC MHTErpaIura KeJTHPUILL.

17. A¥tainuk,
jf(x,y)dx KM (If(x,y)dy) (35)

AB AB

2- Typ 3TpHU YM3UKJIU UHTErpan Oepuiran 0ynuo,

AE:{X:¢(t)’
y=yt)as<t<p

OYJICHH Ba t mapaMeTp « JaH g ra Kapa0 XapakaTJaHraHjJa yHra
MocC ((o(t), w(t)) HYKTa A JaH B ra Kkapad xapakaTJIaHCHH.
[, p] KeCMaHU yIIOY
a=t, <t <..<t, =p
HyKTajap €paamMujiard UXTUEPUN OYIMHUIIMHU OJHO, A =(o(t),
w(t,)) Oe0 OenruaanMms.
vz, €lt,.t,..] HyKTagapra Moc KeJIyBUH HyKTaHH M, Je0 Ocnruiad
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j f (x,)dx

AB
YYyH HMHTErpall MMTUHIWHU TY3CaK, Y KyMHJAru KypUHHUINTA 3ra

oynanu:
=3 T MIAK) =3 o) w )Rt

TaOuuiiky, TEHIIIMKHUHT YHT ToMoHujaru udoma CTUiaTbeC
UHTETpAIM yYyH HMHTErpajl WUFUHIA OYymaau Ba Oy TEHIJIMKIAH
A — 0 J1a Kylujard TeHIJIMK KeIu0 YMKaJIu:

B
[ fxp)ax= )] f o).y O Ho®). (36)
Xy 11y Kkabu ymoy
B
[ f(x2)dy = )] Ho®.w OHp ). (37)

TEHIJIMK XaM YPUHIIU.

(36)- Ba  (37)-tenrmukiapaaHn  (35)-3rpu YMBUKIU
WHTETPATHUHT MaBXYJINTH XaKuja KyWHJaru TeopemMa Keauo
JUKAIH:

Aeap t(x,y) @yukyus y3nykcusz 6a oft) (éxu y(t)) dyuxyus
yexu sapayusiiu Qyukyus oyica, y xoaoa (35)-unmeepan masxicyo
oynaou.

Xycycan, AB sepu uusux myepunanysuu, P(x,y) eéa O(x,y)
Qyukyusap yaiykcus oynca, yHod
[P(x, »)dx+Q(x, y)dy

AB
uHmezpan AKUHAQUWLYSYU  OYIA0U  Xamoa Kyuuoacu meHeauK

badicapunaou:
B B
[P0 »)dx+Q(x, »)dy = ()] Plp (), () He(t) + (S) [ Qlo®).w ) Hy (t).

AB

Ha3zopar caBosuiapwu.
1. CTuTheC MHTErPAJIU TYIIYyHYACH.
2. 1ap0y — CTUIThEeCHHHT KYilH Ba IOKOPU HUMTHHAWIAPH XaM/1a
YJAPHUHT XO0CCJIapH
3. CTWiIbec HHTErPAJTMHUHT MABKYAJIUK HIAPTH.
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4.

5.

10.

11.
12.

13.

14,

f(x)eCla,b] Ba g(x)T 0V.ca, (S)jf(x)dg(x) MAaB3Ky/J JKAHIUTH

UCOOTJIAHCHH.
f(x) (PYHKOHUA [ab] A R-HHTErPAJUIAHYBYH, ¢g(x) (PyHKUUA

b
JIunumuun mapTUHU KaHOATJAHTHPCA, (S)jf(x)dg(x) MAaBKY/l

IKAHJUIYA UCOOTJIAHCHH.
f(x) GyHKUMA [a,b] 1a R-MHTErpaliaHyBYH,

g(x) =c+ [o(t)dt
(pt) dynxkmus [a,b] ma abcoaT MHTerpauIaHyBuM) 0yJica,

b
(S) j f (x)dg(x) MaBKy/l IKAHJIUTHA UCOOTIAHCHH.

. Ctnarbec HHTECIPAJUMHHUHI XO0CCaAJTapH.

. (S)J f(x)dg(x) Ba (S)j f (x)dg(x) (a<b<c) HHTErpaJlJIapHUHI

b
MAaBKY/Jl OYJHINNIAH (S)jf(x)dg(x) HHTETPAJHUHI MAaBXKY/

OyJMIIM KeJU0 YUKHMINKA IIAPT 3MACJIMIMHU KYpPCaTyB4YHd
MHCOJI.

. Ctuarbec  WHTErpasu  y4yH Oyjaakiad MHTerpauiam

¢popmyiacu.
f(x) pyHKOuUA [ab]aa R-uHTErpaIanyBuMm,

g(x)=c+ (bt
(p(t) ¢pyHKOHMS [a,b]aa a0COJIOT MHTErpaLIaHyBuH) OyJica,

(S)jf(x)dg(x) CTuiaThec MHTErpaJuHd xucodoaam  (6-

TEeopemMa).
Cruiarbec HHTErpaJuHu xucoodJam (7-reopema).

Arap f(x)eCl[ab] 0yca, (S) j f (x)dp(x) XHCOOJIAHCHH.
Arap f(x)eC[a,b] 6y.1ca, (S)[ f()dp(x—c) XHCOGIAHCHH.

Arap f(x)eC[a,b] OyJica, (S)j-f(x)dp(c—x) XMCOOJIaHCHH.
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15.

16.
17.
18.
19.

20.
21,
22,

CTuiTbec HMHTErpajJlMHM YMYMHH XoJiaa xucoOuaam (8-
TEeopemMa).

CTuiiThbec MHTErPAJIMHH XMCOOJIalIra JOUP MUCOJLIAP.
bynaxkaa6 uaterpa/uiam GopmMyJacCMHUHT YMYyMJIANIMACH.
CTIiiTheC MHTErPAJMHUHT TeOMETPUK MAbHOCH.

Cruiarbec HWHTErpajJu yY4YyH Yypra KUHMAT XaKUJIaru
TeopeMa.

Cruiarbec HHTErpaJuHu 0axoJiail.

CtuiiThec MHTErpaJu 0eJITMCH OCTHIA JUMUTIA YTHIIL
NKkuHYA TYyp J3rpd YM3HKIM HHTerpajJHu CTWwiThbec
HHTErpaJiura KeJTHPHUILL
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[11-BOB.
MaiionJjap Ha3apusicu 3JIeMeHTJIapH.

Cxansip MaiiI0H TYUIyHYACH.

MaiigoH GyHKIUSICH.

Carx cupTiiapu Ba caTx YU3MKJIAPH.
Wynannm 6yiinya xocuia.

Ckausip MaliJIoH rpajveHTH.

CHUpPTHHHT YPUHMA TEKHCJIUTH Ba HOPMAJIN.
BekTop MaliI0OH TYILLYHYACH.
CyIOKJIUKHUHT OKUMH XaKUJard MacaJja.
Cranuonap oKum.

BekTop MAaHIOHHUHT OKUMHU.

BekTop MallIOHHUHT TUBEPreHUUACH.
OcTtporpaackuii — I'aycc (popMyJJaCHHMHT BEKTOP KYPUHULIH.
Potop, nupkyasnusa Ba CTokc (popmyJiacu.
[Horenumnag MauI0H.

I'aMmuIbTOH OnepaTropu.

by 0001a 6u3 kyn y3rapyBunMiau QpyHKUMsIAp HA3APUSICUHUHT
0ab3u MacanalapuHu (pU3MK HyKTau HazapAaH ypraHamus.

1-§. Cxansip MaiiIOH Ba YHHU reoMeTpPHUK udoaana.
Nynanuim 0yiinya xocuia.

18. Ckajsip MaiiJIoH Ba YHM reoMeTpHK HoaaaIil.

1-tabvpud. Acap gazo éxu pazo Kucmunune xap oup Hykmacu
P 2a oupop ckansap u(P) Kutimam moc Kyuuica, y xXoaoda oepuean
¢pazoca ckanap maidon, u=FP) @yHKyusica 3ca MalooH
¢yukyusacu oe6b amanaou.

Macanan, Oup KuUHCIM OyiIMaraH XKUCMHUHI Xap Oup
HyKTacura Iy HyKTaJard 3WWIMKHH MOC KyWuIn &paamMuia yHU
CKasip MaijgoH 1e0 Kapam MyMKuH. bormika ckanasp wMaigoH
cuaTuga JKHUCMIArd TEeMIIEpaTypaHHHT TapKAIMIIUHA KYPHII
MYMKHH Ba X0Ka30.
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Arap ¢azoma Oxz KOpAWHATAJaAp CHUCTEMACHUHU KHUPUTCAK,

yHJ1a MaiiIoOH (OYHKIUSICUHU
u=u(P)=F(x,»,2)

JIEeUHII MYMKHH Ba aKkCHH4Ya, Xap Oup u=F(x,y,z) QyHKIUS OUpOp
CKaJISIp MaJOHHW aHUKJIAW Y.

Ckanmgp MaloH KyNHMHYAa TEOMETPUK KYpPUHMUIIAA CaTX
cupTiapu épaamuaa udoaanaHagu.

u=F(x,y,z) Mali0H (QYHKUMACH €pJaMuia aHUKJIAHTaH CKaJIsp
MAaUJOHHUHT €CATX CHPTJIApH

F(x,y,z)=c

TEHIVIMK €paamuaa aHukna”Hagud. Ilapamerp ¢ ra xap Xui
KUHAMaTIapHu Oepuinl €paamMuja caTX CHPTIApH OWIACHHHM XOCHII
KUJIaMU3.

Macanan, u=x’+)’ +z°HuHe camx cupmiapu O0yaub, mapkasu
KopouHamauap 60wuoa Hcouiauean

X +y*+2° =¢

chepanap ounacu xuzmam Kuiaou.

dazomaru ckajasip MaijjoH OWJIaH OUp KaTtopja TEKUCIUKIAru
CKaJiIp MAaWJIOHJIAPHU XaM KypuIll MYMKHH: Z=f(X,y) - mMailJoH
Gynkuuscu, f(x,y)=c - carx YM3UKJIapH.

Macanan, z=x*-)> yuyn camx uusuxiapu 0yaud, c=0 0a
{x* —y* =c} meHne momoHaU eunepooaanap, c=0 0a 2ca y=+x myepu
YUIUKTAP XUSMAM KUTAOU.

19.Mynaaum 6yiinya xocuia.

Avraiiink, auddepeHUamIaHyBUM  u=F(x,»,z)  MaWJIOH
(GyHKUUsICK OepuiraH OYIICHUH.

Ckansip ManoHa UXTUEPUM P HYKTA OJIAMU3 Ba P HYKTaJaH
YUKHO,

- -

1 =COSa-T+COS,B~T+COSy- k
OupiMK BeKTOp OVinad WyHalraH ¢ HypHH Kapaiimus. @apas
KWIAWIIMK, P(x+Ax,y+Ay,z+Az) HYKTa ¢ HypJlaru OOIIKa HyKTa
OyJICHUH.

A,U)=F(R)-F(P)=F(X+AX,y+Ay,z+Az) - F(X,»,2)
Ba
Al =|PP|
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ne0 OenrnIanMus.

ZA

2-9u3Ma.

AU y
2- Tabpud. ArapA—} - Masacyo 8a uekau Oyica, y Xon0d uLy

Al—0

JUMUMHUHE Kuumamuea u=F(X,y,z) @yHKyuaoan ( UYHAIUW
. . y ou(P)

Oyuuua xXocuilanunz P HyKmaoacu Kuiumamu oeuunaou 8a 5
Kaou beneunanaou.

Jlemak,

. AU F(X+AX y+Ay, 2+ A7) -F(z, 9,2
W, A i POy A0 2+82) “F (2 0,2). (1)
ol A0 Af A0 AN

1-Tteopema. Aecap u=F(x,y,z) @QyHKyus P(x,y,z) HYKMAHUHS
oupop ampoguoa oupgepenyuarnanyeuu oOyaca, y xoaoa 0Oy
QyHKYUusHUHe P HYKmMaoawH YymeaxH uxmuéputi ((cosa,cos f3,cosy)
UyHaIuW Oyuuda Xocunacu maexcyo 0yaub, Kyuuoacu meH2aIuK

bascapunaou:

ou

= F/(x,,2)-cosa+F/(X,y,2)-cos B+ F/(x,y,z)-cosy. (2)

«42-un3MaziaH KypUHAIUKHY,

AX A A
COSazA—E, cosﬂ:—y CoOSy =—

TEHIJIMKIIAD YPUHIIU. =
AX=Al-COS, Ay =Al-cos [, AZ=Al-CcoSy . (3)

AU =F(x+AX,y+Ay,2+A2)-F(z,»,2) = ((F(x,»,2)
(YHKIUSTHUHT muddepeHimanianyBun DKAHJIUTUIAH

doinananamus))= F,(x,y,z)Ax+ F, (X, 2)Av+F, (X, y,2)Az+
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®
+0(p) = ((p = AL =/ AX* + AY? + A2%)) = F.(X, y, 2)AL.
cosa +F, (X, y,2)-Alcos B+ F, (X, y,2)- Alcosy +o(p) =

:>—:£imA—_ F (X, y,z)COSa+F (X, v,2)cos B+

(p)

+F, (X, y,2)Cc0S y + fim === =F (X, y,2)cosa +

+F,(x,,2)cos B +F, (X,y, z)cosy . B>
Mucoiap. 1) u=x*-2xz+)%, RL2-1),

. ou(PR,
P,(24,-3) 6a (=PP, byica, % XUCOOJIAHCUH.

APP, = (2-1)- 1+(4=2)- j+(-3+1)-k = i+2 j—2k.
OHIn PP, ra MOC OUPJIUK  BEKTOPHU  TOMaMU3:
PP, \/1 +2° +(—2)

2 2 e 1 2
CoOSa - 1+C0S f3- |+cos;/-k:c03a:§; cosﬁzg; CoOSy =——

ou

=(2x-212), =2+2=4 u

ol oy
(2)-popmymnara onmbd 60pud KWH/I6 TOIIAMMU3 :
ouP), 1, 2 16

_a.lig.2 52 16
Y, 343775

P, A

:2y

51 51

1 . x?
2) z=In(x+2y), Pl(l;E) 64 ( MySpu YUSUK y == napabonianuxe P,

< v 0z
HyKmacuza ymxasuiear ypunma oyica, = |, MONUICUH.
Pl
ABBaJI YpUHMaHMHT Oypuak KO3((PUIHUEHTUHH TONAMMU3:
tga=y')=—| =1l=Da=45=

x=1
:>/3=90°—a=45°:>c05a=cos/3:72.

1

B 1. oz
Pl_X+2y

2
P X+2y

0z
X o 2 oy
(2)-popmynara onud 60pud KYHHO TOaMuU3:
V2 V2 _3v2
ERE

=1.

P

0z

ol

P

4

1
2
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2-§. Cxkajasip MAaIOHHUHT T'PAJHEHTH.
CHUPTHUHHTI YPUHMA TEKUCJIUTA Ba HOPMAJIH.

20. Cxajgssp MAaIOHHUHT TPAAHEHTH.

Ckangp MaWJIOHJIApHU VYpraHuml kapa€Hujaa u=F(x,y,2)
MaiiioH (QyHKUMsCH OwinaH OuUp Karopja CKaIsp MalJOHHUHT
IpaIueHTH A0 aTalyBuUd BEKTOP XaM YpraHuau.

3-tabpud. u=F(x,y,z)Maludon  @yHKyusiscu  eépoamuoda
AHUKTIAH2AH CKAIAP MAUOOHHUHZ P(X,y,z) HYKMACUOA QAHUKIAH2AH
yuoy

F, (X, y,2)- i+ F (X, »,2) ~_j>+ F,(X,»,2) K
8eKmMopea CKaaAp MAUOOHHUHZ zpadueHmu Oeb® amanaou 6a y
grad F(x,y,z) Kabu bercunanaou.

