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So‘zboshi

Qo'lingizdagi ushbu kitob, “Oliy matematikadan individual
I0pthiriglar" nomli o‘quv qoMlanmalar majmuasining ikkinchi gismi
bo'tlb. u oliy o‘quv vyurtlarining muhandis-texnik mutaxassislari
Uchun moMjallangan 380—450 soatlik dastur asosida yozilgan.
Sliuningdck, mazkur majmuadan, oliy matematika fanini o‘gitish
UcllUi) ujrutilgan soatlar anchagina kam bo‘lgan boshga yo‘nalishdagi
mutuxussislar tayyorlaydigan oliy o‘quv yurtlarining talabalari ham
I'oyUttlunishlari  mumkin. (Buning uchun tagdim etilayotgan
malcriullardan keraklilarini tanlab olinishi lozim).

Tuvsiya etilayotgan ushbu o‘quv qo‘llanma, auditoriyada amaliy
rtWNhg'ulotlar va mustaqil (nazorat) ishlami o‘tkazish uchun hamda
oily muteinatikaning barcha bo‘limlari bo‘yicha individual uy
topjthiriglarini bajarish uchun mo'ljallangan.

0 ‘quv majmuaning ikkinchi gismida kompleks sonlar, anigmas
Mt anlqg integrallar, ko‘p o‘zgaruvchili funksiyalar va differensial
longlumalarga  bag‘ishlangan mavzular bo‘yicha materiallar
keltirilgan.

Kitobning ikkinchi gismi tuzilishi ham uning birinchi gismiga
nynan o‘xshash ko‘rinishda yozilgan. Boblar, paragraflar va
rMtnlaming ragamlanishi birinchi gismga mos ravishda davom
ettlrilgan.

Kitobning yaxshilanishi borasidagi bebaho ko‘rsatma va
mMlahatlarini ayamaganliklari uchun mualliflar jamoasi, mazkur
majmuaning taqgrizchilari bo‘lgan Moskva energetika instituti, FA
muxbir a’zosi, fizika-matematika fanlari doktori, professor S.I.
Poxojayev rahbarligidagi  “Oliy matematika” kafedrasining
jiunoasiga, Minsk radiotexnika institutining “Oliy matematika”
kafedrasining mudiri, fizika-matematika fanlari doktori, professor
L.A. Cherkasga hamda shu kafedraning dotsentlari, fizika-
matematika fanlari nomzodlari L.A. Kuznetsov, P.A. Shmelyov,
A.A. Karpuklarga, o‘zlarining minnatdorchiliklarini bildiradilar.

Kitob borasidagi barcha fikr-mulohazalaringizni quyidagi
manzilga yuborishlaringizni iltimos qilamiz: 2.20048, Minsk,
Masherov shohko‘chasi, 11, “Bbiclas WwKona” nashriyoti.

0 ‘zbek tilidagi taijimasi bo‘yicha Toshkent, Universitet
ko'chasi 2: tel: 246-83-62 Mualliflar.



USLUBIY TAVSIYALAR

Tavsiya etilayotgan qo‘llanmaning shakli, undan foydalanish
uslubi, talabaning ko‘nikma va bilitnlarini baholash mezonlarini
tavsiflab chigamiz.

Oliy matematika kursi bo‘yicha barcha ma’lumotlar boblarga
tagsimlangan bo‘lib, ulaming bar birida masala va misollami
yechish uchun zarur bo‘ladigan nazariy bilimlar (asosiy ta’riflar,
tushunchalar, teoremalar va formulalar) keltirilgan.

Ushbu ma’lumotlar  yechilgan  mashqglar yordamida
mustahkamlanadi. (Misollar yechishning boshlanishi - » va oxiri
- 4 belgilar yordamida berilgan.) So‘ngra auditoriya mashg‘ulot
(AT) va o‘tkazilayotgan mashg‘ulotlarda 10—5 minutga
mo‘ljallangan mustagil (kichik-nazoratli) ishlar uchun javoblari
bilan birgalikda masala va misollar tanlab olingan. Va nihoyat 30
variantdan iborat haftalik individual uy topshiriglari (IUT),
namunaviy misollar yechimi bilan birgalikda berilgan. 1UT
ma’lum qismining javoblari ham Kkeltirilgan. Har bobning
nihoyasida amaliy ahamiyatga molik, darajasi yuqori
giyinchilikka ega bo'lgan qo‘shimcha topshiriglar joylashtirilgan.

llovada rauhim mavzular bo‘yicba bir va ikki soatga
mo'ljallangan (har biri 30 variantlik) nazorat ishlari keltirilgan.

AT topshiriglarining ragamlanishi uzluksiz bo‘lgan ikki
sondan iborat: birinchi-gismi bobni aniglasa, ikkinchisi ushbu
bobdagi AU tartib ragamini belgilaydi. Masalan AT 9.1 shifri
ikkinchi  bobga tegishli  birinchi  topshirigni  aniglaydi.
Qo'llanmaning ikkinchi gismida 26 AT va 12 IUT berilgan.

IUT uchun ham boblar bo‘yicha ragamlash kiritilgan.
Masalan IUT 9.2 belgisi beshinchi bobdagi ikkinchi 1UT
ekanligini ta’kidlaydi. Har bir IUT ning ichida esa quyidagicha
ragamlash Kkiritilgan: birinchi son topshirigdagi masalaning tartib
ragamiga tegishli bo‘lsa, ikkinchisi variantning tartib ragamini
aniglaydi. Shunday qilib, IUT 9.2:16 shifri talabaning IUT 5.2
dan 16 variantdagi topshiriglarini bajarishini belgilab, ushbu
variantda 1.16, 2.16, 3.16, 4.16 masalalar borligini ta’kidlaydi.
IUT bo‘yicha variantlami tanlab olishda oldingi topshirigdan
keyingisiga o‘tganida tasodifiy yoki boshga usulda almashtirish



ueulini go'llash mumkin. Bundan tashqari, ixtiyoriy talabaga IUT
fetriliehida bir xil turdagi masalalami har xil variantlardan olish
BHimkin. Masalan, IUT -3.1;1.2;2.4;3.6 shifri talaba IUT -3.1 dan
birinchi masalani 1 - variantdan, ikkinchisini 4 - variantdan,
UChinchisini 6 - variantdan yechishini ta’kidlaydi. Bu
ku’riniHhdagi kombinatsion usul 30 ta variantdan keng gamrovli
ko'p variantlar hosil gilishni ta’minlaydi.

IUT lami ba’zi oliy texnika o‘quv vyurtlari (Belorussiya
gihhlog xofaligini mexanizatsiyalash instituti, Belorussiya
politcxnika instituti, Uzoq sharq politexnika instituti v.b.) ning
0‘quv jarayonida goTlanilishi, IUT ni har bir haftalik auditoriya
topshiriglaridan keyin alohida har safar berishning o‘miga, ikKi
Imfluda bir marta, ikki haftalik auditoriya mashg‘ulotlari
mazmuniga mos ravishda berish magsadga muvofiq ekanligini
ko‘rsatdi. Ushbu qoTlanmaga muvofiq talabalar bilan ishlashni
tashkil etish bo‘yicha umumiy tavsiyalami beramiz.

1 Oliy o‘quv yurtlarining 25 talik guruhlari uchun
haftada ikkita auditoriya mashg‘ulotlari, talabalar erkin
gatnashadigan maslahat darslari rejalashtiriladi va haftalik IUT
beriladi. Ushbu tadbirlami samarali tashkil etish magsadida,
talabalar bilimini, xato va kamchiliklarini aniglash va tuzatish
yo'llarini ko‘rsatgan holda, tizimli baholash uchun Kkafedra
tomonidan oldindan tayyorlangan professor-o‘gituvchilarga IUT
ning javoblar vaxaqasi va yechimlar majmuasi beriladi (talabalar
mustasno). Javoblar varagasi har bir topshiriglar uchun
tayyorlansa, yechimlar majmuasi fagat yechish usulini, amallar
ketma-ketligi va hisoblashlardagi ko‘nikmalaming to‘g‘riligini
tekshirish uchun zarur boTgan muhim boTgan masala va
variantlarga ishlab chigiladi. Kafedra tomonidan yechimlar
varaqasi gaysi IUT lar uchun zarurligini belgilanadi. Yechimlar
varaqgasi (bitta variant bitta varaqda joylashadi) talabalar
tomonidan bajarilgan topshiriglar bajarilishida 0‘z o‘zini nazorat
gilish uchun, talabalar o‘rtasida o°‘zaro nazorat tashkil etishda
ishlatiladi. Lekin ko‘pchilik hollarda yechimlar varagasi
yordamida o‘gituvchi usulning to‘g‘riligini tekshirsa, talabalar
o‘ziniug hisob-kitoblari to‘g‘riligini nazoratdan o ‘tkazishi
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mumkin. Ushbu usullar 25 talabaning IUT larini 15-20 minut
davomida tekshirib baholash imkonini beradi.

2. Oliy o‘quv yurtlarining 15 talik guruhlarida esa
haftada ikkita auditoriya mashg‘ulctlari, guruhlar dars jadvalida
mustaqil tayyorlanish uchun, o‘gituvchi nazorati ostida haftalik
yuklamaga Kiritilgan ikki soatlik maslahat darslari rejalashtiriladi.
Dars jarayonini ushbu taxlitda tashkil etish (Belorussiya gishloq
x0jaligini mexanizatsiyalash instituti), talabalaming mustaqil va
ijodiy ishlashlari hamda bilim sifatini o‘gituvchilar tomonidan
tezkor ravishda nazorat qilish darajasi sezilarli tarzda oshishi
kuzatiladi. Yuqorida tavsiya etilgan usullar bu yerda ham o'zining
samarasini beradi. Lekin, ushbu guruhlarda AT va IUT lami
tekshirish tezlashadi va topshiriglarni bajarishda nazariy
bilimlami nazorat qilish imkoni oshadi, o‘zlashtirmovchi
talabalardan mavjud garzdorliklami kamaytirish imkoniyati paydo
bo‘ladi. Shuningdek, yana IUT, mustaqil va nazorat ishiari
bo‘yicha baholar jamlamasi yordamida o‘quv jarayonini
boshqarish, nazorat qilish, talabalar olgan bilimlari sifatini
baholash imkoni ham paydo boTadi.

Yuqorida aytilgan tadbirlami amalga oshirish natijasida
semestr mobaynida o°‘rganilgan bilimlar boVicha an’anaviy
semestr (yillik) imtihonlardan voz kechish, hamda talabalar
ko‘nikmalari va bilimlarini baholash bo‘yicha blokli-siklik
(modulli-siklik) deb ataluvchi usuldan foydalanish mumkin
bo‘ladi. Ushbu usulning mohiyati quyidagilardan iborat: Fanning
semestrdagi (yillik) yuklamasi 3-5 ta blok (modul) larga bo‘linadi
va ulaming har biri bo‘yicha AT, IUT bajarilib, sikl yakunida esa
ikki soatlik yozma nazorat o‘tkazilib, bu yerda 2-3 ta nazariy
savollar, 5-6 ta masala va misolllar beriladi. AT, IUT va yakuniy
nazorat ballarinmg yig‘indisi talabalaming har bir blok (modul)
va semestr (o‘quv yilida) hamma bloklar (modullar) bo‘yicha
olgan bilimlarini ham alohida obektiv baholash imkonini beradi.
Shunga o‘xshasb usul Belorussiya qishlog xofaligini
mexanizatsiyalash institutida tadbiq gilingan.

Fikrimiz yakunida, ushbu qo‘llanma o‘rtacha imkoniyatli
talabalarga mo‘ljallanganligini va bu yerdagi bilimlami egallash
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oliy matematika fanidan gqoniqgarli va yaxshi ko‘mkmalarga ega
bo'li*hlarini ta’minlashini ta’kidlashimiz mumkin. Iqtidorli va
AlO b»hoga o'quvchi talabalar uchun esa, rag-‘batlantirishning
ehoru-tadbirlarini e’tiborga olgan holda alohida murakkab
tOpHhiriglar (ta’limda individual yondashuv) tayyorlanishi zarur.
MftNiilun, bu lalabalarga, 0‘z ichiga ushbu go‘llanmadagi yugori
HIlurekkablikka ega masalalar va nazariy mashglar (ushbu magsad
Uehtl/i, xususan, har bir bob oxiridagi qo‘shimcha topshiriglar
mo'ljallangan) butun semestr uchun ishlab chiqilishi lozim.
0 ‘gituvchi ushbu topshiriglami semestr boshida berib, ulaming
bajurilish ketma-ketligini belgilab (o‘zining shaxsiy nazoratida),
tululnilarga oliy matematikadan ma’ruza va amaliyot darslarida
etkiii gatnashishga ruxsat berishi mumkin va bamma topsliiriglar
muvaffaqgiyatli bajarilgandan so‘ng sessiyada a’lo baho qo‘yiladi



7. KOMPLEKS SONLAR VA ULAR USTIDA AMALLAR

7.1. ASOSIY TUSHUNCHALAR. KOMPLEKS SONLAR
USTIDA AMALLAR

Kompleks son deb, z = x + iy turdagi songa aytiladi. Bu
yerda, x vay lar haqigiv sonlar i = /—{ esa, mavhum birlikdir,
ya’ni, kvadrati -1 ga teng boTgan son yoki z2+ 1=0
tenglamaning ildizidir. Odatda, x ni kompleks sonning haqiqiy
gismi, y ni esa, uning mavhum qismi deb yuritiladi. Ular uchun
quyidagi belgilashlar kiritilgan: x = Rez va y= Imz. Agary = 0
unga z = x ER agar x = 0 bo‘lsa, z = iy ni sof mavhum son

Geometrik nugtai nazardan
garalganda, har ganday z = x +
iy kompleks songa tekislikning
biror M (x,y) nugtasi (yoki OM
vektor) mos keladi va aksincha,
tekislikning har ganday M(x,y)
nuqtasiga z —x + iy kompleks
son mos keladi. Umuman,
kompleks sonlar to‘plami bilan
Oxy tekislikdagi nuqtalar orasida
o‘zaro  bir qgiymatli  moslik
o‘matilganki, Oxy tekislikni
kompleks tekisligi deb yuritiladi
va uni z kabi belgilanadi (7.1-
rasm).

Barcha kompleks sonlar
to‘plamini C harfi bilan belgilanadi. Har doim, R ¢ C ekanligini
ta’kidlaymiz. Barcha z = x haqigiy sonlarga mos keladigan
nuqtalar Ox o‘gida joylashadi, shu boisdan, Ox o‘qini kompleks
sonlar tekisligidagi haqiqiy o‘q deb yuritiladi. Barcha z = iy
mavhum sonlarga mos nuqtalar Oy o‘gida joylashadi va kompleks
sonlar tekisligining mavhum o‘qi deb ataladi.

Agar ikkita kompleks sonlammg haqiqgiy va mavhum qismlari
o‘zaro teng bo‘lsalar, ulami o‘zaro teng kompleks sonlar deb
yuritiladi.



gX X +iy va 7. = x —iy turdagi sonlar o‘zaro tutashgan
(boi'langun) kompleks sonlar deb ataladi (7.1-rasm).
Agarda, zx = xx+ iyx; z2 —x2+ iy2 ikki kompleks sonlar
ba'blii, illar ustidagi arifmetik amallar quyidagicha bajariladi:
/, +x2= (Xa+iy,)+ (X2+ iy2) = (x1+ x2+t)™ +y2,
j, - z22= (X, +iyi)-(x2+iy2 = (*! - X2+ i(yl-y2),
=m(Xj +iyi)(Xx24iyz) = (Xix2~yiyd+j(yix2+y2xa),
_ Xi+iyt _ ZizZ2 _ X2+Y1Y2 + -~ryl-~1y2
2 x2Hy2 72 xf+yf *|+y|
(oxirgi amal z2 ® O bo‘lsagina o‘rinli bo‘ladi). Yuqorida
bnjarilgan amallar natijasida, urnuman yana kompleks sonlar hosil
bo'ludi Shuningdek, kompleks sonlar ustidagi mazkur amallar,
haqgiqiy sonlar ustidagi arifinetik amallarga o‘xshash barcha
KONsalarga egadir, ya’ni, qo‘shish va ko‘paytirish amallari
k<»mmutativ va assotsiativdir, hamda ular distributivlik xossasiga
Cga bo‘lib, ular uchun teskari amallar bo‘lgan ayirish va bo‘lish
(nolga bo‘lishdan tashqgari) am allari ham mavjuddir.
1-misol. zx =2+ 3i, z2—3 —Ai va z3= 1+ i kompleks

. y . _
donlar berilgan. z = —Sim N topilsin.

» Ketma-ket hisoblaymiz:
Zi + =2 +3")+ (1 +1) —3+ A,
zxz2 - (2 +3i)(3 - 4i) = (6+ 12) +i(9 - 8) =18 + i,
zf = (3 —4i)2=9- 2Ai - 16 = -7 - 24t,
zx+rrr2+zf =2+ 2+ 18 + i —7 —24i = 13 —20i.

13-20i  (13-20i)(3-4i) (39—80)+i(—6Q—52)
Uholdda:z = ~"———= ——____—_ _ — - ________~__= -
3+4l (3+41)(3-41) 2b
a1 112 .
————— I— .4
25 25

Berilgan z —x + iy kompleks sonning moduli deb, r =
\OM\ = ;¥zz songa aytiladi. OM vektorning Ox o‘gnhing musbat
yo‘nalishi bilan tashkil etgan ¢ burchagi ni kompleks sonning
argumenti deb ataladi va @ = Argz kabi belgilanadi.

Har ganday kompleks son uchun quyidagilami yozish
mumkin (7.1 rasmga qgaralsin):

X = rcos(p,y —rsinQ),

cos<p = i,sihq) S (73)
r = yjx2



Bu yerda, kompleks son argumentining bosh giymati
(p = argz uchun quyidagi shartlar o‘rinli bo‘ladi: -n<argz<n yoki
O<argz<2n.

Har qganday z —x + iy kompleks sonning trigonometrik
shakli deb,

z = r(cosg> + isin<p) (7.2)
ifodaga aytiladi. Agar Eyler formulasi deb ataluvchi eljp =
coscp + isin<p ni inobatga olinsa, (7.2) dan kompleks sonning
ko‘rsatkichli shakli deb ataluvchi
zZ=reip (7.3)
ni hosil bo‘ladi.

Yugqorida keltirilgan (7.2) bilan (7.3) formulalami kompleks
sonlami ko‘paytirish va ularning darajasini oshirishda qo‘llash
magqgsadga muvofiqdir.

Agar zx = r1(cos(pl 4 isincpi), z2 —r2(cos(p2 + isin<p2)
ifodalar berilgan bo‘lsa, u holda quyidagilar o‘rinli bo‘ladi:

zaz2=r"~cos”™ + (p2) + Isin((p1l+x2)") =

— = —(cosC™ —g2) +isin((pl—?)) = ~ e IBL=P2»

zn = rn(cosn<p + isinncp) = r nentp (7.4)
(7.4) formulani Muavr formulasi deb ataladi.
Agar (7.2) kabi berilgan kompleks sondan wn-darajali (n>1,
n e Z) ildiz chiqgarish lozim bo‘lsa, ushbu ildizning n ta qiymatini
beruvchi quyidagi formuladan foydalaniladi:

zk = V% = '{JHcos F:’%—nl—(—kisr'n (ﬂ+ﬂk} =
y N ei{<p+2nk)/n jific _ O, M — 1) (7.5)

VF- arifmetik ildiz deb tushuniladi.

2-misol. (1 + i)12 hisoblansin.

> (7.1) formuladan foydalanib, z = 1 + i ning trigonometril
yoki kc‘rsatkichli shakllamiyozib olamiz: r = yfl + 1 =

n/2,costp = =, sincp = = P =1

z = /2 (cos —+ isin = = yfle 7™

Muavr formulasiga binoan,
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z12= (n/2) 2~cosMN12 m* + isin M2 m j = \"27e3T =
64(cos37r + +i.sin3n") = —64/"1

3-misol. z6 + 1 — O tenglamaning ildizlari topilsin.

» Berilgan tenglamani z6 = —1yoki z = V—1 kabi yozib
olish mumkin. (7.3) formulaga binoan, -1 ning trigonometrik
shakli -1 = 1- (cosn + isirnt) kabi yoziladi. (7.3) formulaga
ko‘ra, garalayotgan tenglamaning ildizlarini

e = =i (cos-+~+ isin— ~j = e +2nKYn,bun
yerdak = 0,5
dan foydalanib aniglaymiz. k ga ketma-ket 0,1, ..., 5,

giymatlami berib z6+ 1 = 0 tenglamaning barcha mumkin
bo‘lgan 6 ta ildizlarini topamiz:

n n /3 1 z
z0=cos7 +isin- =- + -£ = eB,
6 6 2 2
i A ..
Z, = cos—+isin—=i=em/ ,
2 2
5 5 n/3 1 -sm'
z2=c0os-n +isin-n = — —+ij- =e 6 ,
6 6 2 2
7 7 V3 1. 77 ~57*
Z, =CO0S-n +isin—NM=— — —i =e¢ 6 =e¢ 6 ,
6 6 2 2
3 3 3m 3m
z4 = cos-n +isin-n = — —e 2 =e 2,
Zr = cosEn + isin En :\—B————ll'z e6'=eb *
n 6 6 2 2

4-misol. z3—1 + iV/3 — O tenglamaning ildizlari topilsin.
»z3=1—iv3 = 2(cos- —isin”) bo‘iganligi uchun (7.5)

) I s/, ~e2mk | ~e2aTe
formulaga binoan, zk —yz = V2(cos™ ----isin —"—) ni

yoza olamiz (&= 0,2).
Demak, berilgan tenglamaning ildizlari quyidagicha bo‘ladi:

z0A\f2(cos™- isin”), zx —42 (cos — —isinN)<
z2 = 3’%7&035”— isin—j. A



AT-71
1 Agar zd=2+3i, z2=3+ 2i, z3=5—2i bo‘lsa,
(z1 + 2z2)z 3 hisoblansin. (Javob: 54+19Q.
2. zx= 3+ 5i,z2=3—4i, z3= 1—2i kompleks sonlar
berilgan. z — 514-%7'>an yom topilsin. (Javob: - + ?t).
z

3. zx=2—2r, z22=—14r1, z3_ —i va z4=—4 larni
trigonometrik va ko‘rsatkichli shakllarda ifodalansin.
4, z8—1 =0 tenglamaning ildizlari topilsin. (Javob:
V2 w2 . n?2 2 .

20— 1,zi —— 4 + =i, 22— 1,23 ———+4 i z4a ——1, 25—
__n/2_n/2. N
2 2 1,Ze ~ 1"zy -~ 2 2
Mustagqil ish

1. 1 Agar zx=4+5i,z2=1+1i, z3= 7 —9i bo‘lsa,
z =~ FZ ifodaning giymati topilsin. (Javob: 40—32£).

2. Zj=n3+i , z2=—1+ /3 va z3=— laming
trigonometrik va ko‘rsatkichli shakllari keltirilgan.

2. 1 Agar zx=4+8£,z2=1—i,z3 =9+ 13£ bo‘lsa

(zi+zzz3 na”™ giymati topilsin. (Javob: 7+19i).

Zz
2. z2—i=0 tenglama yechilsin. (Javob:

(192

1. AgarZj =2—i, z2= —1+ 2£,z3 = 8 -f 12i bo‘lsa,

(21422+23) tQpjjsjin (javob: 2+2i).

72

2. zx=2/(1 +i), 22 = —V/3 —i kompleks sor
trigonometrik va ko‘rsatkiehli shakllarda ifodalansin.

7.2. 7- bobga qo’shimcha mashglar

1. Quyidagi kompleks sonlar ko‘rsatkichli shakld:
ifodalansin
a) z——\fl2 —-2i, b) z——os™ +isin™, (Javob: a)

4e7"'/6,b) e6’ /).
12



a\2n m
( 2cos-j eina.(n £
N,a 6 R).

3. Yig‘indi topilsin Zk=o0 e wmp-(Javob: — —.)

4. n ning qanday butun gqgiymatlarida quyidagi tenglik
o‘rinli bo‘ladi?

(1 +0n = (i _ (javob-n =4k, k £ Z.)

5. Eyler formulasidan foydalanib

cosXx + coslx + cos3x 4----hcosnx yig'indi hisoblansin.

(Javob: (sin  cos X)sin|.)

6. Ayniyat isbotlansin

X5—1=(x —1)k2—2xc0s72° + T)(x2—2xcosl44° + 1).

Z=X+iy nuqgtalarda ko‘rsatilgan shartlami
ganoatlantiruvchi sohalami (z) kompleks tekisligida topilsin va
ular tasvirlansin.

7. \z—zt\< 4, bu yerda: zx= 3 —Si. (Javob: markazi
zxnugtada bo‘lib, radiusi R=4 bo‘lgan ochiq doira.)

8. |z+zj = 6,buyerda: zx = 1 —i. (Javob: markazi —zx
nuqtada bo‘lib, radiusi R=6 bo‘lgan doiraning tashqarisi.)

9. 1< \Z—i\ < 3. (Javob: markazi z = i nugtada bo‘lib.
radiuslari rt — 1va r2 = 3 bo‘lgan aylanalar orasidagi halga.)

10. O0< |z+ij < 1. (Javob: radiusi i?=I| doiraning z =
—i nuqgtadagi markazini chigarib tashlangan ichki gqismi.)
11. 0 <Re(3iz) <2 . (Javob: y =0,y = to‘gri

chiziglar orasidagi gorizontal tasma.)

12. ReQ) >a,a=const,a£R . (Javob: agar a =0
bo‘lsa, u holda x > 0, ya’ni, chegarasiz o‘ng yarim tekislik; agar
a > 0 yoki a < 0 bo‘lsa, u holda, (x — 2c) +Y¥Y2—"/qa?2
aylananing ichki va tashqi qismlari nuqtalarini hosil gilamiz.)

13. Re 2l = 0,buyerda a = const,a £ R (Javob: z —ai

nuqta.)
14. Im(iz) < 2 (Javob: x —2 to‘g‘ri chizigdan chapda
joylashgan yarim tekislik.)



8, ANIQMAS INTEGRAL

8.1. BOSHLANG'ICH FUNKSIYA VA ANIQMAS
INTEGRAL

Faraz qgilaylik, (a; b) oraligda/(x) funksiya berilgan bo‘lsin.
Agar shu oraligning barcha nuqtalarida F'(x) = fix) kabi tenglik
o‘rinli bo‘ladigan bo‘lsa, u holda, F(x) funksiyani /(x)
funksiyaning (a; b) oraligdagi boshlang‘ich funksiyasi deb
yuritiladi. Berilgan f(x) funksiyaning har ganday ikkita
boshlang4ch funksiyalari bir-biridan ixtiyoriy o‘zgarmas son
bilan farg qiladi.

Agar C ixtiyoriy o‘zgarmas son bo‘lganda, (a; b) oraligda
berilgan / (x) funksiyaning F(x) + C kabi barcha boshlang‘ich
funksiyalari to‘plamini f(x) funksiyaning anigmas itegrali deb
ataladi va u quyidagicha yoziladi:

/ f(x)dx =F(x) +C.

Integrallashning asosiy qoidalarini keltiramiz:

1) ff'(x)dx =f df(x) =fix) + C,

2)dj f(x)dx =d(F(x) +C) =f(x)dx;

3)/1/0) £7>X)dx =/ /(x)dx =/ <p(x)dx;

4)/ a/(x)dx = a/ f(x)dx (a = const);

5) 7/ f(x)dx —F{x) + Cbo‘lib, a va b (apO) lar o‘zgarmas
sonlar bo‘lganda, har doim quyidagi munosabat o‘rinli bo‘ladi:

/ f(ax + b)dx = ~F{ax +b) +C;

6) agar / f(x)dx —Fix) + C boiib, u=(pix) , ixtiyoriy

differensiallanuvchi funksiya bo‘Isa, u holda:
J/(u)du = Fiu) + C.

Integrallash  natijasining to‘g‘riligini tekshirish  uchun,
topilgan boshlang‘ich  funksiyaning hosilasi hisoblanadi,
ya’ni:(F(x) + C)' —f(x).

Anigmas integralning ta’rifiga ko‘ra, integrallashning asosiy
qoidalari va asosiy elementar funksiyalar hosilalar jadvaliga
asoslanib, asosiy anigmas integrallaming jadvalini tuzish
mumkin:

na+l
1)/ uadu = +C(@ ¢ —1);

14



2) f~ = In\u\+C;

3%{audu = 4-C;
Ina
4) / eudu = eu 4-C;
5) / sinudu = —cosun 4-C;
6) / cosudu ~ sinu 4-C]
N/~ "N =; arctS~ +C = ~larcctg”™+ C (all;
il AC=—pin M, 46
9) I §/t‘|1t—_|—{:r= ?_ +V«2+WU |+C(a#));
10) f-f=== = arcsin- + C = -arccos- 4-C (a=0);
J Va2-uz a a
11) [/ ~—~T~ = u + C;
J COSz™M n
12) {3l = ~oBf
u .
~ = = N - -
13) Tsmu In tg\\+C =In|-~j- ctgu]| 4 C;

W om = N H) |=HA+H 4G
15) /shudu = chu + C;
16) / c/iudu = shu + C;

17) }—7—=th|/| + C;

ch.zu

18) f-~ - -ctfcu 4-C.
7 sh2u

Yuqorida keltirilgan munosabatlar integrallar jadvali deb
ataladi.

Eslatib o'tamizki, Keltirilgan jadvaldagi w barfi, erkli
o‘zgaruvchi ham bo‘lishi yoki uzluksiz differensiallanuvchi
u=(p(pc) funksiya ham bo‘lishi mumkin.

Quyida, anigmas integrallami hisoblashga doir ayrim
misollami keltiramiz:

1-misol. / [AX3—2Vx2 4~ 4 1™ dx hisoblansin.
b f Mx3—24x? 4—M INdx —4f x3dx —2f x* dx +
S
2f x~3dx @ 4fdx —4 —2 4-2— m x4 C=x4—

-Vxs—~ +x + C.ffl A
5 X2



2-miso(. f-~ ---- d x hisoblansin.

J X2{I+X2)
Aor 1+2x20 f (1+X2)+X2 , c 1+X2
x2(1+x2) J x2(i+x2z) J x2{\ +x2)
c %z i rdx r dx 1, N

3-misol. / 3xe2xdx hisoblansin.

>/ 3xe2xdx = / (3e2Ydx =---- -+ C.0-4
In(3e2)

4- mlsol. / (2x —7)9dx hisoblansin.

> f(2x - 7)9dx =ofiG2x - 7)9mdx =, 45 °+ C=
+(2x~7)10+ +C,4

5-misol. / cos(7x —3) dx hisoblansin.

» / cos(7x —3) dx = ~/ cos(7x —3) d(7x —3) =
isin(7x-3) + C. <

6—m|sol./ l+x2 dx hisoblansin.

Ui s X T 51637 3 1@ T3] e

—J arctgxd(arctgx) =-In(l + x2) ~~arctg2x + C.A

7-misol. / ctg3xdx hisoblansin.

>/cthxdx—f"dx:i _ =1 _ =

sin3x 31J sin3x 3- sin3x

jin|sin3x]| + C.<

Yugorida keltirilgan 4-7 misollardagi integrallarni hisoblash
jarayonida 5-qoidani qo‘llash magsadida integral belgisi ostida
gatnashgan ayrim ko ‘paytuvchilami differensial belgisi ostiga
kiritilib, undan keyin esa, kerakli jadval integralidan foydalanildi.
Bu xildagi almashtirishlami differensial belgisi ostiga Kkiritish
usuli deb yuritiladi. Masalan, differensialluvchi boMgan har
ganday f(x) funksiya uchun

deb yozish mumkin.
8-misol. 5 ﬂg}%’!‘,\dx hisoblansin.
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~ f Sin2x r 2sinxcosx 2sinx d(si _
* 4+sin2x 4+sin2x J 4+sin2x (sinx) =
B+i<n*x) ™ Jsjn2xj -+ G

X+2

>\]><2+4x+5

AT-8.1

Ko‘rsatilgan integrallarni hisoblang va integrallash natijasini
differensiallab tekshiring.

1. J(5x7—3vx3+ 7. f(e-S*- I_
L2V 3X+2
)dx. S sin- xcosx)dx.
st cos2X 8. Jtg3xdx.
' “cos/ xsin2x n rvarcsinx-x .
3. f(3sin A+ s* -7 "N~ dx-
2% 32 - 4,,,)dx 10. f’\‘/g%ﬂx
4, JV(x+ 3)3 11.
v9-9*
V(X3+7)*_ldX 12. | - dx.
6. J(sin7x —e3~Zx +
) dx.
tM 24x

Mustaqil yechish uchun topshiriglar

Anigmas integrallarni hisoblang va
differensial'lab tekshiring.

1. a)j(3x- VX’\ + 2sinx - 3)dx;
XV1 + x2)dx; C)j - " i dx-

2. J(x” +b +2*)<tab) I (x2
X+1

x2+2x-3

3. ay/ (x~2+ 7x6- ::)dx; N

integrallash natijasini

b)J (sin 3x +

~ c0s? x sin x) dx) ¢) f ctgi3x —2)dx.



82FUNKSIYALARNIBEVOSITA INTEGRALLASH

Ko‘plab funksiyalaming anigmas integrallarini topish
masalasida, ulami jadval integrallaridan biriga keltirish usulidan
foydalaniladi. Uning uchun esa, integrallanuvchi funksiyalar
ustida algebraik ayniy almashtirishlar bajariladi yoki ayrim
ko‘paytuvchilami differensial belgisi ostiga kiritish yo‘li
tanlaniladi.

1-misol. / tg3xdx hisoblansin.

*jtg 3xdx = t)tgxdx =j-~tgxdx-
1tgxdx =/ tgxd(tgx) — f =& +/7
~g2x + injcosx| + C.M

2-misol. Jf 45 dx hisoblasin.

» / — dx = fx+——dx :J dx—J — dx =x —
l x+5 I T x+5 X+5
2/ =x“ “2/nl* + 5] +
3-misol. ' hisoblansin.
J x2-4x+8
N & = dx r dx

X2-4x+8 N X2—AX+4+4 ] (x-2)2+4
r d(x-2)

] 4+(x—2)z

/ sinmxcosnxdx, f sinmxsinnxdx, f cosmxcosnxdx kabi
integrallami hisoblashda, mos ravishda quyidagi formulalardan
foydalaniladi:

1L X2, .
=-arctg----hc. <
2 =72

sinmxcosnx = —[sin(m + n) x + sin(m —n) x],
1

sinmxsinnx = —[cos(m —n) X —cos(m + n) X],

cosmxcosnx = —[cos(m —n) X 4-cos(m + n) x].

4-misol. J cos(2x —1) cos(3x + 5) dx hisoblansin.

» / cos(2x —1)cos(3x + 5)dx =-J (cos(x + 6) +
cos(5x + 4))dx ——\f cos(x +6)d(x +6) +~ /cos(5bx +

4)d(Bbx +4) = isin(x +6) + +—sin(5x +4) +C. A

18



/ cosmxsinnxdx (m, n G Z) kabi ko‘rinishdagi integrallami
hisoblashda quyidagi holiami ko‘rib o‘tamiz:

1) mva n sonlaridan biri toq son boisin, masalan,
m=2k+| boisin. U holda:

f cosmxsinnxdx — J cos2kxsinnxcosxdx —J (1 —
sin2x)ksinnxd(sinx).
Bu esa, darajali funksiyalaming integrallaridir.
m va n sonlarining har ikkalasi ham juft sonlar

2)
%oof;rTﬁ. Bu %bllda, sin 7x = 1°99%2% va cos'x = 21822 yabi
formulalar orgali, trigonometrik funksiyalaming darajalari
pasaytiriladi.

5-misol. / cos7xsin3xdx hisoblansin.

> f cos7xsin3xdx = f cos7xsin2x sinxdx =
—f cos7x (1 — cos2x)d(cosx) == —/ cos7xd(cosx) +
Jf COS9x dgcosx3 = —3 cos8x + Ecolex +C. <

6-misol. / cos23xdx hisoblansin.

» J cosnSxdx —J =22 dx =

= dx + ~/ cosbxdx =~x + ~ / cosbxd(6x) =~x -f
—sinbx + C. 4
12

7-misol. Jf w_mhlsoblansm.
Mazkur integralni hisoblash uchun kasr maxrajidagi kvadrat
uchhaddan toia kvadrat ajratamiz. Natijada:

> f dx — f dx =
3 5—4x—xz N 9—(x 2+4x +4)

= T §zr-(§<+°/5)z =33 In |x+2—3| +C= 6 in T C.M

/ EH dx hisoblansin.

X2+4
Ko ‘phadni ko‘phadga boiish goidasidan foydalanib, integral

belgisi ostidagi funksiyaning suratini maxrajiga hoiamiz.
Natijada, integrallanuvchi funksiya butun darajali ko‘phad bilan
to‘g‘ri ratsional kasming yig‘indisi ko‘rinishida ifodalanadi.
Kerakli almashtirishJami bajarib, quyidagini hosil gilamiz.



16X+1,
xi+4 = F(x3~4x +TTry)dx = f(x3- 4x)dx +
dx —2x2+ 81n(x2+ 4) +-arctg

8/ Xr+d ¢+ 1 X244
C <

AT-8.2
Berilgan anigmas integrallarni hisoblang.
1. f(e2x+ e 2x)dx.

2. f MI - 7x3x2dx.

3. % dx. 4.
f cos32x sin42xdx.
O.
6. f ctg32xdx.
J c0s23Xx *sin2 3 xdx. 0.
7 ™29 4 8. Jsin7x e
- X7+9 sin 9xdx.
0.
9. dx
X2+6x+13
dx
10- jx5—6x+7.
— X2+ X+ 1
11. {ch23x dx. zaj rAT odx.
X+ 1

Mustaqil yechish uchun topshiriglar
Anigmas integrallarni hisoblang.

1. a% de; E?JJFcos 2x msin 10xdx;
cj J tg27xdx.

2 a)s)]:_x2+2x+5 dx; b)f sin(7x —1) sin 5xdx;
§ fl 57X

3. a)f?2Y~~dx; b)/ sin3(I —3x)dx;

0 J=VX



8.3. KVADRAT IJCHHAD QATNASHGAN
FUNKSIYALARNI INTEGRALLASH

156 72:0x (B1)

kubi integralni hisoblash lozim bo‘lsin.

Aytaylik, A®0 bo‘lsin. Integral belgisi ostida ba’zi ayniy
«lIfnttNhtirishlami bajarib. quyidagini hosil gilamiz.

f-t***_dx = +{B1
J Jtz+bx-fc 2] X 2+bx+C 2J Xxz+bx+c v

|I) x%+bx+c ! ; In\*2+ bx + C\1+ +£B 2 ) f X2+ %(ﬁ

OX|rg| ifodadagi integralni hisoblash uchun x2 + bx + ¢ d/ri_l2n

t
(O'la kvadrat ajratamiz, ya’ni: X2+ bx 4 ¢c = (x + ~))2 +c—=—

Nalijada, ¢ —-- ning ishorasiga qarab, j —“ 7 kabi jadval
Integrallarlnlng bg)l(ga kelamiz.

—----2-—-dx hisoblansin.
X2+4x+13
Aor 3.r-2 , 3 r2X+4-4-- 3 . 2x+4

X2+4x+1'3 * _ 27N x2+4x+13 * _ 2J x2+4x+13 X

(x+2)2+9
= MZn|x2 + 4x + 131—8 «Marctg— '+

2-raisoL —5k 7 _ dx hisoblansin.
J x2-8x+7

MEeaTdx =Y Lad X =
H%'éa§7d"+13fxzz4x+1eg =-Ln\x2- 8x + 7+
131750, =2M 20 BX 7+ 13 0|2 0) + +C =

~In\x2—8x + 71+ —fn I—_ +C. <

Eslatma. Agar (8. 1) mtegraldagi kvadrat uch hadning
ko'rinishi ax2 + bx + ¢ (ag0) kabi bo‘ladigan bo‘lsa, u holda u
integralni  hisoblashda a koeffitsientni qgavsdan tashqariga

chiqariladi, ya'ni: x2 + B% + ¢ —a(X2 # #bx #c

3-misoJ. f— = - dx hisoblansin.
J —2xz+12x—10
N 4X-3 1 r 4x73
L. VT e =
-2Xx2+12x~10 ZJ X2—6X+5
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r2ar —6 + 6 —2 j f 2x—6 9 f dx
J X2—6x+5 uX~~J x2-6x +5dX~2j (T-3)2-4~
=—1n|1r|:2—6x+SH InI— 3?<|+C

\2-x+

f jax*+E~x+c *ta®’ inte8raUarni hisoblashda ham yuqorida
bayon etilgan usuldan foydalaniladi, ammo bu yerda,
yugoridagidan boshgacharoq jadval integrallari hosil bo‘ladi.
Agar AP0 bo‘lsa,

N (Ax+B)dx _ A p ax+b-b+-2-jdx _ g rd(ax2+bx+c) 7

J \lax2+bx+c 2al -Jax2+bx+c 2a”™ Vctx2+bx+c
+ {/B za)/é | 12 t—)———— -Vax2+ bx+c+ (B 2) ; ax
ax2+bx+c v a
Ja(+*’ §+(c"

ni hosil gilamiz. U holda, oxirgi integral yoki,
= bju + Vu2+q2|+ C
yoki,
du _ i
J-qu-uz = arcsin: +C
integrallaming biriga keltiriladi.
4-misol. T, &~1 dx hisoblansin.
V*2-4%+8

>/ m3x=l=-dx = -J =

-Ix2—4x+6 2 y/x2—4x+8
3 €« 2x4 , r dx
2N V*2-4x+8 * J V(»-2)2+4 ~

= 3Vx2—4x + 8 —52n|x —2 + i/(x —2)2+ 4j + C.-4

>de'—'x£r+25+3dx =
X+2+_2 =dx - —2\]-7-;2)(—+2 =dx ~ [ o
Vi-(a1)2

—An/—X2 + 2x + 3—arcsin—2 + C.-4

2]

endi

J (xé+px+qf)fe (8-2)
ko‘rinishdagi integralni garaymiz, bu yerda, k>0 butun son
bo‘lib,p2 —4q < 0 dir.
Agarda, /14) va bo‘ladigan bo‘lsa, aynan (8.1) holga
o0‘xshash ayniy almashtirishlardan foydalanib,
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A1 (2x+p)dx _ A(x2+px+q) k+l n
2 N (x2+px+q)k 2 -fc+1
ni ajratib olamiz. Natijada, (8.2) kabi integralni integrallash,
Quyidagi integralni integrallashga keltiriladi:

r dx o dx o du
J (x2+px+q)k ~ " f P~ *q-P2]k ~ J (u2+a2)k
Buyerda:n =x + a2= (49 —p2> 0) deb

belgilash kiritilgan.