Jlemak,
grad F(xy,z):=F/(x,», 7)-i+ Fl(X,,2)- j+ F/(X,, 7)-K (4)

€KHM KUCKa4da
ou > ou 7 ou '
radu=—-i+—- j+—-Kk 4

JKaH.
ou oo oo
u=F(x,y,2) (byHKuI/IHHI/IHr rpalvCHTH Ba & HMYyHaJIUII 6yI/Ian

XOCWJIa opacujard OOFJlaHuIl KyHuaaru Teopema EpaamMujia
udonananagy.
2-Teopema. Azap

- -

¢=1=cosai+cosp- j+cosy-k

bynca, ynoa
ou
du=2
np, gradu=— (5)
b6ynaou.
A Dapa3 KWK, u=F(x y,z) OVJICHH.
Bekrtopnap anredpacusian MabiIyMKH,

np, gradu:(gradu,I)
TEHIJIUK YPUHIIA = np, gradu=(gradu,f):

= (Fl(X, 3, 2)- 1+ F) (% 3,2) - J+ F(% 3,2) -K;
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cosw?+cos,8-f+cos;/-k): F,(X,y,2)-cosa +
=F,(x,,2)-cos B+ FZ'(X,y,Z)-COSy=Z—l2.>

NyHanum Oyiinya XOCWUJIAHUHT TabpupUIaH KYpPUHAIUKHY,

0 0 o > L.
a—;>o (a—z<oj oyica, yHIa u=F(x,y,2) byHKIMS (  WUYHAIUIIN

-

oy o 0
oyiimya ycaau (Kamasad). = a_l; xocuiaa  (yHKIUSHUHT /

nyHanum Oyiinuya V3rapuin Te3nuruHu Oepanu. by dakt Ba (5)-
TCHIJIMKAAH np, gradu KaTTAIMK u=F(x y,z) CKaJIsAp MAWJOHHUHI !
HyHanum Oyiinda Y3rapuiil Te3JIMTMHU OCPUILIMHUA XOCUJT KHJIaMU3.

¢ OMPJIMK BEKTOp Ba gradu BEKTOpJap opacuaard OypyakHU ¢
ned Oenruiacax,

N

14
I

1

np, gradu=(gradu, Z)=|gradu|- cos ¢ =|gradu|-cos ¢

oynanu. Yuaa (5)-TeHIVIMKKa Kypa
ou
= _laradul-
> gradul - cos ¢ (6)

TCHI'NIMKHH XOCHUJI KWJIaMHU3 =

ou
o — dul .
(5], lorac

OXupru TEHrJIuKAaH KyWujaaru xXyJjioca Kejau0 YuKaau:
gradu WYHOQU 8eKMOPKU, VHUHE UYHAIUWU MAUOOHHUHE HE KAmma
yeuw uyHanuwu ounan, |gradul oca ycuw mesaueu OUIaH ycmma ycm

MmyuLaou.

OHAU MaWJOHHUHT P,(X,, vy, Z,) HyKTacuaaru gradu=grad F(x,y,z)
BEKTOPM Ba P, HYKTaJaH YTYBUYM CaTX CUPTIAPUHU KaHOaAu
JKOMJIAIITaHJINTUHU aHUKJIaUMU3.

AWTaWNuK, P, HyKTaJlaH YTYBYM CaTX CHPTH

F(x,y,z)=¢, 6KH F(x,y,2)—¢, =0 (7)

OysncuH. L 3rpu yu3WK dca (7)-cuptiaa €TyBUM Ba P, HyKTaJaH
YTYyBYM 3TPU YMU3HUK OYIMO, YHUHT TEHIJIaMacH
X = X(t),

y =),
z=12(t)
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napaMeTpuk KypuHuijga Oepuirad OyncudH. byHaa x(t), y(t), z(t) -
nuddepeHuanianyBud QyHKIusiap Ba x, =x(t,), v, =v(t,), z, = z(t,) .
by uu3ukK cuptiaa €Tranu yuyyH

FIx®). »®. 2(t)]-c,=0
oynanu. by TeHrnukna t mapamerp Oyiimua — auddepenHuuaniao,

KYyMHAJAaruHu XOCHUJI KUJIaMu3:
oF oF oF

&-x’(t)+g-y’(t)+5-x’(t)=O.
Arap t=t, 1ecak, yHaa
F;(XO,yO,ZO)-X'(to)-I-Fy'(XO,yO,ZO)-y'(tO)-I-FX'(XO,yO,ZO)-Z'(tO)ZO
Oynanu. by TEHIJIMKHY Yan TOMOHHM UKKHUTA
grad F(R)= Fxl(xo’yo’Zo)'i"‘ Fyl(xo’yo’zo)'i"' le(xo’yO’Zo)'EBa

r'(to) = X'(to)' i+ y'(to)' I+ Z'(to) -k
BEKTOPJIAPHUHI CKAIAP KyMaWTMacura TEHI. r'(t,) BEKTOpP L O3IpH

YM3UKHUHT YpUHMAacH Oyinab iyHanran (3-unzma).

z
A

F(x,y,z)—c,=0

0 > Y

3-yu3Ma.

Jlemak,
gradu(P,)-r'(t,) =0. (8)
Arap gradu(R,)) =0 OYiica, yHaa (8)-TeHIJIMKKA Kypa
gradu(P,) L r'(t,)
Oynamu.= OTrpu YU3UK UXTUEPUA OYIATaHu ydyH gradu(P,) @exmop
CUPDMHUHZ camX Cupmu ycmuoacu P, HyKmacuea ymrkasuiean bapua
YpuHmanapuea L 6yaaou.
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21.CHUPTHMHI YPUHMA TEKUCJIUTH Ba HOPMAJIM.

AWTalIMK, CUPT

F(%,2)=0 )
TeHINIaMa €paaMuaa oepuiirad 0yiauo, P,(x,,,,2,) HYKTa Iy CUPTAaru
HyKTa Ba gradF(P)=0 OyicuH. YHAA (9)-CUPTHMHI P, HYyKTacura
YyTKa3wiIrad 6apya ypuHManap Ourra gradF(P,) BeKTopra L Oyiran
tekuciaukaa €raau. Iy Texucnukka (9)-CUPTHUHT P (X%, Y. Z,)
HYKTacUra yTKa3wiraH YPUHMA TEKUCIUK TCUUIIAIH.

YpuHMa TeKUCITUKHUHT TEHTJIAMACHHU TOTIAMU3. Y HU

A(X—X,) +B(y—y,) +C(z—2,) =0 (10)
YMYMHUHN KYPUHULIIA KUAUPAMUAS.
gradrF(R,) = F; (X, o, Zo)'?"‘ Fy,(XO’yO’ Zy) 'T"‘ F, (%0170 20) E
BEKTOp Oy TEKUCIMKKAa | OYyJraHu y4yH, YyHUH YpUHMA
TEKUCIUKHUHT HOPMaJI BEKTOPH J1e0 KaOyJ1 KUIUII MyMKHH. =

A=F (%X Y0:2), B= Fy'(xo'yo’Zo)! C=F(X:0:2) -

JleMak, ypuHMa TEKHUCIMK Ba HOPMAJHUHI KaHOHHK
TEHTJIaMajlapy MOC PaBHUIIA KyWHIard KYpUHHMINTA dra OYaau:

FX'(XO,yO,ZO)~(X—XO)+Fy'(XO,yO,ZO)-(y—yO)-I-FZ'(XO,yO,ZO)-(Z—ZO)=0 (11)

X—Xo Y—=Xo -1,

F (X0, Y01 20) ) Fy'(xmyo’zo) ) F, (Xo1 Y01 20) (12)

Mucoguap. 1) x*+2y-z>-5=0 oup namiaiu eunepboioudHuHe
P,(2;-1;wl) nykmacuea ymxazunean ypunma mexKuciuk 6a HOPMA
MeHenamanapu MmonuiCuH.

AF(x,y,2)=x>+2y—-2> -5, x,=2, y,=-1 z,=1.
F, =2x, Fy’ =4y, F,=-2z= F/(R)=4 Fy’(PO) =—4; F/(R)=-2.

(11)-TeHriMkka Kypa ypHHMA TEKUCIIHK TCHTJIAMACH

4(x—2)—4(y+1)—2(z-1) =0 €KH 2x—-2y—z=5
(12)-TeHrauKKa Kypa 3ca HopMall TSHIJIaMacu
Xx—4 y+1 z-1 .. Xx—2 y+1 z-1
¢ a2 M T T

OYJIUIINHU TOTIamMu3. P>

2
2) z=x2+y? IMAUNMUK napadonrouoHune P,(L-2;3) Hykmacuea

)?mka3wzeaH Ypunuma meKucCjiuKk e6d Hopmal meHoiamaiapu
monujiCuHn.
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2

4F(X,y,Z)=X2+y?—Z; Xo=1 Y,=—2 X, =3 =

=F({P)=24, =2, F,(R)=y =-2 F/(R)=-1= VYpuUHMAa TEKUCIHUK
0 PO
TEHIJIaMacCHu:
2(x-)—-2(y+2)—(z—3)=0 = 2x-2y-z-3=0
Hopwmai tenrinamacu:
x-=1 y+2 7-3 >
2 -2 -1
gradF(P,) BEKTOpP HOPMAJIHUHI WYHAJITUPYBUU BEKTOPHU

-

OynraHu ydyH OUpPJIMK HOpMal BEKTOp n Kyhuuaru dopmyna
€épaamMuaa TONMUIIAIN:

o gradF(R) _ FI(R) I+ Fy(R)- + F/(R) K 1
oradF R IR (eI TR RT + )T

3-§. BexTop MaiiioH.
CyHOKJMKHHHT OKUMH XaKHJard MacaJja.

22. 4-tappud. Aeap ¢azo éxu azo Kucmunume xap oup

HYKmacu Mea 6upop o(M) 6eKmop MocC Kyliuica, y xon0a bepuneat
Gazoea 6eKmop mMamdoH oeuunaou.
@ BEKTOPHUHI KOOpAWHATA yKJapura nmpoekuusinapu P,Q,R
nap M HyKTa KOpAuHATaJapUHUHT QYHKIMSIIApY OYI1aan:
P=P(xy,2), Q=Q(x,y,2) R=R(xY,2).

Jlemaxk,
G =D(M) =P(x,y,2) 1+Q(x,7,2) j+ R(X,7,2) -k
XycycaH, MaiJIoH TEKUCIUKIa Oepuirad 0ymica

D=P(xy) 1+Q(x3) ]

oymanu.
OHJIM CYIOKJTUKHUHT OKUMH XaKHAard MacajJaHu Kypamus.
CyroKJIUKHUHT  (da30daru  OKUMH MacajlaHh KapanMm3.

Aliraitnuk, ¢dazomaru M(x,y,z) HYKTaJaH YTyBUM 3appayaHUHT

Te3mmry 9 GYaub, y hakar my Hykrara GOFINK Ba BAaKITa OOFIHK
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oynMacuH. By mapTHM KaHOAQTJIAHTUPYBYM OKHMIa CTAIHOHAP
OKHUM Jcruinaau. YHaa
9=89,(xy,2)- 1+9,(x,3.2)- j+8 (% »,2) K
Oynmanu, Oy epma 9,9.,9 Jap TE3IUKHHHI KOOpJAWHATA YKJIApUIa
npoekuusuiapu. CyIOKIUKHUHT 3UYJIMTHHU p=1 nebd omuo,
S CUPT/JIaH YTYBUYM CYIOKJIUKHUHT OKUMHHH, 'bHU OUP BaKT OUPIIUTH
opaluruja Wy CHPTIAH OKHO VYTyBYM CYIOKJIMK OKUMHWHHUHT
MUKJIOPUHHU XUCOOJIaiMM3.
1-x04. Aesan xycycuil Xo1Hu Kypamus.

Dapaz Kunannux, $ me3nux oapya HyKmaiapoa oup Xui 6a S cupm
meKuc waxkioan ubopam 0)JICUH.

4-qu3zma.

bup BakT OWpaUryd opamufuja S CHUPT YCTHAATU CYIOKJIUK

3appavaiapu ¢ BEKTOp WYHaIWIIM OYilnad, yHUHT Y3YHJIUTUTA TEHT
V30KJIMKIAru S, CUPT ycTura yraaud. bup BakT opamuruga S
CUPTAAH YTTaH CYIOKJIHUK MUKIOPUHU [I JIECAK, Y COH >KUXATUJIAH

ACOCH S Ia Ba ICOBYHCH ¢ Ta TCHT OY/IraH MITMHAPHUHT XaKMHTa
TeHr Oynanu. by nMIMHAPHUAT OanaHJIUTHHU h Jecak,

I1=S-h
TEHTJIMKKA 3Ta OyiaMus.

AWTalIMK, n-S CUPTHUHI OUPIUK BEKTOPH, ¢ 3Ca n Ba

BEKTOpJIap opacuaaru Oypyaxk OYyJICHH.
YHna

-

9

N

h=|9-Cosp=|9 E-Cos<o=(§,ﬁ)
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oymanu.

Jlemak,

T=(9-n)-S (14)
TEHIJIMK YPUHIIM DKaH.

2-X0J1.  DHOU ymymuti XOoaHu Kypamus. Aumatinux, ¢azooa
CYIOKAUKHUHS Me3NUSU XOCUL KUICAH

3:19X(x,y,z)-T+19y(x,y,z)-T+192(x,y,z)-E
8EKMOp MAtOOH 68a L (hazosuil yusuk OUlan 4e2apaianean S cupm
bepunean 6yacun. Gapas KUIaUIUK, Xap OUp M S HyKTaza

N

ﬁzCOSa-T+Cosﬂ-T+Cos;/-k
OUPJIUK HOpPMal BEKTOp AaHWKJAHTaH Ba YHUHT HYHAITUPYBYH
KOCUHYCJIapU (X,Y,z) KOOpJAMHATaJTapHUHT (YHKIUIACU cudaTuaa
y3JIyKcu3 OyJicuH. bup BakT opanuruja my S CUpTAaH OKMO YTra
CYIOKJIMK MUKJOPU 7 HU XUCOOJaUMMU3.

5-yns3ma.

By Xonma ¢ Te3iauKk HykKTara OOFJIMK paBHINA Y3rapraHu Ba S
CUPT TEKHC IIaKigaH wubopar OYynmaraniauru cabadomu (14)-
dbopMynaHu TYFpUJAH TYFPHU KYJIs1ad OyamMaiau.

YMmymuii xonaa 1 HM XUCOOJall y4yH KyWUJAaru UIUIapHU
OaxkapaMm3:

S cupTHU UXTUEpPUN yCys OWJIaH n Ta KHYUK

AS},AS,,...AS,
CUpTJIapra akpaTamu3 Ba Xap OUp AS, Aa UXTUEPUU M, (x,y;,z) HYKTa
oimnb, M, HyKTajgarm S CHpPTra YTKa3wiraH OHUpJIUK HOpMal
BEKTOPHU

n, (N =Cosai+Cosf - j+Cosy,-k) neb Oenrmmaiimus. Yuma (14) ra

Kypa
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HZZAIYI ~ Z(gl ﬁ.) - AS, (15)
i-1 i-1
oynagu. by epna
Ei :"gx(xi’yi1Zi)'7+‘9y(xi’yi7Zi)'T+‘92(Xi’yi’Zi)'E
Ba Al -AS,CHPTAAaH VIraH CYIOKIHK OKHMH MHUKIOpH. Arap
A=max diam(AS,) ne0 Oenrmnacax, Kyduaars TEHTITHKIAPHE XOCHI
KIJIaAMU3:
e ém;(gi- ni)AS; = £im iZ_;[&X(xiyizi) .Cosa, +
9y(XiJ’iZi) -Cosfg +9,(%,z) - Cosy ]'Asi =

= ” (8. Cosa +3,Cosp +.9,Cosy)ds =” (§- H)dS :
S S

ynnai Kunub, S cUpTAaH OKUO YTraH CYIOKJIMK MUKJIOPHU 17
OMpPUHYY TYp CUPT UHTETPAIIUA EplaMuia XUCOOIaHap IKaH:

17 = [[ (8- n)ds =[[ (8,Cosa + 8,Cosp + 9,Cosy)ds . (16)

4-§. BekTOp MAaIOHHUHI OKMMHM.
MucoJap.

23. BekTOp MaliJIOHHUHT OKUMM.
AWTainuk,

®=P(x,7,2)- 1+Q(X.7,2)- [+R(X,»,2)- ]
BEKTOp MalJIOH Ba S cuUpT OepuiraH OyicuH. Papa3 KWIailmK, S
CUPTHHUHT Xap OUp HyKTacHuaa

N

E=c03a7+cos,8-?+cos%k
OMPJIMK HOpMaJl BEKTOP aHUKJIAaHTaH Ba HYHAJITUPYBUYM KOCHUHYCIIAP
(x,y,z) ~KOOpAWMHATAIAPHUHT (GYHKIUICH cudaTuga y3JIyKCu3
oyincun. Onguarn wma3ygaru (16)-popmynanan  doitnananuo
Kyinaara TabpudHu oepamus.
S-Tabpud. Vuibdy

17 = [[ (@ n)ds.[[ (PCosa +QCosp +RCosy)ds  (17)

cupm uLmezpaiuea @ 6eKmop MauOOHHUHZ OKUMU OeUU1a0u.
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N30x. Aeap S={z=p(x,y)} 6yaca 6a f(x,y,z)=®-n
beneunauiHu Kupumcax, yHoa (17)-cupm unmezpanu

I o2y jj f1x o1+ 0l () + oy o fady  (18)

gopmynaoan gbou()aﬂaﬂum époamuoa UKKu Kappaiu ummezpaied
Keamupuwl uyau ounan xucooaanaou. by epoa D, -S cupmHune Oxy

MeKUCIUKOA2U NPOEKYUSICU.
Xycycuii xonaa, ®=R(xy,z)-k 0y1H0, y —yTKup Oypuak 6yica,
yHAQ

H(1=7) H R(x, y,z)Cosyds = ((Cosy = !

J1+ (@) + (@)’
Ba ds =1+ (p)’ +(p,) dxdy)) = [[ R[x, y,0(x, ) ey (19)

oynamu. Arap y-yTMmac Oypuak Oyica, yHaa Cosy <0 OYViIu0
17 == [[ R[x, y,0(x, ») by (20)

TEHIJIUK YPUHIIU OYIaiu.

24. MucoJap.

1-MuC0Ja. Aeap S:z=x*+y*atinanma napaboirouoHune x>+ y*> =4
YUTUHOP OUNAH KUPKUTCAH KUCMUOAH ubopam cupm 6d

cbzxyz-i+y—22-j+x22-k

sekmop Gynkyus bepunean O6yica, 86eKmMop MAUOOHHUHZ OKUMU IT
monuacun (bynoa y - ymxup oypuax OVicum).
AS:z2=0p(x,y) = X2+ % D, ={X’+" <4}.
busra mabiymku,
—gl it jrk  —2x-i-2y j+kK
\/l+((p;)2+((p;)2 V1+4x% +4y7
(17)—(1)opMyna11aH qaoﬁzlanaHI/IG TOTIAMU3;
2x° 22+x%z, @9
= jj(qb n)dsjj Y-y )ds =

J1+4x% +4y°
((dS:\/lJr(qu) +(goy) dxdy = \/1+4x* +4y*dxdy)) =

” —2x°y? = yP (X2 + y*) + X2 (X + y7) \/1+4x—+4ydxdy—
x2+y?<a m

N
n=
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B JH—W+(x2+y2)(x2-y2>] dxdly :[L e }:

X +yz<4 y =rsin (0
0<@p<2r)) %, A
=|l|=|r, = |de||-2r?cos® ¢ -sin® o +
1-(r 52727 - Jaojl artcos v
27 =2 2z
4 (cos? g -sin” ) ar = [ (S22 1 cos 2 [ rdr =~ B>
0 0

N

2-MHCOJI. &= 8a S:xX*+y'=1 CUpMHUHE OUPUHYU
okxmanmoazu x=0, y=0, z=1 MeKUCIUKIAp OUIaH Ye2apaiaHeaH
KUCMU Xamoa p-ymrup oypuak 6yaca, 6eKmop MauOOHHUHS OKUMU
11 MONUJICUH.

—1

S
M.

A 0 I 1
X L O-unM3Ma.

v

AuHAPUK CUPTHUHT OUPIMK HOPMaJl BEKTOPUHH TOTIAMM3.
ByHHMHT y9yH CUPTHUHT TEHIJIaMacCUHU
x*+y*-1=0
ned oJlaMu3 Ba F(x,y,z) =X +y? —1 10 OenrmianMus.
YHpaa Kyiiuarura ara 0yiaMus:

gradF Foi+F - j+F -k 2x. i+2y. J
\/(F) F(F)?+(F)? |Jax? +4y?

grad F

Xl+yj_ =

Nrrecia =((s cuptma x*+y? =1))=x-i+y-].

Ouau (17)-popmynanan dorigananamus:
17=[[ (@ n)ds =[] y?2dS = (S 1y = p(x,2) =1- ¢ =

X2 dxdz
= dS =1+ (¢))* + (¢))*dxdz = 1+ dxdz—
\/ \/1 X2

dxdz

V1-x?

={(x,2): 0<x<1 0<z<L))= ﬂ(\/l— )
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1 1 1
= ﬂ (zv/1—x*)dxdz = jxfl— xzdxj zdz = %Hl— x*dx =
D, 0 0 0
:%(arcsin X+ Xv1—x? 1
0

T
=§).>

5-§. BekTOp MaliJIOHHUHT IUBEPreHUNICH.
Octporpaackuii — I'aycc ¢popmyTacCHHUHT
BEKTOP KYPUHUIIM.

25. AWrtaiinuk, €nuK S cUpT OWJIaH yerapajaHraH V coxa
oepwiran OYyicuH. MaTeMaTWK aHaJIU3HUHT yMyMUW KypCHIaH
ousra ymoy Octporpaackuii—I'aycc TeopeMacu MabiyM.

3-Teopema. Aecap P(x,y,z), Q(x,Y,z), R(X,Y,2) DYHKYUAIAPHUHE
V3Uu 6a yaapuuHe OupuHdu mapmuobau Xycycui Xocuiaiapu énux vV
coxaoa y3aykcus oynca, y xon0a Kyuuoacu oopmyna ypuuiu 6yaiaou:
ﬁ:[P(x y,z)-cosa +Q(X, Y,z)-cos S +R(X,Y,z)-cos yHiS = M(GP 68(5 aR)dV (21)

S

—

by memnenukoa n  Oupnux 6exkmop S CUpMHUHZ MAWKU
MOMOHUOA OJIUH2AH.

busra wmabnymku, (21)-uHTerpas BEKTOpP MaWJIOHHUHT
OKMMHIa TEHr OYyiaumO, OKMM XaM S CHPTHUHI TalllKi TOMOHH
Oyil1ad oJMHTaH.

MiucoJi. Aeap s cupm x+y+z=1, x=0, y=0, y=0
MEeKUCIUKAAp OUNaH Ye2apalanHean NUpamuOanuHe mawky momoHu
oynca, yHoa Ocmpoepaackuu—F aycc d)opMszacudaH Gotioananud

=3X- |+2y j 4z - k

BEKMOP MAUOOHHUHE OKUMU xuco@zchuH.

z
A

C

7-au3ma.
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db X |+2y J 4z =P(x,y,2)- |+Q(x v,2)- j+R(X y,Z)
= P=3x; Q=2y; R=-4z. = E+8Q E_B 2—-4=1.
X oy oz
by Tenrnmuk Ba Octporpaackuii—-I'aycc dopmynacuaan
doiiganannd TomaMms;
1 11

(29 1
17:Lj(3xc05a+2ycos,8—4zcosy)d8 = Iydv V=205 -0C = 3'7'1:E'>

Ounu  Octporpaackuii—I'aycc  popMyJIaCHHUHT  BEKTOP
KYPUHUIIUHU KEJITUPAMU3.
ANTaNIuK,
@ = P(x,y, z)-T+ Q(x,Y,2) '?‘l‘ R(x,y,2) K
BEKTOp €pJaMuia aHUKJAHTaH BEKTOP MalloH OepuiraH OYJICHUH.
YHIa MablIyMKH,

11 = H(PCOSa +Qcos S+ Rcosy)dS = ﬂ (5- H)dS

TEHIVIMK YPUHIW. by TEHrnmuKaaH KypuHaauku, OcTporpaackuii—

l'aycc  ¢opmynacuHuHr  4yanm  TOMOHHJAa  TypraH  wudoja

KOOpAUHATaIap cucTeMacura OOFJIMK OYJIMarad XoJjjaa MabHOTa 3ra.
Octporpaackuii—I'aycc hopMyIaCUHUHT YHT TOMOHU/ Iaru

udonanu kypamus. Gapasz KUIANIHK,

P 8Q oP
—+—+—=0(X,),2
x o o o(X, ¥, 2)

OyJICUH.

by (GYHKIUSTHAHT KOOpAuHAaTaap CUCTEMAaCUHUHT
TaHJIAHUIIWTA OOFJIMK OMACIUTMHM Kypcatamu3s. MxTuépuit
M(x,y,z2)eV HykTa ommubd Octporpaackuii-I'aycc dopmynacugan
dolitanaHamMus:

j j (@- n)dS = m o(x,y,2)dV=((ypTa KHMMaT XaKugard Teopemara Kypa
X \
myHAal M (X, ¥,,2,) €V HYKTa TOMUIATUKHU ))=0(M,) -V =
[J @ myas [] (@ nyds
_ s H H S
(M) = Vv = ém(Mo)—ngo v .
Tabuuiiku, v -0=M, >M.

oP 2Q P _op Q oP
e C{M :>€|m M Elm M X, v,
oo ar SO = (me(Mo) = fimp(M) = p(x,y.2) = = T

Jlemak, M(x,y,z) HyKTaaa KyMuJaryd TCHIJIMK YPUHIIA
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PLRP_pjim2 (22)
oXx oy o0z V-0 V
(22)-TeHTTUKHUHAT YHT TOMOHHU KOOpIMHATAaJIap
CUCTEMACHHHMHI TaHJAHMINKTa OOFIMK OyIMaraH XoJjja MabHOIa
. P 0Q P
ora OYJAraHW y4YyH, YHHUHT dYall TOMOHH, S’BHH —toto Xam
y

KOOpJMHATajap cucremMacura OorimK OyiamaraHn xonja OuTTa
KUHAMAaTHU KaOyJT KUJIaIu.

Maiigonnap Hazapusicuja MyXHM axaMmuaTrra jsra OyiaraH
Kylnaard TabpuHu KeITHpaMus.

6-tabpud. Yoy

fimg
v-o\/

aumumea @ =P(x,y,z)- i+Q(x,»,2)- j+R(x,»,2)-k 6exmop mavudonnune M

Hykmaoazu OueepzeHyuAcu oe6 amanadu xamoa y div & Kabu
beneunanaou.
by numutna v »04a v coxa M HyKTara TOpPTHIaIu.

ynmait Kunuo,

div &= gmgg (23)
JuBepreHuus CKaJ'Iﬂp KaTTaIMK 0ynu0, (22)-TeHrIuKKa Kypa
dv =P R, (24)
x oy o
oynanu.

Juseprenuus TyuryHdacuaad ¢oiganannd, Octporpaickuii—
["aycc popmynacunu ymOy BEeKTOp KYpUHHUIINAA E3UIT MYMKHUH:

ﬂ(@ n)ds_mdlvcb dv (25)

(S)

(25)-TeHTTUKHUHT (U3UK MAbHOCUHU aHMKJIAWMHU3: n TE3NHK
OwnaH xapakaTiaHa€TraH CYIOKJIUK XOCWUJl KWIraH BEKTOpP
MalJOHHU KapaiMu3 (CYIOKJIMKHUHT 3U4JIUTU p=1 OYJICHH). Enuk s
CUpT OWiaH 4yerapajaHraH W coxaHu ojamu3. by xon yuyH (25)-
dopmyiia ymoy KYpUHUIITHU OJIA]IHU:

([ (8- myas = [[[ divgaw (26)
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Bbusra mMabiayMKy, ﬂ (9-n)dS  OKHM OUp BAKT OpAIUFUAA S
S

CUpPTAaH OKHO VYTYBUM CYIOKJIUK MHUKIOPUHH  OWJIUpaIu.

= ﬂ (9-N)S >0 Oyica, yHoa W COXaJaH OKUO YHKIaH CYIOKJIHK
(S)

MUKJIOPU YHTa OKUO KUPraH CYIOKJIWK MUKJAOPU/AH KyT Oyiaau.

Arap || (9-n)dS <0 GYIica 3ca akcH GYIa.

-

dapa3z KWJIalauk, OUpOp M HyKTaga ¢ TE3JUKHUHT

NUBEPreHIMSICH MycOaT, SIbHH  div >0 OyiIcHH. XyCycHii
XOCWJIAJApHUHT Y3JIYKCU3JIUTUTra Kypa Mapka3u Iy M HyKTaJa
OynraH myHgaid w map (6W =S) TONWIAJUKH, 11y IApHUHT Oapya
HyKTanapuaa div 9>0 OyIamm.
- (26) - >

[[] divg-dw>0 =[[ (9 n)ds >0,

\Y S
SbHM W IIAPHUHT Yerapacu OynaraH S cdepagaH OKUO UYMKKaH
CYIOKJIMK MUKJOpPU YHTa OKHUO KHUPraH CYHOKJIMK MUKIOPHUJAH KYT
oynmamu. IIyHMHT ydyH M HyKTaHM MaHOa EKM TapKaTyB4YM
(MCTOYHMK) ICHAIAIN.

Arap div $<0 6¥ica, YHIAa IOKOPHIATHHUHI aKkCH Oyimb, S
chepaman KYIpPOK CYHOKIUK OKHO kupamu. IyHUHr ydyH M
HYKTaHU HUFYyBYM (CTOK) 1€0 aTanaau.

Ba nuxoar, M nykraga div 9=0 oyica, yuna (26)-TeHriaMKka
Kypa OKMM MHKIOpPH 0 ra TeHT OYnuO, CUpPTIaH KaHya CYHOKJIUK
OKUO YMKCa, IyHYa CYIOKJIUK OKHUO KUPAJIH.

Xap Oup HykTacHma div #=0 OYIraH BEKTOp MaiimoHra
coJieHuaaa (€K TPyOACMMOH) BEKTOp MalJIOH JIeHnIIaIN.

6-§. Porop, nupkyasiuust Ba CTokc popmyJaacu.

26. busra mabiymku, Ctokc dopmyrnacu ¢a3oBuil L 3rpu
YU3HUK OYMWYa OJIMHTaH STPH YM3UKIN WHTETPATHH Iy STPH YH3UK
OwiaH dYerapajaHraH S CHPT OYyWHM4Ya OJMHIAaH CUPT HHTErpaiu
¢paaMuia XxucoObJiai UMKOHUHN Oepaiy.
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4-teopeMa. Aeap P(x,y,2), Q(xy,2), R(X»,2) @QYHKYUAIapHUHS
y3u ea yaapuune I-mapmubnu Xxycycuii xocunaiapu S cupmoa
V3IyKcu3 oynca, yHoa yuioy

:dex+Qdy+ Rdz:g{(%—g—g)cosm

oP OR oQ oP
+ (E - &) cos B + (& - 5) cos y}ds (27)

Cmokc ¢popmynacu ypuriu 6ynraou.
AWTalINK,

5 =P(X,,2)- T+ Q(x,y,2)- T+ R(X, ,2) E
BEKTOP MaiiioH Oepuiirad OYJICHH.