0 ‘z navbatida, (8.3) ko‘rinishidagi integrallarni hisoblash
uchun maxrajning darajasini pasaytirishga asoslangan quyidagi
rckurrent formuladan foydalaniladi:

f.-.ft— = - + _**=1 f (84)
J (u2+a2)k  ZaZ{fc-N(uZFadicl Za2(fe-*~ (uZFaZwcl

6-misol. Jf (72§¥;r+5)2 dx hisoblansin.

n 3jt+5 7 3 r2ar+2—2+1 o. 3.r d(x2+2nr+5}
— == —aX = - J— -ux =-J - -{+
J (x"+2x+5)2 2J (x2+2x+5)2 2% (x2+2x+5)2
2f  —(q ) _F
((x+1)2+4)2 £ 2x2+2x+S ' \8((x+1)2+4)
i i N * A
1.f dx \I_ 3 .1 h——}——— X+1 1_\_1 UTCth———t—l————b B
9J 4+0c+I1)2/ 2 X 242x+5 4X2+2x+5 8 a’ 2

Bu yerdagi (8.4) kabi yozuv, keyingi hisoblashlarga o ‘tishda

(8.4) formuladan foydalanganlik belgisini anglatadi. (Bu xildagi
gisga va qulay yozuvdan bundan keyin ham foydalanamiz).
AT-8.3

> [57 55-\ady ; ‘i +c>

2- | H——dx {Javob: - In\x2+x + 11— arctg NN+
+x+1 2 1 1 V3 Vs

J x2
C)
3. [ _*"—dx. (Javob:- In\x2—8x + 7L+—In I' +
J x2-8x+7 2 1 6 Ix-1
Q)

4 IxﬁﬂéxTz'dx {Javob:--—z— + -4n H(Z + 2X + 2|1—
—9arctg(x —1) + O
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5. JF4X2 GXHS—dx (Javob: 3n/x2 —6x + 18 +

5in|x —3 + +VXx2 —6x + 18] + C)
6. fﬂ % k. dx (Javob: -8n/5 + 2x —x2—3arcsm— [

0

= L ong, (Javobim s T sarcta 5 + Q)

8. JA"-~Ldx. (Javob: 2Zn|x + n/4 + x2| —3n/4 + x2 + C)

Mustaqil yechish uchun topshiriglar
Anigmas integrallarni hisoblang.

8. al)omasds D)i- é@@:w}#g@

8.4. 0 ZGARUVCHEVI ALMASHTIRISH YOKI 0 ‘RNIGA
QO“YISH USULIDA INTEGRALLASH

Agarx = <p(t) funksiya uzluksiz differensiallanuvchi bo‘lsa,
u holda, berilgan / /(x)dx integralda har doim vyangi t
o0°‘zgaruvchiga nisbatan integralga kelish mumkin bo‘ladi, ya’ni:

I f(x)dx = f f[(p(t)] =(p'(t)dt (8.5)

0 ‘ng tomondagi integralni hisoblab, natijada eski X
0‘zgaruvchiga gaytsak, berilgan integral hisoblangan bo‘ladi.

Anigmas integrallarni bu usulda integrallashga o zgaruvchini
almashtirishyoki o rniga qo yish usuli deb yuritiladi.

Bu yerda, shuni ta’kidlash kerakki, x = <p(t) almashtirish
kiritilayotganda, (p(t) bilan /(x) fimksiyalar orasida o'zaro bir
giymatli moslik bo‘lishi va <p(t) funksiya o'zgaruvchi x ning
barcha giymatlarini gabul gilishi lozim.

1-misol. J xn/x —Idx hisoblansin.

> t = n/x —1 almashtirish kiritarniz, u holda, x —t24- 1va
dx —2dt

Natijada,
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Jxn/x —ldx = J(t2+ 1) mt m2tdt = 2J(t4 + t2)dt =
-stS+ ét3 +C== _SSH —|32+ ggx —1)1 + C-4

2—miso|.j *>&/—dx hisoblansin.

» Buyerda, x = a tgt (— < t < -) almashtirishdan

foydaianamiz. dx = -£”~b o flganligi uchun, (8.5) formulaga
binoan quyidagini hosil gilamiz:

w2 — rJaaga+e2 adt _ rll+g2

e e 4 t=—
X 2 aztg2t cos2t sinzt
1 7 r coszt+sinzt cost or 1
------- = ———————— = —_ + — ==
/oosts,lnfdt 3 ~cotsingr 9t szt Joostd%

——— — N
Slnt+ In I\tgt+cost +C Jtig-rtgf-'- In}t’gt+
+M1 + t$2t] + C = X + +Va2+ X2j+ C.<

3-misol. J n]Ja2 —x 2dx hisoblansin.

» Bu yerda, x — asint almashtirishdan foydaianamiz.
dx —acostdt (—"<t<”"va —a<x<a) gako‘ra,
quyidagini yoza olamiz:

f mfa2~ x2dx —J Va2 —a2sin2lacostdt =

a2§ cos2t dt == aZEi "2- dt = -2t +Tsin2t +C= -2t +

75intcost + C.

_______________ —
zt =

ekanligini inobatga olsak, natijada,

jVaZ—dex —Tarcsina-+ TR 1_354, C -

—Zarcsin St + —2v'a2—x2+ C *
hosil bo‘ladi.
Ayrim funksiyalami integrallashda, ko ‘pincha, x — (pit)
almashtirish emas, balki, t = <p(x) almashtirshdan foyaalanisli
magsadga muvofiqg bo‘ladi.

4-misol. j MI + sinx cosxdx integrallansin.
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> Yechish: 1+ sinx =t kabi almashtirish Kkiritamiz.

holda, cosxdx == dt bo‘lganligi uchun,
4

1
J VI + sinxcosxdx = Jt3dt = 3 C=
3Y(1 +sinx)4+ C.<

5-misol. / e x mx2dx hisoblansin.
» Yechish: —x 3 —t deb olsak, —3x2dx = dt yoki x2dx =

—j bo‘ladi. Natijada,

f e~*xzdx =fet(—)dt = —"et+C= —"e~x?+C
hosil bo‘ladi. M
6-raisol. f -— -hisoblansin.

J (x+)VR2+2x+10
»Bu yerda, t = — almashtirish kiritish magsadga muvofiq

boiadi. U holda, x =| —1va dx = —7bo‘ladi. Natijada esa,
quyidagini yozamiz:
_ - f ~yidt _ ( at _ I dt
0c+1)Vx2+2x+10 JifoL.iJl+sJL.iJ+jo tV t-2+9 7 Vot2+1

= — Iti|3t + VOt2 + 1iL+ C= — In —F j-—- —+1 +C'M

x+1 -y [x+iy

Eslatma. Anigmas integrallarni o‘miga go‘yish
(o‘zgaruvchini almashtirish usuli) usulidan foydalanish jarayonida
go‘yidagicha sxemani qo‘llash tavsiya etiladi. Bu sxemaning
qo‘llanishini yuqoridagi 3-misolni yechish jarayoni uchun bayon
etamiz:

S kFef - x Zasint

Idx = acostdt

/ Va2 —a2sin2lacostdt = a2/|cost| costdt —

= a2 fcos2tdt = a2 f1--052tdt = — fdt + — [cos2tdt ==
a2 n2 q2 .
—t H— sEn2t+ C= —t + —sintcost + C —
2 4 2 2

t = arcsin-,sint = x/a a y

a = —-arcsin - +
cost = V1 —sin2t = g1 —x2/a?2 8
+—~X /l —¢+ C= —arcsin- +-Va2—x2+ C.-*
"N a2 2 a 2
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Bundan keyin ham barcha oraliqdagi hisoblasblami yozish
Uchun ulami vertikal chiziglar orasigajoylashtiramiz.

AT-8.4
f-~~=- (Javob: 2(n]x~+3 —In\l + \jx + 3]) + C)

1
2. Jx™(5x2—3)7dx. (Javob:24—$](5x2—3)12 + C))
3

'AA32¥a?VOb:

4. LIXAx. (Javob: 2\fi + Inx —InInx +
21m\n/1 + 1nx-1\ + C)
5 J m(Javob: 2\/x —4V* + 4 (1 + \/*) + C)
6. ' dx g Javoh: —fpXlazdarxl C)
xVx2+x+1 X

7. nll44 —xzdx. sJavob. 72arcsin lx_2+ —2V 144 —n2 +
C)

8. [ —4 = (Javob' C-
J x-F§/2§((2+9 9x
9. 6\7:61 (/Javob —(/ex—Z)"ex+ 1+ C)
10. Jf ;(lem (Javob: In Tveza T C)
Mustaqil yechish uchun topshiriglar
1. a) / x3V4 —3x4dx ;b)/ (Javoh: a) —

NyICA ~ 3x4)3+ C)b) -Vx3—x + 4Vx - 4In(l + V*)8+ C)
a)f 3 X _dx;b x)/4-fz &Javob:

J \9—2x3
a)- JVC9- 2x3)2+ C;b)-i/n — |+ C)
3 a)/ VI + cos2xsin2x dx; b)Jd -dx. (Javob:
a)—n/(1 + cos2x)8+ C;b) C—  — arcsinx.)

8.5. BO'LAKLAB INTEGRALLASH
Bo‘laklab integrallash usuli deb ataluvchi usul, quyidagi

[/ udv = uv —f vdu (8.6)
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formulaga asoslangan. Bu yerdagi, u(x) bilan v(x) lar
uzluksiz differensiallanuvchi funksiyalardir. Ushbu (8.6) formula,
bo‘laklab integrallash formulasi deb yuritiladi. (8.6) tenglikning
0‘ng tomonidagi integral, chap tomondagisiga nisbatan soddaroq
integrallanadigan hollarda ushbu formulani qo‘llash magsadga
muvofigdir. Shuningdek, ayrim hollarda, (8.6) formulani bir
necha marta qo‘llash kerak bo ‘ladi.
Bo‘laklab integrallash usulini,
xksinax,xkcosax,xkeax, xnlnkx,xkchax, xkshax,
aPxcosax, a”xsinax,arcsinx, arctgx (n, k lar butun
musbat sonlar bo‘lib, a,(] £ R) va boshga xildagi funksiyalami
integrallash uchun go‘llash tavsiya gilinadi.
1-misol. f xe~2xdx hisoblansin.
> Bo‘laklab integrallash usulidan foydaianamiz. n = x v:
dv == e~2xdx deb olsak, du =dx va v =j e~2xdx —
—~e~2x + S (har doim C = 0 deb hisoblash mumkin). U holda,
(8.6) formulaga binoan quyidagini hosil gilamiz:
jxe 2xdx =x (— 2xX) —/ (m-j )dx = —~xe Lx -
Ze X+ C. A
2-misol. f(x2+ 2x)cos2xdx hisoblansin.
n=x2+2x du = (2x + 2)dx,
»/(x2+ 2x)cos2xdx = dv = cos2xdx,
i? =f cos2xdx —- sm2x
n=x4 1,du —dx,
= -(x2 + 2x)sin2x —f(x + i)sin2xdx =  dv = sin2xdx,
V —— C0S2X
- (x2+ 2x)sin2x + (x + 1) - C!)SZX —j - costéx -~
—i (x2 + 2x")sin2x + M (x + 1)cos2x +~sin2x + C. -4
3-misol. / xarctgxdx hisoblansin
dx

u = arctgx, du —
» / xarctgxdx = I+xJ —arctgx —
dv = xdx, v = 7
x2dx xz+ 1zl

1 _ 3 -
3 1 = Sarctgx — J Td- dx = ‘rarctgx — j dx +7 17 =
~arctgx —jx + ~arctgx + C.M
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4-misol. / e2xsinxdx hisoblansin.
n = sinx, du = cosxdx,

. . 2X.» _
» / e2xsinxdx V- é‘g%dx,v _ 5e2x - “sinx
u = cosx, du ——sinxdx, ]
—; fe2xcosxdx — = Ele iy —

dv = e2xdx,v = 502x

—~ "Ne 2xcosx —f ~e2xsinxdx) =”"eZxsinx ~”e 2xcosx +

+Z-'i e2xsinxdx.
Oxirgi integralni chap tarafga o'tkazsak
o exsinxdx = Eersinx —Ze2xcosx + ZC'
Natijada,
er2xsinxdx = e 2xsinx —e 2xcosx + C.-»

5-misol. / x2In2xdx hisoblansin.

n =In2x, du = 2Inx = dx, .
>/ x2InXxdx — == |n& —
dv =xldx,v=— 3

d
m=Inx,du==

~Ldx - ~In2x - fx2Inxdx = =
M 3 3 dv—xzdx n=x33

" X3Id —Inx 2x*lnx+
(1] 3 X§

+ - fx2dx —-x3In2x —x3Inx +—=x3+ C. »
9- 3 9 27

AT-8.5
Anigmas integrallarni hisoblang.

1. Jxcos 3xdx. (Javob: sin 3x + ”cos 3x + C)

f arccosxdx. (Javob: x arccos x —i/1 —x2 + C))
[ (x2 —2x + 5)e~xdx. (Javob: —e~x(x2+ 5) + C.)
[ In2xdx. (Javob: xIn2x —2x Inx + 2x + C.)

F—"?‘de SJavob: — ik In }tg 5\1 + C.)

J sin2

J x 3e~x2dx. (Javob: —e~x2(x2+ 1) + C)

oA wN

J erdx. (Javob: 2exr (n/x —I) + C.)
f sin(In x)dx. (Javob: | (sin Inx —cos Inx) 4- C.)
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Mustaqil yechish uchun topshiriglar
Anigmas integrallarni hisoblang.

1. a)f"dx; h)fxe~7dx, c)f x arcsin xdx.
2. a)J xellx~1dx-,b) {In(l + x2dx); ¢) Jx cos”|+ I) dx.
3. a)fln(x —3)dx; b)fxcos(2x —I)dx; c)f x m23xdx.

8.6. RATSIONAL FUNKSIYALARM INTEGRALLASH
Ratsional funksiya deb, ikkita ko ‘phadning nisbatini
ifodalaydigan funksiyaga aytiladi, ya’ni:
R(x) —Qm(X) - boXm+blxm~1+ pbm 7
J PnW a0xn+alxn~1+ an W'"’
bu yerda, m va n lar butun musbat sonlardir: bt,aj € R (i =
0,m;j = 0,n).
Agar m<n bo‘lsa, R(x) ni to‘g‘ri kasr, aksincha, m>n
bo‘lganda esa, uni noto‘g ‘ri kasr deb yuritiladi.
Har ganday noto‘g‘ri kasming suratidagi ko'phadni
maxrajidagi ko‘phadga bo‘lib, uni biron bir ko‘phad bilan to‘g‘ri
kasming yig“indisi shaklida ifodalash mumkin bo‘ladi, ya’ni:

<2*00 ,, . <™
M(x)  Mn-m[X) + Pn(x)
bu yerda, Mn_m(x) va Qi(x) lar ko ‘phadlardir; esa,

to ‘g ‘ri kasr (/<«).

Masalan, ~*2x-\ ko‘rinishidagi ratsional funksiya, noto‘g‘ri

kasrdir. Ko‘phadni ko‘phadga bo‘lish qoidasidan fbydalanib,
suratni maxrajga bo‘lsak, quyidagini hosil gilamiz:
x4+ 4 -33* +14

= xZ- 3x + 10
X +3x—1 e KT AT o —1

Ma’iumki, ko‘phadni osongina integrallash mumkin, shu
boisdan, har ganday ratsional funksiyani integrallash, to‘g‘ri
kasrni integrallashga keltiriladi. Bundan buyon, m<n shartni
ganoatlantiruvchi R(x) funksiyalami integrallash masalasini
0‘rganamiz.

Eng sodda kasr funksiya deb, quyida keltirilgan 4 xildagi kasr
funksiyalaming biriga aytiladi:

JNFIRY} YN
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Mx+N | . Mx+N

X 2+px+q ’ : (x2+px+q)k
bu yerdagi A,a,M, N, p, g lar ixtiyoriy sonlar bo‘lib, k esa
(k>2), butun son hamda p 2~4g<0.
Birinchi va ikkichi xildagi eng sodda kasrlami integrallash
bevosita integrallash yo‘li bilan amalga oshiriladi, ya’ni:

J = Alnjx —a\ + C,
J x-a

;zx—_a)z'ydx = Az(gx - a}rkd\(/x —a) = e - 4 C.

Shuningdek, uchinehi va to'rtinchi xildagi eng sodda
kasrlami integrallash usullari esa, §88.4 da qaralgan edi.

Demak, har ganday eng sodda kasmi integrallash, elementar
funksiyalar orgali amalga oshirilar ekan.

Ma’lumki, koeffitsientlari haqiqiy sonlardan iborat bo‘lgan
har qganday P(x) kabi ko‘phadni hagiqiy sonlar sobasida
quyidagicha ifodalash mumkin bo‘lar edi:

PnO) = a0(x - axX)fd ... (x - ap)ke m
] (x24 prx 4 q w (X24 p

bu yerda: au (ti...., aplar Pn(x) ko‘pxadning mos ravishda k\,

kr, . /gpkarrali haqgiqiy ildizlari boiib, py2—4qy < 0 (y = 1,9)

kt + k2+ .. 4fep 4 2ti 4 2t2 4' ... 4 2ts = ti,.

(ku k2, —itp lar manfiybo‘lmagan butun
sonlardir). U holda, quyidagi teorema o‘rinlidir:

Teorema (tog ‘ri kasrni eng sodda kasrlar yigHndisiga
yoyish).

Maxraji (8.8) kabi ko 'rinishda tasvirlanadigan har ganday
(8.7) to g Ti ratsional kasrni har doim yuqorida keltirilgan 1—4
xildagi eng sodda kasrlarning yig ‘indisi shaklida yoyish mumkin
bo ‘ladi. Xususan, (8.8) ifodadagi har bir k, karrali ar ildiz
(r = 1,/7) ((x —cT)kr ko'paytmaga) ga, yoyilmada gicyidagicha
Ko rinishda bo 1gan krkasrlaryig ‘indisi mos keladi:

x-ar t(xfare -+ & ahkr («*«)
M (x) ko'phadning har bir ty karrali juft o'zaro go'shma
bo ‘lgan kompleks ildizlar
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({x2 + pyx + ¥)ty ko'paytuvchilarga) ga esa, quyidagicha ty
dona elementar kasrlarningyig‘indisi mos keladi:
MiX-ANt [ MXHN\2 | My)HMy “8 109
Xz+pYx+qY (XN +PyX+LyY (x2+pYx+qYyy !

Yugqorida keltirilgan yoyilmalardagi A, M, N laming
giymatlarini aniglash uchun ko ‘pincha noma’lum koeffitsientlar
usulidan foydalaniladi.

Mazkur usulning mohiyati quyidagichadir:

Berilgan to‘g‘ri ratsional kasr R(x) ni (8.9) va (8.10) kabi eng
sodda kasrlarning yig“indisi ko ‘rinishida yozib olamiz. U esa, 0'z
navbatida ayniyatdir. Shuning uchun, barcha kasrlarni urnumiy
maxrajga keltirsak, suratda (n-1) darajali Qn-i(x) kabi ko‘phad
hosil bo‘ladiki, u esa, o‘z navbatida (8.7) ning suratidagi
Qm(x) ko‘phadga aynan teng bo ladi. Ushbu ko‘phadlar oldidagi
koeffitsientlami x ning darajalariga nisbatan tenglashtirib, A, M, N
(indekslari  bilan) noma’lum koeffitsientlarga nisbatan n
noma’lumli n ta algebraik tenglamalar sistemasini hosil gilamiz.

Hisoblash ishlarini soddalashtirish magsadida ayrim hollarda
quyidagi mulohazadan foydalanish ham mumkin, ya’ni,
Qm(x) bilan Qn~i*(x) ko‘phadlar ayniy teng bo‘lganliklari
sababli, x ning har ganday sonli giymatlarida ham ulaming
giymatlari o‘zaro teng bo‘ladi. .1 ga muayyan qiymatlari berib,
noma’lum  koeffitsientlami  aniglash  uchun  tenglamalar
sistemasini hosil qilamiz. Mazkur usulni odatda, Xxususiy
giymatlar usuli deb yuritiladi. Agarda, * laming giymatlari
maxrajning hagiqiy ildizlari bilan bir xil bo‘ladigan bo‘lsa, bitta
noma’lum koeffitsientga nisbatan tenglamaga ega bo‘lamiz.

1-misol. f- mPx4y3—- dx hisoblansin.

J x(x-1)(nr-2)

» (8.9) formulaga binoan, quyidagini yozamiz:

f  (2x —3)dx c (A B c\
Ix(x-1)(x-2) =3 {x+~T +72 2 )dx (1)

Agarda, mazkur yoyilmadagi kasrlarda umumiy maxrajga
keltirilsa, u umumiy maxraj integrallanuvchi funksiyaning
maxraji bilan bir xil bo‘lib, (1) formulaning chap va o‘ng
tomonlaridagi integral ostidagi ifodalaming ham suratlari aynan
bir xil bo‘ladi, ya’ni:

2x —3 = A(x —1)(n: —2) + Bx(x —2) + Cx(x —1) (2)
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Mazkur ayniy teuglikning har ikkala tomonida x ning bir xil
darajalari  oldidagi  koeffitsientlami tenglashtirib  quyidagi
tenglamalar sistemasini hosil gilamiz:

x2 0=A+B+C
xl 2=-3A-2B-C
-3 =2A

va uni yechib, A= 3/2 B=1, 0=1/2 lami topamiz.

Endi, yoyilmadagi koeffitsientlami xususiy qiymatlar usuli
yordamida aniglaymiz. Shu maqsadda, (2) ifodadagi x ning
o‘miga maxrajning ildizlari bo‘lgan alL= 0,a2=1,vaa3= 2
xususiy giymatlami go‘yamiz. Natijada, -3=2A, -1=-B, 1=2C lar
yoki ulardany4=-3/2, B=1, C=1/2 lami topamiz.

Ushbu topilgan giymatlami keltirib, (1) tenglikka qo‘ysak,

I i(x S 2,dX=/ (T2+7=1+7=2 )uX=

= —Aln\x\ + In\x —1] + Aln\x —2| + C*

ni hosil gilamiz (bu yerda, C*, integrallashdagi ixtiyoriy
0 ‘zgarmasdir). <

2-misol. J -(;”-(_)_(:_I_)é hisoblansin.

> To‘g‘ri kasmi eng sodda kasrlarning yig‘indisi ko ‘rinishida
ifodalash hagidagi teoremaga ko ‘ra, quyidagini yozamiz:
r xdx —rln B =m C \,
A Cr-N(jt+1)2 3 \jt—1  (X+1)2  X+1) a*
Umumiy maxrajga keltirilgandan so‘ng,
* X =A{x+1)2+B {x-1) + C{x2-1)(I)
ni hosil gilamiz.
Agar x = 1va x ——1 deb olsak, 4A = 1 va —2B = —1 ni
va A —1/4 , B—1(2 larni topamiz. Uchinchi noma’lum C
koeffitsientni aniglash maqgsadida (1) tenglikdagi x2ning oldidagi
koeffitsientlami tenglashtirib, O=/1+C ni va undan, C = —1/4 ni
topamiz. Natijada,
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xdx
\](x -Dx+1)2

1/4
m/;x-1

7, 1/2

W,_lmd Inj ’ L1 In\x + 1
S [ U | [ ——— +
Yo dx SN gy Inxe s

1 11

+ = - *

c* 4znx+1 2x+1'+C

ni hosil gilamiz. -4
3-misol. JZx_—lf(QZTI)' hisoblansin
> Yuqorida keltirilgan (8.9) bilan (8.10) formulalarga bino

integral ishorasi ostidagi ratsional kasrni eng sodda kasrlarning
yig‘indisiga keltiramiz.

xdx
(x-1)(x2+1)
f(d_+ M\ dx — FAG2+n+(Mx+AQ(x-I)
3 Vx-I x2+ 1/ _ N (x-1)(xz+1)
Bundan esa, x = I(n:24-1) + (Mx + N)(x —1) ni hosil
gilamiz.
Ushbu tenglikda x = 1 deb olsak, 1=2A yoki /4=1/2 ni
topamiz. X/ﬁ a.- | danesa, M -—H2 bilan JV=1/2 lami topamiz.
Xu
U holda:
n oo
J (x—D(x*+1) I\ x2+1) 2 4
Narctgx +C M
4-misol. I(xz = f=* —d x hisoblansin.
\ 3 X 3+Zx2+Sx

» Integrallanuvchi funksiya noto‘g‘ri ratsional kasr
bo‘lganligidan, suratni maxrajga bo‘lib, uning butun gismi bilan
to‘g ‘ri kasr gismlarini ajratib olamiz:

X 4+3x2-5 2x2+10x—5
=X =2+

X3+2X2+4Sx X 3+2Xx2+5x

Endi. (8.9) va (8.10) formulalarga binoan,
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W »/U -2)d*+j~ ~ d x =IS3E£ +

A, Mx+N \
[- + 0 Vax
X x 2+2x +S/
ni hosil gilamiz.
Oxirgi integral ostidagi ifodada umumiy maxraj topib,
fonglikning chap va o‘ng tomonlaridagi suratlami tenglashtirsak,
2x2+ IOX —5 = A(x2+ 2x + 5) + Mx2 + Nx ni hosil
gilamiz.
Bu vyerda, x ning darajalariga qarab ular oldidagi
koeffitsientlami tenglashtirib, quyidagiga
2=A+M)
10 = 2A + N\

-5 =54 >
Mazkur sistemani yechib, A=—, M=3, N~\2 lami topamiz. U

bolda:

H{x) = ~—+/(——+f+12}dx=""—|n\x\+
XT+2X+5 2 11
3 f 2X+2+6 jx-27? - 3 c(2x+2)dx , O f dx
2/ X2+2x+5 2 " 27 x2+42x45 A (x+1)2+4
=+ e In\X\ + T2;1n\x2+ 2X + 51+ —Zarctg ) +C. A
AT-8.6
1. ) * 4—dx. (Javob\ In~ —2\ + C.)
J X2-5x+6
/-%3+n:4-8 |x20 -2)5]| , .
2- | —=]] - ax= (Javob: —+ 2+ 4+ in e T o
3. /---1d* (Javob:x +-+1 n + C.)
J \ n AVAY
. r XZ-2X+3 i ., T i , , Nx-rXx-3) , _,
4- dz-</1to4: + in--—-- FT '+C>
I {2x2~3x-3)dx , ., ,/(x2-2x+5)3
5* (Javob: In'— +

|l arctg~ + C.)

6 A (Javob: \arct9 x + \In |~ | + C)
7. 6?)(—;'@@”%-(Javob: ~y~- _EI”Y( + 11+
mj/n(1 +x2) fC.)
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Mustagil yechish uchun topshiriglar
, T dx ., p  4dx

(X=IXx+2)(x+3)' ~J x(.e2+4)*

(Javob: b)£1n x+24 * (0 -b)in‘5f|>q +Ch
- x2+x-91  j Wr X

I (x-1)(2+3)(x-4) X’ 4 x(x+1)2"

: nN(* + C; — + — J+ C.
\(IJavob a)lIn (x (X+g)74) C; b?x+| In x+|i] C)
~ nr dx L. r 13dx

3-  a)j™Ie-T) ;b )] x(x2+6x+13)

(Javob: a) In ——\)—(\—1+ C; b)l .+ Sarctg - + C.)

n
Yan+6x+X3

8.7. AYRIMIRRATSIONAL FUNKSIYALARNI
INTEGRALLASH

Har ganday irratsional funksiya uchun elementar funksiyalar
orgali ifodalanadigan boshlang4ch fiinksiyani topish har doim
ham mumkin bo‘lavermaydi.

Quyida, ayrim irratsional funksiyalaming integrallarini garab
o‘tamizki, ular o‘z navbatida biron bir o‘miga qo‘yish usuli orgali
yangi o0‘zgaruvchiga nisbatan ratsional funksiyalami

integrallashga keltiriladi.

Quyidagi f R(x, J dx kabi integralni
qaraylik.

Bu yerda: R- ratsional funksiya bo‘lib, a, b, c, d lar ixtiyoriy
sonlar, r,,st (i = 1,y) lar esa, butun musbat sonlar.

Mazkur integralni - um almashtirish orgali yangi
o‘zgaruvchi n ga nisbatan ratsional fiinksiyani integrallashga
keltiriladi. Bu yerda, m=EKUK (si,$2,...,s7) dir.

/ i

Xususan, f R IVx,xsi, ...,xsy/J dx kabi integral x=um

almashtirish orqali ratsionallashtiriladi.

1-misol. fi~ X hisoblansin.
1 Vx*+4

> Bu vyerda, EKUK(2,4)=4 bo‘lganligi uchun x=u

almashtirish kiritiladi, ya’ni:
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mxdx _ r x2dx _ ] X =wn* |

4+4 [dx = 4u3du=>

U2 , ri 4u2 \
=4/ A—— u3du :4J \/u2— +—4j/\du

4
=—
3+4 3

— ~In\u3+ 4| +C =

= -VXx3—~In\Vx3+4j +C.
(chunki, u = ¥x edi). M

2-misol. f —+ . hisoblansin.
J VX+i+vx+i

» Bu yerda, EKUK (2,3,6)=6 boiganligi uchun
A Vx+ldx _\X + 1 = U6 \_ ru-6ubdu _ ~ nuddu _
) vX+HVA+i \dx = 6ubdv\ N u3+HR2 M) u+l

= 6_f(u 3—ii2+u—1 +u+” du = 5it4—2u3+ 3u2—

6u + +6inju + 1] +C=—/(x +1)2—2Yx +1 +3Vx +1 —

6VX + 1 + +6in{V3T+T + 1|+

Eslatma: Vax2 + bx + ¢ ga nisbatan ratsional bo‘lgan ayrim
irratsionalliklami integrallash §8.3 va 88.4 larda bayon etilgan
edi.

. . . .. . .. P (xdx

Quyidagi ko‘rinishdagi integralni qaraylik J , n. ©r =

Bu integralni har doim quyidagicha yoyish mumkin bo‘lar
ekan:

/T Wl b =<%*M wWa*2-+ +c+/vsfe . (8l‘>
Bu yerda, AER hamda QK x(x) esa, koeffitsientlari
nomaium boigan (W-1) darajali ko‘phad boiib, uning
koeffitsientlarini aniglash uchun (8.11) ni differetsiallab
yuboriladi. Natijada hosil boigan ayniyatdan, ham Qn-i(x) ning

koeffitsientlari, ham I. ni aniglanadi.
I 2

3-misol, f —— dx hisoblansin.
Vx2+4

» (8.11) formulaga binoan,

J?2~~rdx = (Ax3+fix2+Cx +D)Vx2+ 4+ 4/

ni yozib olamiz.

Oxirgi tenglikni differensiallab, quyidagini hosil gilamiz
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= (BAX2+ 2Bx + On/x2T 4 4

V' 4 HAx*+Bx2+Cx+D ~ +J]J= {1

Tenglikning har ikkala tomonini Vx2 + 4 ga ko‘paytirsak, u
holda:
X4 + 4x2 = (BAX2+ 2Bx + C)(x2+ 4)

+ (Ix3+Bx2+ Cx +D) ox + A

Noma’lum koeffitsientlar  usulini  qgo‘llab,  quyidagi
tenglamalar sistemasini aniglaymiz, ya’ni:

x4 1=3A+A >

X3 0O=2B+8B

X2 4=12N1+C+B

X1 O0=4B +D

X ° 0=4C+4 ,

Bu sistemani yechib, ™=1/4, 5=0, C=I/2, D=0 va =2 lami
topamiz.

Natijada,

M4+ 4Ax2 X3+ 2X < ——
r——JX 2+ 4 — 2fnjx+yx2+4 +C

JVAT4A ™ =g

ni hosil gilamiz.

Differensial binom deb ataluvchi ifodaning integrali,
/ xm(a + +bxn)pdx ni (bu yerda, a va b lar noldan farqli
bo‘lgan o‘zgarmas sonlar bo‘lib, m, n, p lar esa, ratsional
sonlardir) integrallash uchun uni Chebishev almashtirishlari
yordamida ratsional funksiyalaming integrallariga Kkeltiriladi.
Quyidagi uch holLni gqaraymiz:

1) agar p butun son bo‘ladigan bo‘lsa, yuqgorida ko‘rib
o‘tilgan eng sodda irratsional funksiyalami integrallash holiga
kelinadi;

2) agar (m +1)/n butun son bo‘ladigan bo‘lsa,

a +bxn=us,p = §’S > 0 kabi almashtirishqo‘llaniladi:

3) agar —— Fp butun son bo‘ladigan bo‘lsa, a + bxn —
usxn kabi almashtirish kiritiladi.
) dx . .
4-misol. f VoA hisoblansin.
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»Bu yerda, m = —7,n —4,p = —1/2 bo‘lganligi uchun,

N +P::_§""_2__2 butun sondir. Shu boisdan,

yuqorida garalgan 3-holdan foydalanamiz:
14 x4 u2x4

r dx

X = (u2 -ir;
dx = — (U2 —-—1)~%4udu

X7yjl1+X4

= J(u2—1)4 mU-1 m(u2 —1)3 A 2) (U2~ |)_4wdu

V 1+X4

= —szZ—l.)du - _(3“3+ M+ C = 'u

:(/_56+ éé/VfTX?'i' c. N

AT-8.7
Anigmas integrallami hisoblang.
1. ——7= {lavob: -InWbx 4 4] + C.)

2. /*)#xﬁ_:y- (“avob”~AVF +H ~ +HinjAVF-1l +C)

3. 7 rawwac2 véilf (Javob? (-y/3x +4 - 2V3r+4+
44-11Y33+4 4 21)) +C))
ax
. (Javob: 4(iV* + 77x4 49ta|Vx - 7| 4 C.)
y[Xx-7%[x
5 I, (Cavobiinpmll-‘p-fi+ 2arctg ji 4 C)

6. fx5V(1 + x3y-dx, Javob: ~¥ (1+x38-1i ¥Y(1+ x3)5+C))

Mustagqil yechish uchun topshiriglar
Anigmas integrallami hisoblang.

- )
Looa) o, 0% D)z kL,

(Javo6:a)x(VF -In(VF +1)) +C; b) +C)
2 a)fyE ¥k, 6%] xax
V 67+1) 24+V*+1+1"
(.Javob. VX® - 4 C;b)3Vx 4-1 - 4(x 1) +C))
4xdx

3- )/ e b= R(ax-8)2-2v3i--g+a-
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(Javob: a) 6 + \IXx —In(l + Vx) + C.»;
IS T 2 B9 ) + 8

8.8. TRIGONOMETRIK IFODALARNI
INTEGRALLASH
f R(cosx;sinx)dx (8.12)
integralni qaraymiz. Bu yerda, R ratsional funksiya. Bu
xildagi integralni integrallash, universal almashtirish deb
ataluvchi tg - = un kabi almashtirish yordamida vyangi wun
o‘zgaruvchiga nisbatan ratsional fiinksiyani integrallashga
keltiriladi. Bu yerda,
1 —u2 2n 2du
COSX = —————- ,SIiNX = ————= ,dX = ————- (8.13)
+u
belgilashlar inobatga olinadi (§8.6 ga garalsin).

1-misol. f — ———— hisoblansin.
J I+sinx+cosx

» tg”™ = un deb olib, (8.13) lardan foydalansak, quyidagiga
ega bo‘lamiz:
[ £ —— = =J~AL =In\t +u\ +C =—

J I+sinx+cosx 11 i u 1+11
1+u2 1+U2

In\l +tgZ\ + C.<

Agarda, R (—cosx,—sinx) = R(cosx,sinx) kabi ayniyat
o‘rinli bo‘lsa, integral belgisi ostidagi funksiyani ratsional
ko‘rinishga keltirish uchun nisbatan soddaroq boigan tgx = wu
almashtirishni qoilash mumkin. Bu yerda esa,

1 du
sinx — . ———— ,COSX — ,adX = -—— - 8.14)
yr+ 1? yr+T17 1+u2
kabi ifodalar inobatga olinadi.
2-misol. f — hisoblansin.
J 3+sm2x
» tgx —wu deb olib, (8.14) lardan foydalanamiz:
dx

du

TmT?2 . 2 ~
=R R o I aagfdc
J 3+sin x 2;1+U* 3+4u* 2V3 a /3

5/37:arctg \3 + C..A
3-misol. / tgs2xdx ni hisoblang.
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» Bu integralni hisoblash uchun tg2x = n almashtirish
kiritamiz. U holda, x = ~arctgu va dx — larni inobatga
olib, quyidagiga ega boiam iz:

étgstdx —ZI u5]_—|_’,\\—/édu = 2f Q/l3—u H_1+W du -8 —
4—u2 + +Zln(l +rr2 +C = 5tg42x - —4tg 22x +21n(1 + tC922x) + C<4

/ f(cosx)si.nxdx va f f(sinx)cosxdx kabi integrallami

hisoblash uchun mos ravishda cosx =t va sinx =t
almashtirishlardan foydalanish magsadga muvofigdir.

4-misol. f dx hisoblansin.
» cosx = t deb olamiz, u holda:

T e e g b o R

=-t~3~-+C =---3— —+ CM
3 cosax CcOSX
e costdx
B-misol. 1=" T hlsoblansm.

J y(2+3sin2xY
» 2 -f 3sip.2x = t3 deb olsak, cos2x = 2t2dt boiadi. U holda:

AT- 8.8
Berilgan anigmas integrallar hisoblansin.
1. | dx .(Javob:—in + C))
3+5cosx
dx ;|> \I3tg x
2.1 ;;.;&;:;:;J; Yavob: Zi=arcta—;— hS.)
3. . =P éavoltfl IIn I\tslI =S 4 C)
8—4sinx+7 cosx
4. | +C)
11 13
5 b | —tgRABAKS
' l sin2 x+3 sinx cosn+00521g.ijavo ’ \71;5;‘3 n 2t,gx+3+V3 + C)
6. / v 8 2 96
.+t
7. COSIXIINIX x. (Javob: in Ty Smix cosx + 'C.)
cos x—sin x 4 11-(mo:| 2
8. . ---d* . . (Javob: In\tgx\----~— |C))
7 COS X sin”™ X 2sir x
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Mustaqil yechish uchun topshiriglar

l. a)/ N =dx;
y/cosAx

b)/— £ — .
4-5sin#

Javob: a)~cos% /1- 3cos'Vs x + C; b) -fnl 1-*v" j+ C
{ )5 b )3 Ilzth—lf )

7 Lu T

o

c°’s2x

(Javofo :a)ZVS + 4sin 2x + C; b)

«™NL =
yJ(3+2C0S3X) 2

3. ar

Uavoir, a)iVT+Tcos3x + C; b)42arctg

r sin xdx

—"N  +X + C))
I+tsy

b) [ si- xdx.

I+COS2*

- X +C)

8.9. 8- BOBGA DOIR INDIVIDUAL UY TOPSHIRIQLARI

IUT-8.1

Anigmas integrallami hisoblang (15 topshiriglarda
integrallash natijasini differensiallab tekshiring).

o] 3*Vs*2x dc

i.2.J-—~"—dx.
*3. JN] | NMNd x.

n r2Vx—x~+3

14377 F 2 d4x.

b%-jix_’gxiédx.
16. f1 xBr*+4dx

1.7 . /rW -JW +3}dx.
\ X

VX

9 Sr-
19.) — -dx.
1.10. /7 2- ~ f+4dx.

r TN -5%+3
1.11. ] - 3dx.
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1.12.

1.13.
1.14.

1.15.

9..16.

1.17.

12L ~
122. f ~

1.23.

f (xXVx- ~ + 1) dx

f(x2-~-3)d x.
f 3L~2 5+3dx.

- N/ x
/(= + 2x3—4)dx.

+ 4)
2x +odx.

/ & N d x



1.24. j(VXx -H I+ 2)dx. 1.28. / (» "+ 6) dx.

125. f (Yx - ~ + 2) dx. 120. 1 (7 7 \
1.26. ) -ax. 130. f~ .- 1/ p + 2)dx
2.1.) VTT"xdx. 217 J VI + 3xdx.
2.2./ V1 + xdx. 2.18 f Hi + 3xdx.
dx
2.3. /7 N1 + x)2dx. 19. ;
4 j_ dx( ) 2.19 hVIS—XiS
2.4. . _
‘7'“535 220. (=,
25.] 221
d_X . (2_,_*)3-
2.6 { Frix 2.22 ) V5-A-2xdx.
2.7. /(1 —4xT)dx. 223  j V5 —4x dx.
2.8. /(1 + 4x)sdx. 2.24.
2.9.J(1 - 3x)4dx. J V(6 -5x)2dx.
2.10. /VTT3XdX. 2.25. f 4T ~Sxdx.
2.11. 7 VB —ax dx. 226. / V4 —2xdx.
r !
212, y1os 227. /V3 —4xdx.
dx .
2.28. [/ V3 + 2x dx.
213 7a-ams: 229
- 29.
214/ aiaxy2- f V(3 + 5x)3dx.
dx
230. f 2 - xYdx.
2.15. 2_52. (

2.16. [/ V3 —2x dx.

3
dx dx
- 34 fr 3.7./ 3 2
32.7 % 35. 38./
3)&-)!(—9 J 2+3x # 2x+3
3.3, 36. f-"L, 3.9./

2—3x" 2-5 R

43



J

3.10.
dx

4-3x"
3.11.

r dx
' 3X+4

3.12.

r dx
‘J4X—2'

J

/

4.1.
4.2.
4.3.
4.4.
4.5.
4.6.
4.7.
4.38.
4.9.

4.10.
4.11.

412

4.13.

4.14
4.15

3.13.
dx
5-3x'
3.14.
dx

4—7%x"
3.15.
dx

5x-3"
3.16.
dx

3—2x'

J sin(2 —3x) dx.
/ sin(3 —2x) dx.
/ sin(5 —3x) dx.
/ cos(2 + 3x) dx.
/ cos(3 + 2x) dx.
J sin(4 —2x) dx.
/ cos(5 —2x) dx.
/ cos(7x + 3) dx.
/ sin(8x —3) dx.

/ sin(3 + 4x) dx.
JTsin(3 —4x) dx.
. / cos(4x + 3) dx.
/ cos(3 —4x) dx.
. / cos(2 + 5x) dx.
. / cos(3x + 5) dx.

3.17.

f_dx

' 5+3x
3.18.
j —dx_

' 3—Bx"

3.19.
f djr

> 5+4x"

3.20.

| 6-3*
3.21.
dx
f 6+5x
3.22.
dx
fi7x
3.23.
dx

fI+6x

3.24.

r dx

t2+7X
3.25.

’ 7-3x%'
3.26.
dx

5-2x
3.27.
dx

2X+7~
3.28.

r dx
2X+9

3.29.
dx

JIx—3'
3.30.
dx

6x+1

4.16. Jsin(4x + 3) dx.
4.17. /sin(5 - 3x)dx.
4.18. / sin(3x + 6) dx.
4.19. / cos(5x — 8) dx.
4.20. / cos(3x —7) dx.
421. j cos(bx —6) dx.
4.22. /sin(7x + 1) dx.
4.23. J cos(7x + 3) dx.
4.24. /sin(7 - 4x) dx.
4.25. / cos(3x —7) dx.
4.26. ] siri(8x —5) dx,
4.27. f cos(8x —4) dx.
4.28. /sin(9x —1) dx.
4.29. / cos(10* —3) dx.
4.30. f sin(9x + 7) dx.



51 J 9x2-3

5'2'Aﬁ@g;+§

53./7 &
=7 gxo+ 3
dx

5.4./
nﬂ%Q—a‘
55./-

dx
7X2-4'
idx
Jix2n'

dx

58.7
5x2+3"'

dx
59./
Sx2-3*

510. /- =

56.)
57./

511. ) th Y)
1 V5x2+3

6.1. 7 >

V§&§X2

X

6.2./ 53¢
63./7

rfax
6.4./

V3-4X2

2xdx
6.5./

Y xax
6.6./

V4x 2+3
6.7./ — *

>/9-8x2
6.8./

B
6.9.] ¢

et
6.10. =

*Jur-70e0

] VI 5x2

5.12.

5.13.
5.14.
5.15.
5.16.
517.
5.18.

5.109.
5.20.
5.21.

6.11.
6.12.
6.13.
6.14.
6.15.
6.16.
6.17.
6.18.
6.19.
6.20.

5.

dx
X2
« V5dx

V3-4X2'
dx

\2x2-9
m dx

2x 2+7
dx
I V'3x2+1
dx
3x2+2"
V2dx

/ V7-2X2°

FViadx.

J 2x2—7"
r dx

W 8x2+9"
dx

J 3x2-2"
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5.22.

J

5.23.

524

5.25.

5.26

5.27.

5.28

!
r
-

-/

-/

dx
4x2+3"
Va4x2+3*

dx
V3-4xr
V9-8x2'

4x2-3"
dx

8x2—9'
dx

A2+7

- 2dx

5.29.

&
r

5.30.

r

6.21.

6.22.

6.23

n

4+3xz"’
2dx

V4x2—3'

xdx

Sx2+1'

/ 5xdx

' 5x2-3'

-/

r

6.24.

6.25.

6.26.

6.27.

r

6.28.

J
r

6.29.

6.30.

/

xdx

2X2—71"
9xdx

V 1—9x2'
3xdx

9x2+2'
5xdx

n/7x2—"
3xdx

VIx2+S'
2xdx

5x2-3"
xdx

3X2-2"
7xdx

7x2+1"'



7.1.
dx
/ nxo-3
72.f &
2xz—5"
7.3.
dx
/ yiorsxr
y dx
75.f- *
2x 2+3"
7.6.
dx
N y/Sx2+1
77.1 ¥
2xz+9’
7.8.
dx
V9-2xz*
7.9.
dx
Vox2+2*
7.10.
! sx2—4
7.11.
dx
/ 3x2-7"
8.1. J e2x~7dx
8.2. J e3+5xdx
8.3. Ne2~3xdx
8.4. Je2*+1dx
8.5./ e7~2dx
86./ 12X 7dgx
8.7. /] e5*+7dx
8.8. / e 7-2xdx

8.9.] e34Xgx.

7

7.12.
dx

/ 3x2+7*
7.13.
dx

/ bx1—
7.14.
dx

7x2+6"

7.15.

dx
\iT-3x2"’

7.16.

r dx

e+

7.17.

r dx
USxi -1
7.18.

dx
3x2-S"

7.19.

dx
V2-3x2
7.20.

IBl5%z
7.21.
dx

l \'3x2+B

8.
8.10.

J e I(*+2dx.

8 11.

/ e2x~10dx.

8.12.

/ e4*+3dx.
8.13.

/ e4*+5dx.

3x2—=2"'

8.14.

/ ebx_1dx
8.15.

[ es~2xdx.
8.16.

| e4-3*dx.
8.17.

/ e3~5xdx.



8.18.

/ ei~/pdx.
8.19.

J e2-5rdx.
8.20.

J esjc-4dx.
8.21.

J eBx+1dx.

dx

9.1.) "g%<+1)y/n2(2*+1)'

92.{ |
93./ (I-x) sjin2(1-x)

dx
94.]

95. /7 MFN~x)dx.
96./

9.7.7 MrP*+1)dx_
3 3x+1

9.8 [~ ——— .
3 (X+t)/nz(X+1)

99.1 Gr—t—i)%(rﬂ) ‘

9.10. \YIn (x+r) dx.
X+
91,

J X+1
9.12. ] 'if'-xtV) dx
J X+ 1

9.14. /
3 (x+1)YTAZXFT)

9.15. fJ In7(x+1) dx.
3  x+l

8.22.

/ e2~6xdx.
8.23.

| e2~4cbc.
8.24.

f e3~6xdx.

8.27.

J e748*d;t.
8 28.

f e 2x+3dx.
8.29.

f e8x+ldx.

8.25.

/ e A=-Sxdx.
8.26. / es"*dx.
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9.

9.16.

9.17.

90.18
9.19
9.20
9.21
922
923

924
9.25

9.26

9.27
928

929

9.30.

8.30.

J ed~7xdx.

dx
f (X+2)jin(X+2)"
/ I rr™NdXi
3Xt1l
dx
I £—3)inaix—3)
dx
f

(Jt+5)in3(x+s; *
In2(x-3)

X-S
J X+ 4

f1 X -1
JIn*(X+3
?/n(+ )dx.

X+ 3
Ne <z=*ldx.
o 5]
dx
Fi(x+3)In*(x+3)
tnsfx -8
—_ )-dx.
a—8
/TNHX+
o dx.

| X+6
dx
f (x—4)Ins(x—4)
In6(x+9)

X+9
In (3x+5)

I 3x+s

J

dx.



10.1.
10.2.

103.
10.4.

fAp-dx
J sln32x

S.._

cos X

fArLdx.
y/COSX

f~Afd x.

cos5x

10.5.

10.6.

10.7. f cosxax

< Sfix+2

cosXx ax
/

3-sinx’

10.8.
109,/ sinxdx

VCOS.r+3

/ sinxdx
Vcosx+I"
cosxdx

ViEInX—4)3
10.12. f~ d x

€0S23x

fA~rdx.
VcosSx

d x .

smil4x

10.10.
10.11. 7/

10.13.

10.14. \}

10.15.

/ sin35xcos5xdx.
10.16.

/ Vcos2xsin2xdx.

N
11.1. />‘2'tg3x
11.2./ "X/ma(
cos
11.3./7- Ig
sin2xctg4x '
1M (CtE2xax
sin22x
115.F t3Kax.
Cc0S24x

J sin42xcos2xdx.

/ cosT72xsin2xdx.
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10.

10.17.
/ Yasardak
10.18. f*PE£-dx.
\cos24x
10.19.

| sin35xcos5xdx.
" - n
0 .20. Jf %stsxdx'
1021 f3A™X
1 cos45x
10.22.
/ y/cos7xsin7xdx.
10.23.
/ sin63xcos3xdx.
1024. f~ -d x
J s

m 76X
10.25.

/ Vcos32xsin2xdx.
10.26.

/ 5in48xcos8xdx.
10.27.

/ sm54xco54xdx.
1CL28 JJ&%OS4X
10.29. fA~™MLd x.

\cos42x
10.30. f N d x
sm*6x

11.
11'6'ch%s;59< X
11.7.j I3~ d x .

SL71zX

11.8. 7 —
sin2xctg3x

t
119.7  orinsae:

11.10.  FAR9g %



11.11 N
J sm*3x
11.12. 1~
J cos2lx
ctgs6x
1113 bin2bx
1114 ~N/tgsdx
- c0s24x
11.15. -n
sin23x
11.16. o
c0s24Xyjtg4x’
11.17. o
sinz3xctg33x'
1118. f&trdz.
cos2 bx
11.19. 4 §in2>§|&‘tgsx-
1121 ctgsax
’ /sin24x
J r+9Xx2
1«22. Jr Varcm%x dx.
-X
12.3./ arccos23x dx.
VI-9x2
124. / arcctg22x dx.
1+4X2
VI—%xz
12.6. f- X
Jo(l +xé)arct93x
2H#7>j « W >dx
VI1-9x%j
12.8./ yarctg2xdx.
I+_x2
129 f arcsins2x
Viearz
1210. / dx

VIl—xJarcsin*x "

12.11. / arccos32x-dx

V1—-4x2
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12

1122. i~ d x .
J C0S27x
11.23. S~Ap~
€0s23X
11.24. )
S|n25dx
1125. [ x
sin2x y/ctg4x '
1126. " 0*
70s2x M Itg2x '
1127 1962x
o COS22x
11.28 mictg”x
2
11.29. mItIZX 4.
sin2x
ta 74x
11.30.
c0s23x
rarcctg”~3x
12.12.
J I+9x42
12.13. [ 2722 ax.
V 1-16x2
12.14. Brcsin4x dx.
VI-*2
12.15. f arcsin32x .
J ~F=2xp- dX.
ax
12.16.
ST‘L+x2)arctg '
12.17.
J 1+4X1
1218, arccos13x ,
12.19.

"\+x‘

1220. l (1 +x2)yjarctgx’

12.21.

12 22.

dx

(1+x2)arctgbx '
arccos7xdx



\Jarccos2x

12.23.

VI-4x2
1224 arcctg* Sx

I+2Sx2

1205, arcsin25x

VI-25x2
12.26.

dx
/

VI-25x2arcsinSx"'

xdx
13.1./ g%z;w

X
13.2./ %243’

133, 7 2

13.4. / ecosxsinxdx.
13.5. / e 23~1x 2dx.

stnx ]

136./ 7 A gx-

13.7./ e 7x2+2xdx.
13.8. /7 23" X7xdx.
13.9. /7 **2*5xdx.

dx
13.10. f VX earcsing
13.11. / eSx2~3xdx.
13.12. 7/ er~42xdx.
13.13. f e3xzZ+Axdx.
13.14. j esinx+lcosxdx.
13.15. / e4~x2xdx.
13.16. Lax mx.

141./ ~ ™ —dx.
J 7x +4

~_
14 3J 'éx2+l At.

13.

14.
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£1? x dx,
1+9X2

rarccos27X ,

n x 1X 3T
12.29.

12.27. J/ ~

w2
arcctg'l 8x
12.30. / 1+64.12
13.17. / e3cosx+2sinxdx.
13.18. Jj e4smx-icosxdx.
13.19. jV,S>Q 3xdx.
13.20. jy"~2Zxdx.
13.21. 7/ e#3xdx
13.22. / ecos2xsin2xdx.
13.23. f ex-6x'xdx.
13.24. [/ ex3+la:2da..
Carctgex
13.25. _I+_X
13.26. / e33x2dx.
f x4dx
13.27. J exs+i w
1328. 3 O
xdx
1329. .,
13.30. / e4-5x/rdar.
_ N
14.4. ]‘ Vxlfrg X .

14 5. /2~~dX

2x 2+7

14.6. f—’\—dX

3x2+ 1



14.10. f~ALLdXx. 1423. J-~rdx.
J 3x2+]1 ] s—2x2
1411, JNrd x . 1424, f~r=dx.
J 5-2x2 J y1-x2
1412. f ——rdx. 1425. J~NLdx
J 1-3x2 ] v*2+9
14.13. fIZ)p—dx 14.26. f~Ndx.
] 5X2+2 = J x2-5
14.14. f~Nr-dx 1427. JNzd x,
J 4X2+1 J Q-aX2
14.15. j’\’\dx. 1428. J-~-dx.
1-4x* ] 7x2+3
14.16. f~-idXx. 14.29. f-~xLdx.
J A-x2 J oyl2x2-1
1417. r-~dx. 1430. f-j~dx
X249 J vd—9x2
1418. f-~Ldx
] VBx 2+1
14.19. j N

Nam unaviy variant yechimi

Anigmas integrallami hisoblang (1-5 topshiriglarda

integrallash natijasini differensiallab tekshiring).
r 3-2x4+Mx” ,

1. J \rx-————dx

» Integral ostidagi funksiya suratini maxrajiga bo‘lamiz va
integrallash usulining ikkinchi va uchinchi qoidalarini qo'llaymiz.
Anigmas mtegrallarjadvallm qo Ilasak

f3- 2X4 + Vx2
——————————— dx = 3j x 4dx ~21 X4 dx + 1 X|2dx—

8 12 4/— 8 4/— 12 12 ——-
= 4x3/4---rx 4 H— X |2+ C=4VX3 ————+— V*17+C.
1y 17 19 v 17 v

Hosil bo‘lgan natijani tekshiramiz:

4=*!- 10 +|V 7/12 + C)= 4——x~L/4 ’\gi\xT +



" w =[(4s Brr A= A4 - 8%+ C=
=-"% §¥(4-8x)3+C.
Hosil bo‘lgan natijani tekshiramiz:
(_*(4 _8x)! +C) =_= i(4_8x)_I(—8) = (4 - 8x)~2/54
3 g,
f dx
*16 " = ~ 1Inl6- 7X +c-

Hosil bo‘lgan natijani tekshiramiz:

(]-—-}n\P—7x\1+C)= 76—7}1*1_7)7:@7X'4
4. /cos(2 —5x) dx.

> 0S(2-5r)dx =- ISin(2- 51) +C.
Hosil bo‘lgan natijani tekshiramiz:
(—-sin(2 —5x) + C)' = —-cos(2 —5*) m{(—5) = cos(2 —5x). 4
5. 5J)j==.
> = 2dx =/"n|2x-v4"3| +C

Hosil bo‘lgan natijani tekshiramiz:
/2+—"~—\
(fIn|2@+Vto~3| +c W, ~ W =

3 2(V4x2-3+2x) _ 3
2 (2x +"Mx 2-3)"4x 2-3  V43C2—3"
- r 7zdx
6. j—I ~.

= l3x2 +4| +C. N~
I 3x2+4 6] 3x2+4 6 1

7
m ] V6-5*2m

»/ —— =-p/ — = -$=arcsin™- + C.IWLWLWA

8./ e5-4xdx.

» J e5dhdx =— es4xd(B —AX) = —es4x+C. 4
3 X+2
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f 7TnHx + 2) dx

- X + 2

r 3 7 0
— Il 1n7x +2)d(In(Xx +2)) =— In~7(x +2) + C =

- ~\flnw{x +2) +c. ©
. I cos3xdx
10j s. .

Vsin3x-4-

» fJ—3xdx —I stm3x —4) _s mBcos3jcEfor —- f(sin3x —
= Vsin3x—4 3 3

—4) sd(sin3x —4) ——— ([sin3x —4)s + C = — ~/(sth3x —4)4 + C.
n. f N L L
~ smIAx~ctgzAx
f dx . 4 \
O R e 2] — | dx =
l5|n24rx\Jctg24x 4] V sin~4x ]
i fctg *4xd(c.tg4dx) — —~ctgzAx + C = —~\Jctg4x + C. =
4) ~~c/ v~~a 4~~C m" 4
ircctg5;
12. 1T4%2
f Jarcctgs2x | f f 2\
» — - -T— dx = - - arcctg32x i- -——- ax =
J 1+ 4x2 23 1+ 4x2/
r | 13 8
= —- | arcctg?-2xd\arctg2x) = - arcctg*2x + C =
2j 2 8

= —~ Y arcctg82x + C.
13. / e3oosx+2sinxdx.

f e3cosx+2sinxdx — ~ ~ f e3cosx+2d(3cosx + 2) =
, 1 e3cos*+2 + +c_N
3 14. %’;xd X

a]r 3xdx £ J dx _ lJ 12xd30
10
10 r Jd>(2x2—4 5;};12—% 6p,2=ﬂ

V6~ (V6X)2-22

h

= -Znj6x2 —4| + odEin |V6X+3
IUT-8.2
Anigmas integrallami hisoblang
1
11./~~dx.(Javob: V2arctg —-In|x2+ 2| + C))
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2./ ~=~dx. (Javob: 3arcsinx + 5V —x2+ C.)

3. ’"p==dac. (Javob: 8 In\x +\Ix2—I] —13Vx2—1 +

i * £ dx-V™ob:\In~ +f z prri+c=

5. p—=dx (Javob: —/2 —x2 —2arcsin*=+ C.)

.6. Jf le- ——\dx (Javob —arcsmlx + - VT—4x2+ C)]

7. f 3=5= dx. (Javob: — In\/W/2x + n/2x2 +1)j -
T;:y/2x2+ 1+C.)

8./ ~"==ydx. (Javob: arcsin-j= —V2 —x2+ C.)

9./ {lavob: M"n\2x2 + 1] + n/2arctpy/2x + C.)

.10. / —*-s=~dx. (Javob: — arctg 5x - — In|1 4-25xr|+C.)

A1, fArn-dx. (Javob:-In\3x2- 4] - —in V3X_21+C.)
V3*+2|

A2, f -~—~~dx. (Javob: M n\9xz + 7\—~:arctg’\j: + C.)

A3.j = dx. (Javob: — arcsin + /4 —3x2+ C))

4./ 4 dx. sJavob: 2arcsin2x + -V I —4x2 +C))
J V1-4X2 1

<5-J'zT~dx' (Javob:  arct&7f ~ \ bl 2 + X2\ + C.)

16. J/J&?F dx. (Javob: ~In\2x + VI +4><~21+ZVI +4x +C)

7. f D/l—X:dX' (Javob: Sarcsinx + 4V T—x2 + C.)

A8./j==dx. (Javob: 5V*2- 3 - bijx +Vx2- 3) +C.)

9.7/ (Javob: —n [* ~|] —~ in]4x2—1| + C.)
.20. Jf_3~/\2c92jt' (Javob: -- Zn|3 - 2x2]+%ln }L/\\QM-\A +C)
21. v" dex Qavob —V9—x2+ Aarcsm3 +CJ)

22. /Ll.é -dx. (Javob: In\x2—511— in ="+ C)

lar+VsSl

.23.1 ~ dx. (Javob: 7Vx2—1 —2in|x 4Vx2—Ij + C)

24./ -~==dx. (Javob: In\x + n/x2 -f 1| +3n/x2'+T + C))
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1.25. f -dx. (Javob: - In\x2+ 7j —m-arctg — + C.)
I xz+7 2 v V7
1.26. 2 ~dx. (Javob: 3arctgx ~2In\l + x2\+ C.)
14X -
1.27. f b~|\ dx. (Javob: "=arctgyj3x ——In\I + 3x2|+ C))

1.28. f ’\de (Javob: 3n/x2 + 4 +7 bl X +VxM 41 + C)
I w4

1.29. f -~ Ldx, (Javob: -V~3xz- 4 --~fn|V3x + V3xz - 4] + Q)
324 3 v3

1.30.J) 4=Ldx. (Javob: BMIx2—6 +injx +Vx2—06| + C.)

2.

2i j —n——rfx. (Javob: —~In\| + 3cos2x| + C.)
J 1+3cos 2x

22.) j~d x . (Javob: —injl —x4| + C)
23. f dx. (Javob: 5In\3 - cos3x\ + C))

J :-i-cos3x

2.4. (Javob: ~In\2ex + 3\ + C))
25. f 532* dx. (Javob —in|cos2x —4| + C))

J cos

2.6. ng avofe: - —inl4 - 3ex\+ C)
-3e* 3
27.f — 3dx. (Javob: —*“ Zn|7 —5x3|+ C.)

2.8. f _sin-a—dx. (Javob —In\3 sin2x +4| + C.)
J 3sin2x +4

29. f (Javob: F1n\5 + e2x\+ C.)

2.10./ dx. (Javob: - In\7 + 2x4| + C))
211. f— - dx. (Javob: In\2xl —5x + 17| + C.)

J 2x2-5x+17

2.12.) dx, (Javob: ~*n|2x4 —5] + C.)

213. I 653 -dx. SlJavob -NJsin3x —2 + C.)
J Vsm3x-2

2.14. f -=S==dx. (Javob: —2Vv'l + cos2x + C.)

n vI+coszx

2.15./ II?‘E@VEdX' (.JJavob: —§Zn|l + 3cosx| + C))
2.16. f-s— dx. (Javob: - In\A - sin2x| + C.)
\%

J 4—sin2x

217./ (Javob: ~In\e3x - 5] + C))
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2.18. f 733 dx. {Javob: ~In\7 + 3x3|+ C))
2.19. /7 -2+ xdx' (Jav’b' ~In\x2 + 2x| + C.)

2X iiSm - {Javob: +cH
221.) ~£~~dx. {Javob: In\x3 + x —10| + C))

2'22' $3 ~ 7 dx- (Javob: ™ In\3x6 ~ 71+ C.)
2.23. f » —dx. (Javob: ~Vx5+ 3 + C))

2.24.) "===dx. (Javob: /2x3 —4x + C.)
2.25.J/ dax. (Javob ——n/5 —sinlx + C.)

VS-sm7x

2.26. fm—ndx dx. (Javob - =y COSAX + 3 -r C.;
J >/COS4X+3 2

227./ dx. {Javob: In\Ax3 + x5|+ C.)
2.28./ (Javo6: - W | - e2x + C))

2.29. { VGE—%%’V\ rfx. Javob: 2V6 —cos2x + C.%

2.30. VSX_4dx (Javob: V5x2 4+C;

3.
31./7 dx {Javob: — — ~In\x2+ 1] + arctgx +C.)

3.2. f "~-dx. (Javob: — + X —6 Znj1 —xj + C.)

33.~ar7nd x . {Javob: = +~Zn[x2 —I1j + In + C.)

3.4. — —dx. SJavob: -X3—Xx2+ X —Zn|2x + 1] + C.)
2X+1 3

3.5,] ~~dx. {lavob: "x4+2x2+8/njx2—4| — j-~| +C))

36.J dx. (Javob: *"x3—2x —arctgx + C.)

3-7 NN 7 ldxflabiz | * 3" “ N Zni2Y +1i +cH

3.8. / ~~"dx. {Javob: ~ ~*3 —~~"|1 —x 3|+ C))

3.9. / — —dx. (Javob: x —yfSarctg +C)
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3.10.

311

J "tdx (Javob-. x3+ x| +~In\2x —1| + C.)

3
. JfX-Z_—3dx. SJavob\?+ 3x +-p In1-"=1+cC)

U+Vva3l

3.12. ] *2+#*dx. (Javob\ ~+ 2In\x2+ 1| +C.)

3.13. f xx™"X*6dx. (Javob: X —| InN\x2—4| + arctg | + C.)

3.14. dx. (Javob\ X2+ 9x —28In XX+ 3| +C.)

3.15.1] dx. (Javob: --x2 +~In\x2—1|+ C.)

3.16.) ~~dx. (Javob: *x3—x 4 2arctgx + C.)
-y4_Ty2_4 y3

317.) —  —-dx. {Javob: ~— 3x + 2arctgx + C.)

3.18.} xo4 g//avo6:?+4x 4—5in F+21| +C.)7

3.19./ dx. Javob!™  ~x*4 25x —128/n\x 4 5| + C.)

3.20. f ~=~dx. (Javob: "x2 —"In\x2 + 1] 4arctgx + C.)

3.21. f~~~ dx. (Javob: —x34-2x —arctgx 4-C.)

3.22. f -~-~dx. (Javob: *x3 + 2x24 8x + 13Zn|x —2| + C.)

3.23.J] 2 +8dx. (Javob: Zx + 3arctgx + C.)

3.24. / * ) Z¥#1dx. (Javob: > + Un\x24 2| + +=arctg C)

3.25. f:X’%T\Xdk. ('ngob: _x8 3x —6In\x —2| + C.)

3.26. j*~-dx. (Javob: x2+ 14x + I0Sinjx — 7] + C))

3.27./ dx. (Javob: | x3 + x2 + 2x 4 SIn\x — 1| + C.)

3.28.) dx. (Javob: - ~~+ Ax —UW arctg | + (7.)

3.29. )~ ~d x . (Javob: + 3x + 13Mn|x —3| + C))

330.f j~d x . (Javob: x +V2In |~ ~ ]| + C)

4.

4.1. f 51 2(1 —x) dx. (Javob: *x 4-~sin2(l —x) + C.)
4.2.]) sm3(l —X) dx. Javob: cos(l —X) —-cos3(l —X) 4 C.)
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4.3. /(1 —2sin~)2dx. {Javob\ 3x +20c0S|—Ssin*-+ C.)
4.4.) cos35x sinSx dx. {Javob: —" cos45x + C.)
45. f cos3(l —x) dx. {Javob: —sin(1 —x') +~sin3{1—x) + C.)
4.6. /(3 —sin2x)2dx. {Javob:—zx + 3c0s2x —~83in4x +C.)
4.7.] sinZ? dx. {Javob: 5X —gsin3x + C)
4.8. f(cosx + 3)2dx. {Javob: —x + bsinx + -sin2x + C.)
4.9. f cos3(x + 3)dx. {Javob: sin{x + 3) —~sin3{x + 3) + C.)
410. sin”2bx. {Javob: —2cosi__P¢co sr?'—A‘)—(—VE.}
5 v 4 5 12 5
4.11. (1 —cosx)2dx. (Javob: ~x ~ 2sinx +-sin2x + C.)
4.12. sin2(2x —1) dx. {Javob: 5 —-8~sin(4x —2)+C)
4.13. sin36xdx. i/Javob: —, COS 6Xx H—18 cos3bx + C.}
4.14. sin20,5n:dx. {Javob: | --sinx + C))
4.15. sin2(f + 1) dx. Javob: *~~sin(x + 2) + C)
4.16. cos22xdx. (Javob: N+ /sindx + C.)
417. (1 + 2c035)2dx. (Javob: 3x + 8sin§ + 2sinx + C.)
a | .
4.18. cos23xdx. (Javob: - + —sin6x + C.)
4.19. sin42xdx. (Javob: -=x —=sin4x + —sin8x + C.)
v 8 8 64
4.20. sin23x dx. (Javob: ----- sin6x + C.)
Y 2 12 ’
421. (1 —cos3x)2dx. {lavob: ~x ~ ~sin3x + —sinbx + C.)
4.22. cos2—dx. (Javob: -+ -sin— + C))
5 \ 2 8 5

4.23. sin35xdx. (Javob: - -cos 5x + —c0s35x + C.)
4.24. sindxdx. (Javob: -x —~sin2x + —sin4x + C.)

A A ¥
4.25. cos4xdx. {Javob: -x + -sin2x H—_sindx + C.)

v 8 4 32
4.26. cos34xdx. SJavob: Zsin 4x——I25in34x + C.)
4.27. cos27xdx. gJavob: X sinlax + C)

> 28

4.28. (sinx —5)2dx. {Javob: — x —-sin2x + 10cosx + C.)
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4.29
4.30

51.

.J sin34x dx. (Javob: —-cos4x + cos34x + C.)

.J sin2” dx. (Javob: | —~sin~ + C.)

5
J tg2xdx. (Javob: tgx —x + C.)

5.2. / ctg3(x —s ) dX. avob-. —£ctg2(x —s ) —zZn|sin(x —s )| +C.)

53.
54.
55.
5.6.
57.
58.
59.
510
511
512
513
514
515
5.16
517
518
519
520
521
522
523

f tg43xdx. (Javob: ~tg33x —*tg3x + x + C.)

f tg2Ixdx. (Javob: -tglx —x + C.)

f tgsxdx. (Javob: 4—tg’\x —;tg2x —In\cosx\ + C))
J xtg2x2dx. (Javob: M"tgx2 —"x2 + C.)

J ctg3xdx. (Javob: ctg2x —In\sinx\ + C))

J tg21dx. (Javob: 2tg”™ —x + C.)

] tg31dx. (Javob: tg21+:2inlos| + C.)

. J tg24xdx. (Javob: *g4x —x + C.)

./ ctg3xdx. (Javob: —~ctg2x —In\sinx\ + C.)

./ ctg25xdx. (Javob: —~ctg5x —x + C.)

. f tg3”~dx. (Javob: \tg2~+ 3In |cos]|j + C))

/(1 —tg2x)2dx. (Javob: In\cos2x\ + ~tg2x + C.)
. f tgs2xdx. (Javob\ Nig42x —~tgz2x —~In\cosx\ + C.)
.j(2x + tg27x) dx. (Javob: x2+ ~tg7x —x + C.)
.J tg4y dx. (Javob: "tg3™-~~tg?j +x + C))

.J (tg2x + ctg2x)2dx. (Javob: ~“tg2x —~ctg2x +C.)

. f(1—ctgx)2dx. (Javob: —2In\sinx\ —ctgx + C.)
. f ctg33xdx. (Javob: ctg23x —"-/n|sin3x| + C.)

.J ctg4xdx. (Javob: ~~ctg3x + ctgx + X + C.)
.f tg21dx. (Javob: stg | —X + C.)
. / ERA(IL—6)dx. (Javob\ ~tg3(x —s) — —s) +x + C.)
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524. f tg34x dx. (Javob: “tg2Ax + ~In\cos4x\ + C.)
5.25. f tg4~dx. (Javob: "tg3™—4tg ™+ x + C))

5.26. / tg4(x + 5)dx, (Javob: “"tg3(x + 5) —tg(x +5) + x + C.)
5.27.] tg3(x —3) dx. (Javob: ~tg2(x —3) + Zn|cos(x —3)j + C.)
5.28. f t.g2(5x + 1) dx. (Javob: "tg(5x + 1) —x + C))

529. f tg2~dx. (Javob: *tg —x + C))
5.30. f tgs4xdx. (Javob: -~tg*4x —Mg24x + ~An\l + tg24x\ + C.)

6
6.1. J sin3x cosx dx. (Javob: —Lcosdx - —cos2x + C)

6.2. f sin52x cos2x dx. (Javob: ~ sin62x + C.)
6.3. ] sin23x cos3x dx. (Javob: ~sin33x + C.)
64. f cos35x sinSx dx. (Javob: —”~ cos45x + C.)
6.5. fsin- cos- dx. (Javob: - -cos — —2cos- + C))

2 4 v 3 4 4
6.6. Jf cosx sin9x dx. (Javob: —> cosltix —l"e'COSSX + C.}
6.7. f sin42x cos2x dx. (Javob: —sins2x + C.)
6.8. fsin- cos— dx. &Javob: —~c0s2X +-cosx + C.)

I 2 2 4 2
6.9. f cosbx sinx dx. (Javob: —~cos6x + C.)
6.10. JF cos 2x cos 3x dx. (Javob: 1—Osin 5x + Esinx + C.)
\
6.11. f sin 5x sinlx dx. (Javob:-sin2x--sin 12x + C.)
J 4 24
6.12. / sin 4x cos 2x dx. (Javob: —— cosbx —-cos2x + C.)
6.13. f cos34xsin 4x dx. (Javob: —™ cos44x + C.)
6.14 f cos 32xsin 2x dx. (Javob: ~cos 22x + C.)
6.15. f cosx sin 9x dx. (javob: — —cos 10se — —cosSx + C/l
J 20 16
. 1

6.16. J sin 4x cos 2x dx. (Javob: —Z cos6Xx — cos2x + C))

6.17. f sin 3x cos 2xcdx. (Javob: —— cos 5x —-cosjc + C.)

6.18. f sin31x coslx dx. (Javob: 7x + C))
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6.19. T Flll'l~—dx {Javob: —cos 2X + C)7

] COs3

6.20. f cos —dx. (Javob: ————\———1—C)
J sin47x 6sin 3 2x
6.21. fcos 2x cos5x dx. (Javob: 6—sin 3x H—14 sin 7x + C))

6.22. / sin22x cosxdx. (Javob: -sin3x —~sins x + C.)

6.23. f p- dx (Javob —— + C))

< sin* in3x

1
6.24. fsm 2x sin3x dx. (Javob ~sinx-— 10sin 5x +C.)

6.25. fsin x cos3x dx. (Javob: —e—~ + C.)

6.26. j sin 5x cosx dx. (Javob: —cos6x —”"cos4x + C.)

6.27.
6.28.

f sin x cos 4xdx. (Javob: — —cos 5n: + -cos 3x + C.)

X 1
/ cos 3x cosxdx. (Javob: -sin 2x + -sin 4x + C.)

6.29.J) cos42xsin 2x dx. (Javob: ——cos52x + C))

1. 1
6.30. / cos Ix cos Sx dx. (Javob: -sin 2x + —sin 12x + C))

7
7.1. Jfﬂz—_sx_w'-(JaVOb: Jg=aretg o+ C.)7
+
7.2. JfXZ i ¢ (Javob: = arctg V6 C)]
73. f— ————- . (Javob; —L—In |[—-—-"~1 + C))
J 2x2— 7x+1 Vv |4*—7+V 41l
7.4. .(}avob -In — |+ C.)
J 2X2+X~6 2/Ir+41
75 f— ———-. (/Javob: 7= arctg N + C.)7
J 5x2+2x +7 V34 T ni34
76./z2"x+i' (Jav’b: arctg(2x —1) + C))
7.7. f-—-£2--— (Javob: 7==1In + C)
J 2n2—I11Jf+2 v 05 14.r—11+VTO5I
78. f——— .(Javob: ’\—arctg’\J— +C.)
J 2xz+X+2 Vv n/1s
7.9, ) —mmmm e .(,/Javo6; -U n + C.)
J 3x2-12x+3 v 6V3 Ix-2+V3lI
7.10. f——— (Javob + C.)
J 2X2+3X *4 32
-3
711. T— —— .(Javob: In + C)

J X2—SXx+6 X-2
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7.12.5 —~N —- (Javob:— urctg + C
2x-3-4x2 vV Vu a VIT

713.f —2 ghvob: Zin P70 & [oh)

J 3x2-8x-3 v 10 3X+1

X-2
7.14. llls_zx_xz (Javob:— -1In +4| + C.)

7.15./ — . (Javob:—In b— I+ C.)
] Bx-x:2-6 "V -21

7.16. }‘ e S0l t+25-gavob' —4=arctg + C)

dx
7.17, / EYEar . \(/avob —p—a ctg ~=+C))

1K +C-)

N,-/31 " -Caom;sarm»2T 1 +C>

720 (Javob: -in | ——I1+ C.)
J 22—3—2v 5 123c+1 1

7.21./ — (Javob —7—In - —-\4+ C.;
J 2xz—6x 12X-3+V7

7'22')'55~  5-V«vob:x:arctgn+ C.)

7.23.j — .{Javob: ~ In 121*7 -]+ C.)
X2+7x+1l v V5 2X+7+y[b\
7.24. f —. —— .(avob: In|l— |+ C.)
2x2-3x+1"V (2x-1]
7-25' ]‘ 8.5 ﬂ»«é\z gJavob arctg 5 + C.)
7.26. 1/ — . (Javob: 4 2+3~ffi + c.)
J 2x2+6x+3 \Y 2)C+3+V3I

727./ X _6xTe" (Javob: > in |f21 + C.)]

729-f TATKr6- (Jayab: h arct«w + c >

7.30.J — .(Javob:~ in [H£52pl +C
3xz+5*+| 4 VI3 6x+5+VI3|

8

8.1 f71~ 7 (Javob: arcsin + C.;
I VA+8x-x2 V20

82./ (Javob: 43=|n X —73 L e

VSX'Q' 4x+| \

8.3.j --

vl 3X oy2 SJavob —gzarcsm"g— + C.;



8A fvpS~s'(avob: InNX +3+Vx2+ 6x + 8|+ C.)
85-f Wl Wbl - (M™b:j=arcsin”™ + C.)

86 /virfep - i-arc5in”® +C)
87.f +- dX _ -.(Javob: -~arcsin”P1+ C))
N \2—de—3x2 : v3 V7
X

8-8-I'VR&f- (Javoi;arcsin™ +C.)

(ogd .
8.9.f V5m2_10r+4.{Javob. ~win X - | +7jx2-2X +- + C))

8.10.J {Javob: arcsin + C))

8.11. Jf e S \(/Javob: zln Xx—1+ [x2—2x+- +C))

8.12./ w_’_é'gc_)aJavob: arcsin~-—+ C.)

8.13./ T=== gJavob: Eln 8 \ +C)
814, (Jav’b: arcsin~=[ + C.)
8.15.) \7/4?:2?5(:43’ (Javob: éln gt IX2+ X+ 1+ C))

d
8.16.1 A \gJavob: d:arcsin -— +C)
V3IT+2 - 22 0 5

ch
8.17. /V2<2—8(+I" (Javob: -rzlnlx —2 + Ix2—4x +- +C)

818 fVF N e —(/ara6-/nj* “ f+Vx2- 5TT6]| +C))

8M19- TW p- (nmo*;jiarcsin~ + C.)

8.20./\| 3 (Javob:\7’2\:1n X - Z+yIX2_ ;X +5 +C)

2x2—x
d , .1 . .
8.21. F;y * &Javob: -=arcsin +ClJ)
3 V2—x—2x2 yi2 V17
82- 7P'Tl-r In X +\+Vx2+ 3x—I] +C))
m 1 IT

=
\S-7x-3x2

8.24./ r de— .(Javob:\In X —-+ jx2—-Xx+- 4+C)
] V3x2-x+5 "y V3 4\ 3 3
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8.25. /{1 x_x2-{Javob: arcsin -w,- + C))

dx * m X+

8,26 / yn-rx-x*' (Javoh arcsin '7j£+ C)
8-27-f ﬂﬁ# (hvsdearein~ +c)

8.28.f — {Javob In \x+ +Il/ﬂ2+5X+|j +C.)
e+ 5x

829.fj; _ x2 (Javob: arcsin + C.)

8.30. ) 4=2dX (Javob: In\x + 2 + ni/x2 + AX +"T| + C.)
W2+4x-u1

— - —4| —*i +
9.1. 3] 2jc2+3%-4 ok iJavob IN\2x2 + 3x |=|_J41 |42+3+v41| C")
R fr3x*tx-ndx-(Javob: ~In\3x2 + X+ 1\ + arctg ~ + C))

9.3. \i2\b  {lavob:” Zti[3r2 —2x + 6| —==arctg +C.)

94‘)tfw s 1@wo6-;N 2 *2+x + 5] -~=arcts” +C.)

5. e . D5 +X—2| +5 ™5 + C.
95./ -Hf‘ZdX (Javob: 5In\x2 + X 2| In ll/'l\-bZ‘ C}
9.6. /— - dx. (Javob:—In\Sx2—3x +2| —  arcto10* 3+C)
5xA-3x+
97.f — —adx {Javob —In\2x2 6X —sJ +—In - 1+C)
2x2-6x-8 20 \x+I\ _
9.8.J —, o dx. (Javob:-In\2x2—Ix + 1] +~=1In ¥x 7 VII| + C))
) 2x2—7x + |4%—7+n/41]
9.9. f—y-— dx. {Javob: —Zn£2x2—51 +2] +—InirA+ C)
J 2xz-5x+2 \ 4 12a:—11
9.10. /7 4e™y+5 dx- {Javob: ~Zn|4;c2 —4x + 5| + ~arctg + C.)
9-11- N 2xMx+idx-(Javob:l In\2x2 +x + N+~ arctg ~ + C))
9.12./— — dx.Javob: -In\3x2—2x —3| 4— £=In 4.C.)
J 3x —2x~3 6 3vio 13x-1+T1/To[

913 }de. Qavob: 2n\4x2+ 6Xx —]314-2'Ezln |4(+3+361I: C.)7
9.14.9 —2—525 dx. (Javob:-In\x2—4x + +5 N P— +C.))