/- Tabpud. Yoy
rot &= (IR 997 (P _RyT (OQ_PyY
oy oz 0z 0OX OX Oy
BeKMOp2a 8eKMOp MAUOOHHUHE POMOPU (EKU yiopmacu) oeuunaou.
(28)—TeHrMKHU 3¢)1ad KOJIUII OCOHPOK OYiIraH Kyiumaarua

KYPUHHUIILIA XaM €3UIIl MyMKHH:

[

ot =2 9 2 (29)
ox oy oz
P Q R

ABBAJIITM MaB3yJa KypCaTWITaHWIa YXIIAll rot @ HUHT Xam
KOpJAWHATAJIap CUCTEMACUHUHI TaHJAHUIIWra OOFIMK OYiImai,
(akar OepwiraH BeKTOp MaWIoH EpJaMulia aHUKJIAHWUIIWHA

Kypcatuil MyMKHUH. bepunran @ BEKTOP MaWJIOHTa SHTU BEKTOP
MAanIOoH rot 5)—yHHHr YIOpMaJIapU MauJO0HU MOC KENaIu.
8-tabpud. Yoy
ifP(x,y, ) -?+ Q(x,»,2) -_j)+ R(x, y,z)dz
92puU YUBUKIU UHmMeZpaaca
53 = P(X,y,2)- ?+ Q(x,»,2) -T+ R(X, y,2) E
BeKMOp  MAUOOHHUHZ L  énux KOHmyp  Oyuuua  OJUHeaH

uupKyaayuacu oeb amanaou éa f ot Kkabu Gereunanaou.
L

/-tabpudaan xkenubd yukaauku, CTOokC (POpMyJIaCUHUHT VHT
TOMOHUJAru U(oJa BEKTOPHUHT OKUMHUTA TEHT
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oR 0Q oP OR 0Q oP >
ISJ (5—E)c03a+(5—&)co B+ (__5)0087/ (jsj)(rot @-n)ds . Yan

ToOMOHAaru udoja 3ca @ BEKTOPHUHT f &dr  UPKYJSIIUSCUTA TECHT.
L

Hemak, Ctokc dhopmyniacu KyHuaaru BEKTOp KYpUHUIIIUTA 3Ta SKaH:
§CD dr = [[ (rot@-n)ds . (30)

(s)
N

Mucoa. o= yz-i+zz~f+x2-k BEKMOp  MAUOOHHUHE  YU]apU
AL0;0), B(0L0), C(0;0;) mykmanapoa 6ynreamn y4OypuaKHuHe ye2apacu
ABCA Oyuuua oaunean yupkyaayuscunu Cmokc gopmyracudan
Qotidananubd xucobianHcuH.

z
A

1

C

S’
e
[ /0 1
[/

N
X

v

8-un3ma.

(29)-bopmynanan doiiganannb TOAMU3:

i j ok

rot 5_2 g9 9 —_27.i-2x. j 2y - K.
OX 6y oz
y2 Z2 X2

ABC y40ypyak €TraH TEKUCIMK TEHTJIaMacu x+y+z=1 Oyaran
Y4yH OMPJIMK HOpMaJI BEKTOP YIIOY

dl i+ j+k
J3
KYpUHHIITA 3Tra Oyaau. = (rot ®-n)= s (x +y+12).

(30)-bopmymagan GoiiganaHud, ¢ BEKTOPHHHI LUPKYJSIHSCHHH
TOITAMM3:
fcb dr _H(rot cD n)ds _——H(x+ y+2)dS =

ABCA
—((S 1Z2=1-x-y; 0<x<1 0<y<l-x=
dS =1+ (z,)? +(z)?dxdy = V1+1+1dxdy = v/3dxdy ))=
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=—£ﬂ(x+ y+l—X—y)-\/§dxdy =—2_dedy :—Z-E =-1.p
\/é D,, D,, 2
busra MaremMaTuK aHAIM3HUHT YMYMUM KypCUAaH MabIyMKH,
j Pdx + Qdy + Rdz (31)
L

STPU  YMBUKJIM MHTErPAJHUHT MHTErpaiaml  Wyaura OOFJIUK
OYIMaciIuru yuyyH yuoy
R_0Q. P R, Q oP (32)

oy &' & X X oy
TEHIJIMKJIAPHUHT O KapHJIHIITN 3apyp Ba €TapJIu.

(28) Ba (32)-TeHrnukiapjAaH KyWugaru TeopeMa Keauo
YUKA/IH.

5-teopema. (31)-ummecpannune Kunmamu uHme2paIIAUL
uynuea 602nuK OyIimMaciueu yuyH

rot @=0
MEHSAUKHUH 6a9fcapwmm 3apyp ea emapiu.

7-§. IloTeHIIMAaJ MaHI0H.
I'aMuJIbLTOH omepaTopu.

27. IToreHUAa MaW/I0H.
9-tabpud. Aecap

5 = P(X,y,2)- _i)+ Q(x, y, z)-_]- R(X, y,2) E

BEKMOp MAUlOOH YYYH rot ®=0 OyIca, YHOA Oepuircan MatiooH

yropmacus MaiooH oeuunaou.
rot (Z=O:>@=@; @:@; @:ED
oy 0z oz  oX OX Oy
—rot ®=0 OyAraH coxa Oup OOFTaMIM coxa Oyica, yHIa
Pdx +Qdy + Rdz mojaa U(x,y,z) OoluIaHFud (PyHKIMsITa 3ra, ShbHU
Pdx +Qdy + Rdz = dU
TEHIJIUK YPUHIU Oynaau.

MKKMHYM TOMOHJIaH,
du :%dx+%dy+@dz
OX oy oz
OynraHu y4yH
N )
OX oy 0z
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Oynanu. by TeHrnuk Ba
gradu a@%ﬂ%}%—‘;i
SKAHIUTUIAH
gradU =P-i+Q- j+R-k
TEHTJIUKHU XOCWJI KuJlaMu3. /Jlemak, yropmacu3 matooH Oupop
DVHKYUAHUUHE 2PAOUEeHM MAUOOHU OY1ap SKAH.

c;D = gradu .

10-tabpud. [ paduenmu & eexkmopea mene 6ynean U(x,y,z)

Qyukyusica ©  MaliooHHuHZ nOMeHuuan —Qynkyuacu  (éxu
nomenyuanu ) Oetiunaou. llomenyuan @ynkyusiea sea Oyreau
MAUOOH 5ca NOMEHUUAT MATLOOH 0eh amanaou.

6-Tteopema. Mxmuépuii Oup 6o2ramiu ViopmMacus MatiOoH
nOMeHYUal MauooH 6y1a0u 6a aKCUHYA.

<« = 10KOpHUJIa HCOOTIIaHIH.

< xTnépuit MaiiJIoH yropMacu3 MaiIoH OYIUIIMHA
KypcaraMu3. byHUHT y4yH

rot gradU =0
SKAHJIUTUHU KypcaTuil Kudosi.
Jlapxakukar, maprra Kypa
o > oU 2> oU »

5:P-T+ -?+R-E: radU = S+ -+ -k
Q-] g o oy J pe

TEHIJIUK YPUHIU. =

bl g U
OX oy 0z
rot gradU =0 3KaHJIWTHU KYpCaTHUII YUyH
R_Q kP_R Q_P (33)

oy oz oz ox oX oy
TEHIJTUKIIAPHU Oa)KapUIIUIIUHUA KYPCATHIIL JIO3UM.
OoR 0 ,0U, &*U
oy 0z oz Oyoz :@:@_
aQ o U, dU oy oz
o0z 0z Oy oz0oy
(33) HUHT KOJTaH TEHIVIMKJIAPU XaM 11y Kabu KypcaTuiagu. »
28. 'aMMJIbTOH ONIEPATOPH.
Mangonnap Ha3apuUACMHUHI TYLIYHYalIapd - TPAIAUCHT,
JUBEPreHLIMsl Ba POTOp TylIyHYajdapu OwiaH Ou3 OJJUHTHU
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MaB3yJiapJia TaHUIIAUK. Arap I'aMuabTOH omeparopu Ae0 aTaIMUII
oenruaan Qoitganancak, Oy KaTTaJUKIAPHU SHAJa KUCKAPOK €3HIII
MMKOHUSATH Iaiigo Oymaau.

11-tabpud. Yoy

A P (34)
Z

beneuca I'amunbmon onepamopu éxu Haodbna onepamopu 0ebd
amanaou.

by omnepaTtopHu mapTiM paBullia BEKTOop €0 Kapad
amasuIapHu Oaxkapamus.

1°. @apa3 KWIAMIHK, u(x,y,z) —CKISIP QyHKIUS OYICHUH.

2 o > 0 7 0 7 ou > ou > ou
Vu=|—-i+—  j+—-klu=—-i+—- j+— k. =
OX oy oz OX 8y oz

Vu = gradu. (35)

Llynoaii Kunub, v 6eKmopHu @GopMan pasuuioa CKasip
QyHKyusea Kynaumupuica, YHOA Uy @QVHKYUAHUHZ 2paoueHmu
xocun 6ynaou.

-

2°. V BEKTOp OMIaH &=P-i+Q-j+R-k BEKTOp (DYHKIHSIHHHT
CKaJISIp KYMalT™MacH Aeranja ymoy KaTTAIMK TYUTyHUJIAIN:
35:(§T+%T+§E+)(PT+QT+ R-E]:§+%+§:
V-@=diva (36)
3*. HuxosT, v BeKTOp OMIaH ®=P.i+Q-j+R-K
BEKTOP PYHKIMSHUHT BEKTOP KYNMaWTMAaCUHU KYpaMU3:

- - -

J
vxp=|0 9 9I_[R_Q) +(E_%j | R_P
X 16} oy oz 0z OX ox oy
P

VxD=rotd.

Ha3sopar caBosuiapu.
1. Cxansip MaiijIoH Ba YHM reoMeTpUK udoaasail.
2. Mynanum 6yiinua XocH1a, MECOLIAP.
3. Cxajnsip MaiiIOHHUHT TPATUEHTH.
4. 'paiUeHTHUHT T€OMETPUK MAbHOCH.
5. CHPTHMHI YPUHMA TEKHUCJIUTH BAa HOPMAJIH.
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8.
9.
10

11.

12.

13.

14,
15.

16.

17,
18.

. Ym0y x*+2y*’-z°-5=0 OHMp mNaJIAJH TUNEPOOJOUTHUHT

P (1L-273) HYKTACHIa YTKAa3W/JIraH YPUHMAa TEKHUCJIMK Ba
HOPMAJI TEHIJIAMAJIaPU TONNJICUH.

2
. Ymoy z=x? +y7 JUIMNTHK MAPadOJIOMIHUHT  P(2-11)

HYKTACHIa YTKA3WJITaH YPHMHMA TEKHUCJIMK Ba HOpMAaJ
TEHIJIAMAJIAPU TONMUJICUH.
BekTop MalIOH TYUIYHYACH.
CylOKJIMKHUHI OKUMH XaKH/Iaru MacaJja.
. BexkTop MalIOHHUHI OKMMH Ba YHU XM COOJIAIIL.
Arap S:z=x*+y’ aWjJaHMa nNapadcOJOMIHUHI X’ +Yy’ =4
HWIMHAP OMJIaH KMPKWITaH KHCMUAIaH HOOpPAT CHPT Ba
szxy2 -T+y—22-f+xzz-z
BeKTOp ¢yHkuuss Oepwiaran Oyjaca, YHIA BEKTOP
MAWJOHHUHI OKMMM [/ TONWJICUH (OyHIa y—YTKUP Oypuak
Oyjcun).
Arap G=yz-j Ba S:x2+yt=1 CUPTHUHI OMPUHYM
OKTAHTHAAIM x=0, y=0, z=0, z=1 TEeKUCJIUKJIAP OWIaH
YerapajiaHraH KUCMHU xamMaa g-YTKUp Oyp4ak OyJica,
BEKTOP MANJOHHUHI OKMMHU // TONUJICUH.
Arap s cupr x+y+z=1, x=0, y=0, z=0 TEeKHMCJIHUKJAP
OWIaH dYerapajaHraH NHUPAMHUJAHMHI TAIIKH TOMOHH
oyiaca, yHpa Ocrporpaackuii-I'ayce  ¢dopmyaacuaan
dorinananud
53=3X-T+2y~?—4z~z
BEKTOPHUHT MAHUJTOHHUHT OKMMH XHCOOJAHCHH.

BeKTOPHUHT MAaU/IOH TUBEPreHUUACH.
OcTtporpaackuii-I"aycc (popMyJIACHHUHT BEKTOP
KYPUHUIIH.

I (@ n)dS = [[] div ®-dV  TeHDIMKHMHT  (M3MK  MabHOCH
S \

(rapkatyBYM. HUFYBYM, COJICHOMIAJ BEKTOP MAaMJIOH
TYIIyHYAJIAPH).

Porop Ba HMPKYJIALUSA TYIyHYAJIAPH.

Crokc GopmMyIaCMHUHT BEKTOP KYPUHMIIH.
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19.

20.
21.

22,

Yoy

-

c_D):y-?+zz-_j)—x2-k
BEKTOP MAaiiJIOHHUHT y4wiapu AL00), B(0;L0),
C(0;0;) HyKTajsiapaa OyJran y4OypYakHUHI 4Yerapacu ABCA
OyiiM4a OJIMHIaH HUPKYJIAuusaAcuHu CTokc popmyJiacuian
doiigananud XMCco0JaAHCHH.
IloTeHMa MAHI0OH TYIIYHYACH.
NxTuépuit MAauJIOHHUHT OUP OOFJIAMJIM YIOPMACHU3 MAaHJI0H
OyJIMINM YYYH YHMHT MOTEHIHAJ MAaWI0H OyJIUIIM 3apyp Ba
eTapJIM SKAHJIUTH UCOOTIAHCHH.
I'aMnabTOH onepaTopu Ba YHUHI XOCCAJIapH.
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IV-BOB.
OpTroronana pyHkuMsjIap Ba KaTopJjap.

OpToHopMaJ cucremMaJjap.

I'pamm nerepMUHAHTH.

Tpuronomerpuk cucremasap.

JIexxaHap Kynxaajiapu.

OpTrorosHa/utalmITUpPMIIL

Dypbe KaTopJaapu.

Tyaa oprorona cucremaJjap.

ITapceBajb TEHIVINIH.

Enuk oproronan cucremanap.

Coepuk pynkuusiiap.

Cohepuk QyHKIMSVIAPHUHT OIIKOP KYPUHHUIILJIAPH.
Cdepuk pyHKUMATAPHUHT OPTOTOHAJIMK XOCCAJIAPH.

Yumby 0600ma Ou3 oOpTOHOpPMAN cUCTeManap, MaTeMaTHUK
¢u3MKka TeHIVIaMaJlapyuHU WHTErpajulalijia ydpalauraH Maxcyc
bynkuusaap cuHdbaapugan Ooupu-chepuk GyHKOUSIAP CUHOUHU
Yypranuii OUsiaH MyFyJIaHaAMU3.

1-§. OpToHopMaJ cucTemaJjiap.
MucoJsiap (TpMroHOMeTPHUK CHCTEMAaJIap Ba
JlexxaHap Kynxaajiapu).

29. OpToHopMAaJI cucTeMaJjap.

Ymsukau pazo Ba CcKalsp KynmalTtma — TyIIyHYalIapH
(YHKIMOHAJI AHAJIM3HUHT YMYMUM KypPCUJIaH MabIyM.

l-tappud. Ckarap Kynaumma Kupumuiean Xxap KaHoau
yuzurkau ¢azoea I'unvdepmonou ghazocu oetiunaou.

Airaiinuk. R- I'mas0epronau dazocu Oepuiiran OYJICHH.

2-tabpud. Aecap xeR 6a yeR anemenmaap YuyH (xy)=0
MeH2IUK baxcapuinca, y Xon0a x 6a y 3JleMeHmiIap Opmo20Haul
oelunaou ea x Ly kabu bercunanaou.