2%/3 Ix-2+V3lI
9.15. f 2x***x+r mJavob: ~In\2x2+ 2x + 5| —a rc t g +C)
—ax. (faofe. ~Zn|xz—5x +4] —in Y™\ +C.)
9.17.5 2¢1—dx. (Javob:-In\2x2 w81 —6|— —In w2  +C)
+8 4i/7 1*+2+V7|

9.18. /—; —dx (Javob: — |n|4xz +1I6¢—120+—=in ey, \B|+C),
J 4Ax2+16x-12 277

9.109. f —dx. (Javob:-In\3x2— 6x—9l+—|n »r4+C)
J 3x2-6x- 12

\x+ 1\
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9.20. I oM 7dx, glavob: —5In\2x2 —x — 3} +-gin %&a +cC.)
9.21. £ =g 9% (Javob: gin\3x2 + x — 1] — gmain

922.1] XQ;4.T—2 (Javob: >In\x2 -AXx - 2 \+2<\/ém‘ E((:§:=I'/6 +C.)
9.23. /3]2_,5_. dx. (Javob: - IN\2x2 + x —4| + FEhfn Tﬁ*jriJqu + cl,
924. 1 “™*® _gx. (Javob: - IN\3x2 + 2x —7| H—i=In 'S +C)
9.25.] i3 dx. (Javob: -in|ax2 + 2x —3| VBm L~ 1 +C)

4 14+1-»-/131
X+2 . 6X-—
9.26. ] —v-"_r+r > (Javob: jiIn\3x2—x + 51+ ~~=arcts Y=+ C)

9.27./X23+r5X2_l—dx. ﬁavob:%h\jf +5x — 1) Z\JQEK]' E:SIS_VP% | + C)
9.28. s =) dx. (Javob: ~IN\dx2+ 3x —1] —7pin by +5C;)L|
9.29. /5?‘21-21+10dx’ (Javob:-In\5x2 + 2x — 101+ arct_g“%(_:f+ C.)

9.30.1 *—dx. (Javob: —ﬁln\Sx’\ —x + 7 B?Fg[ﬁa 5 Uw; +C)

10
10.1.1 ;=8r.13 -dx (Javob: - V3x2—3x —16 -
3x2-3x-16 3
-4V3in ¥ ey

10.2. f —.*— dx. SJavob: -Vv'2x2 —4x —1 —
e 1/2xr-4p:-1 2

~v2in X—1+ Ix2—2xm _ +C.

M 2 )
10.3. /\BFQ—)‘(-'BdX (davob: nV3x2 —x + 5 —

AN x — 4+ §2-3%3 +C)
xH .

104. { sy X (AVODI VT + x — 3x2 + —=arcsin ~p~ + C))
105. N Zba@ﬂgdx. (Javob: -V4x2 + 8x + 9 +

+-In x+ 1+ IX2+2x+-1+C))
2 \Vi *

10.6. B
10.7. f-~L-—dx, (Javob: 2VI —x fx 2-

dx. (Javob: - 2V1 + x - 2—9arcsin—vs— +C.)

-7 jx —%+ VX2—x 41| +C))
10.8. 7 ;37 ax (Javob: 3Vx2 + 6x + 13 m
T 26143 7 :
5injx + 3+ Vx2+ 6x + 13j + C.)
10.9. i -Zja;:iﬁ_j_dx. Javob: 5V2x2—5x + 1+
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Z}I/.éZ'I‘I + C.)
1001, Jygiraeqdx- (avob: BVx2+3x —4 —
-"nlz+i+Vx2+3x-4| +C)

10.11. /- dx. (Javob: -V2x2—x + 7 —

10.12. JF'\|'/=2IE>;\§4=dX. (Javob: 2\Ix2—3z + 4 +

421n Jt—"+Vx2—3x + 4| + C)

10.13. j"~"===dx. (Javob: —4V2 + x —x2 + Zarcsin~j~ + C
10.14. {Mﬁ%& dx gavob: 5/I/2x2 + 4x —5 —

—A/2In x + 1+ 2+2X_E ++C)

3x+2 o
10.15. f VatoxxodX- (Javob: —8V4 + 2x —x2 + barcsin’j=- +C))
10.16. I _wm7— dx (tavob: —n/3x2—2x + 1 m
_J V3x2-2:t+1| 3

—Zg)fn x—1+ |x2-2x +1 +C)
3V.

10.17. f-T=2L=dx. SJavob: —V3 —6X —Xz+ 2arcsin”: + C.?

J yl3-BXx-x2 vi2
10.18. Jf - _S—dx. (Javob: 3—n/3>Q +X—5+

Y3xr+x

+oUrin x+ -+ X7+ - +C)
3V 6 \ 3 2

10.19. J-="===dx. (Javob: 7/}2 —5x + 1+
+—7nix - -+Vx2—5x+1| +C.)
10.20. / X_8_5<2><{Javob: VA2 Hx —5—

V4x2+x

S Q4% __ +C)
16 4 4

*+s+]
10.21. f@@(ﬁ&l x . (Javob: —8V2 + 3x —x2 H—2 arc sz\%; 45C.)
- ]
10.22. X“° _ G flavob: —V3 —2x - x2 —7arcsin Xt £C)
J V3-2x-*2 v 2

10.23. I\Y—/Zé,;_x_@dx. (JavozZ?: V2x2 —Xx + 6 +

Jf-i +J*2-| +3]|+c)
10.24. Jf i—/‘é;(i_)idx. (lavob: —l1/4+2X—X2 —8arcsin TB]_ +C)

1025. J .. dx (javob: 2VX3 S Bx a4
J Vx2tS*-4

4270 |x + 1+ /52 + 5x —4| + C.)
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10.26. J vl 64 —€x. (Javob:-//2x2 —6x + 1+
10.27. f@ " e dx. (Javob: V3X24-9X—44—

ALpin . +J<243x—- +C)
10.28. J_***° dx. (Javob: 2V2x2—X 454

V2x 2—x +S

+2V2ta --4 Ix2 - +C)
4N 2 2

3x-7

10.29, J sz_;ﬁl dx. (Javob: 3Vx2—5x + 1+
+2f01:ln 4;V_>|<2—5x +1], 4-C)
10.30. I ——X—— dX. (Javob: —7v2 —3x —XZ——arcsin - +C),

Namunaviy variant yechimi
Anigmas integrallami hisoblang.

Ax 2+5

> | 3—7x d 3 s xdx
— -dx = —_—
d(2x) 2 rarctb?_ _iq1ax2 + 5 4-C.owA

e3x(2-e~axy
» u=2- & 31almashtirishdan foydalansak. u holda du =
3e 2xdx va_

(;i; [ 2 —e 3% + C.
§ vz dx
» Integral ostida turgan funksiyaning suratini maxrajiga
bo‘lib noto‘g‘ri kasming butun gismini ajratib olamiz. Natijada
algebraik yig ‘indini integrallashga kelamiz:

{ 3X_ 4x” —( f3x3 —3x — j —\dx = -x4 ——x2——|n\x24—1| 4 C.A
X2+ 1 +1j 4 2

4. ) cos3(7x 4 2)dx,

» cos2(7x +2) =1- sin?(7x 4- 2) trigonometrik ayniyatdan
foydalansak,

[ cos3(7x + 2)dx = f cos2(7x 42)cos(Ix + 2)dx =

= /(1 —sin2(7x 4 2))cos(7x + 2)dx =/ cos(7x + 2)dx —

— sin2(7x + 2) cos(7x *2)dx = ~sin(7x 4 2) —

—  sin2(7x + 2) d(sin(7x 4-2)) = ~sin(7x + 2) —w=sin3(7x + 2) 4-C.
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5. f ctg45xdx.
> ctg2Sx =—

almashtiramiz

-1 ekanligiclan foydalanib integralni

f ctg45xdx = f ctg25x (~ rj—I) dx —
T P/ dx 5T gtazdxdx = 535 Teta2Sy (), gx —

J a
T Ga I) dx = ——ctg35x + _ctgSx +x +C. <
6. JfS|n12<S|n—2<dx
> (sin-xsin—zxdx = 5_((cost —cos5x)dx = ZSinzx —16SinSx +c.<
7 f dx

J 6x2-3x+2 "'
» Integral ostidagi funksiya maxrajida to‘la kvadrat

ajratamiz, u holda
dx _1r dx _1r
6x2-3x+2 6" x2-jX+1j?, 6 (x |

dx _ 4Vv3 arct N/ 4 | r

J 6vn VI3/(4V5)

2n (4x—1)n/3
3\/Barctg V]_3_"(_C 4
8. f "zL dx

2-Sx-x2

ostidagi funksiyaning suratida maxrajdagi

> Integral
funksiya hosilasiga teng qo'shiluvchi ajratib integralni ikkiga
ajratamiz
j_3x-6 = -ZX +4-SKS =_8 f -rx-S {x_3 QI l«. =
J 2~5x-x2 2] 2—Sir—X2 2) 2-Sx-*2 2 J 2-5x-x2
=_l.l2_s,_ + =
=-],n,2 - +f
*-1»'2-5 - 1+a» LIS tS S ll+c*
=-1GI12-5,-,]|+ 4 S S S K «
9 (06

J -ISxz+2x-7
» Integral ostidagi filmksiya maxrajida to‘la kvadrat

ajratamiz, u holda
r dx 1 dx 1 d!(a:dH/5)
JVE2+2%x-7 “ VSJ K2+Ix_7/5 ~ V5V + 1/5)2-7/5-1/25

=A~In_ +1/5+ /m2+|n:—7/5 +C<«
v

10. J vl-zlzi(»?x:d)('
> Integral ostidagi funksiyaning suratida maxrajdagi ildiz

tagida turgan funksiya hosilasiga teng qo'shiluvchi ajratib
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berilgan integralni ikkita integral yig ‘indisi ko‘rinishida
ifodalaymiz:

2x—7 X = 15 —6z+21-4+4
J yjl—x—3x2 3J) VI-4*—3n:2
1ir -6x-4 i 25 T tfx

A2y -

3) Vi-4x-3x3

PH(C
=--VI-4x-3x2-7=f o

3y/33 :f)
vy nr
= 2\/Ii" @k‘“de 25-arcsmﬁQ/—3

n/7/3
=—VI —4x—3x2— =arcsin™¥- +C. <
3n/3 V7

IUT-8.3
Anigmas integrallami hisoblang.

1
I VI—2—1
. :—n -
] X 2 VI—x2+1
Vx2m . 1 4
1.2. f -dx. (javob: Vx2—1 —arccos)—( +C )

+4 . 2—n/A+x2
13. dx.ijavob: /4 +x2+in +C.
J X 2+ VA4 +xz

V TNj !
1.4. Jf———j— éx .fJavob’: &—--Z
1.5.) V4 —x2dx .(javob:2arcsin— —v4 —x2+ C.")

-—— 3 3—Vx2+9

2+9+—n +C
3+Vx2+9
fvx2+ x +V4 +x2 V4 —x2
171 — —dx,(Mavob: In +C
X —V4 + %2 X
V4 —x2 -~
1.8- . dx. Javob: C— 1v(4
X \ 12
dx
1.9. tynh: - = i= +c.1
4 y1+X)3 v VT+~ /
FVvx2+4 11(4 +x2)3
L10j -~ g*- UaVOb C—0p
fV(4-x2)3 1 4—x2)5
111.. ( 2 dx .[Javob: C — ke )
X6 \ 20 X5
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f dx / X 1 X3
112, lJavnh:— — +C.1
i VTFX25 V VIT? 3M1+x23

1.13.] —————= dx .(javob: n/x2 — 9 — 3arccos—+ c .~
1.14. f~r~~~———e(javob: C— p=~=1
JV(*2-1)3 v 1 J

1.15. ) X3s/9 —x2dx . (javob: (9 —x2)5—3-9 —x%x23+ C.j

f dx 1 X n/x2- 1\
T x2ax2- )3 [lav'b C vx2_ t *
f dx Vx2—1 \
1.17. — ==== . [Javob:— -—+C.
J x2Ax2—1 \ X
f e — R2—9+x nH2—9
1.18. | ——T7— dx. lavob:—n == = ——— - LC
J *2 VX2 —9 —x * )
dx | 1 1 x2—1
1.19., — = ,\lavob:-arccos— — ———tC
| xavx2-1 v 2 x  2x
fv9-x2 ( 1V -x23 \
1.20. .. B L
J i/awb: C "
dx f x2+9 \
1.21. 1| --- —— .lJavob: C —— ——— |
J xYx2+9 \ 9x )

1.22.j x2V 1 —x2dx .(javob:—arcsinx —xyj1—x2(1 —2x2) +C .j

1.23.) x3-Jl —x2dx .[javob:—y/(1 —x2)5— (1 —x2)3+C.j
Fn/(4 —x2)3dx 5 b X W4—x2 1n/(4 —x2)3 1c
1.24. J ————— x 4———— |yavo arcsin 26.— —————— 37— )—(g————
C dx f X \
1.25. | . NJavob:— m +C. |
J V(4 +x2)3 \Y 4V/4 + X2 )
rv +9 d /J b C 1J(9 +x2)3
1.26.J_ F_ 'ﬁ._avo 1C—yy 3
f dx 4 X \
1.27. | — . /avob:- :+C.
J U® +x2y3 V V9 + x2 '
r x2dx [/ 9 X 1 F-—
1.28. I - = --gavob:—arcsinx————xy9—x2+C.J
—N 2 3 2
/16 -x2 / 1 X3 \
1.29. | ————:— dx .lJavob: C — = )
J x4 \% 48-YAfG - X2
n/16—x2 X X \
1.30. f—— — dx . IJavob C- arcsin---- +C.
*2 \% 4 n/16—x2 /



21./ ax . i}’avob: L— I=I'n 1___tvine
(X+\H+x Sfi ki 2-j20c-hh) )
dx
x+1ijx$ m (Javob:j N +C-)
dx
@r+hvwe-

2.2./

23.J (javob: +

24./ —==5 . {javob: C —In LA

L)
1-AHAT
2'5'/Wffp -(Javob C—iIn
26.1 G- . (;aMb Cc —arcsin™.)

I 1 Vx2e+l]

o )
27. Jx\')Q+X+I . Pavob:C—In 2 % -
. . 1+Vx2-x+1
28/ Azt - Javob: C «in
dX 1 . 1 LM
2.9./ e (javob:C —arcsin”r.'j
2.10. wh ix . (javob: C —arcsin—*. )
X
211, = favod: ¢ wn pijs HX
XVI+Xx-x

2.12. *—_ﬁi_x'xz [javob.c—Fm rc s:;w)
B2>H
213, —f* vob: C —45In
b+ - (R ;e x+I b1 \aver)
\erel

2.14. 76(:I)\f/;2—r—l . Qavob: C—%In e —-2 H
Vx2+x+1 ]

2.15. (x+|)\é§(2+x+l . (javob: C —In xH ™ + LY "

2.16. (x+I)V>QB(: . (Javob: C - arcsin

217. (x+0\C;|X+z-x Gavob:arcsin~~ +C

2.18. Za_'—l)\%:ZTa&l H(javob: C—\15—In X:l-l |2 \\/’/%(TF I

2.19. =DVjea - {javob: C —In T A; | ,»%)I(_'_l N
1 f et

2.20. (x—I)Vx2-be=' (Jjavob: C—In %<l 27 ‘x| 5
291 dx 3x \

(x-Dvx: Vs(x-i) '/
222. dx == . (Javob:C—In X_ll - \AJ:<I—><5 3
223 1 1 V=
T HDVI-x-x2 XH 2 XH D)
2.24. (X—I)\;il)iX—XZ' (yavob: C —arcsin N
—_—  — . 2_ 1+ Vi-x-x2
2.25. AN gavob. C—In > N "

71



226. f—1= = .\()'avob:C —-arcsin™-Z: 3
3 w3

I x\Ix2+x-3
227. [—— f* . gavob: C —=arcsin n

J (X+1Yxr+x-2 -0 3(x+1) Y
298 b-. C - 4=| -Jx2 3x+2  \

e 3)(\6.%&2 (avo n|" z )

229. [/ -——-—-. ob C—iln — +-+Vz—* *1 2(

1 (x+1)n72= v Ix+1" 4 +1 /
230. J , . >javob: C-Inl-- —+m/t¥2e

T x\/1-3x-2x2 x 2
31./7 ~ ' (Javb'- tgx In\cosx\ + —X+C.)
3.2. / cos(Inx)dx . (javob:~(sin(Inx) + cos(Inx)) 4-C.)
3.3.fAfdx. (javob: C— J)
34./ In(x + 2)dx . Javob:xIn(x +2) —x + 2In(x +2) +C.)
35/~ dx m(Javob: C —ctgxIn\cos X\ —x .)

3.6.J Indnxddx . (Javob-.Inx In(Inx) —Inx +C .)
3.7./ In2xdx . (Javob: xIn2x —2x Inx +2x + C.)
3.8. fAj=-dx. (javob:2\fx Inx —4/x+C .)

3.9. /Xln" A dx \)avob — —X —-=In*"—2+ C /]
2 1+X /

1+x
3.10. / In(x +V| +x2)dx . (javob: x In(x +V 1 +x2 —VI| +x2+C.)
311. /In(x +4)dx . (Javob: xIn(x +4) —x +4In(x +4) +C.)

_312. /x dx .(Javob:\Il +x2In(x +V | +x2 —x +C.)
3.13. ) ~ dx . (Javob: C—x —ctgx —ctgx In(sin x) .)
314.) x2In(x + 1)dx . (javob: Mn(x +1) — + N+ANn(x +1) +C.j
3.15. J InxIn(Inx=dx “javob-.~n2x In(Inx) —1n2x + C
3.16. /In(x2+1)dx . (Javob:xIn(x2+ 1) —2x + 2arctgx + C .)

3.17. J‘]x dx . (javob: C—5 , . ?
3.18. /JIxIn2xdx . (javob: MfxAn2x —|Vx3Inx -t-"Vx3+ C.)

319. /Inj~rdx . (javob: x —In(xz—1)+C.J

3.20. f (x2—x + 1) Inx dx .(javob: (y —y +Xj/nx- —e+"-)
3.21. /)xInxdx . (javob: "VX7Inx —Vi7 + C.)

3.22. J/Inc(gslg(b(’\dx. (Javob:tgxIn(sinx) —x + C.)

3.23. f xIn(x2+ 1)dx . (javob: y In(x2+ 1) -y +~n(x2+ 1)+ C.)
3.24. / xIn2xdx . (javob: —y?2anr +y+C.»
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3.25. / X2Inx dx .(javob-. " Inx —~+ C-)
3.26. /xIn(x +1)dx .(avob-. y /n(x +1) — +| —"In(x +1) +C.
3.27. /sin(Inx)dx . (javob: | (sin(Inx) —cos(Inx)) +C.)

3.28. /(x2—4) sin 5xdx . (javob-. -~x sin 5x —x 2l cos 5x + C.)
3.29. / xin(x +5)dx .(Javob:jcZn(x +5) —x + 5In(x + 5) +C.)
3.30. / Inj~rdx . (javob-. x ~ 2IM\A—x2| +C.)

4
4.1.]) VI —xarccos\fxdx . (javob-. 2Vx3—"x —, /(1 —x'parccosyfx +

4.2./V | —xarcsin-lxdx. (javob-. "Vx —\Vx3—f (1 —x)3arcsEnvx +
4.3. /xarctglxdx .(javob: y arctglx —"™+ Marctg2x + C.'j
44./ dx . (javob: 2Vx + larcsinx +4V1 —x + C.)

45./ dx _(javob: 4V| —x —2VI| —xarcsinx + C.)

4.6. / ar™ f* dx . (javob: 2yfx —2v'l —xarcsin-fx +C.)

4.7./ dx . (javob: VI +x2arctgx —In\x +V | +x2|+C.)
4.8. / "T==j-dx . (javob: x —V | —x2arcsinx + C.)

4.9. / xarctgxdx .(javob: y arctgx ~~ +~arctgx + C.)

4.10. / x arcctgxdx .(javob: y arcctgx +~+"arcctgx +C.)
411 /\*ﬁ%de . gavob: C _Q_Z,VI —4x2ar(.:c032x.)/
4.12. / arccos2xdx . (javob: arccos2x —jV | —4x2+C.J)

4.13. / arctgxdx . (javob: xarctgx —*In(l +x2) +C.)

4.14. /2~"==~"dx . Qavob: C —2Vx —2VI| —xarccos”x.)

4.15. /df ™ xdx. (javob: C—x —V | —x2arccosx.)

4.16. / dx . (javob: C—4V1 + x —2VI| —xarccosx.)
4.17. / arcctglxdx . (javob: x arcctg2x +~In(l +4x2) +C.)
418. /* & N xdx. (javob: VI +x2arcctgx +In|x +V I +x2|+C .)
4.19. / arcsin2xdx . (javob: x arcsin2x +jV | —4x2+C

420. / * dx . (javob: "x —"V| —Ax2arcsin2x + C .)
421. / dx . (javob: 2V1 +xarccosx —4VI|I —x +C.)
4.22. / x2arctgxdx . (javob: y arctgx ~~x2+~/~In(x2+ 1) +C

4.23. / x arctg2xdx . (Javob: ~-arctg2x +”"+”/arctg 2x +C.J
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4.24. ] arctg(x + 5dx . (javob: x arctg(x +5) —i In\x2 + |IOx + 26| +
+barctg(x +5) +C.j

4.25. ) x2arcctgxdx . (javob: ~-arcctgx +-(— ~n(x2+ 1)+ C

4.26. ] x arcctg2xdx . (/avob: —arctg2x + -arctg2x —x arctgx +
+/Nin(x2+1) +C.)

4.27. fo2 cosgdx . ()avob:3x25|n§+ 18xcos§—54sm§+ C 1

4.28. J'x arcctg2xdx .(lavob: ~-arcctg2x +”~arcctg2x + x arcctgx +
+"Nn(x2+1)+C.)

4.29. / x2sin 2x dx .(javob: | sin 2x —y cos 2x +”cos 2x + C/1

430. /(X2+4)e2dx.(javob: N(x2+4)e2x+~xeXx+\eX +C.)

5
5.1.f x2cos 2xdx . (javob: y sm2x +|cos 2x—"sin 2x + C.)

5.2. / xsin2xdx . (javob: y —"sin2x —*cos 2x + C .j
5.3. /X sinx cosxdx. (javob: ™sin2x -y cos 2x + C
54. / x2(sin 2x —3)dx. (javob: | sin 2x—y cos 2x +”*cos 2x —x3+ C..j

55./ x2(sinx + 1)dx . (javob: 2xsinXx —x2cosx + 2cosx +y + C.)
5.6. f(x 2+ x)e~xdx . (Javob: C —(x2+ 3x + 3)e~X.)

5.7.)(x 2+ x)exdx . Javob: (x2—x +1)ex+ C.)

5.8. /(X2 —x + 1)e~xdx . (Javob: C—(x2 +x + 2)e~x.)

59 f(x2—x + l)e xdx . (Javob: (x2—3x +4)ex+C.)

5.10. / xctg2xdx . (javob: In\sinx\ —x ctgx —y +C .j

5.11. J x2e~xdx . (Javob: C —(x2 + 2x + 2)e_3C)

512. / . (Javob: In\sinx\ —x ctgx + C .)

513. f . (Javob:x tgx + In\cosx{ + C .)

5.14. / xtg2xdx . (javob: x tgx + (njcos x| —y +C.)
515. J(x2+ 2~)e~xd>7. (Javob: C)—Q(XZ + 2X+ 4)e~x ) o '

5.16. fx23in2xdx.\[javob: ———— sin2x + -co0s2x +-=sin 2x+C.)
] 6 4 4 8

517. fx 2(cos2x + 3) dX. (javob: Xx3+”/"-sin2x+ ~cos2x—"sin2x + C.j
518. f(x2+ 2)e~xdx . (Javob: (x2—2x + 4)ex+C.)

519. f(x3+ 3)sinxdx . (Javob: 2xsinx —(x2+ 1)cosx + C.)

5.20. f(xz—3)cosx dx . (Javob: (x2—4)sinx + 2xcosx + C.)

521 f(x2+l)e~xdx . (Javob: C —(x2+ 2X + 3-)e~x.)

522, f(x2—1)exdx . (Javob: (x —1)2ex+ C.)

74



5.23. 'x2cos2xdx . \(}iavob—. — +—sin 2x +-c0s 2x - =sin 2x + C J1
J 6 4 4 8 J

524. f(x2+x)sinxdx. (Javob: (2x + 1)sinx —(x2+x —2) cosx +C.)
525. f(x2+x) cosxdx . (Javob: (x2+ x —1) sinx + (2x + 1) cosx +C.)
526. f(x2+i)exdx . (Javob: (x2—2x +3)ex+ C.)

5.27. f(x 2—1-exdx . (Javob: C —(x + 1) 2e~x.)

5.28. / x sin2xdx . (javob: — — 2x —i cos 2x + C.)
5.29. farcsin9xdx. (javob: x arcsin 9x + V1 —81x2+ C

5.30. / x arctg 2xdx . (javob: y arctg2x —| +”arctg 2x +C.)

6

6.1./(x +1)e2cdx . 6.18. f(x —8)sinx dx .
6.2. f(x —2)exdx. 6.19. f(x +4)cos 3x dx .
6.3. f(x —7) cos 2x dx . 6.20. f(x + 8) sin 3x dx .
6.4.f (x 1)cos Sx dx . 6.21. f(x + 6) cos4x dx .
6.5. A x + 2) cos 3x dx . 6.22. J(jc - 6) sin - dx.
6.6. f(x -2) cos Ax dx. 623 f(x +1)cosZx dx,

! 6.24. /(X +2)smi_dx.
6.8.J(x - 3)cosx dx . . X 2
6.9.J(x +4)sin2x dx. Jxsin-dx.
6.10. / xsin 3x dx. 6.26. /(X +4)cos- dx.
6.11. f(x + 5)sinx dx. 62) j(X+1)sini dxm
6.12. f(x —5)cosx dx. \
6.13. j(x +9)sinx dx. 6'28- i(x + 2)cos-dx.
6.14. f(x + 7)sin 2x dx . 6.29. /(x + 3)sin ™ dx .
6.15. J(x + 4)sin 3x dx . 6.30. f(x —9)sin-dx .
6.16. f(x + 3)sin 5x dx . 2
6.17. J(x —4)cos 2x dx.

7

7.1./7 Zn(x —5) dx . 7.12. fx 2e3xdx.
7.2.f arctg2x dx . 7.13. / x cos(x +4) dx.
7.3.] x2e~xdx . 7.14. ) x cos(x —2) dx .
74.f(x + 1)e~4xdx . 7.15. f x cos(x + 3) dx.
75. f x2e~2xdx . 7.16. [/ xe*+2dx .
7.6./ arctg3x dx . 7.17. f xe~Ix dx .
7.7.f x cos 8x dx . 7.18. [/ arcsinlx dx .
7.8./ arctgAx dx . 7.19. J x sin(x +7) dx .
7.9. / arcsinSx dx . 7.20. f xcos(x —4) dx.
7.10. f(x +i)e~xdx. 7.21. /x sin(x +4) dx.
7.11. j x arctgx dx . 7.22. ) xcos(x +9) dx.
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7.23. f(x +3)e~xdx. 7.27. ) x cos(x + 7) dx

7.24. ] arccos x dx. 7.28. fxe~Sxdx.

7.25. /(x2—3)exdx. 7.29. fxex+3dx.

7.26. [/ xe~4xdx. 7.30. f xcos(2 —x) dx.
8.1./ arctg2x dx. 818. f x cos(x + 6) dx
82.) x cos 6x dx. 8.19. f arctg ~ dx .

8.3. f arsiriix dx.
8.4. f arccos2x dx.
8.5. / arctg8x dx .

8.20. f In(x +8) dx.
8.21. f arctg | dx.

86./x sin(x —2) dx. 8.22. fIn(x +12) dx.
8.7. f arsin8x dx. 8.23. farcsin dx.
88.f x sin(x +3) dx. 824. fIn(2x —1) dx.
8.9.f x cos(x +4) dx. 8.25. /In(2x + 3) dx.
8.10. / arccos?x dx. 8.26. Jf arccos - dx .

8.11. fx cos(x —7) dx.

) 8.27. [/ arctg - dx.
8.12. fx sin(x —5) dx.

8.13. f(x —4)exdx . 8.28. [ arcsin = dx .
8.14. J xe~6xdx . 8.29. f arctgbx dx.
8.15. / arctglx dx. 8.30. Tlarccosz dx.

8.16. / arsinSx dx.
8.17. /In(x —7) dx.

Namunaviy variant yechimi
Anigmas integrallami hisoblang.
1. fx2vIe—xadx.

N x2j16 —xNdx —1X ~ A ~ N COStCy
sint = x/4,t = arcsin x/4

J 16sin2ty/16 —16sin2t4 cos tdt = 256] sin2tcos2tdt =

=64J sin22tdt = 32)(1 —cos 4t)dt = 32t —8sin4t + C;

= 32arcsinz——4(8 —x2)V 16 —x2+ C. <

dx
2./
*Vx2+5*+1
A"
X=¢t=x da dt
> / oparsx+ dx = —j-:dt - _th2+5t+I

In[t+—+Vt2+St+1j£C—

76



=-In-+-+ —+-+1 +cC. 4
I 2 jc X

3.  j{x —7) sin 5xdx.
) n=x—7,du = dx,
> /X —=T)sinddr= sinSxdx,v = —cos5x
7) cos 5x + + -] cos 5x dx ——"(x —7) cos 5X +" sinSx + C. <
4. /[ arccos4xaXx.
4-dx
V | —16x2
dv = dx,v =x
-mx arccosAx +4 [— = xarccos'ix —WI —16x2+ (?.e<
JVI-16%*2 4
5. /xex~7dx.

’ u = arcco.sdx, du =
rcco,s4xdx = ’
»J

f | u—x,du dx j

( = . — =
§ex dx idv = ex—7,v —e*~7| J ex 1dx
= xer~" —ex~7+ C.J1
6 r X arctgx ,
H ViAasa dx
n =arctgx,du = m
JX;rCtg4x dx V1 +x2arctgx
+X — v -
dv _W s,V ~\1+X
] dx #

- VI +x2arctgx - /n|jx +V| mx2 +C. <

T f(X2—4x + 3)e~2xdx.

M =x2-4x +3,du - (Zp 4)dx|
dv =e 2xdxv——~e ~2

="((*2~4x+3)e 2) +/,(x- 2)e 2xdx =
n=x—2du =dx,

dv —e~2tdx,u = —e"2x —  (X27 4x+3)e~-x—

> j(Xx2—4x +3)e 2xdx -

--0 - 2)8—27—— -e~2X+C. M
2 4
= val

n =In(In(x +1)),d

(IH)In(rtI)
d>m=—~~~dx,v =hn\x +1)

\ InCx+1) ,
T2AXH) | nx +1)) - jF e & -

- n~»~/n(In(x +1)) —Ir2(x +1) +C.4



IUT-8.4
Anigmas integrallami hisoblang
1.

dx. (Javob: 6In\x + 3] - In\x + 1] +
2In\x + 5] + +C)
12<f Z™ X x"-2x+3) dx'V avob: 3In —3] —4 In\x - 2\ +
+in|x +1j + C.

f cTN (X 2~x-i2) dx-(Javoh: 2Inx “ 11 +5 In\x - 4| -
—7In\x + 3] +C)

_Ty~4-fly A QA —7

14> dx-(Javob:x2 + SIn\x + 3| + in|x + 2j +
Hnjgr- 1| +c.)

1-5° A\NHGMHEKXT3)dX-V avob: ~S InX + 51 + 6 Znl* + 31 -
—IN\x + 1|+ C)

L6-12 ~ S ~ dx *2+* + 2bil* +11 +
47n|x - 2|+ +3Zn\x- 3|+ C.)
t - r2*4+8n:3-450:-61
¢~ D) (»245119 dX—(/avob * 8N*“ 1N+5In|* +3
+In \x+—2|+C)

3mr + +i| - 3Z2n\x+ 3| +c.)

1,9 f (XTIX¢*+x-2) dX' Cal70b: 3InX + 1l 4'In ~ | +
+2In \x+ 2\ + C.)

110°f Ix-4)(xt+L-3)dx-Uavob:4 Inx - 1] - 7In\x + 3| +
+31In\x—4| + C.)

1#11°  of-3X~~x-2)dx-Uavob'2Inx “ 2| + 3In\x - 3j -
—2In|x+1j +C.))

1.12, [ 2o e dx. Qavob: x2+x —47Zn|x - 2| +

(x-2Xx2-2x-3)

3In\x - 3| + +3In \x+ 1] + C.)

IN3- / u-i*xiltxH) dx{Javob: InN\x + 2\- In\x - 1|+
+3In\x+ 3| +C.)

dx. (Javob: 18In\x + 3] —Zn|x - 1]
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1N15-1~j-2pr x_2dx-(Javob: In\x - 1] + 3In\x + 1] -
—4 lyix mm21+ C

U6 uavob-3in[x + +%*+3>

-In \x+ 5] +C.)

n7#i -~ dx.(jav=ob:4In\x —1] —7fn|* + 3| +
4+5In X —4| + C))

1N8' AN~ -3)(1+2) (Javob:x2- In\x - 1] + In\x + 2\ -
—2InN\x+ 3| +C))

1 1n I 2%4+17x3+40X2+37.x+36 , Vs r ? .
I 19>/ - «m (7evo*: a2- X + 3fa|x + 1] +

+3|x + 3| - 3In \x + 5| + C.)

120-F("+3x+2){x-1)dX'VaVv° b: /X ~ Il - 3/NX + H +
+8/n|x + 21+ C))

121* "M iIKx+2 dC MavoZ,: 3*Z~ 121 + InW “ 1] ~
-3in|x + 1] +32In\Xx+2A +C))

1j2'r C/aPOb: 2te|* + 3L _ 3/np* + 11 +
+3In \x+ 5] + C.)

L23*f (77sA\7)Zvdx-QaV° b:61c¢p +3L" 2Znx + 11 ~
-2In\x + 5[ + C.)

. MA-5n3-15712+H0N-70 S
124’ ) ~ 2;2x_3)(r-4) —<*m (/ewft * - X +4mix - 1] -

—/%|x + 3| + 2fri [x —4] + C.)
r 2x4-7x3+2x2+13 . ,
1*23* ) ~-5"+6)U+1) Oavob-X +X + 2In\x+ 1] +
+/n|* - 2j +In |[x —3j + C))

« N1 —2IKM+31+24 ) , .
1 /. x-2Kx+1) ax(/a"ob 3x2- 12m+2 -1]-

—3Zn|x + 1] + 10In \Xx + 2| + C.)

1-27. (Javob:x2+x + Mn\x - 1] +
+Zn|x + 3] —2In \x —4| + C.)

1,28 ~(™-L~")ibr,dx' (Javob: 2Inx “ 2| + 3Jn|x - 3| +
+2/n|.r +1] +C))

129’ (/avoi: 3x2 ~ 12 +Inx “ 11 “
—3In\x + N\ + 2In \Xx+ 2\ + C))
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L3°-/ dx-Uavob-20Zn|x + 3] - In\x - 1| -
—16In\x + A + C.)

2
21. 7 dx, (Javob: x +i —in\x\ + 2 In\x —1] + C.)

22.f —2 / ~ *dx.(Javob: x + In\x\ + = 2In\x —1| +C.)
2-3- " dx-Uavob: 2In\x ~ Il -~17 +In\x + 1] + C.)
24. f~~x2dx. (javob-1—3In\x\ + 3In\x —1] +C.)

25.f —),+~1* 3dx. (Javob: 2xr —3 I\ —In\x + | —  +C))
2.6.) ~ -~dx.(Javob: In\x + 1] —In\x\ - *+ C.)

2'7, fr2-2»+i)e»+i)Cl«ofo: 3 —1] -~y + Znlx+ 1j + C))
2.8.) ~—~22—dX (Javob:- —3Znj}j +Znjx—1] +C.)
2.9.~-"'-"zX!fc (/avob:Znjx| + Zn|x - 1] + 2=+ C.)

2.10.-/ *x ~dx. (javob: 2x2—2 In\x\ —2In\x + 1|— — + C.)
211./— 4xildx. (Javob: x2 4InvA —Im\x — 1] +—2 +C))
2-12¢ -A1A717dx‘ Oavob: In\x + 1| - 2Zn[x| - ~ + C.)

213.i X I~ dx. (Javob: 2X—Zn|X] ~ —n\x +1] +C))

214. /7 — :L)dx. (Javob: x +X—_1+2in\x—|j - Inx+ lj +¢.)
2-15'f 7"T " T~dx-(Javob: 2 ?2nM + 77 _In + 11+ c.)

216- $xi-2x?+xdx-(Javob: 2In\x\ - 2Im\x - 1] -~ +C.)
2X1e/S S S ) dx‘Cfawb:2x2 ~ bIM ~ 3blx +11“ ITT +C'}
2-18.1 (x2_~(X+1) dx-(Javob: IN\x - 1] - In\x + 1] - ~ +C))
219./ (avob: Im\x +1] - Zn}] - i +C.)

220./-— 1dX. Qavob: x —Znpg — —2In\x — 1] + C.)
221 f £-2*4* d*' ~aiofo: ~ InM ~ Inlx~V ~~ +c-)
222./2C dx. (javob:2x + Znpq - »—Znjx+ 1j + C.)
2'23- % i (Javob: x - In\ x -1\ -~ + 2In\x+ Ij + C)
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224.f~ ~d x . (Javob: 2InvA + In\x + 1] + +C))

225-/ {3 **—x+idx' Yayob'InX +!] - In\x ~ 1|- ~ 7+ C.)
226.f-ZL-"™ - gx_(Javob: 2InvA +In\x —lj +  +C))

(xz~x)(x~1)
227./ dx. Javob: 2In\x+I\- InNNX\ - \ + C.)
2.28. 7/ ~ iw2-(Javob-/T—In\x\ + In|x —1| + C.)
2'29, (Javob: In\x\ + In\x - 11- ~ + C.)
2230 / ~ Tt+*1 1 dX (Javob: 2x + In\x\ + i+ 2frilx +1] +C.)

3
31./7 dx. (Javob: 2 In\x — 1] —
. . X+ 1
—Znjx™ + 2x + 5j- arctg —-———)C.)
3.2. f —(@6*gBdx. (Javob: 2 In\x + 2\~~In\x2 - 2x + 4| -

-barct(lI f +c;)
w dx<lavoh:In% + ~\In"2~4x+ 13| -
—arctg — VC.)

34-/rX iX Z ™ dx-Vavob-3fnl* - » ~RIn™2+ 2x + 5] -
—2arctg— +C.)

35, Uavob: InY2 + 6x + 131 “ InX + 1l +
1 , *3 - -
+-arctg — +LU.)
3.6.
J 2dx. Javob: 2In\x - 1| -—i in|[x2+x + 1] +~arctg”™~ +

(D)
3J]J-~ 2(J-2xHo)dx-V avob: 2In\x + 2\- - InN\x2- 2X +
101+ 2 arctg-— + C.)
w X L i3 d*~a~ob:iin|xz-4*4-131 -
. , X —2
—in|x + 11+ 2arctg —-—-b C.)

3.9./ ~~dx. (Javob: INNx2—2x + 4] —2In\x + 2] +

+i arct3k=-+c-)
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3.10. T—4 +3x+17— N (Javob: 31nxx —1|+
J (x—Il)(x z+2x+5) 1

3 X +1
+ - Zn|x2+ch+ 5| - -arctg—————hc )

3110 il*2dx.Qavob: In\A\ - = -

1 , 1 1
- -In\x2+ +4| - -arctg- +C.)

3.12. j’-ﬁﬂ_a—(—»é:m dx. Qavob: 3In\x + 12 — In\x2 —2x +
+101+ arctg +C.)

3.13. 74/ Hil2dx (Javb-"InN\v@2~ 2t +4| - 2Zn|x +
+2|-"~arctg”™ +C.)

314./ Ny A3 dx' (favo”: 3folje + 1] —In\x2 —ax + 131—
—arctg + C.)

3.15./ 9 dx.Qavob:In\x2+a + 11—2In\x — 1| —

—4y/3 arctg +C.)
3.16.

/™  djc. Qavob: 2 In\x + 2| —Zn|x2 —2x + +4| —V3 arctg +C)
317, (Jav°b'~ln\x2—2x =+ 10| - inl* + 2| +

+/arctg”h- +C.)

3.18. f (_n_r-_FJ__)(»Q @—ﬂa)dm(gavob 3Znjx + 1] — In\x2 + 6x +

+131—5arctg + £m)

3.19. / — ** 17*+7— dx. Qavob 2In\x —1] + - arctg
J (x—1')(x2+2x+5) 2

3.20. { 0s. zf;grla (fa. Qavob: In\x2- 4x + 131- 3£n|x +

+C.)

+1] + 3arct#”~p +C.)

3.21. j_(_X_-FZ)fllé’:ZiT@ dx. (Ejavob: 3In\f + 2\l+ —én\f2—2x +
+10|+V ct5”~ +C.)

3.22. f—- N dx. Qavob: In\x + 1] — -In\x2 + 6x +

J (X+1)(k2+6m+13) Y 2

+131—arctg +C.)

3.23. f (x+%ix2§"_13) dax. Qavob In\x + 1| —In\|x2— 4x +
+131+ 3arctg +C))
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3'24-F (xH Uavob: In'x +1] ~ H ** +6* +
13| +~arctgnr~- + C))

3.25. / 43 @1° dx Javob: 2 In\x + 2| +Znp - 2X +4| +
+V3arctg ~= +C.)

3’26 f (x-i)oc 26T )dx-Vavob'2Inx ~ || +In\x2+2x +5 +
+ mmrctg +C)

3.27. f BY_\4ldx. Qavob: 2 In\x - 1|+/n|z+x +
+1] +MarctEf~ +C)

3.28.

f-2-dx. (Javob:2In\x - 1]- In\x2+x+ +1\ +27/3 arctg'§/3— +

N

X
c.)
329<) T)dx-(Javob:3In\x+ 1]|+In\x2+ 6x + 13| -

~~arctg— +C.)