3-tappud. Acap R pazonune {x,}, xeR (A-unoexciapnune

OUpop Mmyniamu) snemeHmiapu myniamu bepunecan 6yaub, ynoaecu
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UXMUépull 2 ma 3nemMeHmiap y3apo opmo2oHan oyaca, yHoa {x}
cucmema Opmo2oHal cucmema oeuunaou. Yuoan mawkapu xap
oup a1emenmuune Hopmacu 1 2a memne, avhu |x|=1 aed, 6yica.
Yuoa {x,}-opmonopman cucmema 0eb6 amanaou.

Arap {x,, <A} cucTemMa OpTOroHay Ba 0apya a4 Jap yuyH
x, #0 OYJca, yHaa Oy CUCTEMaHU «HOPMAJJIAIITHPHUIIDY MYMKHH.

<« JlapxakukaT, OepwiraH CUCTEMaHUHT Xap OUp AJIEMEHTUHU
YHUHT HOpMacura oynuin épaamMuia SHrd OpTOHOpMaJIIaIirad

Xq ae i
x|

CHUCTEeMaHHU XOCHJI Kuiamus. >
l-nemma. Aeap R ¢hazonune {x,,a e A (A-unoexcraprume
OUpop myniamu) demMeHmiap CUcCmemacu opmo2onan o6yauo, bapua
aeA nap yuyn x,=20 Oyaca, y xonoa Oy cucmema YU3UKIU IPKIU
cucmema 0ynaou.
4 Dapa3 Kuiaimk, 6ab3u
X a, €A k=12..n

o !

dJIEMEHTJIAp YYyH
Xy + X, ot A X, =0

TEHIJIUK  OaxkapwicuH. @DukcupjianraH k ydyH (k=12..,n)
TCHIJIMKHUHT UKKaJla TOMOHHHU X, I'd CKaJIAp KYNauTUpHUO,

(A, %, ) =0 (1)
OYJIUIIIMHN TOMAMM3, YyHKH CUCTEMaHUHT OPTOTOHAJUIMK IIapTHra
Kypa j=k nma (x,.x,)=0. Ilaprra kypa x, #0 OyaraHu yuyH,
(X, +X, ) %0 Ba (1)-TeHrnMKKa Kypa 4, =0, k=12..,n.

bepwiran {x,,a € A} CUCTEMAaHUHI YU3UKJIW DPKJIU IKAHIUTHU

ucOoTnanau.
2-1eMMa. Aeap R ¢hazonune x,..,x, dAeMeHmMiapu CUCmMemMacu
YuyH yuioy
(X X)) (X X0 ) e (X5 X))

_ (X21X1) (XZ,XZ)...(XZ,XH) (2)

G(Xyyer X))

(Xn ! Xl) (Xn ' X2)"'(Xn ! Xn)
oemepmunanmuune Kutimamu O ea mewne Oynca, yHoa Oepuncau
cucmema Yu3uKiu 6oeiux o6yiaou.
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G(X,, X,) Oemepmunanmea Oepunean cucmemanune Ipamm
0emepMuHanmu Oeuunaou.

UcooTm.
n Ta 4, i=12..,n, HOMAabJIyMJHd n TAa YM3UKJIW TEHIJIaMaJiap
CUCTEMACHHU KapanMu3:
(A X ..+ 4%, %) =0, i=1n (3)
A%, %)+ + A, (%, %) =0, i=1n

by cucrtemaHuHr nerepMuUHaHTA ['paMM JeTEpPMUHAHTUHUHT
TPAaHCHOHUPJIAHTAHUTAa TEHT Ba MIAPTra Kypa YHUHI KUWMaTh 0 ra
TEHT. bUp )XKMHCIY TEHIJIaMaHUHT aCOCUM JIETEPMUHAHTU 0 ra TEHT
oynranu yuyH. (3)-cuctema TpuBHuaa OyiMarad equmra sra Oyiaau,
SbHU A4,,...,4, JAPHUHT XaMMacu Oup BakTJa 0 ra TeHr Oyia
OJIMaWIH.

Onau (3) TeHITIMKHM 4 Ta KyImanTupaMu3 Ba 6apya i (i=1..,n)
nap Oyilmya TeHIJIMKIapHU KYIIMO YMKAMU3:

AX + o+ A X A%+ +AX,)=0
by epaan ymoy
X+ +AX =0,

TEHIJIUKHU, SIBHU X,,..., X, CACTEMAHUHT YU3UKJIN OOFJIUK SKaHIUTUHU
XOCHJI KyiaMus. P>

30. TpuronoMeTpuk GyHKUHSJIAP CHCTEMACH

Yoy

1,C0S X, Sin X, €08 2X, Sin 2X,...,cosnx,sinnx... ~ (4)
mpucoHoMempux — QyHkyuaiap  cucmemacu L[-zz]  ¢azoda
OpMO20HAL cucmema Oynaou.

A TpuroHoMeTpuk PyHKIUSATIAP YUYH KyUHIATH

T
_fcosnx-cosmxdx=0, n=m,

-

T
jsin nx-sinmxdx =0, n=m,
_[cos nx-sinmxdx=0, m,n=012...; jcos2 nxdx :jsin2 nxdx=7z, n=12,..

- - -

TEHTJIMKJIAPHUHT OKapWIIMIIUHU TEKIIUPUIN KUHUH sMac. = (4)-
cucTemMa OpTOTrOHAIL P>

(5)- popmynanapman
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||sinnx||:\/;, ||cosnx||:\/;, n=12,..,

DKAHIUTUHUA Tomamu3. Jlemak, (4)-opToroHan cucremara MOC
KEJIYBYHU OpTOHOpMaJ'I cUcTEMA yloy

\/_ \/1_cosx \/_sm X,.. ,\/1_cosnx \/1;sin nx,...
KYpHUHHUILITA 3ra OyIap dKaH.
31. Jlexanap kynxaajiapu.
4-tapud. Kyriuoazcu
B 1 .d”(xz—l)” B
P(X)=1 P(x)= g =12.. (6)

MeH2IUKIap éepoamuoa aHukaamean kKynxaonapea  Jlexcanop
Kynxaonapu oetuiaou.
(6)-bopmynamaH KYpPHHAIUKH. P(x)—n Japakand KyIxal
oynau:
P (x) = en-nn,
n!

Ouau (6)-Jlexxanap kynxamjiapyu CUCTEMaCUHUHT L,[-11] pa3zoa
OpPTOTrOHaJI CUCTeMa OYIUIIMHU KypcaTamus; aiiHaH P,(x)-Jlexanap
KYIXQIUHUHT HUXTUEPUU m-JapaXxalid Kynxala (m<n) Q,(x) Tra
OpTOTOHAJ OYJIUIITMHUA UCOOTIIANMU3.

ByHuHT yuyH ymioy

d¥(x? —1)"
dx“
udogaHuHT k=012,...n-1 ydyH x=-1 Ba x=1 HyKTajapja HoJra
alJIaHUIIIMHY CIaTUO YTaMu3.
ij (x) ~de =((6ynmakab  wmHTerpayiam  GopmyJacuaaH
d"™(x*2-D" |t

o J‘Q()Md_

doinananamusz))= Q, (x)- o

= —Jl‘Qr’n(x) -dn_ld(le)dx ((6ynakma® wHTEerpayiam  GopMysacuiaH
doitnananamusz))=
e dn 2(X _1)n ! " dn 2(X _1)
Qm (X) d n-1 J.Q ( ) d n-1 d
:(_l)m'Qr(nm)(X)-dn m_l()f 71_1)” 1 :0.
dx"™ -1

lynmait Kuiuo,
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1
[Qu(9-P,()dx=0, m<n,
-1

TEHIJIUK, XyCyCaH

Jl.Pm(x)-Pn(x)dx:O, m=n

TEHIJIUK YpunHiu OYynaau. By sca {P,(x)} CHCTEMaHMHI OPTOTOHAJ

DKAHJINTWUHU AHTJIATA/IH.
Oumu Jlexanap KYNXaJuHUHT HOPMAcCHHU XUCOOIaiMU3.
byHuHr yuyH Jlexanap KS’Inxaz[I/IHH

P = E 10,00

kypunuiga udoaanad ogamus, 0y epaa Q,,(x)- Aapaxacu (n-1) JaH
KaTTa OynMaraH KymxajJ Ba P,(x) KYNXQJIHUHT Japakacd n JaH
KMYMK OyiraH UXTHEPUM KymxXajara OpTOroHan OynuiiugaaH
@oﬁnaﬂaHH6 TOIIaMU3:

j P (X)dx = j ORISR T

(Dt [P0 x0x+ j P,(0)- Qs (X)dx =

_ (an;l)!!_jlpn(x)'xndxz (2nr;1)!!j12n1. . d“()(;j(n—l)” "

(7 =)= G [ e

=((bup Heua wMapra O¥ynakna® wuHTerpawiam (opMynacugaH
doitgananamusz))=(-1)"* % jlxd (x*-1" =

na (2n=DN )"ix?
=(-1) (2n _2)||I( X“dx =

. ra (2n=D]N 143 _ _l g, 2
=™ G 3[( ~1)"*dx _...__jlx dx =2 .

[lynnai Kuiauo,
[P, C9ll=

2n +1
JKaH.

(4)-Tpuronomerpuk (GyHKIMsIIap cucreMacu Ba (6)-Jlexxanap
KYTIXaiapu CUCTEMAaCHHHUHT OpPTOTOHAJIUTHIAH oy
CUCTEMAaJIAPHUHT YU3UKIU IPKAU SKAHIUTH KeITUO YHKAIH.
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2-§. OpToroHajyiamITHPUIII.

32. ®apa3 kuwiaiik, R sHa ['mnasOepronau (azocu OYIicHH.
Kyitngarn macananu Kypubd 4nuKamus.

R ¢hazooa canoxnu snemenmoarn MAWKUl MON2aH YU3UKIU
SPKIU

{x,, n=12..}

Cucmema  bepunean  Oyacun.  Yexknu  comoacu  4u3UKIU
KOMOUHAYUANAPHU — amaied Owupuul Hamudxcacuoa oepuiean
cucmemaodan Opmo20HAL CUCTEMAHU XOCUL KUAUUL JIO3UM OYVJICUH.
Kyiimniran macaia xap J0oMM eyuMmra sra Oynau0O, y Kydujaaru
TeopeMa Epaamua udogaiaHau.

1-Teopema. Aumatinux,

{x,, n=12..} (7)
cucmema R ¢azonune uwuzuxiu spxiu sn€menmaapu cucmemacu
oyacun. Ynoa R gazonune wynoai

Doy 20n=12,.}

OPMOCOHAN CUCMEMACU MONUIAOUKU, Oy cucmemarume xap oup
y.n=12.., anemenmu (7)-cucmema OUpuUHYU n mMa dJIEMEHMUHUHS

YUBUKIU KOMOUHAYUACUOAH ubopam oynaou:

Yo = aanl + C(n’ZX2 +...F an'an . (8)
(8)-kypuHHIITAr OpTOroHAI {y,} CHCTEMaHH XOCHJ KWJIHIIra
oAaTaa{x,}CUCTEMAH! OPTOrOHAJLJIAIUTHPHU I KAPACHU JTCUNIIAIN.

HcooTm.

v, = x, 1e0 onmaMm3. (7)-cucTeMa YM3UKIIA SPKIU OYITraHu YUyH,
y, 20 Oynasu.

dapa3 KWIauk, (§)-1mapTHU KAHOATIAHTUPYBYU Y3apO
opToroHan Oyiara
yo#0, n=12..k, k=1, dJIE€MEHTIap MaBXyJ OVJICHH. VYHJIa
0apya y,,...,y, DIEMEHTIapra OpToroHaia OyViaraH y,., 3JIEMEHTHHU YOy

Yiir = B - F Boa Ve = X (9)
KypuHUIIZA KuaupaMu3. OpTOroHauIMK MIapTUra Kypa
Vi) == V) =0 (10)

TEHIVIMKJIap Oaxkapuiuiiu Kepak. by maptinapgan Ba (9)-
TEHIJIMKIaH QoiiganaHuo,
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(J’11J’1),Bk+1,1 = (yliXk+1)!"'!(yk’yk)ﬂk+1,k = (Vs Xia1) (11)

OynuivHM Tonamus. by TeHrnmukiIapan sca
Biwir 1=12,..,k

ko3 puieHTIap OUP KUMUMATIIN TOMMIIA/IH.

Ouan  (9)-tenrukaarn  kodpduiieHTIap YpHUTA YHUHT
KUUMATIapUHU, y,,.,y, JAp YpHUTA YJIApHUHT (8)-KYypUHUILIArUd
ndomamapuHu Kyrnod Ba coaanamTUpraiial CyHT

Vit = O Xy T F W Xe = X (12)

SKAHJIUTUHU XOCWJ KuiaMu3. by TeHrJMkka kypa y.,=0 Oymanu,
YyHKH aKC XO0J1/1a

X1 Xy yeees Xy g
cucTeMa 4M3UKIM Oofiauk OYynub6 komap »au. Teopema
ucoOoTiagau.

MucoJa. Yuby

1,%, X%, X" (13)

INeMEeHmMAApU x HUHe oapaxcarapuoan uoopam O6ynean cucmemeHu
Kkapaumus. by cucmema uxmuépuu (vexkiu éxku uexcus) oparuxoa
YUBUKIU IPKAU OYIAOU.

<« Jlapxakukar, arap

Ao+ AX+ .+ A X" =0 (14)
oyiica, yuaa Oy ailHuATHU n MapTta audepeHnusiam epaaMmuaa

nA, =0
TEHTJIMKHH, €KU 4, =0 SKaHJIUTHHU TOIIaMM3.
VYHuna (14)- aliHusT
Ag+ X+ .+ A, X" =0

alHUATra aljlaHagd Ba IOKOpUJarn kabu (n-1)  mapra
maddepurmaniam Wynu OuilaH 4, ,=0 OYJIMIIM KYpcaTUIaau.
Kapa€uHu naBOM STTUPHUII HATWXKACUJA 4 =..=4, =0 OYJIUIINHU
xocun Kwiamui. by sca Oepwiran (13)-cHCTEMaHUHT YM3HUKJIA
SPKJIM SKaHJIWTUHU aHTJIaTaau. >

Arap (13)—cucremann [-1;1] kecmama kapab, yHra
OPTOTOHAJIAIITUPHUIN >Kapa€HHUHU KYJJIacak, YHJa aapaxkaiapu
Moc paBumiga 0,1,2,... ra TeHr OYyiraH OpTOroHana KyImxajajiap
KETMa-KETJIUTUHHA XOCHUJI KUJIAMU3.
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3-§.@ypbe KaTopJapu.

33.Ddypbe KAaTOPJAPH Ba YJIAPHUHT X0CCAJIAPH.

®dapa3z Kwialauk, R aBBaiarujek IuiabOeptonau ¢azocu
oyncun. Kyitmpgarm wmacamaHu kypamus: R ¢pazonunz n ma
YUBUKIU IPKAU  €,6,,..6, BEKMOPAAPU CUCHEMACU 0epuican

0ynud, y<R oupopma uxcupnanzan eexkmop oyncun. Illynoaii

ae +ae, +..+a.e, (15)
YUZUKIU KOMOUHAUUAHU MORUUL JI03UM OYJICUHKU,
ly—(ag +...+a8,)| (16)

m[mda MUHUMYM lquﬁmamza IPUUICUH. Ey aca a,,...,a, _)73zapy6uuﬂu
Yoy
Hy - iakek =(y- i—akek 4 _i—akek) (17)

(DYHKUUAHUNZ MUHUMYM2a IPUHUIIZA MEH2 KYUTUOUD.

Arap R ¢azo n-ymuamuu OynuoO, e,...e, BekTopiaap Oy ¢azona
0a3uc TAIKWI KAJICa, YHAA a,k=12,.,n,
KOd(pUIIEHTIapHU IITyH/Iak TaHIaIll MyMKUHKA

y=ag +..+ae (18)
TEeHIJIUK Oakapuiaau Ba y3 HaBOatuaa, (16)-udona 0 ra aitmanaam.
Arap R ¢dazonunr Vymuamu yeknum Oyimaca kv 4eksud OYiraHja
XaM n JaH Karta OVyica, yHIa yMyMaH oJiraHna, (18)-TeHrJuKHU
Oakapulll MYMKMH »5Mac Ba wmacana (16)-udomara muHHMAa
KuiMaTHU Oepagurad (15)-uM3ukiIn KOMOWHAIIMSIHA TOMNHIIIAH
nbopar Oynaau.

Arap Jso3uM Oyiica OpPTOTrOHAUIAIITHUPHIN  >KapaéHHIaH
doiigananuIn HaTWXKAcula €,..e, CHCTEMaHW HOJJAaH (apKIH

OynraH BEKTOpPJIApJaH TAIllKWJI TOITaH OPTOTOHAJ CHUCTeMa OWiaH
anMarTupuil MyMKuH. LIlyHuHT yuyH

e =0, (e€,)=0 k=j, kj=1n
ne6 ¢dapa3 kwiamuiz. OpToroHaJUIMK WapTuaad goigananud (17)-
(YHKIUSHUHT KYPUHUIINHYU Y3rapTUpaAMu3;

2 n n n 2 n
=)+ Y. > aa; e e) -2 a(e) =y +dal el -
k=1 k=1

k=L j=1

n
H)’ - Z a6y
k=1
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230 b z[ -4 ] DRAE)

By TeHrnukmaaH KypuHaIuKH,
a, e~ ]VIeIT -0, k=1n

oynranja, sbHU
a = %) (20)
e
TeHrIuK Oaxkapunranja (16)-udoaa MUHUMYyMTIa 3pUILIAJIH.
5-tappud. (20)- popmyna époamuoa anuxnanean a, comnap

V 2NleMeHMHUHe &,,...e, cucmema oyuuya Dypve KoIghpuuenmnapu
oeuunaou.
Arap e,...e, cuctemMa opToHopMain oOyica, yuaa (20)-bopmyna
COJIJIApOK KYPHUHHMINTA KEIaau:
=(r.e) (21)
Oumu (19)-udonara kavramus. Arap y epra a,..a, Jap
cudaruaa (20)-Oypbe kosrdhpuIICHTIApHHA 0JICAK, Y XO0J11a

n n 2
b -2 e Hyz 20 (22)
k=1 k=1
TeHFCHSHI/IK, 6y TCHI'CU3JIMKIAH 3Ca
Soa e <f (23)
k=1

XOCHJI OVJ1aJiu.
[Iynmait kKuiino, Kyiuaaru TeopemMa ucOOTIaH IN.

2-teopema. Aumatinux, {e e, #0k=1n} cucmema R
l'unvbepmonou ¢aszocunune OpmocoHAl eKMOPAAPU CUCEMACU
oyncun. YHoa yeR BEeKMOp  Y4VH a, Jnap Dypve

Koa(puyenmaapuea mene 06yneanod, AvHU a, =a, k =12,..,n, MEHIIUK
n

oaxcapuneanoa, Y & YUSUKIU KOMOUHAYUSL y BEKMOPHUHS IH2
k=1

AXUIU AKUHTAUIUULUHY 6epa0u. bynoa

n 2 n
|nf ‘ Zakek =‘y—2akek =" - atfe.|" =0
k=1 k=1
MyHOcabam 6a9fcapwla0u.
OHnu apa3 Kunailuk,
e (e, #0) k=12,., (24)
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AJEMEHTIap KeTMa-KeTiauru  Oepwiran OynmO, y R (dazona
OPTOTOHAJI CHUCTEMaHW TaIIKWJI JTCHH. by Xoinga Xxam
JIeMEHTHUHT (24)-cucteMa Oyiinua ®@ypbe ko3¢ PuueHTIAPUHH
(20)-dbopmyia Epnamuga aHUKIAHMU3.

6-tabpud. Aecap a,, k=12.., naap y oInemenmuuHe (24)-
cucmema oyuuua Pypwve kod3gpduyenmaapu 6yica, yHoa

S ae, (25)

Kkamopea y anemeHmuune (24)-cucmema oyiuua Dypve Kamopu
Oeuunaou. by xonoa

y~ Zak €
k=1
Ka0u é3mnaau.
[-Tabpud. Yoy

y—zn:akek , h=12,..

k=1

E,(y)= inf

ay .0

KAmmanukka y dneMeHmHune Y ae, (n-uxcupranean ) yusuxiu
k=1

KOMOUHAQuUANap époamuoazu IHZ AXUWIU AKUHIAAUIWWU OeliuladouU.
n

by epoa ungumym > ae, Kypunuwoacu mymxumn Oynean bapua
k=1

YUSUKIU KOMOUHAYUANADHUHZ  a,...a, KOI(@uyenmaapu Oyuuua
OJIUH2AH.

by tavpudaan kypruHaguKku

E (V) <E,(») (26)
TEHIJIMK YPUHIIU.

2-TeopeMajiaH Kyhujaaru MyHocaOaTHUHT OaKapuUiIuIU Keauo
YUKAIU:

E,(y) = inf

r-Sae| |- Sac) - i -Saill
k=1 k=1 k=1
a, = ((eykzkk)) , k=12,... (27)
XOoCuJl KWJIMHIaH TacJIUuKHU 2- TEOpPEMaHUHI HaTWXKacu
cuaTua KeaTUpaMus.
1-HaTmKA. y <R aemenm Dypve KamopuHuHe

n
Sn = zakek
k=1
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KUCMUL UUBUHOULADU y e R INEMEHMHUHS
ae +.+ae,

YUBUKIIU KOMOUHAYUALAP OVUUYA dH2 AXUU AKUHAAUUUUHY Oepalu.

2-TeopeMajJilaH IIYHHHTJIEK KyHWJard HaTwxamap Keiaud
YUKA/]IH.

2-HATWKa. Yoy

b-S,l<l-S)h n=12..,  (28)
MeH2CU3IUK YPUHIIU.

(28)-Ttenrcusnuk (26) Ba (27)-myHOcabaTiapjiaH TYFpUIaH
TYFpU KEIUO YUKATH.

3-HATHXKA. yeR onemenmuune @ypve KodPuyenmiapu

n=12,..,, J1ap V4yH yuiby

a

n?

> arfed]” <
n=1

beccenv menzcuznuzu ypuniu

beccens Tenrcuznuru (23)-TEHrCU3IUKIAH n-—>co J1a KEIuo
YUKA/]IH.

4-natmxka. Aeap wynoau c>0 yseapmac — monuauo, |e]=c,

k=12,.., meHecusaux Oaodcapuica, xycycan (24) cucmema
opmoHopman 6ynca (by xonoa c=1 0eb onuuwi MyMKUH), y X0.104

Dypve koapPuyenmaapu k-« 0a HON2A UHMUTAOU.
fima, =0, (30)

k—o0

o0

- 1 13 @9y
DI N BRI P (T

e
KaTOp SKUHJIAIIyBYM. YHJAA Karop SKWHJIAIIWUIHWUHL 3apypuu
IapTura Kypa
flmak —0:>€|mak =0.p

k—>o0

Tabuuil caBon TyFUIAIU: KaHOal wapmiap o0axcapuieanoa y
anemenmuune Oypve kamopu AKUHIAULYS8YU OY1a0U ?

by caBouira ’xaBo0 OepulgaH OJJAMH KyHujaard tabpudiapau
KEJITUPAMU3.

8-tabpud. Aeap R mempux ¢pazooa uxmuépuii hynoamenmar
Kemma-KemauKk sSKUHaauiysyu 0yaca, yHoa R 2a myna Mempuk
¢gaszo oeuunaou.
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9-tabpud. Cranap xkynaiimma Kupumuiean xap Kauoai myna
yusukiu ¢pazoea T'unvbepm ghazocu oeiiunaou.
dypbe KATOPUHUHT SIKMHJAIIWIIA  XaKWJard CcaBoJjira
KyWugaru TeopemMa xaBoo oepaju.
3-TeopemMa. Azap R - ['unvbepm gazocu 6yica, y xonoa yeR
SNIeMEeHMHURE UXMUEpul opmo2onan (24)-cucmema o6yiiuva Pypve
Kamopu AKUHIAULY84U 0y1aou, 6a azap

Yo =iakek (31)

oyaca, ymoa  y-y, onemenm  (24)-cucmemanune  6apua

aNleMeHmaapuea opmo20ouan 6yiaou.
HNcooTn.
ANTaNIuK,

S,=Y.a6e, n=12..
k=1

(25)-dypbe KATOPUHUHT KUCMUH HUFUHIWIApY OYIICHH. YHIa

n+p 2 n+p n+p n+p 2
2.8 :(Zakek’ Zakeka e,

k=n+1 k=n+1 k=n+1 k=n+1
n=12.., p=12,. (32)
oynanu. (29)-beccenp TEHrcu3aurura Kypa

> aled
k=1

KaTop SKMHJIAIIYBYM = KaTop sAKMHIammmuy yuyyH Kommn
Kputepusicura kypa Ve>0 COH OJMHTaHJa XaM IIyHJIal n, eN

2

Sn+p - Sn

HOMEp TONMJIAJAWKU Vn>n, Ba peN
n+p 5
2 2
2ale] <e
k=n+1
TEHTCH3JIMK Oakapwiann.= (32)-TeHINIMKKa Kypa vn>n, Ba peN

yayH

S S, <¢,

n+p

SbHU {S,} KeTMa-KeTIMK R (azona hyHaamMeHTan Oyiaaaud. R Tyia
OYyJIraHW YUyH {S,} SKAHJIAIIYBYH.
®dapa3 KuwIaWiauK, {S,} KeTMa- KETJIMK R (pa3oHUHT  y,

aneMeHTUra skuHnamcud. Yxonga (31)Ba (20)-popmynanapaan
doitnananuo, KydugaruiapHu XOCUI KUIaMU3:
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(y=20,8) :(y’ek)_(yo’ek)(:)(y’ek)_ian (&y,8) =

n=1

e -a-lef = e - LB e I = (v.e) -~ (v.e,) =0

e’
Teopema ucoéoTIaAHIHA.
34. Tyna oproroHa;j cucreMajap Ba yJapHuHr dDypbe
KAaTOpH OWJIaH OOFJIAHMIIIH.
CaHOK/IM cHCTeMa yYyH TYJIAJIUK TYIIYHYACHUHH KUPHUTAMM3.
Aumaunux,
e, €R, n=12,..
cucmema bepunean Oyicun. Azap 06y cucmema d1eMeHMAAPUHUHE
YUBUKIU KOMOUHayusiapu myniamu R ¢gazooa 3uy 0yica, svHu xap
oup xeR anemenm 6a Ve>0 COH YUVYH WYHOAU n=n(s,X) HOMED 6d
Ayvon Ay COHILAD MONUNCAKU.
X— (A8 +...+ A.8,)| <& (33)
meHeCUu3IuK oaxcapuica, yHoa bepunean cucmema R ¢hazooa myna
cucmema Oeuunaou.
4-teopeMa. R-Iunvbepmonou ¢hazocuoacu (24)-opmozonan
cucmemanume uly ¢pazooa myna oyaumiu yuyH Kyuuoazsu uapmuume
baxcapunuwiu 3apyp 6a emapauoup: UXmueépuii y e R 31emMeHm yuyH
yHune @ypve kKamopu auHau uly diemMenmea AKUHIAULAOU, TbHU

y=iakek, 0y epoa a, = (||y’e”k2), k=12,.
k=1 €,

exu

/im

N—o0

y—zn:akek -0 (35)

MeH2IUK Oaxdcapuiaou.
dETrapangauru. Arap (35)-TeHrnuk Oaxapuiica, yHIa Ve>0
yuyH (34) - @ypbe KAaTOPUHUHT ITyHAN

S, = Zn:akek
k=1
KHUCMUN KETMa-KETJINTU TOTTUJIAIUKH,
=S <& (36)
TEHT'CU3JIUK, SbHHU (33)-1apT Oakapuiiaiu.
3apypaurn. Arap (33)-maptr Oupop 4,..4, Jdap Y4yH
OaxkapuJca, yHJa 2-TeopemMara Kypa Oy mapt
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A =a,.,4 =4,
oynranga xaM Oakapuiiaau, S’bHU OEpWIraH >0 COH yuyH (36)-
TEHICU3JIUK OupopTa n Ja Ba TaOuMiiku Oapya m>n Japnaa
Oaxapwianu. by a3ca (35)-mapTHUHT  OakKapWIMIIWIa TEHT
Ky4auaup. P
o-TeopeMa. [ unvoepmonou ¢pazocu y aInemeHmuune (25)-
Dypve Kamopu wiy s1eMeHmea AKUHIAUUUU YYYH YOy

bl = >alled

IHapceeanv menznucunune 6ascapuiuwiy 3apyp 8a emapauoup, oy
epoa a, y oaemenmuune  (24)-cucmema  Oyuuua  Dypve
K03 puyenmaapu.

by Teopemasian cucTeMaHUHT TYja OYIUIIM XaKyu1ary sina oup
KPUTEPUM KETUO YMKA]IH.

Hatuxa. R-I/umvoepmonou gazocuoacu (24)-opmoconai
cucmemManune wy @azooa myna OyIuUWU YUVH uxmuépuu yeR
anemenm oauxHeanoa xam Illapcesanv menenueunu Oaxdcapuiuuiu
3apyp ea emapauoup.

Arap (24)-tyna cuctema opToHopmai 6yica, yuaa [lapcesanb
TEHTJIUTH COJIJIAPOK KYPUHHMINTA KETaIu;

A’ -2l a =(n8), k=12,

Ba YHM 4yeKcu3 yimuoBnu ¢azonap yuyH Iludarop reopemacuHmHr
ymymiammMacu cudatuga Kaparl MyMKHH.

S-TeopeMaHMHT UCOOTH.

(22)-Tenrimkka Kypa ymoy

00 2 n
y=2ae] =l -2 allel

k=1 k=1
TEHIJIUK YPUHIU 341u. by epaa n—o Kyhugaru 2 ta

y—zn:akek =0 (38)

/im

n—oo

Ba
n
tnf b - 32| -o,
AbHU

b = dim

n—oo

a’le |’
34l )
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WIAPTJIAPHUHT TEHI KYWIM JKAHJIUTUHU XOCWI KWiamui3. by epraan
Ba 4-TeopemajiaH S-TeopeMa Keaud yuKaau. P

FOkopunaru nHatmxa 4- Ba 5 —TeopeMaliap/iaH TYFpUJIaH TYFpH
KeIuO YuKaau.

OHI Y ae, Dypbe KaTOpuUra MOC KEIyBUM AJIEMEHTHHUHT
k=1

ATOHAIMTA MACAJIACUHU YpraHamus.

6-Teopema. Aeap R- lunvbepmonou ¢azocuoacu (24)-
OpmMo2oHan cucmema uly ¢azooa myna 6yica 6a yeR INeMEeHMHUHS
(24)-cucmema 6ytiuua bapua @ypve xosghuyenmiapu 0 2a meme
oynca, yHoa y dleMeHmHUune y3u xam 0 ea mene 06y1aou.

Illaptra kypa a =0. YHna (37)-IlapceBasib TeHraurura Kypa

b|=0 Oynamu.= y=0.»
Hatmxa. Aeap y,eR 6a y,eR anemenmaapHune (24)-myna
opmozonan cucmema Oyuuua oOapua Dypve KodaPuyenmuapu
y3apo mene b6ynca, y xonoa y,=y, oyiaou.
<« ;,Ba y, JeMeHTIapHUHT Dypbe KOADUILICHTIApU YIYH
(yl’ezk) _ (yz’ezk) k=12,
led” e
TeHIJIUK OaXXapwiaah.— y=y -y, DJIEMEHTHHHT Oapua ®Dypne
Ko3(ppuueHTIapy 0 ra TEHT Oynaau:
(r.&) _ (L —y2.8) _ (ru.8) _ (2.8) ~0
2 2 2 2 !
e e led” e

= 6-Teopemara kypa y=0=y, =y,.»

k=12,.. =

4-§. Chepuk pyHkuusiap.