330-$Tx45 - | x i0)dx-VavobmnXx + 2! - \In\*2~ 2* +
101+~arctg” +C.)

4.

4,1~ x«l3x*—4 2 ~ 1+ + 1 -An|g:2+4j +
+C)

4.2. / dx (Javob: Aln\x + 1] —x2—~In\x — 1] +
i arctgx + +C.)

43, dx (Javob: x + ~arctgx + Un\x2+ 4] -
\arctgx+ +C.)

4'4, (avob: \ In% ~ r\~\In\x+I\ - \arctg”™ + C.)

45-f ~r~-2dx (Javob: 2In\x| +——-In\xz +4| —arctg- +C)
X+ axF 2x 2 4 2

4’6’ h 1-i)i7xz+vdx (Javoh: In™ z+ 41 - 7-1 +1 arct9—+C)
J-X +X\_X 3dx (Javojr I R TR + W X +

4'8" AN T3XN i dx (Javob--InW + I\ -~ In\x-1\ +/~In\x2+ 4] +

+\ardg”™+ C.)



49. /*4* *dx {Javob: /N|X| — —In\x -1 +4In\x + 1 ++C)
4.10. r7——- _— Sdx (Javob\;In\x2 +4] —n\x —1|1—

(x - Ii(x 3-x2+4x-4

N+ +arctg” +C.)
411. /- —~| dx (Javob\ In\x\ ————n\x2 +4| —~arctg) +

+cC)
412./"'m (Javob: INWx\ +2 + In\x —1] —faj* + 1] +cC.)
413./7 (Jav'b:~In\x2+ 1] +arctgx —"In\xz +4| +
+c° *

r r, 3
414, f 2x 2X *X dx (Javob:~In\x + 1] —AIn\x —1] —x2—
—Narctgx +C.)
415'S dx @aVob®™ +\arct9x - Jarct9! +C-
4.16. / *y&y ~dx (Javob: In\x —1] —~In\x + 1] ++~In\x2 +
1| — ~arctgx +C.)

417./7 (Javob: inl*l +~ + I<*rctgz+C.)

48>/ (x-ikr +4)d* (/a™b:in|x - il - ~ ~ \ Inwx2 +4[“
arctg N+ +C.j

419./* dx (Javob: j/n|x —1] -b™njx 4- l|+arcti~ +C.)

4.20. f~-~dx (javob: IlM\x ~ 1\~~~ /Nx+1]|+C.j
421. f —W—-dx Javob:-In\x +1 |—-—In\x —1]|+In\x2+

J X*+3xz-

+41+iarcttf| +c.)

4.22. —dx /nx- 1]+ -\In\x2+4+C)

4.23. f x4*~2+44dx (Javob: j arctg ~~~ arctgx +C.)

424, £~ ~jd x (Javob: In\x2+ 4\ - 2 In\x\ - +arctg ~ +
+cC.) I+4]

425. f * ~~~~dx (javob: In\x = 1|+ ~In\x +1|-/n|x2+1]-

—Narctgx +C.N

2 426.f 2X BM s - dx <avoh: InIx2 +91“ larct9 1+ C-)
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4.27. (Javob:-Jn\x2+ 9j + In\x2+ 1| -
arctgx + -i-C)
4.28.] — Xf —dx (Javob:2In\x —1 —In\x + 1 —x2+

+ InN\x2+ 1] +~arctgx + C.)

429" f X*+sxa dx Uavoh-~InVv@ + 4] +jarctg”™-"arctgx +

430.) -m==—mom=——= pavob — 7 Sarctg -+ C. )

J (X~1)(x3-X 2+4x

5.
51.7 (Javob: 2/x +3 —4mIV* + 3+ 2j + C))
5.2. ) %—m(Javob: "o/Oc+3)3—bn[x + 3 +C.)
53. /\Xgﬂ Javob :\yLx-b)s - 4% (z-3JT+ 18VF"3 + +C)
54.) (Javob: 3J(x+ 4)3- 2(x+4) + 2Vi' +4 -
-4/njV* +4+2| + C)
55.J) *g|. Javob: 24& +W -y VA+IF ++9V (™MW -
54VXTT +C)
56. f —’)———cte SJavob 2n]x+2+~ In |JJTR_2'_+'V/2\| +C)
57.f7 (Javob: ~4:|n!’\’\lé
x+|) vt d VFT4+V3
5.8. /’\2 d.x. (Javob: 2r|/x+2+V5/nl/ +C.;
X+2+Vsl
50.f (Javob: 2'jx —6tnjV~+3| + C)
510.) _fT IgJavob: —arctg "+ C))
I VA T+3) V3

511./ /X (Javob: "VX3—xX + 4/x —4hijVx+I1| + C)

5.12. | (Javob: \y[{x-\y +14x~1 +C)
5.13./ (Javob: 2n[x + In jA=~j + C.)

514./ "% ~=(Javob: 2\x + 5—6/njVx + 5+31+ C)
515.) — (Javob: 2/x —1—2Znjl4+vx —ij + C.)

5.16. / -™— (Javob: 2arctgymx —7 + C))
5.17. (Javob: 2¥x —1 + 2arctgNlx — 1+ C)
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5.18./ ~=- (avob:\yj(X-1y +-J(x-7Y + +2~(x-7)3+
2n/x~7 +C))

519.1 ~  (Javob: \I(x-A5+-J(x-A-)3+2 ++C)
V4 5 3
5.20.) ~~-dx. (Javob: 2\/x +4 —2arctg”™x +4 +C)
521.f ~ (avob: P/ (x+2)7- |[V(X+2)5++2y[0OrtwW ~
2yixT 2+ C)
522./ (Javob: 2\[x —2/T\Qarctg +C)
523./ —— .(avob: In1™ i +C)
J VI(x-1) v IVx+I1
524./ (favofe: 24 x~ 2 - 21mM\1+Yx~"2\ +C)
525./ — =awii: Xarctg +C)

526./ "=| (avob-z~(x-2)s +~ (x - iy +Qx - 2 ++C)
5.27. ] ~J=dX. (Javob: 2\x —2 —\f2arctgJ~~ + C.)

528./ e (Javob:-J(x+ 6)7 +’gV(x+ 6)5 ++8//(N:+6)3 +

1Bn[x + 6 + C.)
529./ (oA ;24726 - 6/N™"N6+3) +C)

5.30. / 2#°=—= (Javob: 2n/x~8 - 4Zn|Vx - 8+21+C)

6.1./ L —-dx. (Javob: 3\IX + 1—* V CN+1)2+

oYx +1 3Zn|Vx + 1+11- 6GarctgVx + 1"+ C)

6.2. / -~=~-dx. (Javob: x +"\fx* —2/x —4Yx + +2Zn|V*+I| +
4arcbpyx +C.)

6.3. / XV RI G (navob: &°7 ~ (*+1) +
6Y(x+1)S+C)

6.4./ f==2—-dx. (Javob: x + =Vx2+ 2¥X+ 6V* + &)
V*S 2

* % - * 4 +
6.5./ VT dx. (Javob: 5VX* +6arctgVx C)
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6.6.f dx. (Javob: M(2x+1) +~N/(2x+1)s+ C)

6.7./ (Javob: 6YONTY - (x-1) +f -
—~\Ux"A¥ + rx- 1- B\[XM\ +e X fANi - 6in|§~=T+i| +c.)

6.8.7 stt'q‘ r’\ :dx. (Javob: x—l—Y(x—l)s+ 123(x )2+
+96V* —1 - 384VFr T +768in |Vx~—"4+21+ C)

6.9./ s~ g g=- ("voft; 5V N+ 3)7~ (*+3) +7VIr+ W ~
-\\j(x+f)i +2VF+3 - 3¥Y"+3 +6Y*T3 - 6in|V3T+3+i| +c.)

6.10. / 3»=— = (Javob: " (x—)2~ 2Vx—1+ 3Vx —1—
—6%[x —1+ 6zn|VXx —I+ 1| +C)

6.11. /7 -W L. (avpb:i V(X+3)7-| v~ W +2V?+3 -
—6YX + 3 —arctgVx +3+C).)

6.12. f J>{+TII dx. (Javob-. x s VX5—5
+6%fx —*n] Vx+I| —6arctg \I'x + C.)

2Vx2—2Vx + 3'VX +

6.13./ =r—— (Javob: - Y(x+ 3)2—2Vx + 3+ 3Vx~—+ 3 —

Vx+3+1+
6yx + 3+ +6b||Vx+I5+I| +C)

b'14. J J L VOgQrr vl gt gJavotix

fx+i)(i+ VF+i)
~V (X+2)2+barctgVx +1+C)
6.15. / -"j="yjzdx. (Javob: A"Vx2—3VX —6Vx + 3in| VX+I| +
+6arctg\fx + C.)
6/16- vd $ ~ fe ldx (Javob;i /8x+1) -i VO i+ IF +
2N/ (3X+1)2—-4V3x + 1+ 12V3F+ 1- 48viBx + 1+
96Zn(V3x + |+2{ + C))

6.17./y -=2- — (Javob:-\[2x +1+3V2x +1+
v(2x+l)2—VZ x+1 v 2

+3ZnjV2x+T-1| +C)
6.18. f %Z-_xn/())(_—ldx. (Javob: 7vx7+§Vx5+£Vx2+4ﬂ/X+

9% )+ +30V* + %M‘I fv\?_“:l_l‘\ﬁé— + 24in1IVx—\l/x—|! +C)
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6.19. / (Javob: - \VP - x- tVP -2/ -4 ™ -
4In\I-Vx\ + +C.)
YW+ .
6.20./ VIXTi- S dx. (Javob: -\](3x+ )2+ -n/3x + 1+
2v3X"TT + +4V3x + 1+ 4In\V3x + 11| +C.)

6.21. / w_a\yp (AVODI IV +248* +24in 2.5 + C)

22. . DX+ — +C.
6.22./ Vg dx. (Javob 2x 6xs—s6arctgVx + C.)

sfxdx

6.23./ ;00 Viri

6.24. / V™ (Javob: 4 x - -VXx +— arctg'VAc + C.
3 3 9

3x+ Jx '

(Javob: 2n[x + 6%fx + 3In +C)

mJxdx Vi-i
6.25. / (Javob: 3In B+ —766XT _ EVx5- 2Vx - 6Vx +
+c)

N - —
6.26. / Al_'_%dx. (Javob: 4yx2 VX + Zn|Vx+I1| +C.)

6.27. / 1"+%Fgavob: §VP —X +§Vx3 - 25X+ 4VX -
-4In|V*+I| +C) |
+H - . A
6.28. / ABGTAS +_|_dx. (Javob: —(3x+1) V(3x+1)5+
NT(BX+1)2——M/3X+1+2V3X + 1- 483X + 1+
4ZnVRTT+1| +C.)

629./ m O (Javob: \ VX + VX 4-~-In 2%mx—-1

oved +

3

C)

6VX+T + +3Zn|Vx + 1+1j + BarctgVx + 1+ C))

7.
7./ o (Javob: —-arctg (, % C)
" 5+2smx+3cosX V Y (/ B/ )
dx
72/ 5 aspjoron
7.3. 7 ¥ iy (Javob: 2tg - + 37n [f.g2- + |j —Aarctg

1+COSX
tq-4

___________ . T - + C.
7.4./ S+3cosx-5sinx (Javob 3In )



7.5. / §cosngGsinx' QaVOb: (/_5/,\5\?|n Jﬁj‘ﬁg =C)

7.6 f dx

34200 sing J2VOD: arctg j +C)

7—7—f d#‘l-lbm“ﬂy(m) iy

(Javob: In — + C)

8—4sin3T+7cosx

dx . 52
79-f Frscosx SJaVOb'_Af In +C)
710. ] . (Javob: - In 23 +C.)
7.11. { S Aavob: sarctg )+C)

7-12-/ ™ h :- (Javob=-ib arcta ® +ci}
713.] — —--.(Javob: =In +C)

3sinx—4cosx 5 (97+2

. 3t"+7-VS8j
- .(Javob: =—in +C)
7sinx~3cosx V58 3tff|+7+V58]|

tE—4-V2L
tgj-4+V2l

714. 1

715. f —— ——— _(Javob: y72=1In

2+4sinx+3cosx -

+C.)

716.f —

4cosx+3smx

-(Javob: —zIn +C)

7.47. ) ZoImerseos {lavob: 3x —tg- —In jtg2* I-lj +C)

1+COSX

718./ ——- %———.Qavob: ’7=arctg f—e=—Iys C.?
] V15 v VIs

5tsinx+3cosx

d
7.109. f e .(Javob: C —
4str?j:+3co5X+5
AARUT-5A3X
7.20.1] dx. (Javob: 12tg~ + bln jtg2j+ 1j —5x + C.)
1+cosx
d 2 /2t0-+ 1\
721./7 x (Javob:-=a r c t g +C)

3+cosx+sinx
7.22.) 7 ez, (tavob: 6in jtgz;+I| —tg-+x+C)
dx "\?—‘}

723./ .{lavob: C —~In

3cosx-4sinx

724. % 5;1—?”(. (Javob: narctg (— } +C)

3tfl|+2-Vi3|

7.25. 4sinx-6cosx (JaVOb 2VI3 3EFfI|+2W TH| +C)




7.26./ ————————,SJavob:—In\5tg—+3\ + C.;
5 | 2 |

3+5sinx+3cosx

7.27. ) —

cosx—3sinx

- 77
-(Javob: -arctg (7?7 1+ C)

7.28.]) ----———— . (Javob: hIJ’\ IAfl +C))

4~4-sinx+3cosx’

729.)] — -(Javob: 4= iNK+3~~1+C)

3SITIX- COSX JtO-+3+vTo]|

7.30. aorkiavop: + In 1% cbvstﬂ_-pmﬁé +C)

88.1./ — r—~A———— _(Javob: —In |— -l +C)

Bsin~x-iesinxcosx

82 ) -~ ————— -(Javob:—In I|

16s£nzx —8stnxcosx

I+C.)

2tgx |

83-J1TX- vw~arctg Ff +C)

8A I (Nyo6: "1~2*+2| +|arctS (-f) +C)

85 1/30052x+IS|n22;<-.(JaVOb _garCtg \ bI3 / +C)
56./ ~ %~ (Javob: ~In\tg4x—1] +C)

87./ —————- — (Javob:-~In N - ’\J +C)
4sin~x—Scos™x ut~rx-fvs
88. / 7_0352x+25|nlx_SlJaVOb —p:arCtg (/ y ) +C‘)

8.9. { Sivaacosae A% (Javob: arctjg (tg2x) +C)

8.10. / — .(Javob: — + inlt’\XL+C.)
cosxsin3* v 2tg2x ®
81L $ (Javob: j=arctg(j2tgx) + C.)
812./ — ———.(Javob: —1In I-~=1 +cC)
47sinzx+8sinxXcosx \tgx+2\
8.13.) (Javob: ~arctg(2tg2x) +C)
814. f ———--————— r-. (Javob: arctg (tgx—2) +C)

SMAX-"~"smXcosx+Scos™x
815-' \c'os*£*in4 v™>b:x arctg (~ ) +C)
8.16. J .(Javob:—_In Hlm-j +C.)

3co0s2x —2 2v2 11—-V2t<jx

817-+F ye«K-=-9“ B» P 11 +«

8.18. { e W/avob. 4 dn ‘\&17;(_‘]‘& +C)i

819.) — — — — (Javob

In
an~x+3atTgan‘’nr-aun2* 3 )J2tEx+ 3+ vi3l

+C)
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8.20.4 -

sin x+4cos4x
821 { oy casRaYob ~arFte (<R3 FC)
8-22-j (NT06:i arc™ PTr) +c-H

. (Javob: i i arctg +C.}

824*f (f/avor f N~ 22 +4) - ~rcte (- ) +c))
825-/rd r- Nartob: w arn* (N ¥ ) +c=

826.f Y~~dx. (Javob: ~arctg(\f2tgx) +C)

8.27. g - Je————— — (Javob: arctg&Ztgx—l) +C.)

2sin2x-sin2x+c0s2x

8.28.f 6 2 Bx-() av’b *~arctg(2tgx) +C.)
e29. f 2~  (Javob: NMn\tg2x +3] +C.)

830" W n~-cosix dx-Qavob: \}8 X +~arctg(yj3tgx) + C.)

9.1. fcosa3arsire 3xdx. (Javob e X —lgTsir’IlZ;t + -, Sin36x 4- C)
9.2. f \IsinAxcoszxdx. (Javob: ~¥ 3T 9x ——=¥sin19% + C))

9.3. / cos3xsinBxdx. (Javob: Asin9x —i-sm11* +C.)

9.4. |" cos4xsin3xdx. (Javob: 7cos7x —~S~0055( +C.)

95.] Vsin_éb(dx (Javob: C—vs\l?an;(—§45|an.)

9.6. JF Vsirv*2xcos32xdx. SJavob: —Vsin82x ——Vsinw 2x + C.)

9.7.] sm:dx (Javob: 3Ysinx —-Vsin7x + C.)

9.8. I 3n *-dx (Javob: 3(W— rg +EYCO35X + C.l

jcosn Vcosx

99fL|.||XOX'Ab.-L ————— i-+C)

J  cos4*: cosl* COSX
9.10. f sin5xcos4xdx. (Javob: -cos7?x —~cossx --cos9x + C.)

9.11./ ?“*”*" do- (Javob: EVCOS]Z( _Z%ICOSZX +C)

9.12. / Ycos2xsin3xdx. (Javob: —YcoBbix —= Veosrx + C)
9N3. f Vsin2xcos3xdx. (Javob: ~Vsinhc —" Vsin”~x + C))
9.14. / \Icos"2xsin32xdx. (Javob: %\f!cosﬁjlﬁx——l%\%osBZX +C)

9.15.) %vz’slr\ni_-}( mJavob: zVsm2< —12}’sm12( +C)
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9.16.; sin22xcosA2xdx. (Javob: —X ———sin8x + — sin 34 +C.)

1fi 128

9.17.]) yt~~~ dx-(Javob : %fCOS"X —3\fcosx + C.)

«Jcos2x

9.18.J Vcos4xsin3xdx. (Javob: ~ Vcos19x —| Vcos9x + C)

9.19. ] sia42xcosz2xdx. (Javob: —x ———sinQx — —sin3Ax +C)

9.20.]) y-—~ A dx. (Javob: ysm2x —VS|r|72x +C)

Vsin22X

9.21. f sl dx. (Javob: Eﬂcos?Zx - Vcos2x + C)

y/c0s22x

9.22. / sin*xcos3xdx. (Javob:-sinsx —~sin7x + C.)

9.23. f sin2xcos4xdx. SJavob: X —6-;sin4x +Esin32x + C.)

9.24. f sin*xcos2xdx. SJavob: —X — —sin4x — —sin32x + C.)
J 16 64 48

9.25. / sin3xcosBxdx. (Javob: —cosll* — cos9x + C,)

9.26. I ¥!pdx. (Javob: —=- +C.)’

9.27. J/ sin5* \[cos3xdx. (Javob: 5 Vcosl8x — 4cos8x -
%5c0528x +C.)

9.28. ¥ sinaxcossxdx. {Javob: ~sinsx -m~sin7x + ~sin9x +C.)

9.29. | sin43xcos23xdx. (Javob: —X --~—=sinl2x — —sin36x + C)

9.30. j o dx. (Javob: 3 4~ \|0055x+C)
0Sz

1

)

>

COSs4xX

Namunaviy variant yechimi

Anigmas integrallami hisoblang.
7X-X2~4

(X+IX* 5a+6)
Integral ostidagi funksiya ratsional kasrdan iborat. Unin

maxrajini ko‘paytuvchilarga ajratamiz: (x+ I)(x —2)(x —3) .
(8.9) formulaga asosan maxrajdagi har bir (x—a) ko'paytuvchiga

bitta

qo‘shiluvchi mos keladi. Shuning uchun bizning

holimizda

7X-X2—4 Tx-X2-4 A ; B L C
(r+1)(xz-5x+6) (n:+1)(x-2)(n:-3) X+1 X—2 X—3

Oxirgi tenglikning o‘ng tomonini umumiy maxrajga keltirib
va kasrlaming suratlarini tenglashtirib topsak,
X —x2—4 = A(x—=2)(x—=3) + B(x+ 1)(x—3) + C(x+1)(x—2)
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ayniyatni hosil qilamiz. A,V,S Kkoffitsientlarni xususiy
qiymatlar usuli bilan topamiz (88.6 ni garang):

=1 ~12=12A,
=-3V,
8=4s,

><>|<|><

2
3

Bu yerdan .4=-/, V=—2, S=2. Topilgan koeffitsientlami
integral ostidagi fimksiyaning eng sodda kasrlarga yoyilmasiga
qgo'yib integrallasak

J— = * __ - - - - - J— --
J/(x+21)g<2—5x+6)dxjs\( x+1 x—2+X—3?/dX In\%(+|\1+

2IN\X—3 j——2IN\Xx—2A + C* =In | + C* ni hosil
gilamiz.
Bu yerda C’ - integrallash doimiysi. A

2 el

r 15ezIl ] r ix«x211j 89 fa . B

ADX26?) X 4 eD2AxD) XA xel oed2
—_)dx=s*6=
X+2
ISX —x2—II=A(X—i)(X+2) +B(x+2) +C(x—)2

x— 3=3V, V=l,
=x=~2 -45=0S, S=-5. =
X2—=A+S, A=4
=ff— + — —)dx =-5In\x+2\ +4ﬁlec—11———+ C~.
J sr-1 Oc-1)2 X+2 1 1 1 x-1
Shuni ta’kidlash lozimki, koeffitsientlami topish uchun
xususiy qiymatlar usuli va noma’lum koeffitsientlar usuli
qo‘llanildi. (8 8.6 ni qarang). 4

3. I(x) = § X4-BxSr2sx2-43x 27
' J (X-2)(xz-2x+5)
> Integral ostidagi funksiya noto‘g‘ri kasr boiganligi uchu

kasming suratini maxrajiga bo‘lib, uni butun ko‘phad va to'g'ri
kasrlar yig ‘indisi shaklida ifodalash mumkin:

Kx)=f (X-4 + 1" —i- 4«+; (£ +
—2x+S_)dX=
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—2x2+ 3x —13 =A(Xr—2%x+B) + (Bx+C)(x-2),
=x=2-15=5AA=-3, =
X2-2=A+V, V=L
X —13=5A—2S, S=-1

=5— 4ax+f (( m-)dx ————Ax—3|n\x—2] +
2 ~2 x2—2xW
AN\X2—2x+S\ + C*.<
2x 3-5x2+8x -22
4, ] BEIxEEZ2g
x *+9x 2+20
/}\ r 2x3-Sx2+Bx -22 r 2x3-bxr+w-22 , r A +B Cx+D
e e 2 ax= = )am=
* "+9x2+20 j (x 2+4)(* +5) vx2+4 xz+5

2x3—5x2+ 81 - 22 “ (AX+B)(Xx2+5) + (Cx+D)(x2+4),
X32="+5,

- x2-1= V4D, V=-2, =
nN=5"+-/5, S=2,
X =-22=5V+4D, D=-3
f (T~ +~~)dx=-arctg (|) + b(Jz2+5|) - —arctg +c\ <

5. ’\L—dx
I 3-n/X-

» f *# VXx-2 -t x-2 =t2=
32 O t2+2 dx=2tdt

—-2/ Ex¥EEE=_2/ (t2+3t+ 12 + dt -
=-2 Mt3+NM2+12t+36Zn(|t-3])) + C =
=-1/(x-2Y - 3(x - 2) - 24n[3I--2 - 721n\n[x"2-3j +C. »
b. § WE2mx2 gy

N/XN+2YXN2

N Ff avz=2+tux-2 , m =EKUK(2,3,6) =6, x—2=1t6 _
Vo=2+285=2 * X =16+ 2, dx = 6t&dt
=f(«3-0«sq =6fi£ g dt=
1 t3+2tz t+2

=6/ (415- 8t4+ 15t3- 30t2+ 60t - 120+~ )d f=

=6(240Zn(|t+2]) +— -~ ~ - 10ts+ 30t2- 120t) + C=
=40—-2)-j Y (x-2)5+y \i(x-2)2- 60/x—2- 720V "~ 2 +
+180VX~™r2+ 1440Zn|V/A2+2j +C. M

dx

3stnx-2cosa:+I
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» f n t=tabsinx =17 ‘cosx =" =
- 3sinx-2cosx+I| 2d
dx = 297 + — 2arctgt

or rft —of A 21 dt _2r dt
A Bt-2+2t2+1i-12 3t2+6t—1 3 t2+2t-i — 3w (t+i)z_|I
_ 23 t+1-2/,/;\1+c_ _/ V35|H+V3-2
34 It+1+2/-/31 V332
dx
s. | _
2sin2x-sin2x+3cos2x’
] Js.14_
> Zjlnzsf—mﬁjd-l—ana’z\
t —tgx,sin*x = — 92* =1
- a i+t2' =
t dt
sm.tcosx - — - dx =
1+1t2 1+t2
_r dt 1f dt Ir dt 1/ 2\ ( t~\
+Cc =
2t7A2t+3 ~ 2
2 v 2/ 4 v o2
=Larctg + Ry
I
9.j ol
ysindx
r cos34x , Sillax — t, 1 f (1—t2)dt 1f ,,_1 P
>l N a*=dt = 4cosd4xdx =~J ~ W ~ =~7] (t 5- t5~"

= ~t577ts)+C:7Vsln44x — \fsin~*4x + C. ™
4 \4 14 16 56

8.10 8- boHimga doir go‘shimcha topshiriglar
Anigmas integrallami hisoblang.
1 f xAl4 —x2dx. (Javob: - (Xx2=2)" —X2+ 2a2<sin- + C)
XIS+
on: 2+4)y4n a1 (Javob: va5 Xy/Ts-2MX+I\ +C)
f (x+1)Vx2+ 2dx. (Javob: f(x2+3x)3 +C.)

f In(x+'1+x2dx. (Javob: xIn*x+"l +x2) —s/1 +x2+C)

/

f arccoslJ-"-dx. (Javob: xarccos + /fx —arctgJx +C))

f @T)f~ i2-<avob:iS h ~ iini*+li+> u +*2i+q
f "2 gx. Gavob: 2ax + I(in[x+ |—2) + C.)

5. f e~xdx. (Javob: 3e ~ (V x2—23x+2) +C))
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9. Aniq integral
9.1. Aniq integral tushunchasi. Aniq integrallami hisoblash

y=f(x) funksiya [a;b\ kesmada aniglangan bo‘lsm. Ushbu
kesmani ixtiyoriy usul bilan a=x0< X]< x2 <... x,=b nuqtalar
orgali uzunligi A xt= x- - xiA , i=1,n bo'lgan bo‘lakchalarga
bo‘laylik. Har bir bo‘lakchada bittadan , xr?>< £< x, nugtani
ixtiyoriy tanlaymiz (9.1-rasm). Quyidagi yig ‘indini

n

i=1

y=f(x) funksiyaning [a,b\ kesmadagi wu-integral yig indisi
deyiladi. Geometrik nuqtai nazardan S,-yig‘indi 9.1-rasmda
tasvirlangan to‘g‘ri to‘rtburchakiar yuzalarining yig‘indisi bo‘lib,
ularning asoslari A x, kesmalardan, balandligi esa/fc” ga teng.

9.1- rasm

Snintegral yig ‘indining gismiy kesmalaming eng kattasi O ga
intilgandagi lim itif(x) funksiyaning x=a dan x-b gacha aniq
integral deyiladi va ushbu ko‘rinishda belgilanadi

Hrraxa. 0£2=/(fi)AN = /*f(x)dx 9.1)

Bu yerdaf(x) integral ostidagi funksiya, [a;b] -kesma
integrallash oralig‘i, a va b sonlar integrallashning quyi va yuqori
cbegaralari, x-integrallash o‘zgaruvchisi deyiladi.

Teorema. Agarf(x) funksiya [a;b] kesmada aniglangan, ham
uzluksiz bo‘lsa, u [a,b] oraligda integrallanuvchi boiadi, ya’ni
(9.1) integral yig‘indining limiti mavjud va u [a;b] kesmani
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boyish usuliga, gismiy kesmalardan nuqta tanlashga bog‘lig
bo‘imaydi.

Agar f(x)>0, x€[a;b] bo‘lsa, aniq integrating geometrik
ma’nosi, y*f(x) funksiyaning grafigi, x=a, x=b to‘g‘ri chiziqlar va
Ox o‘gi bilan chegaralangan figuraning yuzini anglatadi, Bu
figura egri chizigli trapetsiya deyiladi. Umumiy holda, f(x)
funksiya [a,b] kesmada turli ishoraga ega bo‘lsa, aniq integral Ox
o‘gning yuqori gismida va quyi gismida joylashgan egri chizigli
trapetsiyalar yuzalarining ayirmasini bildiradi, Ox o‘gidan pastda
joylashgan yuzalar minus ishorasi bilan olinadi. Masalan grafigi
9.2 rasmdagi funksiya uchun

faf(x)dx = -S2+S3

9.2-rasm

Aniq integralning asosiy xossalarini keltirib o‘tamiz (f(x) va
tp(jr) funksiyalami mos kesmalarda integrallanuvchi deb faraz
qilamiz)

1) f*if(x) £<p{x))dx = f(x)dx x/d<p(x)dx;

2) ~ef(x)dx =cf*f(x)dx (c = const);

3) I*fix)dx =- f“f(x)dx;

4) C fNe dx =faf(x)dx + f(x)dx;

5) agar\a;b] kesmadaf(x)>0 va a<b bo‘lsa, u holda

Cf(x)dx >0
6) agar (p{x) < f(x), x[a;b], a<b u holda
JftOdx < (bf(x)dx
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7) agar ai=minxe[ab]/ O ),M = max~.e[ab]f(x) va <6
bo‘lsau holda
mb —a) s f{x)dx <M(b —a)
8) agar f(x) funksiya [a;b ] kesmada uzluksiz bo‘lsa kamida
bitta x=c, x< c<b nuqgta topiladiki, quyidagi tenglik bajariladi
fa f(x)dx =f(c)(b - a)
9) agarf(x) fimksiyamiz uzluksiz va <X>(x})-f*f (t)d t tenglik
o‘rinli bo'lsa u holda
PO =/CO
ya’ni aniq integraldan yuqori chegarasi x o‘zgaruvchi
bo‘yicha hosila, integral ostidagi funksiyaning yuqori
chegarasidagi giymatiga teng.
10) agar F(x)~ birorta boshlang‘ich funksiya bo‘lsa, quyidagi
tenglik o‘rinli
f*f(x)dx =F(b) - F(0) =F(*)|*
va bu formula Nyuton - Leybnits formulasi deyiladi. Uni F(x)
boshlang‘ich funksiya ma’lum bo‘lgan holdax~a va x~b
giymatlarda hisoblash giyinchilik tug‘dirmaydigan shartlarda
qo‘llangan maquil.

I-misol. Aniq integral_hisoblansin
£ 3(x —1) 20x
»/23(x- 1ydx = (x- Y3 =@2-1)3- 1 - 1)3=K
2-misol. Hisoblang
J@@/2x + \[x)dx

&=

> /B(n/2X + VX)dx = 18V2xdx + J,8\fxdx =

o

i(16)2+)(8)3 =33ir

3-misol. Hisoblang

JJ sin3pdp
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» JJ sin3<pdp = —J@(1 —cos2<p)d(cos(p) =

cos3p
—cos (p +

4-misol. Hisoblang
2 2X-1
dx

Xn+X
Integral ostidagi funksiya to‘g‘ri ratsional kasr, uni sodda
kasrlarga ajratib olamiz
2x-X A, Bx+C
X T X+_I,2X—l:A(X2+ 1) + Bx2+ Cx
XJ+X X X -hi

x20=A+B
x1-J=A
x°2=C

bundan A--1, B=1I, C"2. Demak,
R2xj f -r2(H =1—-=(--1Im+-In(l +X2 +
-1 X3+Xx J1V x

1+x2 1+x2/ \" 2
2arctgxj | - —n2 +~In5 + 2arctg2 —jIn2 —2arctg 1 =
2 (arctg 2 —arctg 1) n« 0.38
Faraz qilaylik, y~f(x) funksiya [a;b] kesmada uzluksiz,

x=f(t) funksiya o‘zining hosilasi bilan [a; /?] kesmada uzluksiz,
monoton va g>(a) = a, <p(d) = b tenglik o‘nnli, murakkab f(<p(t))
funksiya [a; /7] kesmada uzluksiz bo‘lsm. U holda aniq integral
uchun o‘zgaruvchini almashtirish formulasi o‘rinli

+

J*f(x)d x = fa f(<pit))(p\t)dt (9.2)
5-misol. Hisoblang
8 xdx
|3 V 1+x

> Quyidagi V I + x = t almashtirishni bajaramiz. U holda

Xx="~|, dx=2tdt. x—3 bo‘lganda giymatida t = 2 = a,x = 8 da

t = 3 = p bo‘ladi. Yuqoridagi (9.2) formula uchun hamma
shartlar bajarilgan. Demak,
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8 xdX  r3(t2Dztdt ,, r3-2 143 \r

vrif=J21— t--—— 2N -1 )N =2(t -£)|2=
2(9-3)-2g-2)= =H"
6-misol. Hisoblang
i
|.0 2043
» Integral ostidan —tg ~ almashtirisbni bajarsak cosx =
1
—+ ,dx =~~7.a =tg 0- O,P —tg”™ = 1bo‘ladi. Demak,
1+H2
b n 1l
rr Me__ = rin riCa—i- =
J&2cosx+3 - _(1 2 =B u24s = ??grcz@‘vs 0
+

~ arctg —=« 0.38
Agar u(x) va v(0rj funksiyalar ja//T] kesmada uzluksiz xususiy
hosilalarga ega bo‘lsa, u holda
u(x)dv(x) = u(x) m(x)j» —/bv(x)du(x) (9,3)
it
7-misoJ. Integralni hisoblang f 2xcosxdx

du —dx|
» L2xcosxdx = 1. u X T =
0 ldv —cosxdx v —SII’]XI

xsinx z — f2sinxdx = = —sm— —0+cosx 2=- - L
0 2

8-misol. Integralni hisoblang J xIn2xdx
m—In2x du —2Inx egdx]j

» ft xIn2xdx = ZX
dv = xdx vV — -2x
u = Inx
du = S(dX
x2In2 — fexInxdx = = e —
dv = xdx
v=1e

(—annx} ff x2-2dx) = —2e2——2e2+ ?j? xdx —.ZXZjI =

T(e2-1).~
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9.1-AT
Aniq integral hisoblansin.

1j? (2x2 + -p) dx (Javob : =)
2. Yxdx (Javob m

3.fe W9+| . (Javob : 23/

4—Jlr37rx—z7~l* = sJavob : arct\g—ﬁ

5.J\ v'cosx gcCO dx Qavob : -)

6 M4 ob: 2- n2>
7.J'0’\XSVI + x2dx (Javob -Es)

8. y2V4 —x2dx (Javob : 7r)

9./3 —(/avob Zn’\’\)
J1 a;ya:2+5x+1

10. Jr@2>(+v3x+J (Javob : §|n|12)

Mustagil ish
Aniq integrallami hisoblang

1 a)y/*(2x + dx; b)9=— ~dx f/avofc: a)27/ b)
7+2blI2)
2. ay®~™ dy; bye | (Yaoyob: b)16/3-21n3)

3. a)®™ i;b)/®~=dx (Javob:a)3/16; b) 3+4bl2)

9.2 Xosmas integrallar
Agary =/fay funksiya a < x < +00, oraliqda uzluksiz bo‘lsa,
u holda

/ f(x)dx —I(P) integral Z3ning uzluksiz funksiyasi bo‘ladi.
(9.3-rasm)
U holda quyidagi limit

lim~+o00 f(x)dx 9.4)
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f(x) funksiyaning [a; +00] oraligda yuqori chegarasi cheksiz
bo‘lgan xosmas integrali deyiladi.

faHtW W~ (9.5)

9.3-rasm
Demak, ta’rif bo‘yicha
C°°f(.x)dx = lim™+o00  f(x)dx

Agar (9.4) limit mavjud bo‘lsa, u holda (9.5) integral
yaqinlashuvchi. agar (9.4) limit mavjud bo‘lmasa, Xususan
cheksiz bo'lsa uzoglashuvchi deyiladi.

Quyi chegarasi cheksiz bo‘lgan xosmas integrallar va yuqori.
quyi chegarasi cheksiz bo‘lgan xosmas integrallar ham shu kabi
aniglanadi:

/1 f(x)dx = Nt _O/Bf(x) dx,

/H f(x)dx = lim~-,-, f f(x)dx +IlimBr+#D f(x)dx

bu yerda —w<c<+00 . Agar f~x\f(x)\dx integral
yaginlashuvchi bo‘lsa u holda (9.5) integral absolyut
yaqinlashuvchi deyiladi. Xosmas (9.5) integralning
yaqinlashishini tekshirish uchun quyidagi tagqoslash belgilaridan
foydalanish mumKkin.

1-teorema. Agar barcha X > a uchun 0 <f(x) < (p(X)
tengsizlik o‘rinli bo‘lsa, u holda:

1) agar fa°° <p(X)dx integral yaqinlashsa f*c¢f(x)dx
integral ham vyaginlashadi shu bilan birga ] 4 f(x)dx <

Jat>° <p(x)dx
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2) agar M"+#Xf(x)d x integral uzoglasbsa u holda /™ * (p(x)dx
integral ham uzoglashuvchi bo‘ladi. Absolyut yaqginlashuvchi
xosmas integral yaginlashuvchi bo‘ladi.

1-misol. Xosmas integral ¥ ~ (a > 0) berilgan. Ushbu
integral a ning ganday qiymatlarida yaqinlashuvchi, ganday

giymatlarida uzoglashuvchi bo‘ladi?
» Faraz qilaylik, ad! bo‘Isin, U holda:

r(ldx __ 1 i-a,B 1 fnl-a _ I\
h xa I-av "
/T £ =
Demak, agar a>7, bo‘lsa
r+oodX _ 1
-l xa a-1
ya’ni integral yaqginlashuvchi, agar a<|, bo‘lsa
+ca dx
J1 o~ =+00

ya’ni integral uzoglashuvchi bo‘ladi.
Agar a-i, bo‘lsa

r+°- = lim Umn infi = +00
1 * B-*+o0"1 X B —+00

ya’ni integral uzoqglashuvchi bo‘ladi.
2-misol. Xosmas integralni hisoblang

[roo__dx __
Ll X2+4x+13
yoki uning uzoqlashuvchi ekanligini ko‘rsating
N r+co dx . -+ dx 1 X+2
= w N =hmf>~3arct9— li==

ilim ™ 4#@arct9”™ - arcfgl) - g -1J) =

3-misol. Xosmas integralni yaginlashishini isbotlang.
r+Co dx

J1  (x2+)ex*

3 1
» x> 1 qumatda———— - — —ten95|zllk o‘rinli bo‘ladi va

X2+ ijex fi-rx2
|ntegral
r+co dx ~/} dx . A?
I (1_+XZ)_: Um | FrXE:hmn’\arcthyi =

lim (arctgs —arctql) = - =
B->+00 2

———=-y
4 4

103



yaginlashuvchi, demak 1-teoremaga ko‘ra berilgan integral
yaqinlashuvchi bo‘ladi.

Eslatm a. Integrallash oralig‘i cheksiz bo‘lgan xosmas
integrallami hisoblashda quydagi tenglikdan foydalanamiz

C°*f(x)dx =F(x)|+"
bu yerda FYX)=f(x) vaF(+x>) = lim F(x)
X ='tCC
Faraz gilaylik y~j(x) funksiya [a;h] kesmaning x=c

nuqgtasidan tashqari barcha nuqtalarida uzluksiz bo !sin. U holda
ta’rifga asosan:

C f(x)dx =

lim £iMo $&~&fix )dx + lim£_0 f(x)dx (9,6)

Bu yerda, £r,e2 > 0 va s nuqta ikkinchi tur uziiish nuqtasi.
Yuqoridagi (9.6) integral uzulishga ega bo'lgan funksiyaning
xosmas integrali deyiladi. Agar (9.6) tenglikning o‘ng tomonidagi
limitlar mavjud bo‘lsa, bu integral yaqinlashuvchi, agar ulardan
kamida bittasi mavjud bo‘lmasa, integral uzoqlashuvchi deyiladi.
Uziiish ¢ nugtasi s uchun c~a yoki c=b bo‘lsa, (9.6) tenglikning
0‘ng tomonida fagat bitta lim it bo‘ladi.

a - g c-% ic4r- b X
9.4-rasm
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4-misol. Xosmas integral uchun yaginlashish va uzoqlashisb
shartlarini aniglang

ri dx , _
Jo A Wk = const > °)

> Integral ostidagi funksiya x=0 nuqgtada ikkinchi tu
uzlishga ega. Agar a ® 1boisa u holda
rld x rl dx . P 0 = R
JoN = hm™0+0 =1ImE0+0 49 Ig
=i (1 g eas 1
m £_>0'0V-a+1 -—a+1) loo.a > 1
Agar a=I boisa 1 = lim 1nbl ~ = —Ilim Ins = +o00.

o * - ‘£ £>10

Demak, ushbu hosmas integral O<a<I da yaqinlashuvchi a>I da
esa uzoglashuvchi boiadi.

5-misol. Xosmas

v rl dx
w0 y/i-X

integralni hisoblang

> Integral ostidagi funksiya x-1 nuqtada cheksiz uzilishga
ega. Demak, ta’rif bo‘yicha

m Cvfe = limg"* “ xJ~ dx = *wie-.0(-2)( “
1-£
)2
0
= 21limcqV I —I + £+ VI —0) = 2lim £0(1 —yfe) =

2 (e = 0) ya’ni bu integral yaginlashuvchi boiadi. 4
2-Teorema. Agar [a;b] kesmada x=c nuqgtadan tashqgar
ibarcha nuqtalarda (p(x)>f(x)>0 tengsizlik bajarilsa, vafagat x=c

nugtada bu funksiyalar cheksiz uzilishga ega bo isa, a holda
1) agar

f*<p(x)dx
integralyaqinlashuvchi bo ‘Isa,

integral ham yaqginlashuvchi bo ‘ladi.
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2) agar
/a f{x)d x
integral uzoqglashuvchi bo 'Isa,
cp(x)dx
integral ham uzoglashuvchi bo ‘ladi.

Bu 1lva 2 tasdiglar taqqoslash teoremalari deyiladi.

6-Misol. Xosmas
rl dx

“0 \'x+2x3
integralning yaqginlashishini tekshiring:
» Integral ostidagi funksiya x—0 nuqtada uzilishga ega
1 1

va x>0 da yuqoridagi tengsizlik o‘rinli bo‘ladi. Bundan
Xosmas

mCL|, =1lim-0 fo+e=dx =Ilim£.0 =~Hme o(l - Ve) =
f (*>0)

integral yaqginlashuvchi va 2 teoremaning 1 tasdig‘iga ko‘ra
berilgan xosmas integral yaginlashuvchi bo‘ladi. M

92- AT
Berilgan xosmas integrallar hisoblansin.

1. jinxdx (Javob =1)

2. f x2cosxdx (Javob e —2n)
3.J* cos-Jxdx Qavob - —4)

4. xarctgxdx (Javob m~ —~)

5. f* x2exdx Qavob : e —2)

Xosmas integrallami hisoblang yoki ularning
uzoglashuvchiekanini ko ‘rsating.

6- Vamb: °'5>
I.f™ x 3e~x2dx Qavob: 0,5)

8. ZHInrdx Qavob'. uzoglashuvchi)
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9 1)
c2 xdx ,, ,8 .
4x-\ m3)

M ustaqil ish
1.1) Integralni hisoblang

/ xe~xdx (Javob: 1-2/e)

2) Integralni hisoblang yoki uning uzoqlashuvchi ekanligini
ko‘rsating

I Vavob: 2>
2.1) Integralni hisoblang

xsinxdx; (Javob: n)

2) Xosmas integralni hisoblang yoki uni uzoglashuvchi
ekanligini ko‘rsating

JTSS* </x >

3.1) Integralni hisoblang
xe3xdx; (Javob:—-1)

2) Xosmas integralni hisoblang yoki uning uzoglashuvchi
ekanligini ko ‘rsating

d
ff =2 (Javob: Uzoglashuvchi)

9.3 Aniq integralning geometrik masalalarga tatbiqi

Yassi figuraning yuzini hisoblash. Aniq integral (f(x)>0
X e [a;bl]), geometrik nuqtai nazardan (9.18) egri chiziqgli
trapetsiyaning yuziga teng bo‘lar edi. Yassi figuraning yuzini esa
egri chizigli trapetsiya yuzlarining yig ‘indisi va ayirmasi sifatida
garash mumkin. Demak, aniq integral yordamida turli yassi
figuralaming yuzalarini hisoblash mumkin.

1-misol. Ushbu y=x2-2x egri chizigq, x—I, x=I to‘gri
chiziglar va Ox o‘gi bilan chegaralangan yassi figuraning yuzini
hisoblang.

> Dastlab berilgan chiziglar bilan chegaralangan figurar
chizib olamiz (9.5-rasm). Qidirilayotgan yuza 5=|S/j+|Si|=5/-iS2
demak,
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s =1 > 2- 2X)dx - M{x2- 2x)dx = (~ - x2) [A4 ~

(?-*gU=e-0=«

Umumiy holda berilgan figura y=fi(x), y=f2(x) egri chiziglar,
x=a, X=b to‘g‘ri chiziglar bilan chegaralangan boisa, bu yerda
fix)<f2Ax), x[a;b], (9.6-rasm) u holda

s =/&M x)-A (x))dx 9.7)
2-misol. Quyidagi y=3x-x2va y=-x chiziglar bilan
chegaralangan figuraning yuzasini hisoblang.

» Egri chiziglaming kesishish nuqtasini topib olamiz va
yuzasi qidirilayotgan figuraning rasmini chizib olamiz (9.7-rasm)

y = 3X —X2) f y=—x
y = —X ] |—x = 3x —x2

Sistemani yechib: xj=0, x2~4, y,~0, y2— 4 qiymatlarga ega
bolamiz, u holda (9.7) formulaga ko‘ra

s =f0 3x -x2- (~x))dx = fg(4x - x2dx =[Ix2-7) I* =

Agar egri chiziqgli trapetsiyani chegaralovchi AV egri chiziq
parametrik ko‘rinishda berilgan bo‘lsa x-<p(t), y——uf(ty u holda
uning yuzasi

S =~rP(t)cp\t)dt (9.8)

bu yerda a va fi, cp(a)-a, u/p)=b tenglamadan aniglanadi
(y/(i)=0, [a;p] kesmada), formula bilan aniglanadi.

. ) *Z b . .

3-misol. Berilgan — + — = 1 ellips bilan chegaralangan
yuzani hisoblang

» Ellipsning parametrik tenglamasini yozib olamiz: x=acost,
y=bsint. Figuraning simmetrik ekanligini hisobga olib va (9.8)
formuladan (9.9-rasm)

S =4f“ydx ~ 4fn asint(—bsint)dt = 4ab /@sin2tdt = =

n 2 M
4ab /@1 CS—dt = lab (t —~sin2tj |2 =nab A

Egri chizig qutb koordinatalar sistemasida p=p(<p) tenglama
bilan berilgan bo‘lsa, egri chizigli OM]M? (9.10-rasm), egri
chizigning yoyi va OMt va OM2 <j va < giymatlarga mos
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keluvchi qutb radiuslari bilan chegaralangan

sektoming yuzi
ushbu fonnula bilan hisoblanadi.

s =-Q(P(.<P)¥d< (9-9)
m vt
t... ]5
i /
Ho /
-m i /
*7 | ] “m
9.5-rasm 9.6-rasm
|IS*8 m
S § Ko—.—
AN
9.7-rasm 9.8-rasm
{
b\ \Vald
>>>x
[ & x
9.9-rasm

9.10-rasm
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4-misol. (x2+y2)2=a2(x2—y2 Bemulli lemniskatasi
bilan chegaralangan figuraning yuzini hisoblang

> Egri  chizigning tenglamasini qutb  koordinatala
sistemasida yozib olamiz. Tenglamada x = pcos(p,y = psincp
almashtirish bajarsak, p2 = a2cos2<p

yoki p —a”cos2(p . Figuraning simmetrikligmi hisobga
olsak, gidirilayotgan yuza (9.9) formula bilan hisoblanadi:

- - 1 -
S = 4 m f4a2cos2<pd<p — 2a2 =-sin2(p\* = a2A
2 2 '0
Egri chizig yoyining uzunligini hisoblash. Agar egri
chizigning AB yoyi (a:b) va y~f(x) tenglama bilan berilgan bo‘lib,
/(xy-differensiallanuvchi funksiya bo‘lsa, u holda AB yoyning
uzunligi (9.12-rasm)

1=L J 1+y' dx (©.10)
formula bilan hisoblanadi.
B

/4 A S C
& . f?
Yc\\

a o *C b X
9.11 rasm 9.12 rasm

Agar egri chiziq o‘zining parametrik tenglamalari x =
<KO=>Y = *K O lar bilan berilgan bo‘lib, x = (pit),y = i/>(t) lar
differensiallanuvchi funksiyalar bo‘Isa, u holda | yoyning uzunligi

(9.11)

formula bilan hisoblanadi, parametr t ning a va/y qiymatlari
yoyning chekka nuqgtalari A va B ga mos keladi.
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Agar sillig egri chizig qutb koordinatalar sistemasida
p = p((p) tenglama bilan berilgan bo‘lsa, M ,M 2 yoyning |
uzunligi ushbu formula bilan hisoblanadi:
or .
I=\Jp 2+p'2 &> 9.12)
D,
Bu yerda (p”~va gy giymatlari yoyning boshi va oxirgi

nugalari M, va M 2ga mos keladi.
5 - misol. Egri chiziq y=—s/x3 tenglama bilan berilgan,

yoyning boshi va oxirgi nuqtalari abssissalari x]=V3 va x2=-j8
bo‘lsa, yoyning uzunligini toping.
> Yoyni uzunligini hisoblash uchun (9.10) formulada

foydalanamiz:

g _ 34

I =]yjl+(/x)2dx =] /I +x dx = c
3

n £ -
2

6-misol. Sikloidaning birinchi arkasi yoyining uzunligini
toping
y =a(l—cos£),x =a(t —sint)
~  Sikloidaning hamma arkalari bir xil, birinchi arkada t
parametr O dan 2K gacha o'zgaradi. U holda (9.11) formulani
qo‘llaymiz:

N ~

2 2 2 2= 2k 2 .2
1= | ya (1-cosf) +a sin t dt=a ) ~l-2cosf+cos ?+sin t dt =

0 0
2r
=al) M2(1-cos7)dt=2aj sin —dt =—4acos—2*=S0-«
o o] 2

7-misol. Logarifmik spiralning bitta aylanishda hosil
bo‘ladigan yoyining uzunligini toping, p = e'p



> Qutb koordinatalarida yoyning uzunligini hisoblash (9.12
formulasidan

In 2n 19 _
=1 +e2 dp=JV2 =-Neq =n/2(e2r-1)« 10816~
o o 1 ®
kelib chigadi.

Jismlarning hajmini hisoblash. Fazoda berilgan jism O X
o‘gidagi [ a. b ] kesmaga proeksiyalansin. Har ganday OX
o‘giga perpendikulyar x E [a, 6] nugtadan o‘tuvchi tekislik, jism
bilan kesishganda, yuzi S(x) ga teng figura hosil giladi (9.13
rasm). Bunda jismning hajmi quyidagi formula bilan hisoblanadi:

b
vV = \]S(x)dx (9.13)

Xususan OX o‘qi atrofida egri chizigli aABb (9.14-rasm)
trapetsiyani aylantirsak, ko‘ndalang kesimning yuzi: S(x) = n
(f{x))2 ga teng bo‘ladi. Shuning uchun egri chiziqli trapetsiyani

O X o‘qi atrofida aylantirishdan hosil bo‘lgan jismning hajmi:
b
Vx = /¢j(f (x))2dx 9.14)
a
formula orqali ifodalanadi.

9.13-rasm
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9.14-rasm

*
Z !
Ci
-, * -a -
(e o S SO e *
*ho\ e ili : b Yy
BV F v -
/ C!
N X
9.15-rasxn

8-misol. Ushbu sirt bilan chegaralangan jismning hajmi
hisoblansin

> Berilgan tenglama bo‘yicha ellipsoidning rasmini chizi
olamiz (9.15-rasm). Oy O0‘giga perpendikulyar va

ixtiyoriy nuqtadan o‘tuvchi tekislikni garaymiz. Ko ‘ndalang
kesimda:



o+« =1, y =const
N r

( 2n
c4-Y9
vy 62, Vg
ya’ni, yarim o‘qlari a, =a"j1- , ¢, =c”™l-~ bo‘lgan
ellipsni hosil gilamiz.
Bu kesimlaming yuzi:
v 2
S(y)= naxe, =Ka =< (1- —).
o]

U holda (9.13) formuladan
V=frc @a- gﬁ) dy =2mejf @- f’yz) dy =2®c (y - s ) " =2 mbc
i b { b 3Bb Q¢ )
9-misol. Oxj; tekislikda yotuvchi va y2=4—X,X =0
chiziglar bilan chegaralangan figurani Oy o0°‘qi atrofida
aylantirishdan hosil bo‘lgan jismning hajmini hisoblang.
» Rasmdan (9.16-rasm) ko‘rinib turibdiki:

Vy = Arjx 2ify =~ j(4 -y 2)2tfy = 2 aj(4 -y 2)2efy=2n-f (16-Sy2+y')dy =2"]j ]67 -y 3+ -~ I
15
... His?
-0l -
X X
V.y\ X eSS Y
mp4vss4 Y
r 2T
9.16-rasm
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Aylanish jismlarining sirtlari yuzini hisoblash
Agar v =fix ) fimkssiya uzluksiz differensiallanuvchi

bo‘lsa, shu egrichizigning AB qgismi yoKki
A(a;f (a)). B(b;f (b)) Ox o‘qgi atrofida aylanishidan hosil

bo‘lgan sirtning yuzi:
Qx =2 n f*f(x)jl + (f'(x))2dx (9.15)

formula orqali topiladi.

<Sr'mim./ /-7 7
J7/hrrti /
r&vi |_| ...... y - /

HVUXIj 77

P s

9.17-rasm

10-misol. y 2 —2X + 1 parabolaning Xj —1 va X2—7
abssissalar oralig‘idagi yoyini (9.17) aylantirishdan hosil bo‘lgan

sirtning yuzasi hisoblansin.
» Rasmdan va (9.15) formuladan quyidagiga ega bo‘lamiz:

X~ V2x + 1)1 +("===) dx =2n w/2x+1+1dx =
2nj\j2x + 1ldx == =-364-8)=—
- 2 3/2 I 3 3
AT-9.3.

1. Ushbu y2—9X,y —3X chiziglar bilan chegaralangan
soxaning yuzasini toping (Javob:0,5).

2. y =X2+4X,y —X +4 chiziglar biian chegaralangan

soxaning yuzasini toping (Javob: 6 ).
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1 X2
3. Ushbuy =—+&y ¥ =~ chiziglar bilan chegaralangan

soxalaming yuzasini toping (Javob: ———).
2 3

4. Yopiq J 2 —X2 —x4 chiziq bilan chegaralangan soxaning
yuzasini toping (Javob: 4/3).

5. Sikloidaning birinchi arkasi y =a (1- cosy,
X =a (z—sint) va Ox o‘gi bilan chegaralangan soxaning yuzasini

hisoblang (Javob: Ik al).
6. Parametrik ko'rinishdagi x=3tlLy =3t-t3 chizig bilan

chegaralangan soxaning yuzasini hisoblang (Javob: | 2—-)

7. y-xe 2 egri chizig va uning asimptotasi bilan
chegaralangan soxaning yuzasini hisoblang (Javob: 2).

8. Kardioida bilan chegaralangan soxaning yuzasini
hisoblang: p - a (1—coscp). (Javob: 3na2/2).

9. Ushbu X2+y2=4, x2+y2=9, y-X, Yy =—xXj3
chiziglar bilan chegaralangan soxaning yuzasini hisoblang

(Javob: 25m).
24

M ustaqil ish
1. Ushbu chiziglar bilan chegaralangan soxaning yuzasini
hisoblang:

a) yl=x+5 y2=-x+4, b)p —a cos2h (Javob:
a9 N N1,

2. a)y=(x-4)2 y=16—x2 chiziglar bilan chegaralangani

soxaning yuzasini hisoblang:
b) Arximed spiralining birinchi va ikkinchi o‘rami orasidagi,

p-ad (a >0) yuzani hisoblang (Javob: a) 3 m// 3 \.
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3) Ushbu egri chiziglar bilan chegaralangan soxalamin
yuzasini hisoblang:

3. a)dy =8x-X2, 4y =x+6 ; b)y-4t2-6t, x=21 va Ox

o‘gi Uavob-. €) 491 9).
24 2
AT-94

1. Berilgan y=2 n!X parabolaning x/=0 va x?=1 abssissalari

o‘rtasidagi yoy uzunligini hisoblang. (Javob: n[2 +In (1+42)
* 2,29;

2. Astroidaning uzunligi hisoblansin x=a cos3, y=a sin
(Javob: 6a)

3. Kardiodaning uzunligini hisoblang p ~a (1- cos @ ).
(Javob: 8a)

4. y~—-)(x—1)3 egri chizigning x rl. x2=9 abssissaiar

o‘rtasidagi yoy bo‘lagining uzunligi hisoblansin.(Javob: ™~ -)

2 2
5. Ushbu z=2 hi , z=7 sirtlar bilan chegaralangan
4 2
jismning hajmi hisoblansin. (Javob: tt-Jl )

6. Oxy tekisligida yotgan va y—x2 x=y2 chiziglar bilan
chegaralangan figuraning Ox o°‘qi atrofida aylanishdan hosil
bo‘lgan jismning hajmini hisoblang

(Javob: )

10

7. Sikloida x=a (t-sint), y=a (1-cost) birinchi arkasini Ox
o'gi atrofida aylantirishdan hosil bo‘lgan jismning hajmini
hisoblang.

(Javob: 5a2 »Kl)
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8. y—2—r|/4jc—1 egri chizigning x/=I nuqgtadan x-"~-9

nuqtagacha bo'lgan yoy bo‘lagini aylantirishdan hosil
bo‘lgansirtning yuzini toping (Javob: 104 n/3)

9. y=a ch~ chizigni x,=0 nuqgtadan x2=a nuqtagacha
a

bo‘lgan qgismining Ox o‘qgi atrofida aylantirishdan hosil bo'lgan

sirt, katenoidning yuzini hisoblang. (Javob: ® 1 <e2_e1+4))
4

Mustaqil ish
1. 1Ushbu y= ~yj(2x-iy egri chizigning abssissalari
Xi=2 va x2=8 ga teng bo‘lgan M;M2 nuqtalar orasidagi yoy
bo‘lagining uzunligi hisoblansin (Javob:56/3).
2. y =3x to‘g‘ri chizigning x} =0 va x2=P abssissaga ega

nuqtalari bilan chegaralangan kesmasini Ox o0°‘qi atrofida
aylantirishdan hosil bo‘lgan aylanish sirtining yuzasi hisoblansin.

(Javob: 12J10 a)

2. 1 Tenglamasi y=—x bo'lgan chizigning x;=2 va x>=5
3

nugtalar orasidagi yoy uzur)\ggi higoblansin. (Javob: 5).
2. Tenglamasi y =— +—,y =1 bo'lgan sirtlar bilan

chegaralangan jismning hajmi topilsin. (Javob: n)
3. 1 y-Inx tenglama bilan berilgan egri chizigning

abssissalari X/ ==u/3 va x2=7/8 nuqtalar orasidagi yoy uzunligi
hisoblansin.
(Javob: 1+—n-«l,2 )
2 2
2. Oxu tekislikda yotgan y=2x-x2 va y=0 chiziglar bila
chegaralangan figurani Ox o°‘qgi atrofida aylantirishdan hosil

bo‘lgan jismning hajmi topilsin. {Javob: A 4)
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9.4. Aniq integralni fizik masalalarni yechishga qo‘llash.
Tezlik bo‘yicha bosib o‘tilgan yo‘Ini hisoblash.
Agar v —f (?) moddiy nuqtaning to‘g‘ri chizig bo‘yicha
harakatidagi tezligini ifodalasa, u holda [ti;td vaqt oralig‘ida
bosib o‘tilgan yo‘l.

S =] f(t)d t
h
(9.16)
formula bilan ifodalanadi.
1-misol. Moddiy M nugta v (t) =312+2t +Im/s tezlik bilan
to‘g‘ri chizigli harakat qilsin. Nugtaning [0;3-\ sekund oralig‘ida
bosib o‘tgan yo‘lini toping.
» (9.16) formulaga asosan
3
S—T BL2+21+ljdt —(t3+t2+1) =39 M. *
0]
0 ‘zgaruvchi kuchning bajargan ishini hisoblash
Moddiy M nuqta F(s) kuch ta’siri ostida OS to‘g‘ri chiziq
bo‘yicha harakatlansin. Bu kuchning yo‘lning [a;b\ qismida
b

bajargan ishi A =| F(s)ds formula bilan hisoblanadi.
a

2-misol. Agar prujinani Ism cho‘zish uchun IkN kuch sarf
gilinsa uni I0Osm cho‘zish uchun bajariladigan ishni hisoblang.

» Guk gonuniga asosan, prujinani cho‘zadigan kuch, uni
cho‘zilishiga proporsional, ya’ni F=kx, bu yerda x-prujinaning
cho'zilishi (metrda), A-proporsionallik koeffitsenti. Masala
shartiga ko‘ra x=0,01lm, F-1 kn, 1=0,01 k tenglikdan k=100

ekanligi kelib chigadi va F= 100x bajarilgan ish.
A = /01100xdx = SOx2j0M = 0,5 kDj. <

3-misol. Qozon z=224_ elliptik paraboloid shaklida
bo‘lib, balandligi H-4m va zichligi 8=0,St/m3bo‘lgan suyuqlik
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bilan to‘ldiriigan. Qozon chetidan suyuqlikni haydab chigarishda
bajarilgan ishni hisoblang.
» z( balandlikda qalinligi A zi (9.18-rasm) bo‘lgan suyuqlik

gatlamini ajratamiz, ko‘ndalang kesimda yarim o‘qlari 2 -Jz:
b=3 yzi ga teng bo‘lgan ellips hosil bo‘lgani uchun, bu
gatlamning massasi Ami« 67T8 Z, Az; va hajmi

AVt =TC-2fzi m3yfziAzt ga teng boiadi. Suyuqglikni haydab

chigarish uchun bajarilgan ish:

A - lim n’\(I)X"ziJGngSzi(H - zNAzZI = 6ngSz(H -
z)dz = 6/p<$(h -————] = ngSH3 = 64gnS ~
1575,53kDj. <

6 *y
* X
9.18- rasm

Suyuglikning plastinkaga bosim kuchini hisoblash

Bu masalani yechish usulini aniqg misolda ko‘rib o‘tamiz.

4-misol. Asosi a=3m va balandligi N=-2m bolgan
uchburchakli plastinka suyuqglikka uchi bilan vertikal botirilgan va
asosi suyuglikning sathiga parallel bo‘lib, undan Jm uzoglikda
joylashgan. Suyuglikning ziehligi

S — 0,9 /m3 bo‘lsa, uning plastinkaning har ikki tomonig:
bosim kuchini hisoblang.
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> Suyuqlikning bosim kuchini hisoblash uchun Paska
qonunidan fbydalanamiz, unga ko'ra suyuqlikning h chuqirlikdagi
A S yuziga bosim Ap —Sgh A S formula bilan aniglanadi. Bu
yerda 8 -suyuglikning zichligi, g-jismning erkin tushishdagi
tezlanishi.

Suyuqlik satxiga parallel to‘g‘ri chiziglar bilan, uchburchakni
eni dy ga teng bo‘lgan kesimlar (9.19-rasm)

3M , d-u

LY
9.19- rasm

bilan bo‘lib chigamiz va u suyuqlik satxidan y+d masofada
bo‘lsin. AVS va A, V, S, uchburchaklarning o‘xshashligidan.

M =NzZ.u&|=-{g-y) , vya’ni kesimning yuzi:
a H 1 1 H

dS=4-(H-y)dy,
H

Uchburchakli plastinkada kesilgan kesim yuzining har bir
tomoniga bosimi

a
dp=—Sg{d +y)(H —y)dy ga teng bo‘ladi. Oxirei
H

tenglikning ikki tomonini integrallab, quyidagini hosil gilamiz

P =\-jjSg(d +y){H-y)dy= (27y ~ylydy =r5g\2y +~ —y j =55g =44 1KH

Inersiya momentini hisoblash
Anig integral yordamida vyassi figuralaming inersiya
momentini hisoblash mumkin.
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5-misol. Massasi M ga radiusi R ga teng bo‘lgan bir jinsli
doiraning markaziga nisbatan inersiya momenti hisoblansin.

> Massasi M b o ‘lgan moddiy nuqgtaning O nugtaga nisbatan
inersion momenti, shu nugta massasining, undan O nuqgtagacha
bo‘lgan masofa kvadratining ko‘paytmasiga teng. Moddiy
nuqgtalar sistemasining inersion momenti, shu nuqtalar inersion
momentlarining yig ‘indisiga teng.

Konsentrik aylanalar yordamida doirani n ta, eni d ga teng
bo‘lgan halgalarga

9.20- rasm

bo‘lamiz, Bu xalgalaming yuzi ds —2jrrdr , massasi
dm = 27trdrS ziehligi 8 =M (nR2) ga teng (9.20-rasm).

Ajratilgan xalgalaming elementar momenti dlO=2n6r dr

Elementar inersion momentlami integrallab

| =72n5rbdr =2051r 1 =10 « « 1 M #
40 2 afd2 2

Yassi figuraning og‘irlik markazini hisoblash

Quyidagi hollarni ko ‘rib chigamiz.

1 u=f(x) funksiya grafigining, ziehligi d=d(x) bo‘lgan, AV
yoy bo'lagining og‘irlik markazi koordinatalari c(xc,yc) ,
quyidagi formulalar yordamida aniglanadi (9.12-rasm):
_rfxB(xyity2dx o f\6()y/l+y2dx

%
ja S(x)-ll-ry’2dx * ¢ S(x)y/l+y,2dx

2. Agar yassi figura quyidan /,(x) , yuqoridan f2(n) ,

fxX{x)< f 2{x), chiziglar bilan [a,b] kesmada chegaralangan va
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figuraning zichligi S=S(x) bo‘lsa, u holda uning og4rlik markazi
S(xs:u,)
1°x S {x X f2<x)-fy(x))dx e IEfi(xXfi(x)-rf(x))dx
xr ia 6(x)(J2(x)-fdx))dx Ex(f2(x)-f~(x))dx

formula orgali topiladi

6- masala. Markaziy burchagi 2a, radiusi R ga teng bo‘lgan
aylananing birjinsli yoy bo‘lagining og‘irlik markazi topilsin.

» Koordinatalar sistemasini 9.21 rasmda

ko‘rsatilgandek tanlab olamiz. U holda yoyning bir jinsli va
simmetrik ekanligidan us=0 keUb chigadi. Yuqoridagi formuladan
xsni topib olamiz (S —const)
_ I"axjl+xfxdy
Xc ~
Aylananing parametrik tenglamasidan foydalanamiz x=R
cost, y=R sint,
L R2cos tdt smy ia
44 ft
7- misol. Bir jinsli, y=6-x2 y~-2 chiziqglar bilan chegaralangan
yassi fignraning og‘irlik markazi topilsin.
» Bu figuraning bir jinsli va simmetrik ekanligidan (9.22-
rasm) xc — 0 yc koordinatani topish uchun (9.17) formuladan
foydalanamiz:
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9.22-rasm

AT-9.5.
1 To‘g‘ri chizigli harakat qilayotgan nuqtaning tezligi
v —t.e~G8Jm/s ga teng. Nuqtaning to‘la to‘xtaguncha bosib

o‘tgan masofasini hisoblang {Javob: 104m)
2. Uzunligi / ga og‘irligi R ga, teng bo‘lgan bir jinsli
steijenning oxiriga nisbatan inersiya momenti topilsin. {Javob:

3. Bir jinsli, ziehligi 5=25 t/ml1 qurilish materialida
radiusi R=2m, balandligi H=3m bo‘lgan konus ko‘rinishdagi



qo‘rg‘onni qurish uchun sarflangan ishni hisoblang. (Javob:

— ngSH 2R 2=4&ng * 1477,8k [ x)
15

4. Yuqori asosi suyuqlik sathiga parallel, 5m chuqurlikka
vertikal cho‘ktirilgan, asosi 8m. balandligi 12m bo‘lgan to‘g‘ri
to‘rt burchakka suvning bosim kuchi aniglansin, Suvning zichligi
S =1t/m\ (Javob: 656 g» 6428,8kN)

5.  Zanjir y —ach— chizigning x= -a nuqtadan x=a
a

nugtagacha bo‘lgan bir jinsli yoy bo‘lagining og‘irlik markazini
toping.

(Javob: xc=0, yc=- — - —

6. Xx=a (t-sint), y=a (1-cost), (0<t < 2x), siklonda birinchi
arkasining bir jinsli yoy bollagining og‘irlik markazini toping
(Javob: xc=>xa vc=4a/3)

7. Yassi u=x va u=x22x chiziglar bilan chegaralangan
birjinsli figuraning og‘irlik markazini toping. (Javob: ("3/2, 3/5))

M ustaqil ish

1. 1 Asosi suv sathiga parallel, balandligi H=3 m, asosi
a-2m va 4m chuqurlikka tik tushiriigan paralelogramm
ko‘rinishdagi plastinkaga beradigan suvning bosim kuchini
aniglang. Suvning zichligi It/m3 (Javob: 16g ~ 156,8 kH )

2. Radiusi R ga markazi koordinata boshida bo‘lgan
aylananing birinchi kvadratda yotgan bir jinsli yoy bo'laginmg
og‘irlik markazi topilsin.

(Javob: 2.R/x, 2R /x).

b
2. 1. Moddiy nugtaning tezligi o =4te  m/s bo‘lsa, nuqta
harakat boshlagandan to‘xtaguncha qancha yo‘l bosib o‘tadi
(Javob:2m)
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2. Bir jinsli y=sinx, y=0 (0 <x <rr) chiziglar bilan
chegaralangan figuraning og‘irlik markazi topilsin. (Javob:

5. 1 Agar suvning ziehligi S=1 t/m3 bo‘lsa diametri 20m
yarim sferik ko‘rinishdagi idishdan suvni haydab chigarishda

bajarilgan ishni hisoblang. (Javob: 2,5g\tfs ~16969k/[x)
2. Bir jinsli yassi u2=20x, x2=20u chiziglar bilan

chegaralangan figuraning og‘irlik markazini toping. (Javob:
(9,9)).

9.5. 9 bo‘limga doir indiviudal uy topshiriglari
IUT-9.1.
Aniq integralni verguldan keyin 2 ta ragam anigligida
hisoblang.

j X\Il + x1dx.
11 0 (Javob: 1,78)
14. 0 (Javob: 0,33))
COSX
15 0 1T (Javob: 0,57.)

. (Javob: 0,41)
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dx

1.7. 0V25+3* (Javob:-0t67.)
2

J X*dx
18.0V*4+4 (Javob: 1,24-)
rl+|nx
J —————— (0)%4
19. i (Javob: 1,50.)
J +1
1.10. 0ZS (Javob: 0,20.)
Xi 2 j
f
1.11. =»»l-co0s * (Jamb 0.50)
dx
f-

1.12. - 2y[1+4x-x2 (Javoh: I>57)

j x3-14+5x4dx.

1.13. O (Javob: 0,63.)
Jsin 2—dx.
1.14. (Javob: 3,14.)
re -dx
115. | *2  (Javob: 1,07)
i’72
xdx

1.16. 0 M'1l-x2 (Javob: 0.13))

j 3(x™ +x2ex Yok

1.17. O (Javob: 2,72)
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1.18.

1.19.

1.20.

121

122

1.23.

1.24.

1.25.

1.26.

1.27.

1.28.

r cosvx ,
— = NX.

¥ X (Javob: 1,73)
2]
x“ax
Ji+Y6’
ii+x (Javob: 0,20.)

’I‘sin In x ,

1 X (Javob: 0,46.)

ax

;]‘xn/ I-In2" (Javob: 0,52))

J yix +1dx.

3 (Javob: 12,67))

a2

| sina cos3ada.

b (Javob: 0,14))
a6

J 12ctg 3xdx.

*/18 (Javob: 2,77.)

0/4-3x (javoh:067)
| xdx

1 V4--X2 (Javob: 0,32)
1~ d x .

i X (Javob: 0,33.)
p dx

J4r2_Q
y (Javob:-0,13)
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2.1.

2.2.

2.3.

24.

25.

2.6.

2.7.

2.8.

2.9.

it12
j cosa sin3ada.

-/5 (Javob: 0,23)

xdx

cos ~ (Javob: 0,50.)

Jj Y\x\{y-Ddy.
2 (Javob: 1,02.)
o

J'x 2e~*12dx.

-2 (Javob: 5,76.)
rd2

| X cos xdx.
0 (Javob: 0,57.)

Jz ' sinx<ix.

0 (Javob: 5,86.)
12
| arccos 2xdx.
-2 (Javob: 3,14))
2
J (V - I)In ydy.
1 (Javob: 0,25.)
o]
J xe~2dx.
12 (Javob -0,25.)
T

JX sinx cos xcfo.

(Javob: 1,57.)
-2

] 4+

-1/3e (Javob: 0,82.)
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2.10.

2.11.

2.12.

2.13.

2.14.

2.15.

2.16.

2.17.

2.18.

2.19.

2.20.

fin X

X (Javob: 0,16.)
e2
J yfx In xdx.
1 (Javob: 18,33))
i
| arctg4xdx.
0 (Javob: 0,57.)
It n

|(x +2)cos —dx.

o (Javob: 6,28.)
/8
| Xx2sin Axdx.
0 (Javob: 0,17.)
2
j ¥Y2Inydy.
1 (Javob: 1,07.)
flni' oV
1%+ 1) (Javob: 0,15))

2

| artg (Ix - 3)dx.
3R (Javob: 0,21)
al12

J(x +3)sinjafe.

0 (Javob: 4,00.)
e

JX In 2 xdx.
1 (Javob: 1,60.)

J(X - 2> xndx.
3 (Javob: -19,32)
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2.22.

2.23.

2.24.

2.25.

2.26.

2.27.

2.28.

2.29.

2.30.

3.1

™

o cos 3* (javob: 0J2)

1

| arcsin(l - x)dx.

12 (Javob: 0,13)
S i

| arctg —dx

1 X  (Javob: 1,37.)
o

J X In(l —x)dx.

-1 (Javob: -0,25.)
rarcsin(x/2) ,

J—

0 vz X (Javob: 2,32)

J ]r6(+2dx.

(Javob: 1,87))

JW x 2 +9dx.
0 (Javob: 282,40.)

o
J (X'l'\)e~’\xdx.
-i (Javob: 1,10.)

710 4

jXxtg 2xdx.

0 (Javob: 0,13)
1

| xarctg xdx.

0 (Javob: 0,29)

r3x4 +3x2 +1

dx.

X2+ 1 (Javob: 1,79))
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3.2. 2 X -1 (Javob: 9,67.)
r x+2
J-t7 A
3.3. 2x W 1 (Javob: 0,53))
r dx
J
3.4. 272(x_1) 0,12)

35.J + (Javob:-0,09)

} 3x2+2x —3
] ————————— dx.
3.6. 2 X X (Javob: 1,62.)
jJJZ xdx
3.7. (Javob:-1,25)
r dx

3.8. 4(* ~0OC*+2) (Javob: 0,04))
f ax
39. 3(x+0(x 2) (Javob: 0,16.)
j (2x +
3.10. 0 (*~2) (Javob: -1,63)

n dx

3.11. 2(x_5) (x+1 (Javob: 0,15)
b (xI +2)dx

3.12. 3(*+0'm&~0 (Javob: 0,50.)
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3.13.

3.14.

3.15.

3.16.

3.17.

3.18.

3.19.

3.20.

3.21.

3.22.

3.23.

r +3x —1
¥ iy (Javob:-0,20.)
rxs5-2x2+3 ,

h &-2% (Javob: 9,38))
xdx

r
‘,] X243x+2 |, T
0 (Javob: 0,12)

T (X2 +37X

Jyv_ v2—\x
8 n (Javob: 0,29)
v3  *
r ax

jX4+X2 (Javob:016)

mx Idx

J1l v4'

21 " (Javob:-15,34)
p dx

J2X4_1 flavob: 0,02.)
j xcix

4 ~ (Javob: 0,37.)
Sn 2x' +4
D X= x2+x+| ~avob. 088l

dx

N
x=(x-1) MNavob: 0,02))

f dx
o(x +1)(*2+4) (Javob: 0,23.)
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3.24. 7 (Javob: 0,04.)

xdx
3.25. b I 16x2+16 6 (Javob.0O5L)
r dx

3.26. Ix +1 (Javob: 0,25.)

i s+

-ax
3.27. i*6+*4 (Javob: 1,44.)
CX +X*+2 |
J-T — y ax
3.28. 2 XWX _V (Javob:-0,12)
ric3-2x2+4
i—— ;————dx
320. 3 A2 (avob: 0.35)
1/V3
r xadx

3.30. ‘J)X " (avob: -0,08)

J X2y lIx - x 2dx.

41. 0 (Javob: 3,14))
fx-=*1
42. n j* (Javob: -0,47.)
43. 3 (Javob: 0,02.)
|
| - X 2dx.
44. 0 (Javob: 1,91)

134



n .3 X1

45 1x2\4-x2 (Javob: 1,02.)

n
|3 —x2dx.
46. 0O (Javob: 2,36.)
3
| X2/¥/9 - x 2c/x
4.7.3 (Javob: 31,79.)
j 1/ .,n.
48.n * (Javob: 0,53.)
—X2) dx.
49. 0 (./avofc: 0,59,;
r dx

Va/zx 2
4.10. A/L+*T)  (Javob:-0,62)

4.11. i X (Javob: 0,68.)
1 dx

4.12. gQ/(%Zﬂ-_ﬁi?’Z(Javob: 0,27.)
n
J n/2-x2dx.

4.13. 1 (Javob: 1,29)
r x2dx

4.14. 0*2+0 (Javob: 0,14.)
dx

4.15. 2%5x2n/x2-9 (javob: 0,04.)
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4.16.

4.17.

4.18.

4.109.

4.20.

4.21.

4.22.

4.23.

4.24.

4.25.

4.26.

uS x2yl1+x2 (Javoh 059j

Jii 2

J /1—x2dx.

1/2

3

f

(Javob: 0,26.)

dx

DO+j!)VI9+x-(jamb:go8)

o

flavob: 0,68.)

dx

J
12 (I-x2)v'l-x2 (javob: 1J6.)
aw Jx

\

1/2

(Javob: 0,20.)

x* dx

O Vvtl

* 2)
dx

(Javob:-0,20.)

1 4 1 2 o "
Viz Vx”~-J (javob; 0.05.)

(Vavoz)/ 0,//;

fvie-X2
J_ JR—
2 *
\Vi/3
\] + X 2dx.
0

flavob: -502,09.)

JJ —Jx2 8 J’-

'3

(Javob: 0,01)
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dx
Ii 5rr
4.27. 1x \x -1 (javob: 0,29.)
3

IX\/9 -x2dx.
4.28. o] (Javob: 71,53))

I x3dx

I Q, 2
4.29. om9+x (javob: 5,31)

6 r

J 76— dx.

4.30. 0 (Javob: 4,71))

T cos® x

i — dx

51. -»/2' sm* (Javob: 0,26.)
s/

52. o 2+cosx (Javob: 0,60.)

Tti 4
| sin 32xtix.
53. 0 (Javob: 0,33)
X
| sind—”"x.
54. 0 2 7,/S]
Ki3
Jcos3xsin 2xalx.
55. 0 (Javob: 0,39.)
X/3
| ("X fit
56. o flavobg 8.)
r TR
J —
57. Ccosx' (Javob: 0,38))
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a/4
j2cosxsm3xcEc.

58. 0 (Javob: 1,00.)
r
iF A8 .

59. 0 2 3 (Javob: 1,80.)

TR2160x

5.10. (Javob: 1,41)

A12

cosxélx
511 \J sm2x +1 (Javob 314)
/3
1™ Agukp
512. -/ (Javob: 0,93)

% X 3X ,
COS —COS — axX.

5.13. o] 2 2 (Javob: 0))
/4

J sin 3x cos 5xdx.
514. O (Javob: -0,25.)

n'3a *3
* sin XA

5.15. o COS X (Javob: 1,33))

7c{6 (JJX

5.16. 0 COSC (Javob: 0,55.)
r
J ctg 3xdx.

517. *'6 (Javob: 0,81)
K'2

| cos x cos 3x cos 5xdx.
5.18. 0 (Javob: 0,16.)
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5.109.

5.20.

5.21.

5.22.

5.23.

5.24.

5.25.

5.26.

5.27.

5.28.

5.29.

J cos4xsin2xdx.
0 (Javob: 0,20))

ir/2
J sin6xdx.

0 (Javob: 0,49))
K

J /1 +sin xdx.

n (Javob: 2)
'T 1+tg X

,J6 sm 2x (Javob. ()38)

r sm2x ,

J ———~ dx-

itlS cO™ X (javob:169)

a/8

| sinx sin 3xdx.

0 (Javob: 0,05.)
J smxsm2xsm3.xd!r.

wA (Javob: -0,21.)
nil

1 dx

wa "™ ¢ shvob: 0,55.)
nt2

J cossxdx.

0 (Javob: 0,53))

Jco s 2xsin4xdx.

n/2 (Javob: 0,10.)
2

] dx

k13 SN 3X

(Javob: 0,60.)
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jsin 4—dx.
530. 0 2 (Javob: 1,18))

dx

6.1. - 2x2+3x 2 (Javob: 0,06,
dx

] ,
6.2. _2\§(r +2x +4 (javob; 1) 0.)

r dx
I Y2+4T_ 9i°

63. 5 (Javob: -0,14)
) X 2dx

64. 1V ~8X3*X6 (i avob. 0i26)
r dx
12 ]

65. ' X +X (Javob: 0,29)
r dx

6.6 T B2 ¥4y + 2 (Javob; 020)

i N

6.7. 1/2/8+2x-x2 (javob; 0,52)

dt
6.8. t2+5t+4 (Javob: 0,07))
| Xx<iX
T247% 11
6.9. » (Javob: 0,28)

6.10, "X 722 au0h: -2,79))
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r dx

] y=th 9y 3-S
611, X PV (Javob: 0.39)

r dx

6.12. 6X +2X (Javob: 0,03)

Ir dx
6.13. i.i"x-x2 (javob: 1,57)
r 2x —8

6.14. ~12 z - X2 rlavob: 3,99)
dx

6.15. 34v2 +3x” 2x (Javob: 1,11)

i AN

6.16. 1/63x~~ X +1 (VtfvoA: 0,77

r x1dx
r2—fir-1-1fl
6.17. 3% " (Javob: 9,35)
f xax
JYZ—7r+13
6.18. H (Javob: 4,94)
|_~L=2_.
6.19. 4* +5 (Javob: 3,19.))
(x-\)?