35.Chepux pyHKUUAHUHT TabpUPH.

bu3z marematuk (u3MKa TEHIVIAMAIIAPUHKM WHTETpasuiamiia
yupaiiiuran maxcyc (QyHKIUsiIap CUH(JIApUHM YpraHuil OuiaH
myryimanamus. Onatna Oy QyHKIUSUIApHUHT Oapyacu y3rapyBUYaH
kod(ppuLieHTIM  0aB3U YUBHKIM TEHIVIAMAJApPHUHT  €UUMIIapU
cudaruia aHUKJIaHAIH.

bu3 Vypranumnau Jlamuiac TteHriamacu OwiaH 4YamOapuac
oornanrad cepuxk pykHuusgap ne0 aranyBud (QyHKUMSIApAAH
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oomnutaiimuz. Jlammac —TeHriaMacu JlekapT KoopauHaTaiap
cucreMacuaa

NI (40)

ox® oy oz
KYpPUHMUILTA 3ra.

By TeHrnaMaHuHr HIyHJal e4uMIIapUHU KUAUPAMU3KHU, yiap
X,y Ba z Yy3rapyBuwiapra HucOaTaH OUp >KUHCIH KYIIXaJ
KYpUHUIIUTA 3ra OYJICUH.

Conna xycycud XOJUIApHM YpraHuijaH OonuiaiMus. O0-
mapmubau oup HCUHCIU Kynxao y3eapmac a ra TeHr 6ynuo, y (40)-
TeHIVIAaMaHU  KaHoaTJIaHTUpaau. l-mapmubnu  oOup  drcuncau
KYNXAOHUHZ YMYMHIN KYPUHUIIN

U =ax+by+cz
kabu OynmuO, mxTuépuii y3rapmMac ab Ba ¢ kosdumueHtIap
OJIUHTaHaa Xam U, kymxajn (40)-TeHriaMaHuHT eduMu Oynaau. 2-
mapmubu OUp HCUHCIU

U, =ax® +by® +cz® + dxy + ey z+ fzx
kynxaouu onamu3. U HU (40)-Tenrnmamara oiaub Oopub Kyiuo,
ko3 duiieHTIap yayH OUTTA
a+b+c=0
MyHOCAa0aTHH XOCWUJ Kwiamu3. by TeHrnukaan ¢ouaananuo,
MacajlaH c=-a-b aedumMUMu3 MYMKUH. YHAa (40)-TeHriiamaHu
KAHOATJIAHTUPYBUM 2-TapTUOIN OUP KUHCIIU KYTIXaa Yoy
U, =a(x* —z*)+b(y* —2°) + dxy + eyz + fzx
YMyYMHI KYpUHUIITA 3Ta OYJIa/Iu.
by epnia Ou3 5 Ta UMUK SPKIU
(x*-2%), (»*-7°), xy, yZ Ba X
euyumiiapra 9ra  OynmO,  yJapHUHT  UXTEpUM  y3rapmac
ko3pduneHtiap Epaamugard YU3UKIM  KomOuHanusicn  (40)-
TEHIJIaMaHUHT YMYMHUW edyuMUHU OepuO, y 2- Taptubiau Oup
KUHCIIW KYIIXa KYpUHUIIK 1A Udo1aIaHa N,
Hxmuéput 3-mapmubau 6up Hcuncau Kynxao olaMus;
U, =ax® +by° +® + 2y +ex’z + 2 x+ gv?z + hzx + kz?x+ lyz. U, Hu  (40)-
TeHIJIaMara oJino 0opuo KysIMH3:
6(ax+by +cz) + 2dy + 2ex + 2 fx + 29z + 2hx + 2ky = 0.
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by  TeHrmkHM ~ copmanamitupud, X, »,Z  JIap  OJIAMJAaru
kodgduneHTiapp 0 Tra  TeHam  EpAaamMuaa  Kydujaaru
TEHIJIUKJIAPHU XOCUJI KUJIaMU3:

1
3a+ f +h=0, a=—§(f+h),
3b+d+k=0, @Exu b=—%(d+k),
3c+e+g=0. 1
c:—§@+g)

Hemak, (40)-TeHriaMaHuHT 3-TapTUOJIM OUpP >KUHCIU KymXxan
KYPUHHUIIUIATY YMYMUNA €YUMHU

U, :d(Xzy—%y3)+e(XZZ—%ZS)+ f(yzx—%x3)+

+ g(yzz—%z3)+h(ZZZ—%X3)+k(22y—§y3)+€xyz

Oynap 3KaH.
By xonaa 6u3 7 Ta YM3UKIIM SPKIMA eunumIiapra 3ra OyJiauK.
7-Tteopema. (40)- Jlannac menenamacu (2n+1) ma n-

mapmubau oOup HCUHCAU KYNXaorapoan ubopam Oyiean YUu3uKiu
IPKIU eduMIapaa 32a.
4bup xKuHCIU KYNXaTHUHT KOd(UuIEHTIapu COHM Ba Oy
KYIXaJ KaHOATIAHTUPHUILIU Kepak OyiraH TEHrjJaMallap COHUHU
xucobmaimus. Yoy
a X" +ax" "y +.+a )"
UKKJ Y3rapyBUMIM  n-TapTUOAM OWUp KUHCAM Kynxaa (n+1)
kKo3(ppuumeHTra sra. Y4 y3rapyBUMiIM n-TapTHOJIU OUpP KUHCIU
KYIIXaJHU
82"+, (%) .+ g ()2 + 9, (%) (41)
KYpUHHIIUAA E3UII MyMKHH, Oy epaa o, (xy) Jap K-taptubmm Oup
KUHCIU  kynxamiap. Jemak, (41)-Oup >KMHCIM KYNXaJHUHT
KO3 DUIIMECHTIIApUHUHT YMYMHI COHU
(n+)(n+2)
2
Ta 0ynagu. Arap (41)-xynxaaau (40)-TeHraaMaHUHT Yall TOMOHUTA
omb O6opubd Kyiuica, yHAa (n-2)-TapTHOIU OUpP >KUHCIA KYIIXaT
(n=n

1+2+..+n+n(n+1) =

Xocuia 0ynuo Ta xaara ora. [lynmaii xkuwimo6, (41)-

(n=Dn

KYTIXaJHUHT Ta OUp KUHCIIU

wzmw Ta K03 PHULEHTIAPH
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TeHINIaMallap €paamujia OoflaHap HSKaH. Arap Oy TeHIJIaMmanap
ApKJIM OYIica, YHIA SPKUH KOJIraH KO3 duiieHTIap COHU
(n+H(n+2) (n-Dn
2
Ta Oymanu. McOOT KuUIMIIMMHU3 Kepak OyiaraH HapcaHu XOCHI
kwiauk. @Pakat Oy epla IOKOpUJa alTWiraH TeHIJlaMaliap
XaKMKaTaH XaM JpKIM OYynaguMu JeraH caBojira »*aBoO HOAHUK
koiaau. IIly wmyHocabar OwiaH TeOpeMaHUHT OOIIKA TYIHK
UCOOTUHHU KEJITUPaAMMU3.
(41)-xynxagau KyWugard KypuHuiga &3u0  ONMIIMMH3
MYMKHH:

=2n+1

_ pP,,d5r
U, = D a,x" "

p+q+r=n
by Tenrnamanax
a _ 1 a p+q+rU .
par Lglr! oxP -oyY -oz"
ptatrtox® -oy™ - oz
DKAHJINTUHU KYPULI KUWUH dMac.
(40)-Tenrnamanu

(42)

U _ o 8
oz’ x> o’
KypuHuiiga €3u0 osiamMu3 Ba Oy TeHIIMKAaH Qoigananud (42)-
udonanapaaru z Oyinua 1-tapTuOIM XocuianapaaH I0OKOpPH OYiraH
xocuianapaaH KyTyJUIIMMUA3 MyMKUH. MacaJaH,
o°U o* o°'U  o%U o' (oU o%U
oxdvort  axova’ | axt a2 ) oyl Xt 9P
o' (o°U o°U o°U o°U o°U
+ 3 IR e S e s 5
oxoy” \ oX oy oX’0y  oOX°0y® OXoy
Mynmait kuauO, spkin koddduneHtiaap cudaruaa mryHaan

g ko3 duneHtaap KOJIJINKH, ynapaa z oyitnya

nmaddepennuaniam €Kd  yMymMaH MWyK €ku  Oup  Mapra
nuddepeHImanIaHaim. [y K03 puiIeHTIap COHUHH
XUCOOTaNMuU3:  a,,(p+q=n) €K  a,,(p+g=n-1) Ba YJapHUHT
YMYMHUH COHM polma-poca (2n+1) Tta Oymaau. McOoT Kuaummmus
JI03UM OYJIraH TacauK ucOoTiIaHIu. P>
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36. Cdepuxk PyHKUMSJIAPHUHT OIIKOP KYPUHHUIIIH.
ABBaIITH MYHKTJAA KYpPWIraH OUp >KUHCIHM KYNXaJIJapHUHT
OKOp KypuHHIUIapuHU Tomamu3. Cdepux KoopauHaTazap
CUCTEMACVUHU KUPUTAMU3:
X =rsing-cos g,
y=rsing-sing, (43)

Z =rCcosd.

by xonga n-mapmubau 6up sHcuHcau 2apmMOHUK KYNXao
U,(x»,2)=1"-V,(0,0) (44)
KYpUHHUIIKIA udoaanaHau.

(40)-TeHrimaMaHuHT e4MMH OYaraH OyHIal Kymnxaiara oJatriaa
xaxxmuii chepuxk (QyHKUOUA, V,(6,9) KYIIauTyBYMra 3Ca CHUPT
chepux ¢PyHkmusicu E¢xu coana KuiuO, n-TapTudam chepuk
¢pynkumus 1e6 aranmanud. busHUHr BaszudamMu3 YUZUKIU DPKIH
oynran (2n+1) Ta chepuk GyHKIUSIAPIApHU TOMHUIIIAH HOOpar.

AgBait (40)-TeHr1aMaHUHT €4MMM OWJIaH OOFJIMK OViraH cojna
Ooup (hakTHHU KeITUPAMU3. X,y,Z TapaMmeTpiapra OOFIuK OyiaraH

U(x,y,2) = T f(z+ixcost+iysint,t)dt  (45)

WHTETPATHU OJlaMHU3 Ba Oy MHTETpaTHM HWHTETpaj OCTHIA X,y Ba zZ
y3rapyBumiap Oyinmua auddepennuamiam MyMKuH 1e0 dapa3
KujiaMu3. YHIa

2 2 2
AU(X,y,Z)zaU 8U+8U

PV o o I(l—coszt—sinzt).

f"(z+ixcost+#sint,t)dt =0
oymamun. by epma f'(r,t) n1e6 f(r,t) PyHKOUsAmaH ¢ Oyinua 2-
TapTuOIM xocwianu Oenrwnaguk. Ilynmait  kwauO, U(x,y,2)
qnyHKL[H;I f(z,1) q)yHKuI/IHHHHr KaHIIall OJIMHUINWUIAH KaTbUU Has3ap
(40)-JIammac TeHrIaMacWHM KaHOATIaHTHpap SKaH. ODHau (45)-
TeHrnukgaan Qoigananud (40)-TeHrIaMaHM KaHOATJIAHTHPYBUYU
(2n+1) Ta n-TapTUOJIM OUP KUHCIU KYNXaJIapHU KypHUII MYMKHH.
YiiapHu Kynuaard KypuHUIaa €3aMus;

v

j(z +ixcost+iysint)" -cosmtdt  (m=0.12,...,n), (46)

-
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]E(z+ixcost+zysint)” -sinmtdt ~ (m=012,...,n), (47)

-

Chepuxk koopauHaTaiapHU KUpUTUIIL Ba (46)-uHTErpaijgaH
doitnananum Epaamuna chepux (yHKUUIIAp YUYyH KyHuJaru
ndoaaHu XO0CUI KUIaMM3:

T

j[cos@ +isin@cos(t —@)]" -cosmtdt = ((t— ¢ =y neb Oenrunaimus))=

T

j(cos@+|sm0005y/) -cosm(p+y)dy = j(cos@+|5|n0cosw) -cosm(p+y)dy .

i

cosm(@+y)HU 04O 000pUO Ba sinmg  QYHKIUSHUHT
Tokaurugad ¢dovgananud Oy cdepuk (QyHKUUSHU KyHuIarua
KYypUHUILLLIA €3aMHU3:

cosmgoj(coseﬂsinecosw)” cosmydy (m=0412,.n). (48)

Xynau myHra yxmam (47)-u"Tterpan Ou3Hd KyHugaru chepux
GyHKIUsIapTra 010 Kenaau:

sin mgoj(coséuisin gcosy)" -cosmydy (m=012,..n), (49)

cosmp Ba sinmp (QYHKUMSUIAp (-7;7) OpaMKIA  Y3apo
OpTOroHajl OViAraHW Yy4YyH yJjap YU3UKIM H3pKin=(48) Ba(49)
chepuk pyHkumsap yuzukiau spkin. lyngaid kuaub, 6u3 (2n+1)
Ta YU3UKIU DPKIM  n-TapTUONMM cPepuk (PYHKIUSIIApHU KypuoO
onauk. IllyHu Tavkugnam go3umk, (48) Ba (49) dhopmynanapaaru
cosme Ba sinme JIap onaguAaru kodgduimeHtiap Oup Xui. YJIapHH
Jlexannp xkynxamiapu €Epaamuna udomamaiMu3. MabiayMkw,
Jexanap K}”lnxa)mapn ym6y

P = (50)

KYpPUHHUILTA 3Ta 3AU. YHAaH QoiiganaHu0, Kyiugarn (QpyHKUHUSHU
KHUPUTAMU3:

0=~ x)zd o) X S e -y] (51)

nk2"  dx™"
bynnan Oyén 61/13 x HM [-11] KecMaja y3rapajau Jied KapaimMu3
Ba x=cosd, 0<@<z Je0 onamu3. byHma P, (cos®) wudomamaru

(1-cos?@)? KyNaMTMaHMU sin" @ ra TEHI ICMMU3, YYHKHA 0<O<r.
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OHIU P,(x) Ba P, (x)Jap y4yH Oomika upogasapHu KUPUTAMHU3.
KomauHT uHTErpan hopmynacura kypa

(22 —1)
(X -1)" = ij dz

TEHIJIUK YpuHIM, Oy epaa y - Z=X HYKTaHU Y3 UYUra OJyBUU
uxTuéput Mycbar WHyHamuuum €Enuk uu3uk. by epaan (50)-
TEHIJIMKKA Kypa

P (x) = 1 I(Z D"-(z+1)" dz (52)

2n+l X)n+l

TCHITIMKHN XOCWJI KWJIaMH3. y KOHTYP CI/I(l)aTHIIa MapKasn z=x

1
HyKTaJa Ba paadycu |x*—12 ra TeHr OyiraH ailaHaHd OJlaMU3
(x=+1 me6 xucobnanaau). bynna z y3rapyBunHuU
1
z=x+(-1)2e"
ne6 €3u MyMKUH Oyiajau, v HU -z JlaH » Tada y3rapaau 1e0
xpcobaaiimus. (52)-uHTerpania y3rapyBunIapHA aaMarTHPHO

1 1
{x—l+(x2 —1)219“V}-{x+1+(x2 —1)2e“"}
l v
I:)n (X) :ZJ- 1 dl//
” 2(x* —1)2e'

n

TEHTJIMKHU Ba 2JIEMEHTAp XUCOO-KUTOOHW amaira Oomupud xamja
UHTerpan octujaard (QyHKIUSHUHT >KydTiuruaad (QoiianaHcak,
Kyhnaara (popMyiaaHy XOCHI KAJIaMHU3:

1 s
P, (X)=—
()=

(xz—l)% 0034 dy. (53)

Arap TCHI'NIMKHUHI S’/HF TOMOHHNIAru

Vs

1 n
H 1
X+ (x* —1)2 cos;z/] dy/:—j X+
/A

0

1 n
{x+(x2—1)2c031//} upomann Hproton OuHOMUIaH oiganTaHuo

Japa)kara KyTapcak Ba cosy HHUHT TOK JapakKaJlapUIaH (-z;z) OPATUK

Oyiiya OJMHTaH HUHTErpajd 0 ra TeHr OynumuaaH (onaanaHcak,
1
yHIA (x*-1)? HUHT TOK JapakaJapy KaTHAIITaH Oapya XaJJapuHUHT

0 ra alUTaHUIIUHA XOCWJI KHJIaMU3.
FOxopunarn kabu xucoOjamnuiapHu P,.(x) y4yH Oakapammus.