6.20. -32X +3x+4 (Javob:241)

r xdx

J
6.21. 4X (Javob: 0,02.)
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6.22.

6.23.

6.24.

6.25.

6.26.

6.27.

6.28.

6.29.

R p—
~i2x +x+I1 (Javob: 0,08))

r x'dx

Jx2—3x+2"
8X+Z (Javob: 38,67.)

j X ix
3 N/Bx-x2-15 (Javob:5]81j

r dx

*X +4x+5 (Javob:0fl4))
dx

-1/3n/2 - 6x - 9x2 (javob: 0,2L)
i irfr
4x +3x-10 Nflvos. QQIj
i3 dx
i3Ve +6x-9x2 (javob; 0,52)
dx
2 ax-3-x2 (Javob: 1,57.)

r dx

X +2X+3

dx

72. o* (3+e "1 (Javob: 0,13))
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i dx
73. °2x+7"3x+1 (Javob: 0,94)

jr -Ix+1 +1

——=—dX.
T.a. svx +1 -1 AJavob.jj 27)
& xdx
f
75. 3vx +1 (Javob: 10,67.)
™ Fz*x 7
Jrov— dx
76. 0 e*+3 (Javob: 0,86.)
A
dx
77. '2 1 flavoA;
In2
78. 0 (Javob: 0,43))
5 xt/c

79. oVXx +4 (javob:4=>67)
r fifc
7.10. W +72x +1 (Javob: 1)3jj

7/3
Xax

711, 23v2 +3x (Javob: 096.)
In3 /

dx
f-T
712. "N2e e (Javob: 0,20))
F x2dx
17 M
7.13. + (Javob: 0,04.)
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r dx

714. - \+Mx+\ (Javob; 0,58,

-In 2
exdx
-X

7.15. e' +e (Javob: 0,20)

r zzdz
7.16. oVv9+2z? (javob: 0,67.)
j  xdx

717. °vI+3x (Javob: 4,00)

2
* UX

718 Oax +i +n1lx+\~ (civoh: 0i52.)

719 iMr+e (Javob: 0,29)
i@ cosydy

7.20. - 4+~ Y (Javob: 0.22)

p x 2dx
721, 2(x— x—l Tlavob: 8,44,
j2 dx

722, Oe /l-¢e (Javob: 1,05.)
r tic

793, IX/I+Injc (Javob: 2,00)
y

7.24. mz2 \1+e (JaVOb: 0,41)



£ In Xdx
725,  «&X@A“ bl (Javob: -0,49.)

| r'y dx
7.26. 4Vx - 1 (javob; 8,39))

J2b szd

J
7.27. 7 (X2+1) (javob: 22,88.)

7.28. ov2x +1 (Javob: 38,06.)
\n(\.2 ﬂLC
7.29. insVe'+4 (javob: 0,26.)

r xdx

J

7.30. i (avob: 0,17)

8
Xosmas integrallar hisoblansin yoki ularning uzoqlashuvchi
ekanligi isbotlansin.

r xdr r dr

81.a) 016x +1 b) oV2-4x

., F iéxdx ,, E dx
AITx~7 D~  6x+9
N 34-
9 x3d§< re 7
-= = ; J — dr.

83.a) Ovlex +1 b) O *

8 .4 .a)b ™ ;b)b= A=
V16X 4-1
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85.a) j ** .b)

<Jx2+4] vs X1
8.6.a) x2x ; bsl ! dx

0yj(x3+8) %ZOXZ—Qjc +1

m xcbc v T to 2dx

I"\6+ x2]

? xdfr 4 3\\n.(2-3x)
8.8.a) 4 -4x +1 b) o 2_3x

r dx

8.9.2)i" + A +s)b)jl=*

r Xfl)))( Y ﬂ{6 cos gx
8.10. a) I-l-————— b -—m -dx.

) ]
I,x +4x +5 D «/(j_ Sm3x)5

r arete2x r 2xdx
— g mrix; '

8.11. a) oM1+4* ) b) ovpl—x"
r 16<£t r dx
8.12. a) i/r +4x +5) H3VI+3x
r Xxdx r dx

J4v2+4t+5° J ?
813. a) 04*2 +4X+5 b) 3/4n3" 4X

(x +2)dfr
8.14. a) MYRZ2H4ATERN4 b) R £ __jx,

® COos2X
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” - i 1—2arcsinx
fiz fl f% _d x
815. a) OX +4 byo W | m’

| |2 JarctglIx r dx
8.16. &){M a 1+4x2 "b) ] \/4x-x2-4
817. a) f 427 bl f sinxdx

U x (I +In2x) JRiIjN X
. 0 dx

Irsin xdx; r

818. a) 0 p LAVAX+3
Id x
8.19. a)i(* 2-4*)ta5’ b)j xdx
i yj(x* —10" In2
13 dx

8.20. a) i/30 +9x2)arctg23x’ ™ :J 9%x2-9x +2'

J dx

J [ 7 ;

2(4 +x7)J?r arctg Y W .K &
8.21. a) * z o) | —  ——.

O VCcosX

822 P r dx > \jlOxdx

i (x2+2x)In3" 4 ~ 9 ~

& I

’ Ad

et ] XA
823. o0 o0 b) 0 /V1—x

Y x2 X . x2d*

3 fir, N

824. jH-'xX 1 1'"J Db)
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r dx c dx

JOv2 ?Y4-T J
8.25. a) 02x 2x+1 b Y N 2 x

8.26. LI u\ f x1dx
Y YUT3KTAT
T dx , 43_/1‘2 dx
827. a) --———————- b) §— -
2 x(In x —1)* 1 n/3x-x2-2
| IX
(6x* —5x +1)1n> 4 1Nwh
8.28. a) 4 b) f- o/
DV06-X2)3
a'x _ 144 éx
8.29.
9Xx2—9x +2° {
T (JjX \1/42 dx
"Tr-b+ 2’ J1
830. a) 3x2 3x+2 b) O 12

Nam unaviy variantniyechish
Aniq integralni verguldan keyin 2 ta ragam aniqlikda
hisoblang

2 dx
‘] X (I +x°)
~Nyuton -Leybnits formulosidan foydalanib

| f(x)dx =F(b)—F (a) , kasr-ratsional funksiyadan integral

hisoblaymiz:
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1= A(1+i") +(Bx +C)x

e _ A~Bx+C x=0 1=/ 1 A=I rdx r xdx .21
It 1+r OrNA+B \b =-1 _"in (e
o=c c=o0

-In2—AN5+—Jn2=—In2- —n5=—0,69-— 1,61 =0,24
2 2 2 2 2 2
e
2. | I x<&
i
~ Bo ‘iaklab integrallash formulasini ikki marta go‘llaym iz

| ., . 1. e
jin2xdx=\u =1n2x du—2"x —dX _xn- Xl %IInXdX_
jdv-dx u=x

1
M= du=—dx . e—2(xtnx —x)j* =e—2e +2e—2 =0,72
|
9x2-14x +1
gt _oxo—x+2

~.Integral ostidagi funksiya to‘g‘ri ratsional kasrni bildiradi.

3. X

Mahrajni oddiy ko‘paytmalarga ajratib hosil gilingan kasrlami

oddiy kasrlarga ajratsak
f 9x2—J74x+l } Ox2- l4x+1 rf A B C ? 3
d 7 -d X

[N )Gy (R Y - | o oo — — dx =
3x -2x —Xx+2 I (X +)(x- I)(r 2) 3\*+l n—I x-2)

9x2-14x+1=/1(x-i)(x-2)+i?2(x+ )x

X(Xx-2)+C(xTl)(x-1 _]f L+2 + 3 U_

x=-1] 24-6/1 1A-4 Jju¥l ; I_ ; 2)

X-1 -4=-2s>s-2
XM-2\ 9=3Cc |C =3

- (41til.t+ Y+ 21njx-1jt3In|x-2[) -41:512InN3+31w2-41t;~ 2In2—[n(54-32-2)-In44 -

5' 3 2 11250

—in-—— £ [ E—— 3'7s.
4 256 <4
r x1dx
*
mfx2+1
| 2
YA +i =t, xz+1=tl, xdx - tat 0,20. A

t=t, x~0, t-y/2, x=1

149



5. dx

- 4-3cos! X +5sin; x
~ Integral ostidagi funksiya sinx va cosx ga nisbatan juft

bo‘lgani uchun (sinX va cosZ ga ratsional bog‘liq) t=tgx ((8.14)
formula) almashtirish bajaramiz.

dt 1
dx t = tgx, ldx =— —r, 1cos X
. 1+1t2 1+t2
fir 3cos2x + 5sin2x n
————— It =0,Ix =01t=1,Ix =-
1+12 4
dt

-1
N 1+2>@A-TTF +iT F)

11
Or+1 3 |0"3
6. 2x -]
6;}.3 -2x-x2
> Berilgan integralni, ikkita integralga shunday ajratamizk

suratida maxrajidagi ildiz ostidagi uchhadning birinchi tartibli
hosilsi tursin. Natijada quyidagiga ega bo‘lamiz:

2*-11 -2x-2 tic f
= dx-~4 dx~ =
I\V3-2x-2 T3k B\ PAI3-2x-X (J]—@ics'n—zﬂ

-83— s—+—+r~ -6,05.
2 6

xdx
,3(8x-1)n/3x-1
Ushbu integral \!3x — 1 = t almashtirish orqali ratsione
fttnksiyadan integralga keltiriladi.
/?ﬁx-})m—l)\@(—l
MMAX—1=1t3*—1=1t2x ="(t2+ 1), dx —-tdt,
=1l,x =2/3,t = 3,x = 10/3

==2,3" =2/ _n13 059 «
1 t2t 91 t3 9v t/1
8. Xosmas integralni hisoblang yoki ularning

uzoglashuvchi ekanligini ko ‘rsating
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a) r dx . {)j’%xz_-i- 2___ dx

Lx+4x +9 "1 3p

1™ f _— =

L * * ____ lira f _
' aI~ r +4¢-19 1>2+4<+9 JI44I+9 a- —®|(x+2)245 (x+2)'+5
‘wm *  Lj-lx+ 2lo Huw 1 x+2[a lim f 1 , JL__ —anc/la——1+
Lim | | /3+ 2 1 2 1f rn 1> n- —
o« —ivT"'* —]f~T5arch"Satct*T5)i( 2)TSTS Vs B
b)
I_ / *-1*5? ***l\JQ ? A f 2 j« *2r m\Vv*
lim o lire Hm 2 /4 +n/ '»+—401-"  Ani
st niS0d § x e Nor 7 20+
9 Y ! 'N_
i-7+6—7a —6a3jl—34?
UT-9.2
1, Herilgan chiziglar bilan chegaralangan figuraning yuz

verguldan keyin ikkita ragam anigligida hisoblang

1.1. P =3vCO0S (Javob: 9,00.)

12. ¥=x ’J);=3*" rjavoi: 10,67.)

1.3. Y =Vx? = =*"e (Javob: 0,42)

14. X=7cos3-="=7~ Nf.W): 57,70]
15. P ~4cos3p. (javob: 12,56.)

1.6. P =3cos2”™ (Javob: 14,13)

1.7./7=2(-cos~). (Javob.18>84)

1.8. P~ =2sm2%; (Javob: LOO.)
19 x=40-sin4 j =41 - cos”™ w6; i5i9; 72;

1.10. P = 4 cos/1 (Javob: 18,84
1.11. ~ =2sm3”. 5
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112. P =2+cos® (Javob: 14,13)

1.13. Y =1UF+x2\y =x2/2. (Javob: 123)
114. Y =x+1,y2=9-x. (Javob: 29,87.)
1.15. Y2=x\x =0,y =4. (Javob. 6 ()5)

1.16. P =4sm2¢' (Javob: 18,84)
1.17. x=3c0s?, y =2smt. (Javob; }8 M )

1.18. Y2=9x’Y =3x-(Javob: 0,50.)
1.19.
Xx-3(cast+tsmt), y =3(smt—tcost), » =0 (0<?<;r).
(Javob: 29,25))
1.20. =4x, x2=4y. (Javob . 5>33j
121. Y =x ,x =2. (Javob.4jjj

122. Y =x2,y =2-xr. (Javob: 2i67.)

123. Y ~(4~-23 x= (Javob: 25,60)

1.24. /?=3sm4- (Javob: 14,13)

125. Y =x,y =\,x =0. (Javoh. Of75j

126. xy=6,x+y -7=0.(Javoh. 6 76j

127. Y =2,y =2x-%X,X =0,x =2. (Javob:3 02)
1.28. =S/(x2+4) (Jamb:49}}

129. Y =x+1I<Y'-cosx. r =0. Jamb.| 5fu

1.30. *=2coslf, y =2sin3t. (Jamb. 4J])

2. Berilgan chizigning uzunligini verguldan keyin ikkita
ragam aniqgligida hisoblang.
2 i x=2cos3l,y =2sin31l (Javoh; 12 0o.)
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2 2 X -2(cost+1sint), y =2(sint- 1cost) O<t<n\
(Javob: 9,86.)
23. P =sm3/3) (0 <™ <n/2) (Javoh.o ]4j

24. P =2sm3A0/3)0 <ch<n /2. Maoii. 027)

25.~ +JyY =~79. (Javoh: ,8(l0)

2/3 2/3 _ n2/3
2.6.* _ ' (Javob: 24,00.)
2.7. y2=(x +1)3, x —4to g Ti chiziq bilan kesilgan (Javob:
24.81)
28. v=Il-Inco5.t (0 <x< nib) (Javob.0J5)

14. p =6c0s3("/3) (0 <*S<x/2) (Jayob: S 60)

210. 1=W mY =4sin' m(Javob: 24,00)

211. r—~=(0n—! A (1,0) nugtadan V [6,\\25j
nuqgtagacha (Javob: 8,27.)

2.12. y2 -X 5, X - 5 to g 'ri chiziq bilan kesilgan (Javob:
24.81)

213. P ~3cosd (Javoh: 942j

214. p =3(l- cos (javob; 24.00.)

‘215, P =2c¢°s3 (Javob: 9,42)

216. Xx=5co0s21,y =5sin2£0 <t <572) (Javob; ? Q5)

217. 9/ =43 -xf(Oy oqibilan kesishgan nuqtalar
orasida) (Javob: 9,33.)

218. P =3sm~” (Javob: 9,42)

219. Y =Insinx(@73 <x ™ T11/2). (Javob; fO j)

2.20. x=9if-sin4 =#=90" cosO(° ™ ~™2/r) (Yayo/l.
72,00,

221. P =20 - cos<0 (Javob: 16,00.)
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2.22.
7,63)

2.23.

y2-(x-1)3A (2,-1) nugtadan V (5,-8). (Javob:

X =Il{t -sint), v=7(- cost) {in <t< An).

(Javob: 56,00.)

2.24.

2.25.
2.26.
4,00.)

2.27.
2.28.

2.29.
2.30.

y e +ex2(0<X<?2). (Javob: 235)
X =4cos t,y =4sin-1 (Javob .24,00.)

X —\I3r,y =1 —t (sirtmoq). (Javob: nugtagacha

p =5sind. (Javob .]5 7Q)
p —4cost. (Javob. 12'56)
p =5(1 +cos®). Javob . 40t00 >

y2=x3A (0, 0)nuqgtadan V (4, 8) nuqgtagacha.

(Javob: 9,07.)
3. Berilgan o‘q bo‘yicha F shaklni aylantirishdan hosil
bo‘lgan jismning hajmini (verguldan keyin 2 ragam aniqligida)

hisoblang.

3.1.F:

3.2.F:
3.3.F:

34.F:
35.F:
1064,88.)

36.F:
37,68.)

3.7.F:
3.8.F:

Yy 4 X'X~"° °%- (Javob: 107,17.)

N FNY =N x =Y =" ° x-(Javob: 1,68.)
x2/9 +y2/4 =1, Oy. (Javob: 150,72.)

Y =x2’Y =1>0xm(Javob: 3,59))
X -6 (t- sin#), v=6(1 - cost\ Ox. (Javob:

X =W 1LY =4sin21(0 <t<nil), Oy. (JavQb

y2=x’ =Y’ Ox (Javob: 0,94)
Y1=(x_1) 'x=2" Ox. (Javob.0 78;j
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310.

3.11.
3.12.

3.13.
3.14.
3.15.

3.16.
3.17.

3.18.
3.19.
3.20.
3.21.
3.22.
3.23.
3.24.
3.25.
3.26.
3.27.
3.28.

3.29.
3.30.

X=firy*,y= fxx,y =0, Ox.
N (Javob: 1,24))
F: "=sinx.y =0(0<x<4 Ox. (Javob; 493)

F: ¥ =4x’x =4y, Ox. (Javob: 60,29)

F;X =2<x*ty =5smt, Oy. (Javob:83J3)

F; y=x ,bx=y , Oy. (Javob:I5 07)

F: ¥Y=*Xx =0,y =0,x =I, Ox (Javob; Wl 5)
F: Y =4*/3,* =3, Ox. (Javoh.9043)

F: ¥Y=2x~x ,¥Y =0, Ox. (javob:3 35)
t: p —2(l +coso\ polyarnaya os. (Javob: 66,99.)
**_7 < w4 j«7.in4 Oy. (Javob:328I3)

F-X2M6+yl\=\, Ox. (Javob:I675S)

F: x’=(y-'Y’X=">y =0, Ox. UImob."

F: 4Y'-4.2tfv-6-0. Ox.(Jamh;4]9)

F: x=Scost,y =2sin(, Oy. (Jamb.25)J2)

F: ¥=2-x .y =x ,0x. (javob:I675S)

F: ¥Y~~x +8,y =x , Ox. (javob:]3s s9j
29g96)

F: Y=X ex= ¥ =8>U4H. (javob.60.29)

*e* =« *’f.j-sin’r, C*. (Javoh:0 96)

F:2y=x22x+2y-i=0, Ox. (Javob:5710)

F: Y=x~x ,¥Y-0, Ox-(javob:ow.)
F: Y=2-x!1/2,x+y =2, Oy. (Javob.4]7)



4. Berilgan o‘qbo‘yicha L egri chizig yoyini aylantirishdan
hosil bo‘lgan jismning hajmini (verguldan keyin 2 ragam
anigligida) hisoblang.

41.L w = /3 (* b2 <x<1/2), Ox. (Javob: 4125)

42. L \p~2costh qutbo'qi. Javob: 12,57.)

L \x=10(?—=sin?),7 =10(1-c03?)(0<?<2n\ OXx.
(Javob: 6698,67.)

44.L :y =x2/2,0y.y=3/2 to g Ti chiziq bilan
kesilgan. (Javob: 14,65.)

45. L:3y =x2{0<x< 2), Ox. flavob; 24,09.)

46. L .y —a/x, OX. y—X 'rz chiziq bilan kesilgan.
(Javob: 5,34)

47 Z,:x=2(?—sin?), y=2(l —cos?) (O<? <2”), Ox.
(Javob: 267,95.)

48. L:x =cost,y =3+sint, Ox. (Javob: 118>32-)

49.L:3x =y3(0<y<?2), Oy. (Javoh: 24>09.)

410. £:,V=x3/3(-1<x<l), Ox. (Javoh: 1>27)

4.11. L:x =°°st’Y "]+smt’ Oxm(Javob: 32,28.)

412. L .x —4+y, Oy.¥Y-2tog cNjziq buan
kesilgan.(Javob: 259,57.)

4 n L:x =3(t—sin?), >=3(1—co0s?) O <t<27r\ Ox.
(Javob: 602,88.)

414. L:x =00S™’==Sin3 Oxe(Javob: 7,54)

415. L ;P ~"/COs2Z 0 gi. (Javob: 14,82)

416. L :y*‘=4+x, Ox. x—2 tog Vzchiziq bilan
kesilgan.(Javob: 64,89.)

417. L :y2=2x,0x 2x =3 to g i chiziq bilan
kesilgan.(Javob: 14,65.)
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4.18.

4.19.
4.20.

4

£

L

L:

L

3y - x3(0 <x <), Ox. (Javob.063)

: P~ =4C0S1(f) qutb o gi. Javob: 14,80.)
p =6sm<p, qutb Qqi {lavoh: 354>96)

X =7?-sin?, y =1—co0s? (0<? <2n\ Ox.

(Javob: 66,99.)

4.22.

4.23.
4.24.

4.25.

4.26.
4.27.

4.28.
429

4.30.

1

L :p —2sin (p, qutb o ‘gi. (Javob: 39,44.)
T -
L:p =-casqg>,

3 qutb o qgi. (Javob: 7,07.)
L .x =3cos3L,y ~—bsm t, Ox. (Javoh: 6/>82)
L:x =2cost,y =3+2sm?, Ox. gavob: 236,64.)
L -P~ =9cos qutb o ‘gi. (Javob: 16,38.)

L\ y —x\ Ox. x =%*2/3 tog V/ chiziqg bilan
kesilgan. (Javob: 0,84.)

L:x =2c0s3b ¥=2s® 3 (Javob: 30,14.)
L :x =cos?,j =2 +sin?, Ox.

L .p =4sin #v/? 0'gi. (Javob: 157,76.)

Namunaviy variantni yechish

y =Inx va y —In2x (9.23-rasm) egri chiziglar bilai

chegaralangan figuraning yuzi hisoblansin

yf y- irix

b / X Mm /

oj [/'f e X
i/

j /1 wy~inx

9.23- rasm
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~ Egri chiziglaming kesishish nuqtasini topamiz: M i(l,0),
M2(e,l) va (9.7) formuladan foydalanamiz. Natijada:
5 = (Inx —In2x)dx

J In2xdx M —In2x, du =2Inx ‘x_dX\ = x\n2x —2f In x dx,

dv = dx,v =x |

1
mM=Inx, du- ;dx X\NX-"dx~x\nx-X+C.
dv=dx v=x

U holda
S = ® In xdx —ff In2xdx = (XxIn X —x) |* —([xIn2x —2xIn x +

=elne—e+1—(eInN2e—2elne+2e) +2=3—e« 0,28. N
2. Parametrik ko‘rinishda berilgan x = \t2—2).s/wH2fco.v?,
y = (I —t27sost+2tsint(0 <t < tt) chizigning yoy uzunligi

verguldan keyin ikki ragam aniqglikda hisoblang.
» (9.11) formuladan foydalanamiz:

2 gxffdyV dt
4 Adx)  \dt

Integral ostidagi funksiyani topamiz:
3’: =2fsin +(i2—"\Joost + 2cost-2tsiat =t2cost,

Zy =-2£c0s]-(2-?2)sinr +2siiil +2<cosr =t2siiU
t

I$ L t cos t+t sin t=r

vuUul] U
Yakunda quyidagiga ega boMamiz:

/=p 2n=- A0,

3. Yassiy=3-x? vay=x2+ | parabolalar bilan chegaralangan
figuraning Ox o‘qi atrofida aylantirishdan hosil bo‘lgan jismning
hajmini hisoblang
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~  Parabolalaming kesishish nuqtalarini topamiz: M/ (-1;2),

M2 (1,2). lJismning hajmini (9,14) formulaga ko‘ra hajmlar
ayirmasi F?-V/ ko‘rimshda hisoblaymiz.
1 I
V2=n —x")2dx, Vi=  (x2+Xfdx

Demak

VA2-V =xj(3-X2 dx-xj(x2+I) 1=n-| | (3-*2 -(x2+I) )r&=ﬂ—1|(8—8x3@<=
a S S ; -

= =let  j»3BH<

Quyidagi 9.24 rasmda Oxu tekislikda yassi figura va uning
Ox o‘gi atrofida aylantirishdan hosil bo‘lgan jism (uning chorak
qismi kesib olingan ) keltirilgan.

p~10 sintp

(39 =

9.24- rasm 9.25- rasm

Qutb koordinatalar sistemasida p = 10 sin <9 aylananing
qutb o‘qi atrofida aylantirishdan hosil bo‘lgan sirt (9.25 rasm)
yuzini verguldan keyin 2 ta ragam aniqligida hisoblang.

N Qutb koordinatalar sistemasidagi (9.18) va (9.15)

formuialardan foydalanamiz.

S=—-2vj'y*"ph +p2 o
a
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Bu yerda y = /9sin (p. Bundan
pb =10cos”; y =psin<p =1Qsin2<p,
«=0 @=n
S =2;r) 10sin2”-ypO0ccto2(p+100sin2(p dtp =200/rjsin*“ tpdp -

- 2008-|— s dp=100k \ 21 q«985,96 <
o~ v )
IUT-9.3
1. R rezervuardan suv haydab chigarish uchun bajarilag

ishni hisoblang. Suvning solishtirma og‘irligi 9,81 kH/m3 n=3,14.
(natijani butun soniga yaxlitlang).

1.1. R: Asosi 2m va balandligi 5m bo‘lgan to‘rtburchaldi
inuntazam piramida (Javob: 245kDj)

1.2. R: Uchi pastga yo‘naltirilagan asosi 2m, balandligi 6m
bo‘lgan w 'rtburchakli muntazam piramida (Javob: 118 kDj)

1.3. R: Balandligi 1,5m, radiusi 1m bo‘lgan sferik segment
ko‘rinishdagi qozon (Javob: 22 kDj)

1.4. R: Asosining radiusi Im, balandligi 5m bo‘lgan yarim
silindr. (Javob: 33kDj)

1.5. R: Yuqori asosining radiusi Im, quyi asosining radiusi
2m, balandligi 3m bo‘lgan kesik konus (Javob: 393 kDj)

1.6. R: Ko‘ndalang kesim parabola, uzunligi 5m, eni 4m,
chuqurligi 4m bo‘lagan tamov. (Javob: 837 kDj)

1.7. R: Asosning radiusi Im, uzunligi 5m bo‘lgan silindrik
sistema (Javob: 154 kDj)

1.8. R: Asosi 2m, balandligi 5m bo‘lagn muntazam
uchburchakli piramida (Javob: 106kDj)

1.9. R: Asosi 4m, balandligi 6m uchi pastga qaratilagn
uchburchakli muntazam piramida. (Javob: 204 kDj)

1.10. R: Asosning radiusi 3m, balandligi 5m uchi pastga
qaratilagn konus. (Javob: 578 kDj)

1.11. R: Yuqori asosning radiusi 3m, quyi asosning radiusi
Im, balandligi 3m bo‘lgan kesik konus. (Javob: 416kDj)
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1.12. R: Asosning radiusi 2m, balandligi 5m bo'lagn konus.
(Javob: 770 kDj)

1.13. RiYuqgori asosning tomonlari 8m, quyi asosning
tomonlari 4m, balandligi 2m boMagn muntazam kesik piramida.
(Javob: 576kDj)

1.14. R:Asosining radiusi 2m, chuqurligi 4m bo‘lgan
aylanma paraboloid. (Javob: 329 kDj)

1.15. R: Asosning radiusi Im, chuqurligi 2m bo‘lgan
aylanma ellipsoid. (Javob: 31 kDj)

1.16. R: Yuqgori asosning tomoni 2m, quyi asosning tomoni
4m, balandligi Im bo‘lgan muntazam to‘rtburchaklikesik
piramida. (Javob: 56kDj)

1.17. Asosning tomoni Im, balandligi 2m bo‘lgan
muntazam olti burchakli piramida (Javob: 26kDj)

1.18. R: Asosning tomoni 2m, balandligi 6ém, uchi pastga
qgaragan olti burchakli muntazam piramida. (Javob: 306 kDj)

1.19. R: Asosning radiusi Im, balandligi 3m bo‘lgan
silindr. (Javob: 139kDj)

1.20. Yugqori asosning tomoni Im, quyi asosning tomoni
2m, balandligi 2m bo‘lagn muntazam oltiburchakli kesik
piramida. (Javob: 144 kDj)

1.21. R: Ko‘ndalang kesim radiusi Im ga teng yariin
aylana, uzunligi 10 m bo‘lgan tamov. (Javob: 65kD j)

1.22. R: Yugori asosning tomoni 2m, quyi asosning tornni
Im, balandligi 2m bo‘lgan muntazam oltiburchakli piramida.
(Javob: 93kDj)

1.23. R:radius 2mbo‘lgan yarim sfera. (Javob: 123kDj)

Solishtirma og‘irligi y bo‘lgan materialdan Q inshootni
qurishda og‘irlik kuchini bartaraf etish uchun bajarilgan ishni
hisoblang.

1.24. Q: yuqgori asosning tomoni 2m, quyi asosning tomoni
4m, balandligi 2m bo‘lagn muntazam to‘rtburchakli kesik
piramida: y—24 kn/m3 (Javob: 352kDj)

1.25. Asosning tomoni Im, balandligi 2m bo‘lgan
muntazam oltiburchakli piramida; y-24 kn/m3 (Javob: 21kDj)
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1.26. Q: Asosning tomoni 2m, balandligi 4m bo'lgan
muntazam to‘rtburchakli piramida: y~24 kn/m3 (Javob: 128kDj)

1.27. Q: Yuqori asosning tomoni Im, quyi asosning tomoni
2m, balandligi 2m bo‘lgan muntazam oltiburchakli kesik
piramida: y =24 kn/m3 (Javob: 229kD))

1.28. Q: Asosining tomoni 3m, balandligi 6m bo‘lgan,
muntazam uchburchakli piramida; y=24 kn/m3 (Javob: 234kDj)

1.29. Q: asosning radiusi 2m, balandligi 3m bo‘lgan konus
y=20 kn/m3 (Javob: 188kDj)

1.30. Q: Yugqori asosning radiusi Im, quyi asosning radiusi
2m, balandligi 2m bo‘lagn kesik konusi; y =21 kn/m3 (Javob:
88kDj)

2. Vertikal cho‘ktiriigan plastinkaga, suvning solishtirn
og‘irligi 9,81 kH/m3 deb hisoblab, suvning bosim kuchini
aniglang (natijada butun soniga yaxlitlang). Plastinkaning
joylashishi, shakli va o‘lchami rasmda ko‘rsatilgan.

2.1. 9.26. rasm. (Javob: 98 kH)

2.2.9.27. rasm. (Javob: 85 kH)

2.3.9.28. rasm (Javob: 248 kH)

2.4. 9.29. rasm (Javob: 105 kH)

2.5.9.30 rasm (Javob: 167 kH)

2.6. 9.31 rasm (Javob: 26 kH)

2.7.9.32 rasm (Javob: 131 kH)

2.8. 9.33 rasm (Javob: 23 kH)

2.9.9.34 rasm (Javob: 523 kH)

2.10. 9.35rasm (Javob: 33 kH)

2.11. 9.36 rasm (Javob: 31 kH)

2.12. 9.37 rasm (Javob: 62kH)

2.13. 9.38 rasm (Javob: 24 kH)

2.14. 9.39 rasm (Javob: 22 kH)

2.15. 9.40 rasm (Javob: 239 kH)

2.16. 941 rasm (Javob: 123 kH)

2.17.9.42 rasm (Javob: 78 kH)

2.18. 9.43 rasm (Javob: 13 kH)

2.19. 9.44 rasm (Javob: 52 kH)

2.20. 9.45 rasm (Javob: 3 kH)
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2.21.

222

2.23.
2.24.
2.25.
2.26.
2.27.
2.28.
2.29.
2.30.

Parallelogramm
9.26- rasm

9.28- rasm

Parabola
9.30- rasm

9.46 rasm (Javob:
.9.47 rasm (Javob:
9.48 rasm (Javob:
9.49 rasm (Javob:
9.50 rasm (Javob:
9.51 rasm (Javob:
9.52 rasm (Javob:
9.53 rasm (Javob:
9.54 rasm (Javob:
9.55 rasm (Javob:

23 kH)
16 kH)
251 kH)
31 kH)
13kH)
6kH)

6 kH)
39 kH)
20 kH)
272 kH)
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Teng yonli trapetsiya
9.27- rasm

Teng yonli trapetsiya
9.29- rasm

y—2m -+

Yarim ellips
9.31- rasm



o
L X Tm
%Y o, A
L
Teng yonli trapesiya Halganing to‘rtdan bir gismi
9.32- rasm 9.33- rasm
" Ml ~~ ...
1.1 !'Im ol L
lin ff
Civerannnannn OM............. H
Teng yonli uchburchak Teng yonli uchburchak
9.34- rasm 9.35- rasm
rr— x'y— et mersir
— e , e a L.l
w L
N N TTR _
"""""" DY oo e iM
doira doira
9.36- rasm 9.37- rasm
Im |
i. oKW >
tn:l W
Yarim aylana Yarim aylana
9.38- rasm 9.39- rasm
m JnsA
e m
..... Wi
Yarim aylana ellips
9.40- rasm 9.41- rasm
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* 1M~

Romb To‘g‘ri burchakli uchburchak
9.42- rasm 9.43- rasm
Yarim aylana To‘g‘ri burchakli uchburchak
9.44- rasm 9.45- rasm
% Tr——
ir. 'j‘ w -~y 1m
' i
y bo..
K 2m -
k...L

M

g'ri burchakli uchburchak To‘g‘ri burchakli uchburchak

9,46- rasm 9.47- rasm

I ik ...

. N~ e B » t.......
ey I ST

- W t J—

aw.. + Wy e, M

Parabola Parallelogram



9.48- rasm

fas

Yarim ellips
9.50- rasm

flllsSs™... I 1m ...
.jja*rgaz-L..
*..2n ... %

To‘g‘ri burchakli uchburchak
9.52- rasm

Kvadrat
9.54- rasm

9.49 rasm

> fAFU...
afc/Nlsas

L-if 2m

To‘g‘ri burchakli uchburchak
9.51- rasm

Jtoiw

y
T [yra Tpa6omnbl

Parabola yoyi
9.53- rasm

Parabola
9.55- rasm

3. Birjinsli yassi egri chizigning og‘irlik markazi topilsin.

3.1.L:Ox o‘qgi ustidajoylashgan yarim aylana: x’ +y2 =

(Javob: Y —1RIk
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3.2. L: Sikolidaning birinchi arkasi x-a (t-sint), y=a (1-cost)
4

(0<t<2k). (Javob:xc—m, yc=—a)
2 2 2

3.3. L.astroidaning x3+x3=a3 uchinchi kvadrantidagi
bo‘lagi.

(Javob: Cf=yc=- 0,4a.)

34. L: Radius R ga teng bo‘lgan aylananing x ga teng
markaziy burchakni tortib turgan yoy bo‘lagi. (Javob: og‘irlik
markazi yoy tortib turuvchi markaziy burchakning bissektrisasida

markazdan masofadajoylashgan).
X

3.5.L: Zanjir chizigning yoy boMagi y=a (x-a), (- a <x <a).
(Javob: x2=0, v ~IL 2+s}2]

4 sM
3.6. L: Kordiodahing yoyip a(l +cos™>)0 <(p<n). (Javob:
4 \
X. =% =g2)
( %
3.7. Z/Logarifmik spiralining yoyi p =a-€" | —<<p<n | =
V2 J
J az- e1>K+eK aelK-2e\
Javob:x - ———-——-—-- V S — -)
5 er-en ' 5e"-e

3.8. L: Sikloidaning bitta arkasi x=3(t-sint), y=3 (1-cost).
(Javob: xc =31, v, =4)

3.9. L:Astroidaning yoyi X =2co0s3 , v=2sin"" "
ul v4y

(Javob:x =v =g)
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310. L:x=e'sint y=e'cost \O<t<1\ egri chizigning yoyi

\Y; 2)
Javob:xc =—2tc—"—+—l—v = (e "o
5e2-11 5le2-1
3.11. L: kardioida =16.y, =0)

312. L: p =2sin™> egri chizig (0:0) nuqgtadan
2
nugtagacha. (Javob:xc=—,yc ={n —2)/K )
n
3.13. L: Aylana o‘ramasining yoyi Xx=a (cast+ tsint), y=a

(sint-tcost), © <t <n).(Javob: x =z("2+\)!an r,yc:—7l)
3.14. L:tp=0 va g==— nurlar orasidagip =2v3 cos <p egri

4
chizigning yoy bo‘lagi. (Javob mc =73(n +2)/ n, =2-N/5\)

3.15. L.Egrichizig x =Jb t2,y =t-t* (OZt ZI).
(Javob: *c= 2 |,n 1 ,(0™ 1))
3.16. Z.-tomonlarir+y=a, x~0, va y=0 to‘g"ri chiziglarda

a
yotgan uchburchak. (Javob: xc = yc ——)

2 ?
3.17. koordinata o'glari (x >0,y >0) va ~ + -1
a‘ b~
ellips bilan chegaralangan,
4a 4b
Mra4;x“=bl *3 =(3")'
3.18. L:- Sikloidaning birinchi arkasi x=a (t-sint), y~a (1-
5a N

casf) va Ox o‘qi bilan chegaralangan. (Javobxc- m ,yc =—6 J.
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3.19. L: y —Xx"; y =yjx egri chiziglar bilan
chegaralangan: i Javob:xc=yc =9

3.20. F: y=sinxSinusoidaning yoyi va OX o0‘qgining

(0 <x <) kesmasi bilan chegaralangan: {Javob \x =—)y =—
\ 1 2 e 8
321. F: Yarim aylana y =~R2-x* va OX o0‘qi bilan
4i?

chegaralangan. Javob xc=0,y =—
3n-;

3.22. F: Parabolaning yoyi y-b-Jx/a (a >0,b>0), OX

o'qi va X ~b to‘g'ri chiziq bilan chegaralangan.
3a bB
Javob:x — , v =—
' c 8

3.23. . F: Parabolaning yoyi y =bjxia (a>0,b>0), Ol
o‘qi va y —b to‘gri chiziq bilan chegaralangan.
JavoB\x —Sa,y 236).

' 10 "¢ 4)

2 3 A
3.24. F:Yopig }’ —QAX —X chiziqg bilan chegaralangan.

Javob:xc=—g ,v =0

3.25. F: Koordinata o°‘qlari va astroidaning birinchi
kvadrantga joylashgan yoy bo‘lagi bilan chegaralangan.
(T, 256a

3.26. F: Radiusi R markaziy burchagi 2a bo‘lgan doiraning
sektori: (Javob: Og‘irlik markazi sektoming simmetrik o‘gida
doiraning markazidan éR Sina masofada bo‘ladi. Agar doiraning

a
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markazi koordinata boshida, sektoming simmetrik o‘qi Ou o‘gida

bo‘lsa, xc=b,y =—R Slna gateng).
c 3 a

3.27. F: Kardoida p =a(\ +cos(p) bilan chegaralangan.
5a

Javob:x,=— ,y =0
6 f

3.28. F: Bernulli Ilemniskatasining birinchi bo‘lagi

p2=a2cos2p{javob:xc=-1Jl ka /8, yc =m0 j.
3.29. F: Koordinata o‘glari va 4x +*Jy =4a parabola

bilan chegaralangan. jj avob Xc =yc=-

3.30. F:Yarim kubikparabola ay —x va x = a to‘dg"
chizig bilan chegaralangan (a> 0). jjavob:xc=~, yc=0j m

Namunaviy variantyechish.

1 UzunligilL, asosining radiusi R bo‘lgan doiraviy silindr
(9.56-rasm) ko‘rinishidagi rezervuaming yuqoridagi suvni haydab
chigarish uchun bajarilgan A isbni aniglang. Suvning solishtirma
og‘irligiy = 9,81 kN/m 3.Bajarilgan” ishniX=5»i, R=Im
bo‘lgan hoi uchun hisoblang.

N Z balandlikda suvning dz gatlamini ajratamiz (9.56-
rasm). Uning hajmi:

dv =m2|01B|Ldz = 2LjR2- (R - z)zdz = 2L~z(2R -1)dz.

u * L o* dz 1. R 2R
. T a* . %
0
X
X
9.56- rasm
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Bu gatlamni H~2R-z balandlikga ko'tarish kerak, dz
qgatlamdagi suvni haydab chigarish uchun bajariladigan elementar
dA ish quyidagi formula orqgali topiladi:

dA =Hydu - 2yL,{2R—z)*z{2R—2z) dz.

Butun suvni haydab chiqgarish uchun bajariladigan ish

elementar ishlaming yig'indisiga teng:

2R 2R - 2R
A=fdA=j2)E(2R-2z)I"2R -2z) dz=2yL)Z>(2R -z f dt ()
0 0 0

Yuqoridagi differensial binomdan olingan (1) integralni

hisoblaymizm= n=\ = p=3=z Bo‘lgani uchun (1)
2 2 n

integralni hisoblashda a +bxn=wn xn (8.7 paragraf) almashtirish
bajaramiz. Almashtirishni qo‘llab:

2R —Z—u~2, dz =—4Ru{u? +1) du
A=2WNZ(2R-2Y dz— 7 - 2Kfu2+1, arapz=o.u - oo

arapr =2R,n=0

b27mMe\ un fun &
om2+1)

ega bo‘lamiz.

Oxirgi xosmas integralda, integral ostidagi funksiya to‘g’ri
ratsional kasr bo‘lib, (8.10) formulaga ko‘ra uni soda kasrlaming
yig‘indisi ko‘rinishida yozilishi mumkin (8.6). Bu kasrlardan
integrallar (8.4) rekkurent formula orqali oson topiladi. Rekkurent
formulani go‘llab:

N 4s «

3 rc.5 3 4_4
C nau r du——Z _____ - ="

U2+Df b4 417  @+)1 ' [R+i/) 4 4 4 64 4 2

u holda: A =32jLR3r/32 -jgLR3Agar: L=5m, R-Im bo‘lsa
A =314=981 <5 <1« \BAKK <

2. Suvning solishtirma og‘irligini 9.18 kH/M b deb hisoblab
suvga vertikal cho‘ktirilgan plastinkaga ta’sir etayotgan suvning
bosim kuchini hisoblang. Plastinkaning joylashishi, o‘lchovi,

formasi (9.57 rasm) da keltirilgan.
~ Koordinata sistemasini 9.57 rasmda ko ‘rsatilgandek tanlab

olamiz. U holda parabolaning sodda tenglamasi x2=-2py
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ko‘rinishda bo'ladi. Parabola A(lI/2,-1) nugtadan o‘tgani uchun,
p =1/8, x2=—y /4 gateng bo‘ladi.
Kengligi dx va yuzi ds = (] -y; )Jdx bo‘lgan gorizontal kesimni

x chuqurlikda ajratamiz. Suvning bu kesimga bosimi:
Ap =yx (I - |yl )dx =yx(l - 4x2)dx ga teng bo‘ladi.