YHna (52) HUHT ypHUTA
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- XV 00D e
m —X)
oymanu.

AHHKIIUK yYyH -1<x<1 Je0 xucoOnaimus3. FOxopuaaru kadbu

1 1
z=x+(x*-1)2e" aJIMaIITHUPHUIN Oa)kapamu3 Ba (x2-1)2 =pi, p>0 J1€0

xuco01a0

im (n +1)(n+2)...(n+m)
27

P .(X)= I{xjt(xz —1)% cosw} e "™ dy

TEHIJIUK €KY sinmy (QYHKIUSHUHT TOKJIUTUIAaH QoiiganiaHcak

iy (n+)(n+2)...(n+m) ¢
Prn (00 =1 > J

X+ (x? —1)% C0S (//] cos mydy (54)

—T|

TeHrJUK Keaub yukaau. Arap (53) éxu (54)-uHTerpajuiap/ia x=cosé
necak, yHna (48) Ba (49)-popmynanapaard HHTErpajjiap XOCHI
oynanu.

[Mapmonuk kynxan €xku chepuk QyHKUMsIapaa y3rapMac
KYMAaUTYBUMHUHI axaMHsTra sra SMACIUTUHU 3bTUOOpra oaud
KyWHIary xXyJjiocara KeJamus:

(2n+1) Ta n-TAapTUOIU cCPepuK PyHKIUAIAP
P,(cosd), P,,(cosd)cosme, P, (cosd)sinme (55)
(m=212,..,n)
Kypunuwuoa ugooanranaou, 6y epoa  P(x)-  (50)- dopmyna
époamuoa anuxnanyeuu Jlescanop kynxaonapu, P,.(x) aap aca (31)-
gopmyna époamuda aHuKIaHaou.

MIyan »scmatn® YTamMu3ku, (1-x°)2  KYMaUTyBYHM X =cosé
aIMAIITUPUIIIAH CYHT sin"@ Ta TeHr ae0 xucooOmaHamu. (55)-
CYMMJIADHU UXTUEPUM Yy3rapmaciiapra KyINMaWuTUPHUIL Ba KYILLIUII
épmamuga  n-TaptuOau  cPepuxk  QYHKUMSHUHT  YMYMHM
KYPUHUILLIWHU TOIIAMU3:

V.(0,9)=2a,P,(cos0) + Zn:(am cosme +b, sinmg)P,  (cosd) (56)

m=1
[lynnai Kuano, KyWuaara TeopeMa HCOOTIaH Iu.
8-Tteopema. Jlanniac meneramacunu KaHOAMAAHMUPYSYU N -
mapmubau Oup HCUHCAU KYNXAOHUHS YMYMUU KypuHuwu r"-V.(0,p)

Kkabu 6yraou, 6y epoa V,(6.9) (56)-popmyna  époamuoa
AHUKIAHAOU.

92



U3ox. (55)-euumnapnune yuszuxiu KoMOUHAUUACUHU OJULL
uyau  Ounan  mMpucoOHOMempux — @QYHKYUSIAPHUHZ — VpHU2d
Kypcamxudau @QYHKYUAIapHu oauwl Mymxun. Ywoa (55) - n-
mapmubau cepux QyHKyusIap myniamu ypHuea Kyuuoazsu n-
mapmubau cghepux QyHKyuaIap myniamuHu X0CUl KUiamus:

P.(cos®),P, . (cos@)e™,...,P, . (cosH)e™” (57)

(m=12,...,n).

37. OpTOroHA/LUTMK X0CCAJIapH.

Ouaun  (55)-chepuk  GyHKUMsUTApHUHT OUpAUK  cdepana
OpTOroHaN  OYMuMIIMHM ucOOTIaimMu3 Ba Oy  QyHKIUsIAp
KBaJIpaTJapuHUHT  Oupiuk cdepa OYiinya HUHTErpaiapuHu
Xucooaiimus. ABBall yuioy

1y = [1P, (O

WHTETpaHU XUcoOJal OuiaH IyFyJlaHaMu3.
P, .(X) DyHKUMSTHUHT Tabpudura kypa

:j-[ (X)] dx — J-(l X) dam P(X) dam P(X)

dx™
oymanu. Arap m=0 Oyiuca P, (x)="P,(x) 6me6,
— ( 2 — 2
l, = j [P (P X = (58)

TEHIJIUK YpuHau 0ynanu (3 1-myHKTra Kapasr).
bynaknad wuHTerpayuiam ycyauaaH Qoigananud Kyduaaru
TEHIJIUKHU €3UIIl MYMKHH:
m-1
_(1—x))". d"R (x) d™R ()|

|
" dx™ dx™*

x=1 ldmlP(x) d 2vm AP (X)
X=—1 J.l dx™* |:(1 ) dx™ }dx

EKH

5 :_Jl-dmlpn(X) .i|:(1_x2)mm:|dx (59)

Jodx™t dx dx™
Jlexknn
dm—lpn(x) _ 1 dn+m—1(X2 _1)n

Z= defl - 2" . nl an+mfl

(YyHKIUSHUHT yIIOY

m+1 m m-1
(=) 8 R0 o, 4R ) 4" ()
dx™ dx™ dx™

TCHINIaMAaHHU KaHOATJIAHTUPUIIWHU TCKIIUPHUIII KHﬁHH oMac.

+(n+m)(n—-m+1) =0
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by TeHrmukHm (1-x*)"'ra KynaWktupub, YyHU KyHugarua
KYpUHUIILIA E3UIIT MYMKHH.
-1 d o Pn (X)

dx™ dx™™*

bynu (59)-popmynara onubd 60pud kyiicak,
d™R.(x) d"R.(X) 4,
dx™*  dx™*

%{(&x%mm} =—(n+m)(n-m+1)@-x)"

I, =(+m)(n-m +1)j(1— x?)"t

EKU

l,=(+m)(n—m+DI_,
PEKKYpEeHT opmyia Xocui Oyau.

PexkypeHT dopmynanan KETMa-KeT doitnanancak
I, =(+m)(n-m+DI_, =("+m)(n—m+D(n+m-1).
(n-m+2)1_,=.=(n+mn-m+1L)(n+m-1).
(n—-m+2)..(n+Ynl, =+ m)(n+m-1)(n+m-2)...
(n—m+11, = MY

(n—=m)!

AKAHJIUTH KEINO YMKaIH

by epnan Ba (58)-TeHrMKIaH

h ) 2 (n+m)!

j[P”’m(X)] dx= 2n+1 En — m;!

et
(dopMyJIaHu XOCHIT KHJIaMU3.

FOxopunarn Hatwxanapjan (Qoigananud v,(0,9) cpepuk
¢yHkuusgan Oupiuk chepa Oyilmya MHTErpaiHM XHUCOOJAII
MyMKHH. ¢ Ba ¢ Jap cdepajard HYKTAaHUHT Ol reorpaduk
KOOpJWHaTanapu Oynaau: {p=const} - MepUAUaHap Ba {0 =const} -
napawiessiap. KoopauHaT 4YM3UKIapHUHT OyHAal TaHJIAHUIINA
CUPT FO3aCUHUHT JIEMEHTH YIIOY

do =sin@-d&dy (61)
dbopmyna épaaMmuia XMcoOIaHA K.

bupunun HaBOaTna v,,¢) Ba V. (0,¢) (QYHKUHUAJIAPHUHL p=(
OyJranaa opToroHan OYJUIINHU, SHHU

[[v,(0.0)y,6.9)do =0 (62)

Ss

TEHIJIUKHUHT OKApWIUIIUHU UCOOTIIalMU3.

AWrainuk, 9—cdepa OwmnaH derapajaHraH Xaxm, S—cdepa
cuptu OViIcuH. YHAA

U, =r,(0,9) Ba U, =rV(0,0) (63)
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rapMoHUK QyHKUMsIap yuyH ['puH popmynacunu KyiaiMu3

on
=((AU, =AU, =0))=0.
by xonaa HopMmai Oyitnua xocuiaa r paauyc Oyiinda xocuja OujiaH
yCTMa-yCT TyIIaJu. YHAa oxupru ¢popmyia Ba (63)-popmyinanan
[[19V,(6.0)-V,(6,0) = pV,(6,9)-V,(6,9)]=0

S

10, 250, Zoydo= [[] ©,AU, -U,a0, 0=
s g

TEHIVIMK, Oy epaaH nca TyFpulaaH-tyrpu (62)-popmyna kemnud
YUKA/]IH.

n HUHr | Ta KuilMatura Moc keayBuu (55)-cdhepux
GyHKIUSATIAp XaM Y3apo OpTOroHal Oyiau.

JHapxakukat, Oupiauk cdepa Oyiinua MHTErpaiaml o Oyiinda
(0,27) oOpaluKaa UHTerpauiamra keartupuiand. Jlekun, (55)-
GyHKIUSATIAp ¢ Ta OOFIUK OViran

1,cosp,sing, cos2¢,sin2gp,...,cosng,sinng
KYMMaUTYBUYWIApPHU Y3UJa cakjaaun Ba Oy KynaWTyBUMJIAPHUHT
UXTUEPUN HMKKUTACUHU KYMaUTMacUHUHT (0;27) opaluk OVyinua
UHTperpaiu 0 ra TeHr. Xyaau 1y kadu (57)-QpyHKIusJIapHUHT XaM
OpPTOT'OHAJI CUCTEMA XOCHJI KWJIUIITUHU KYPUIIl MyMKHH.

OHIIU P, (cosd)-p Ta OOFMUK OynMaran cpepuk (yHKIUSHUA
0JIaMHU3 Ba P?(cosd) (PyHKIUAIAH OUpauK cepa OYitmya MHTErpaTHU
XUCOOIaiMu3:

[[P?(coso)do =(( (61)-ra kypa do=sino-dalp))=
S

T

2 2z
:I IPnz(cose)sin6?~d6d(p= ZnIPnz(cose)sinédez
0 0 0

=((coso=x anmamTupHIn Oakapamu3s))= 27rj. P2(x)dx = (((58)-TeHrrKKa

1
o 2 A7
Kypa |P*(x)dx = = .
yP ~[1 n () 2n+1)) 2n+1

Xynau 1y kabu 06o1ika ¢pyHKIMsiapra HucoaTan

][' T[Pmm (cos9)]’ sin> me-sin@@d o = 7Z'j‘[Pn’m (x)]? dx

0
TEHrNUK Xocwi Oymaaun. by Ttenrnmuk Ba (60)-dbopMmynanan
doitnananu6 Kyluaaru MyHoca0aTaapHu XOCHII KUJIaMu3:
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2 Arm
jsj[Pn(cose)] do=o "

H[Pn,m(cose)cos mel*do _ 2z (n+m)! (64)

2n+1(n—m)!’
27 (n+m)!
2n+1(n—m)!

by dopmynanapaan cdepa cuptuga OepuiaraH HUXTHEPUM

J][F’n,m (cos@)sinme]*do =

¢ynkuusau chepuk PyHKumMsuiap Oyitmya Eium macananapuia
dboliganaHuIaau.

[

8.
9.

10.

11.
12,

Ha3zopar caBoJsuiiapu.

. OpToronaJ cucremMa TyIIyHYaCH.
. OpTOroHaj CHCTEeMAaHHMHI YHM3HKJIHU IPKJIH CHCTeMa OYJIMIIU

NMCOOTJIAHCHH.

. I'paMm nerepMuHAHTHM OWJIAH YHU3UKJIM OOFJIMK CHCTEMA

opacuaarv 0OOrJIaHUIIIL.
1, cosx, sinx, cos2x,sin2x ,. . ., COSNX, SINNX,...

TPUTOHOMETPHUK (PYHKUMSJIAP CUCTEMACHUHMHT L,[-7;7z] ¢a3oaa
OPTOroHAaJ OYJIUIIN MCOOTJIAHCHH.

CJIeskaHaAp KYNXQUIAPUHUHD  L,[-1]] ¢aszoxa oproronan

CucreMa TallKuJ1 KHJINIn HCOOTJIAHCHH.

. I'nas0epronau Ga30CHHUHI YEKJHM IJIEMEHTJIAPH CHCTEeMACH

YM3UKJIM OOFJIHK 0yJica, y xouaa ['paMm 1eTepMUHAHTUHUHT
HOJITA TEHT OYJIUIIN UCOOT/IAHCHH.

. Yoy

sin(2n +1)§, n=12,...

GyHKIUsAJIAp KeTMAa-KeTJHUIM [0;z] KecMaaa OpPTOroHaJl
CHCTEMA TAINKWJ KHJIUIIU KYPCATHIICHH.
JleskaHAp KYNIXaAMHUHT HOPMACH XUCOOJIAHCHH.
bepuiiran YM3MKJIM PKJIM CUCTEMAHU OPTOTOHAJLJIAIITHPMIIL.
Yoy

1LX, X%, X",
CUCTEMAHUHI MXTHEPUHA OPAJMKIA YHU3UKJIH IPKIH
OyIMIu UCOOTIAHCHH.
Dypbe KATOPUHUHT Tabpudu.
becceab TEHIrCU3JIUTH.

96



13.

14,
15.

16.
17,

18.
19.

20.
21.

22.

23.

24.

Dypbe KOIPPUUEHTIAPUHUHT HOJITA UHTHINIIM XaKUAaru
TACAUK KEeJTHUPUJICUH BA HCOOTIAHCHH.

Dypbe KATOPUHUHT AKMHJIAIIMIIHN.

TyJaa oproronaJn cucremajnap Ba yjaapHuHr dypbe Karopu
Omy1aH OOFJIAHMIIIH.

ITapcecBajgb TEHIJIMIH.

dDypbe KATOPUIra MOC KeEJIYBYH IJIEMEHTHUHI SATOHAJIUIHU
XaKHJIAaru TeopeMa UCOOTJIAHCHH.

Cdepuxk pyHKIUAHUHT TAabPUPH.

Jlamjiac TeHrJiaMacHHUHI n-TapTUOJIH OHUpP KUHCJIHU
KynxajapaaH uéopar OYVJraH YM3UKJIUA IPKIM eYUMJIIAPU
XaKHAAa TeopeMa KeJITHPUICHH BAa UCOOTIAHCHH.

Chepuxk QyHKIMSIAPHUHT OIIKOP KYPUHUIIIH.

P,(x) Ba P, .(x) QyHKIMSAJIAP XaMAa YJIAPHUHT X0CCAJaApH.

Jlamiac TeHrjiaMacMHU KAHOATJIAHTHPYBYH N-TapTHOIH
OUp KMHCIU KYNXAAHUHI YMYMMH KYPUHHUIIM XAKHAATU
TeopeMa KeJITHPHUJICMH BA HCOOTIAHCHH.
Yoy

2 (n+m)!
2n+1 (n—m)!

j.[Pn,m (X)]2 dx =

TEHTJINK UCOOTJIAHCHH.
Cdepuk GpyHKIUSTAPHUHT OPTOTOHAJIUK XOCCACH.
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