9.57- rasm

U holda suvning butun plastinkaga bosimi ushbu formula
orqgali topiladi:

Agar H =L va ~=981 kH/M1b bo‘lsa bosim

2
/1=98iri_ 0 =rn 1A Hya teng bo'ladi. 4
V8 16] 16
3. Bir jinsli figura y =x2eay =-ix egri chiziglar bila

chegaralangan bo‘lsa, uning og‘irlik markazini toping.
~ Figuraning og‘irlik markazi ( 9.58 - rasm ) (9.17) formula

orqgali hisoblanadi, bu yerda:
fX{x)=x2, f2Ax)=y[x.
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4,
1o, L3
/]
w fC' |
0
9.58- rasm

Egri chiziglaming kesishish nuqtalari 0 (0,0) va B (1,1)
bo‘lgani uchun a=1, b=1. U holda:

*x N
jj(y 2-yl)dx :J(ch—x2)\dx=\f£xl—1x3' 1-1
0

o] V3 k)~3*
IX(y2-y)dx =jix (A x -x2dx  2X7 -~ 1=
. . v 4 0 20
~m}(32+ 9 )(v2-yhdx =] \{x-x)dx=F 12
m}(32+9 )(v2-y Ddx =] \{x-x")dx lbrs
9.6 9 - bo‘limga qo‘shimcha masalalar.
1  Tenglamaniyeching:
a) m dx b f d&X £ (Javob:a)x—2: b)
i 12 hio yEX 1 6
X=1n 4)
2. Tenglikni isbotlang:

ML = £-% gr>0),
JI+n \l+t'y

3. Agar /} =j NMja/x (<>1, n-butun) bo‘lsa, ushbu
0

1
K + In-2 N1 tenglikni isbotlang.
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4. Berilgan chiziglar bilan chegaralangan egri chiziqgli
trapetsiya yoki figuraning yuzini toping?

& '=V(-3)6-%x)"'eM
b) , e[On);
m)\-X
n\
4 p=tg{p,p=--——- cpelU,— ;
? 2]

d) y =x-el, xe[0;co),
e =7—-" 5 ;oo
)y =1y )
f) xy2—8- 4x va uning asimptotasi;
g) (xX+1l)y2=X2 (x <0) va uning asimptotasi;
(Javob: a} 39n/2; b)2; c) n74; d) 1;e) £ +].. f)4x; 9)
4 2
8/3)

5. Berilgan chiziglami aylanishidan hosil bo‘lgan sirt bilan
chegaralangan jismning hajm ini toping:

a) y= e~>§ vay =Q,0y o‘qi atrofida;
b) (@4 - x)y2—x3=0uning asimptotasi atrofida;

c) Yy~ 1 uning asimptotasi atrofida;
1+x2

d) v =e xSinnx va x>0, Ox o‘qi atrofida.

(Javob:a) n\ b) 16nr\c) nr/2; d) /r3/4Q1 + /r2)) )

6. Silindrik bak vertikal joylashgan bo‘lib suv bilan
to‘ldirilgan, tubida kichik tirgish bor. Bakdan suvning yarim “t”
vaqt ichida oqgib chigdi. Hamma suv gancha vaqt ichida oqib
chigadi?

Bu yerda fi=1 va v=MyfZgh, ° * tirgishdan oqib

chigayotgan suvning tezligi. [javob:(2+Verm in).
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7. Qarshiligi o‘’zgarmas R bo‘lgan rezistorga o‘zgaruvchan
U =UO0sincot kuchlanish  berilgan. Rezistorga ganchalik

o‘zgarmas kuchlanish berish kerakki, T =— vaqt ichida ajralib
@

chiggan issiqlik, o‘zgaruvchi kuchlanish bergandagi shu vaqt
ichidagi ajralib chiggan issiglikga teng bo‘lishi kerak. (Javob:
uosi2).

8. Elektr zanjir boshlang‘ich paytida R om garshilikga ega
va u tekis vom/c tezlik bilan o‘sadi. Zanjirga o‘zgarmas U B
kuchlanish berilgan. Elektr zanjirdan tc. vaqt miqdorida o‘tga.n

zaryadni aniglang (Javob : —h R +at).
a R

9. Yer atmosferasi massasini uning zichligi, balandlik
oshishi bilan p = p 0 e ahqgonun bilan o‘zgarsa, bu yerda h- yer
sirtidan garalayotgan nuqtagacha bo'lsa, hisoblab toping. ( Yer
radiusi “R” bo‘lgan shar deb hisoblanadi).

(Javob: {Mnp{lazR 2+ 2aR +2j)/a3).

10. lJism temperaturasi 7 =20°C bo‘lgan muhit bilan
qgoplangan. Sovutish natijasida  jismning temperaturasi

100°dan 60" ga tushgan. Sovutish boshlanishidan gancha vaqt

keyin jismning temperaturasi 30°Cga tushadi? (Javob: Isoat),

11. Massasi “m” bo‘lgan moddiy nuqta chiziqgli zichligi p
bo‘lgan cheksiz sterjendan “ | ” masofada joylashgan. Qanday
kuch bilan sterjen nuqtani tortadi? ( Javob: nypm/l,y —
gravitatsion o‘zgarmas).

12. 0 ‘g qgalinligi “h” bo‘lgan taxtani teshib o‘tgandan keyin
tezligi 17, danv2 ga o‘zgaradi. Qarshilikni tezlikning kvadratiga
proporsional deb hisoblab, o‘gning taxta ichidagi vaqtini toping?

(Javob: h(ol —2)/(uxv2In —2) [
o
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10.BIR NECHA 0 “ZGARUVCHILIFUNKSIYALARNING
DIFFERENTSIAL HISOBI
10.1.BIR NECHA O‘ZGARUVCHILIFUNKSIYA
TUSHUNCHASIL XUSUSIY HOSILALAR

Aytaylik, biror D(x,y) sohada har bir tartiblangan (x.y)
juftlikka anig zEEaR son mos qo‘yilgan bo‘lsin. U holda z, X vay
larga bog'liq bo'lgan ikki o'zgaruvchilifunksiya deyiladi. x va y
o‘zaro bogTig bo‘lmagan o‘zgaruvchilar yoki argumentlar
deyiladi. D to‘plam funksiyaning mavjudlik yoki aniglanish
sohasi, E to‘plam esa funksiyaning qiymatlari sohasi deyiladi.
Simvolik ravishda ikki o‘zgaruvchili funksiya z =f(x.y)
ko‘rinishda yoziladi, bu yerda / moslik gonuniyatini belgilaydi.
Bu qgonuniyat analitik ko‘rinishda (formula orqali), jadval
yordamida yoki grafik ko‘rinishda berilishi mumkin.

Umuman olganda dekart koordinatalari sistemasi Oxyz
kiritilgan fazoda har ganday z = f (x,y) tenglama biror sirtni
aniqglaydi, ya’ni ikki o‘zgaruvchili funksiyaning grafigi deganda
koordinatalari z ~f(x,y) tenglamani qanoatlantiruvchi fazodagi
M(x,y,z) nuqgtalar to‘plamidan hosil gilingan sirtni tushunamiz.
(10.1 - rasm).

Geometrik nuqtai nazardan, funksiyaning aniglanish sohasi
D, odatda shu sohaga tegishli yoki tegishli bo‘Imagan chiziglar
bilan chegaralangan Oxy tekislikning biror qgismini tasvirlaydi.
Birinchi holatda D soha yopiq soha deyiladi va D bilan
belgilanadi, ikkinchi holatda esa ochiq soha deyiladi.

1 - misol. z= In(y-x2+2x) funksiyaning D aniqglanish sohasir
va E —qiymatlar sohasini toping.
> Berilgan funksiya Oxy tekislikning y-x2+2x > 0 yol

y> x2-2x o‘rinli boTadigan nuqtalaridagina aniglangan.
Tekislikning y =x2-2x tenglikni gqanoatlantiradigan nuqtalari D

sohaning chegarasini tashkil giladi. y =x2-2x paraboladir. (10.2 -

rasm.) Parabola D sohada yotmaganligi uchun shtrixli chiziglar

bilan tasvirlangan). y>x2-2x tengsizlik o‘rinli bo‘ladigan nuqtalar

paraboladan yuqorida yotishini tekshirish oson. D soha ochiq
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atrof bo‘lib, (10.2 - rasmda y shtrixlangan) uni quyidagi
tengsizliklar sistemasi bilan aniglash mumkin:
D: {—00 <X < 4+ X2—2X < n < +00}

rmMao V. 0 .f wxit

10.1. rasm 10.2. rasm

Ikki o‘zgaruvchili funksiyaning tarifini uch va undan ko‘p
o‘zgaruvchilar uchun umumiashtirish giyin emas.

Agar biror n - o‘lchamli fazoda o‘zgaruvchilarning
har bir ») to‘plarmga, y ning biror aniq giymati mos
qo‘yilsa. u holday kattalik xj,...,x ,, o‘zgaruvchilaming funksiyasi
deyiladi va simvolik ravishday = f(x . ,x,) ko‘rmishda yoziladi.

0 ‘zaro bog‘lig bo‘lmagan Xxj,...,xn o‘zgaruvchilaming
giymatlari to‘plami n o‘lchamli fazoda M (xi,....x) nuqtani
aniglaydi, u holda har ganday ko‘p o‘zgaruvchili funksiyani
odaida mos o‘lchamli fazodagi M nuqgtaning funksiyasi deb
qaraladi: y=1f(M)

Agar har ganday s > 0 son uchun, shunday S > 0 son
mavjud bo‘lib, \X---x0\< Sva |u - u0|] <5 shartlami
ganoatlantiruvchi x va y lar uchun

f(x,y)-A\ <e

tengsizlik o‘rinli bo‘lsa, u holda A soni z=f(x,y) funksiyaning
M 0(xQU()) nuqtadagi lim iti deyiladi.

Agar A soni f(x,y) funksiyaning Mo(xo,yo) nuqtadagi limiti
boisa, u holda quyidagicha yoziladi:

A = HygH X»Y) =gy Y)
I~Y0
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2-misol A —Mm*-% , , , — limitnihisoblang.
yNo fx 2+y2+I- 1

> Limit belgisi ostidagi ifodada almashtirishlar bajarib
quyidagiga ega bo‘lamiz.

(xz+y2)(Ix2+y2+1+1)
A

§ n/*2+y2+ 1 ~TXYNTrr+1+7)
= 1n,,0 = Hm*o(V*2+y2+ 1| +
y.,0 x2+y +1—1 y->0
Iy =2~
Agar link-«0f(x,y) =f(x0Oy0) tenglik o‘rinli bo‘lsa,

z~f(x,y) funksiya Mo(xo,yo) nugtada uzluksiz deyiladi.

Masalan, z=l/(2x?+y*) funksiya cheksiz ko‘p uzilishga ega
bo‘ladigan M (0,0) nuqtadan tashqgari, tekislikning barcha
nuqtalarida uzluksizdir.

Biror D atrofiing barcha nuqtalarida uzluksiz bo‘lgan
funksiya, berilgan D sohada uzluksiz deyiladi.

Agar y ni o‘zgarmas deb olib, x o‘zgaruvchiga biror
Ax orttirma bersak, u holda z= fix,y) funksiya x o‘zgaruvchi
bo‘yicha 2z funksiyaning xususiy orttirmasi deb ataluvchi
Axz orttirma oladi.

Axz = fix + [Ox,y) - f(x,y)

Xuddi shu kabi, z= f(x, y) funksiyada x ni o‘zgarmas deb
olib, u ga Ay orttirma bersak, u holday o'zgamvcbi bo‘yicha z
funksiyaning xususiy orttirmasi quyidagicha bo"ladi.

Ayz =f {x,y +Ay) - fix,y)

Agar
Axz dz
asoX=7"=zn fAXiy)
Ayz dz

lim = —=12zy = fyix.
Ay-»0 Ay dy y yix.y)

limitlar mavjud bo‘lsa, bu ifodalar z= f(x,y) funksiyaning
mos ravishda x va y o'zgaruvchilar bo‘yicha xususiy hosilalari
deb ataladi.
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IXtiyoriy sondagi o‘zaro bog‘lig bo‘lmagan o‘zgaruvchilarga
ega bo‘igan funksiyaning xususiy hosilalari ham shu kabi
aniqglanadi.

Ixtiyoriy o'zgaruvehi bo'yicha olingan xususiy hosila, qolgan
o‘zgaruvchilami o‘zgarmas degan shartda shu o‘zgaruvchidan
olingan hosilaga teng bo‘lgani uchun bir o‘zgaruvchili funksiyani
differensiallasiming barcha qoidalari va formulalari ko‘p
o‘zgaruvchili funksiyaning xususiy hosilalarini topish uchun
olrinlidir. 4

3 —misol. Z=arctg- funksiyaning xususiy hosilalarini toping.

» Xususiy hosilalami topamiz:

dz 1 ./ Y\ y
dx 1-f(y/x)2n "™ x2 X2+y2
dz _ 1 1_ X
dy  1+y/x)2 x| xA+y2
4 - misol. WHn~(x2+y2+ 2) funksiyaning Xxususiy

hosilalarini toping.
» Xususiy hosilalarini topam iz.
ow

9 1
= 2In(x +y +z ) X———-——-X 2x
X2+y2+2z2

dw A 1

— = +y + ——— e——— -

dy nlgxr y Z% X2+y2+ 22 2¥
I.u\n: = 21n(x2+y2+z% X —\—-X 2b<

X2+y2+zz

Bog‘lig bo‘knagan o‘zgaruvchilardan biri o‘zgarmas,
ikkinchisi o‘zgaradi degan shartdagi z= f(x , y) funksiyaning
differensiali xususiy differensial deb ataladi, yani tarifbo‘yicha

dxz = fx(x,y)dx, dyz = fy (x,y)dy

bu yerda, dx=Ax, dy- Ay lar o‘zaro bog‘lig bo‘lmagan
o‘zgaruvchilarrimg ixtiyoriy orttinnalari  bo‘lib, ularning
differensiallari deb ataladi. Bu uch o‘zgaruvchili w=f(x,y,z)
funksiya uchun ham o‘rinlidir.

5-misol. w — (xy2)z funksiyaning xususiy differensiallarini
toping.

» Berilgan funksiyaning xususiy differensiali

dxw =2z3(xy2)zJ-1 X y2dx,dyw = z3(Xy2)z3 1 X 2xydy
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dzw = (xy2z x In(xy2 x 3z*dz 4
6 -misol.w = jx 2+ y2+ z2—xyz funksiyaning M(2,-2,1)
nuqtadagi xususiy hosilalarining qiym atlarini toping.
» Xususiy hosilalami topamiz:

dw X dw y
yz,—= —————= ——Xz,
dx yjX2+y2+ 22 dy yjx2+y2+2z2
dw z

VX2 +y2+ z2
Hosil gilingan ifodalarga berilgan nuqtaning koordinatalarini
go‘yamiz.

dw _2 _8 dwi 2 8
dz M ~3+2~3'-d\ M~ ~3~2~-"3
dwi 1 . _ 13
dzl m ~ 3 _ 3
10.1.- AT

1. Quyidagi funksiyalaming aniglanish sohasini toping,

a)z = ylJu2—2x +4) b)z ===+ /X —u

v) Z —An x+Incosy c)Z = n/x2+y2—9

2. Ko ‘rsatilgan funksiyalaming xususiy hosilalarini toping,

a)z =(x2+y2—xy2)3b) z =arcsin-

c)z=x"N+ d)z=In(x +aAx2=+y2)

gz =In(x Xy +Inx xy) e) u=arctg(xy/z)

f)m=wn/xX2+y2)(x2+ z2) z) M=(Xy)2—1

3. Agaru=In(l+x+y2+ z2J bo‘lsa Ux + Uy + Uz ning
M Q1,1.1) nuqtadagi giymatini hisoblang. (Javob: 3/2)

4.z =X + U + yAR2 +y 2 funksiyaning xususiy hosilalarining
M Q3,4) nugtadagi giym atlarini hisoblang. (Javob: 2/5, 1/5)

5.  Quyidagi funksiyalaming xususiy differensiallarini
toping:

a)z=In p/x2+y2b)z = arctg i’_‘)—(ly

c)U=xyzd)U- ~ - g
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Mustaqil ish
1. Quyidagilami toping:
a) funksiyaning aniqglanish va giymatlar sohasini:
z=In(4-x2+y2;
b) funksiyaning xususiy hosilalarini
Z —sin2(x cos¥+y sinX);

v) funksiyaning xususiy differensiallarini
Xyz

2. Quyidagilami toping:
a) funksiyaning aniglanish va qiymatlar sohasini
z = —x2-fu;
b) funksiyaning xususiy hosilalarini
u~arcsin 5jxy2z3;
v) fimksiyaning xususiy differensialiarini
z=VX2+y2/(x2-y2).
3.  Quyidagilami toping:
a) funksiyaning aniglanish sohasini va giym atlarini
z = sfx x it + yjx —u;
b) funksiyaning xususiy hosilalarini
u=tgax-y2 + z3):
v) funksiyaning xususiy differensiallarini
z —\f(x2—y 22

10,2. TO LA DIFFERENSIAL. OSHKORMAS VA
MURAKKAB FUNKSIYALARNIDIFFERENSIALLASH

Az —f(x + Ax,y + Ax) —f(x,y)

ayirmaga z= f(x,y) funksiyaning to‘la orttirmasi deb
ataladi.

z = f(x,y) funksiyaning to‘la differensialming, o‘zaro
bogiig bo‘lmagan Ax va Ay o‘zgaruvchilaming orttirmasiga
chizigli bog‘lig boigan bosh qismi, funksiyaning to’la
differensiali deb ataladi va quyidagicha belgilanadi dz.
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Agar funksiya uzluksiz xususiy hosilalarga ega bo‘lsa, u
holda to‘la differensial mavjud bo‘ladi va quyidagiga teng
bo‘ladi.

d
bu yerda dx = Ax,dy = Ay - o'zaro bog'lig bollmagan
o'zgaruvchilarning differensiallari deb ataluvchi ixtiyoriy
orttirmalardir.
rnt o‘zgaruvchili u= f(x i,X2..xn funksiya uchun to‘la
differensial quyidagi ifoda bilan aniglanadi.

du=— dx-i +”-dx2 ----1— dxn (10.2)
ax-L 1 dx2 dxn

1-misoL z = x2—xy +y 2 funksiyaning to‘la orttirmasi va
to‘la differensialini toping
» Tarifga asosan

dz —a;dx + ’\y—dy (10.1)

Az = (X + AX)2-(X+AX)(y+Ay)+ (y + [y)z-x2 + xy —y 2
X2+ 2XAX+AX2-XYy-XAY-UAX-AXAY+Yy2+2yAy + Ay2-
- X2+Xy-y2=2XAX-XAY+2yAy-yAX+AX2- AXAy+Ay2=(2Xx-y) AX
+2y-X) Ay +AX2-AxAy +Ay2

(2x-y) Ax +(2y-x) Ay ifoda Ax va Ay larga nisbatan chiziqli
bo‘lib dz HUHr guddepeHumamaup, a*Ax2-AxAy+Ay2 kattalik
esa Ap = y/Ax2+ Ay ga nisbatan yuqori tartibli cheksiz
kichikdir. Shunday qilib, Az = dz+aA

2 - misol. u=In2x2+ y2— z2 ) funksiyaning to‘l
differensialini toping.

» Aw al xususiy hosilalami topamiz:

du - 1x
dx 2In(x +y - z2 x.—X2+y2

du_ 2\nx’ +y’ —z2 X m——]"i——~2X 2y;

dy X2+y2-
1
2In(x2+y2- X————-—— [ X(-22).
nix ¥ 22 X2+y2- 25 (-22)
(10.2) formulaga asosan quyidagiga ega bo‘lamiz.
du =4In(xz+y2- z2) x X (xdx +ydy - zdz) <

Az ~ dz bo‘lgani uchun ko‘p hollarda to‘la differensial
funksiyaning giymatini taqribiy hisoblashda qo‘llaniladi, yani
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f(xO0+bx,y+by) f(xo,yo)+ dz(xQyQ
3 - misol (1,02)301 ni taqribiy hisoblang.
» z=xy fiinksiyani qaraymiz. xg=1 va yo=3 da quyidagilarga
ega bo‘lamiz.
z0=13=1; Ax=1,02-1=0,02, Ay = 3,01 - 3 =0,01
z=x" funksiyaning ixtiyoriy nuqtadagi to‘la differensialini
topamiz.
dz = yxwAX+xunx Ay
Berilgan Ax=0,02 va Ay = 0,01 orttirmalami etiborga olgan
holda buning M (1;3) nuqgtadagi giymatini hisoblayraiz.
dz =3-12-0,02+13bl1-0,02=0,06
U holdaz=(1,02)301 z0+ dz=I+0,06=1,06 <

z — f (u, v) funksiya, bu yerda u=(p(x,y), v= (p(X,y) X vay
o'zgaruvchilarning murakkab funksiyasi deb ataladi. Murakkab
funksiyaning xususiy hosilalarini topish uchun quyidagi

formulalardan foydalaniladi:
dz dzdu , dzdv

bx = &ubx * dvbix (10.3)

dz _ dzdu dz dv
dy du dy dv dy’
u=(pX), V=\/® bolgan holda (10.3) formulaning ikkinchisi
aynan no‘lga aylanadi. Birinchisi esa quyidagi ko ‘rinishga ega
bo‘ladi.
dz dzdu dzdv
dx dxdx dvdx'
Oxirgi formuladagi g ifoda funksiyaning toia hosilasi deb

d
ataladi (—Z xususiy hosiladan farqli ravishda.)

4 - misol. z =sin(uv) funksiyaning xususiy hosilalarini
toping, bu yerda u=2x+3y, v=x+y.

» Quyidagiga ega bo'lamiz:

— =vcos(uv) -2+ucos(n X v) &/ —Cos (2x3+3xy3
(4xy'+3y2

nT n y
dy v cos(uv) m8 + ncos(u X v) mx =cos (2x y+3xy)
Bxy+2x2 M
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5 —misol. U=x+u2+ z 3 funksiyaning to‘la hosilasini topmg,
bu yerda y=sinx; z=cosx
» Quyidagiga ega boMamiz:

dz _ du_qduy dy o duy —jz=1’+'2y CoSX-t-3 Z 2(§in'x))‘
X

dx dx dy dx dz
= 1+ 2sin x cos X —3 cosxsin X A
Agar F(X,y) = 0 tenglama oshkormas ravishda ikKki
o‘zgaruvchili z(x,y) funksiyani ifodalasa va Fz(x,y,z) ® 0bo‘lsa,
u holda quyidagi formulalar o‘rinlidir:
dz _ Fx(xy,z) dz _ Fyu(x,y,z) n07)
dx F7(x,y,z)" du Fz(x,y,z) ’
6-misol. Oshkormas ravishda berilgan x3+y3-ex~5=0
tenglamadan y funksiyaning hosilasini toping.
» (10.6) formulaga asosan, quyidagiga egabo‘lamiz.

du _ 3X2-exyy.y ~
Aax 3y2-e xyxx
7 - misol. Oshkormas ko‘rinishda berilgan xyz+x3-y'-z3+5=

tenglamadan z funksiyaning xususiy hosilalarini toping.
» (10.7) formuladan foydalanib, quyidagiga ega bo‘lamiz:

dz yz+3x2 dz xz-3y2
dx Xy-3x2 dy Xy-3x2
10.2-AT

1. Quyidagi funksiyalaming to‘la differensialini toping.

a) z=x3+xy2+x2; b)) z=ex3; v) U=sin2(xy2Z3

2. Funksiyalaming mos orttirmalarini ularning to‘la
differensiallari bilan almashtirib, berilgan ifodani taqribiy
hisoblang:

a) (1.02)3-(0,97)3 b) V(4,05)Z1 (2.93)2 (Javob: a)0,97;
b)4,998.)

3. Agar u=x siny, v=ycosx bo‘lsa, z=yju2 + v 2 funksiyaning
xususiy hosilalarini toping.

4. Agar u=xy, v=x/u, t=exybo‘lsa, w = In (uU3+v3-3
funksiyaning xususiy hosilalarini toping.

5. Agary=sin” bo‘lsa, z= tg2x2-y2 funksiyaning hosilasini
toping.
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6. sinxy-x2-y2=5 tenglama bilan oshkormas ravishda berilgan
n funksiyaning hosilasini toping.

7.Xyz- sin2xuz+x3+y3+ z3= | tenglama bilan oshkormas
ravishda berilgan z funksiyaning xususiy hosilalarini toping.

8. x2+y2+z2—xyz = 2 tenglama bilan oshkormas holda
berilgan z funksiyaning xususiy hosilalarining MQ,1,1)
nuqtadagi qiym atlarini hisoblang.

Mustaqil ish

1. Quyidagilami toping;

a) uz earctg(x/yj funksiyaning to‘la differensialmi;

b) sinXy2+cos3xz ] tenglama  bilan berilgan y
funksiyaning hosilasini.

2.  Quyidagilami toping:

a) z=ctgAxy2y3+ xy) funksiyaning to‘la differensialini;

agary = e~x'bo'‘lsa,

by- z —arctg”jx2+y 2 funksiyaning hosilasini.

3. Quyidagilami toping:

a) z = ecos2(x*~y2 funksiyaning to‘la differensialini;

b) x2y2z2+ 7y 4—8xz3Hz4 — 10 tenglama bilan
berilgan z funksiyaning xususiy hosilalarini.

103. YUQORITARTIBLIXUSUSIY HOSILALAR
URINMA TEK3SLIK VA SIRTNING NORMALI

Birinchi tartibli xususiy hosiladan olingan hosila ikkinchi
tartibli xususiy hosila deb ataladi.
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Uchinchi va undan yuqori xususiy hosilalar aynan shu kabi
: N 4 . . :
aniglanadi. YOZWV z funksiya x o‘zgaruvchi bo‘yicha k

marta, y o‘zgaruvchi bo‘yicha n-k marta differensiyallanganligini
bildiradi. fxy(x, u) va fyX(x,y) xususiy hosilalar aralash xususiy
hosilalar deb ataladi.
Aralash xususiy hosilalar uzluksiz bo‘lgan barcha nuqtalarda
ularning giymatlari teng bo‘ladi.
1 - misol. z 2—zex y funksiyaning ikkinchi tartibli xususiy
hosilalarini toping.
» Avval birinchi tartibli xususiy hosilalarini topamiz:
fx = e*222mxy2?fx = ex2y2 m2x2y.
Yana bir marta differensiallab quyidagiga ega bo‘lamiz:
0 =exX2d2mxy4+ exd2 Ry 2
tl =e*V .Ax*Y2 + e*V .2x2
ay2
dzz

axay
o = OO WixY 3+ exdy2 mixy.

S22 -4r 3v3+ px2y2

2
Oxirgi ikki ifodani solishtirib, -2 — 42 ekannligini
Axay AyAx
ko‘ramiz. A

2 - misolz = arctg ” funksiya ~N - Olaplas

tenglamasini ganoatlantirishini isbotlang.
» Quyidagilami topamiz:
dz y dz X
dx X2+y2'dy x2+y2

Uholda£f+!ji =585, 9%, =014
dx2 yl (*Z+y22 (x2fy2)2

z=f(x,y) funksiyaning ikkinchi tartibli to‘la dijferensiali d2z
quyidagi formula bilan ifodalanadi.

7 d2z d2z d2z
d*z = — —dx- + 2 dxdy + — ~dyz
dxr dxdy ayr
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3 — miso! z=x3+y3+x%¥ 2 funksiyaning ikkinchi tartibli toia
differensialini toping.
» IkKkinclii tartibli xususiy hosilalami topamiz.

dz dz
— =3x2+2xy ;— =3y2+2x ym
[6):4 dy

2. 32z

6x-1-2}/ —‘—E’X"'?”: e —ﬂxy

Shunday q|I|b,
= (6x + 2y 2)Jdx + 8xydxdy + (6y + 2x2dy2+4
Agar sirt z=f(x,y) tenglama bilan berilgan bo'lsa, berilgan
sirtga Mo(xQyo,zQ nuqtada o ‘tkazilgan urinma tekislik tenglamasi
quyidagicha bo'ladi:
z ~za = /x(x0>Y0)(x ~ x0) + fy(xo>yo)(y ~ Yo)- (0.8)
Sirtga Mo(xo,yol nugta orgali o‘tkazilgan normalning kanonik

tenglamasi esa quyidagicha bo‘ladi.
x-x0 _  y-y0O _ z-z0
x(.X0,y0) fy (xa,Y0) -1
Sillig sirt tenglamasi oshkormas holda F(x,y, z)=0 va
F(xO0ly0,z0 =0 ko‘rinishda berilgan bo‘lsa, u holda M QxQyo,)
nugtadagi urinma tekislik tenglamasi quyidagi ko‘rinishda
bo‘ladi.
Fx(x0,y0,Z0)(x ~ x0) ~ K (x0,y0,z0)(y - y0O) +

K (x0,y0z0(z - z0 - O, (10.10)
normalning tenglamasi esa:
= y-Yo___ z-Zp (10 11)

Fx(xa,y0,zn) Fy (xaya, zQ Fz (xc yO, zO)
4-misol. x3+ y3+z3+xyz-6=0 sirtga Mo(l,2,-1) nuqgtadagi
xususiy hosilalaming qiym atlarini hisoblaymiz:
» FX(x0,y0lz0) = (3x2+yz) \Mb = 1,
Fy (x0,y0,z0) = (3y 2+x2z) |Mo = 11,
Fz (x0,Y0,20) = (3zz+yx) Wb = 5.
Bulami (10.10) va (10.11) tenglamalarga qo'yib, mos
ravishda urinma tekislik tenglamasi
x-D+1ll(y-2)+5@z ~ =0

va normalning kanonik tenglamasini topamiz:
X-1_ y—=2_ z+1 ~

1 13 5
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103 - AT
1. Quyida ko‘rsatiigan funksiyalaming ikkinchi tartibli
xususiy hosilalarini toping va ularning aralash hosilalarini
tengligini tekshiring.
a)z =N (x 2+y23

b)z =\n(x +yjx2+y2);
V) z = ex(siny + cosx);
X+y
g)z = arctg-—
2. z =e*(xcosy —ysiny) funksiyaning ~ +——=20
tenglamani ganoatlantirishini isbotlang.
3. z = e +3y" funksiyaning 9 x — =~ tenglamani

ganoatlantirishini isbotlang.

4. xvz2 +2y2+3y z +4 = 0 sirtga Mo(0.2,-2) nuqgtada
o‘tkazilgan urinma tekislik tenglamasi va normal tenglamasini
toping.

5. z—-x2— y2 sirtga Mo(3,,4) nuqgtada o‘tkazilgan
urinma tekislik va normal tenglamasini toping.

(avob: 3x-y-z=4, - =1L =%

6. x2+2y2+ z2=1 ellipsoid uchun x-y+2 z —0 tekislikka
parallel urinma tekislik tenglamasini yozing.

M ustaqil ish

1. 1. z=In(x2+y) funksiyaning ikkinchi tartibli
hosilalarini toping.

2. X2+2y2+ 3z2=6 sirtga M o (l,-1J)) nuqtada o'tkazilgan
urinma tekislik va normalning tenglamasini yozing.

2. 1,z = exy funksiyaning ikkinchi tartibli hosilalarini
toping.

2.z — 1 + x2+y2sirtga Mo(l,Lzo) nugtada o‘tkazilgan urinma
tekislik va normalining tenglamasini yozing.

3. lz=(x+y)/(x-y) funksiyaning ikkinchi tartibli xususiy
hosilalarini toping.
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2. XZ-Xyz+y2-x-3=0 sirtga Mo(-2,3,z0 nuqgtada o ‘tkazilgal
urinma tekislik va normalming tenglamasini yozing.

104.IKKIQ‘ZGARUVCHILIFUNKSIYANING
EKSTREM UM I

Agar Mo(xo,yo.) nugtadan fargli va uning yyetarlicha Kkichik

atrofiga tegishli barcha M (x,y) nuqgtalar uchun
f(xo,y0)>f(x,y) (f(xo.yo)<f(x.y))

tengsizlik o‘rinli boisa, MOQXxoyo,) nuqta z= f(x,y)
funksiyaning lokal maksimumi (minimumi) deb ataladi.
Funksiyaning maksimum yoki minimumi uning ekstremumi
deyiladi. Funksiya ekstremumga erishadigan nuqta, funksiyaning
ekstremum nugqtasi deb ataladi.

1 —teorema. (Ekstremum zaruriy sharti).

Agar Mo(xo,yo,) nuqtaf(x,y) funksiyaning ekstremum nuqtasi
bo‘lsa u. holda /x(x0Yo) —/y(*o,Yo) = 0 bo‘ladi yoki bu
hosilalardan birontasi mavjud boMmaydi.

Shu shart bajariladigan nuqtalar statsionar yoki Kkritik
nuqtalar deb ataladi. Ekstremum nuqtasi har doim statsionar
nugta bo‘ladi, ammo statsionar nuqta ekstremum nuqgtasi
bo‘lmasligi ham mumkin. Statsionar nuqgta ekstremum nuqtasi
bo‘lishi uchun, ekstremum mavjudligining yyetarli sharti
bajarilishi kerak. lkki o‘zgaruvchili funksiya ekstremumining
mavjudligining yyetarli shartini tariflash uchun quyidagicha
belgilashlar kiritamiz:

ANMxx (x0.Y0),B =fxy (x0Oy 0),C - fyy (xOy 0),4=Ax C- B2

2- teorema. (Ekstremum yyetarli sharti).

Aytaylik z=f(x,y) funksiya Mg(xo,yo,) statsionar nuqtani o'z
ichiga olgan biror sohada uchinchi tartibli uzluksiz xususiy
hosilalarga ega bo ‘Isin. Uholda:

1) agar A> 0 bolsa u holda Mo(xo,yo,) nuqta berilga
funksiya uchun ekstremum nugqtasi bo 1adi, bunda M Onuqta

A < 0(C < 0) bolganda maksimum nugqtasi va A > 0(C >
0) bo 1lganda minimum nugqtasi bo fadi;
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2) agar < 0 bolsa, v holda Mg(xo,yo,) nuqtada ekstremum
Yo q;

3) agar A= 0 bosa, n holda ekstremum bo lishi ham,
bo ‘Imasligi ham mumkin.

Ko‘rinib turibdiki, uchinchi holda go‘shimcha tekshirish talab
etiladi.

1- misol z= x3+y3-3xy funksiyani ekstremumga tekshiring.
» Qaralayotgan misolda — va doimo mavjud bo‘ladi,

shuning uchun statsionar (kritik) nuqtalarni topish uchun quyidagi
tenglamalar sistemasiga ega bo‘lamiz (1- teoremaga qarang):

dz
— = 3x2- 3y =0,
0oX
dz
— =3v'—3x =0.
dy '
Tenglamalar sistemasini yechamiz:
x2-y=0 : .
.2 n bundan xi= 0, x2 -1,yi= 0,y2 1
iy2—x=20

Shunday qilib, Mj(0,0) va
nuqgtalarga ega bo‘lamiz.
Quyidagilami topamiz:
d2z d2z d2z
A = dx2=8X,B = fady =~3,c = = 6y
U holda =AC-B2=36xy-9.

., MZ,l) ikkita statsionar

Mi(0,0) nugtada =-9, yani bu nuqtada ekstremum yo‘q.

M Z1,l) nugtada =27 OvaA = 6 > 0, bundan kelib chigadiki,
bu nugtada berilgan yunksiya lokal minimumga erishadi: zmin =
-1 M

z=f(x,y) funksiyaning (p(x,y) —0 shartda topilgan
ekstremumi shartli ekstremum deb ataladi. (p(x,y) = O tenglama
bog‘lanish tenglamasi deb ataladi.

Shartli ekstremumni topishning geometrik masalasi z=f(x,y)
sirtaing pCx,y) = O silindr bilan kesishgandagi egri chizigning
ekstremal nuqtalarini topishga keltiriladi.
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Agar <p(x,y) = 0bog'ianish tenglamasidan y y(x) ni topib
z—f(x,y) funksiyaga qo‘ysak, u holda shartli ekstremumni topish
masalasi bir o‘zgaruvchili z=1(x,y(x)) funksiyaning ekstremumini
topishga keltiriladi.

2 - misoL z=x2y2 funksiyaning vy 2x-6 shartni
ganoatlantiruvchi ekstremumini toping.

>y 2x-6 ifodani berilgan funksiyaga qo'yib bir
o‘zgaruvchili funksiyaga ega bo‘lamiz:

Z=X2-(2x-6)2, z=-3x2+24x-36.

Quyidagini topamiz z' =-6x+24; bundan x -4. Shunday qilib

z" =-6 0, u holda berilgan funksiya Mi4,2) nuqtada shartli

maksimumaga erishadi: zmax=12. A

Differensiallanuvchi funksiya, chegaralangan yopiq D sohada
0‘zining eng katta (eng kichik) giymatiga yoki D sohaning ichida
yotuvchi statsionar nugtada yoki shu sohaning chegarasida
erishadi. =

Funksiyaning yopiq D sohadagi eng katta va eng Kichik
giymatlarini topish uchun, uning berilgan sohaning ichida va
chegarasida yotuvchi barcha kritik nuqgtalarni topish zarur,
fimksiyaning shu nuqtalardagi va shuningdek, chegaralaming
qolgan barcha nuqtalaridagi qiymatlari hisoblanadi, so‘ngra
solishtirish yo‘li bilan hosil gilingan sonlardagi eng katta va eng
kichiklari tanlanadi.

3 —misol. z=x2+y2-xy+x+y funksiyaning x=0, y=0, x+y=-3
chiziglar bilan chegaralangan sohadagi eng katta va eng kichik
giym atlarini toping.

» Quyidagi tenglamalar sistemasidan M) statsionar nuqgtani
topamiz:

dz
— =2x -y +1=0,
ox
dz
— =2y —x+1 =0
dy

Btmdanx—7, u=-Il. zI=z(-1,-1)~ 1 bo‘lgan Mj(-1,-1) nuqgtani
hosil gilamiz.
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Berilgan funksiyani chegaralarida tekshiramiz.

x=0 bo‘lgan OB to‘g‘ri chizigda *x
Z=y*+y ga ega bo‘lamiz va masala
bir o‘lchovii funksiyaning [—3,0]

oraligdagi eng katta va eng kichik ..... .. W[
giym atlarini topishga keltiriladi. ,  * M
Quyidagilami topamiz: 4\

1 .
zy =2y+| =0,x = ——zyy =2

Z(0;~2 =~4 bo‘ladigan
M20,- ’1‘) shartli lokal minimum nuqgtani hosil gilamiz. OV
kesmaning chekka nuqtalarida z3 = z(0; —3) = 6,z4 = z(0; 0) =
O bo‘ladi.

Xuddi shu kabi y=0 bo‘ladigan OA kesmada quyidagilarga
ega bolamiz: z=x2+x, zx=2x+I, x=-1/2, zxx = 2, yani M 3-",0)
- lokal minimum nuqta bo‘lib. bu nuqtada zs=(-~rO)=  bo‘ladi.
A nugtada z6=z(-3;0)=6 bo‘ladi. x+u~3 to‘g‘ri chizigdagi AB
kesmada y=-x-3 ifodani z funksiyaga qo‘yib, quyidagilami hosil
qgilamiz.

Z=3X~ +9x+6, zx=6x+9-0, x=-3/2.

Bundan, z4 = 2 bo‘ladigan M4- \\~\)
nuqtani topamiz. AB kesmaning chetki nuqtalaridagi funksiyaning
giymatlari topilgan. z funksiyaning barcha topilgan giymatlarini
solishtirib, quyidagi xulosaga kelamiz, A(-3,0) va B(0,-3)
nuqgtalarda o‘zining eng katta qiymatiga erishadi zmax = 6, Mj(-
1,-1) statsionar nugtada esa zmin =-1 bo‘ladi. M

4 —misol. To‘g‘ri burchakli parallelepipedning to‘la sirtinir

yuzi S ga teng. Eng katta hajmga ega boladigan o‘lcbam/larini
toping.

> To‘g‘ri burchakli parallelepipedning hajmi F=xxy X z |

teng, bu yerda x,y,z —parallelepipedning o‘lchamlari, uning to‘la
sirtining yuzi esa S=2(xy+xz+yz) ga teng.
Bundan 2(x+y) V=g rzg(gy)g = V\(/x,}/g
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V = V (X, y) funksiyaning ekstremumini topamiz:
dv yz(S —2x2—4xy)

dx 2(x +y)2
dVv X2(S -2y2-Axy)
du 2(x +y)2

X > 0,y > 0 bo‘lgani uchun oxirgi sistemadan Xx-y=

ekanligi kelib chigadi. V=V(x)y) funksiyaning maksimumi

yechimga ega!), shuning uchun maksimum mavjudligining
yyetarli shartini tekshirishning hojati yo‘q.
Quyidagini topamiz:

IS
Shunday qilib, girrasi j- ga teng bo‘lgan kub eng katta

hajmga ega bo‘lar ekan. 4

104 - AT.
1. Quyida berilgan funksiyalami lokal ekstremumga
tekshiring:
a) z=x3+3xyZ 15x-12y;
bj z=x2+xy+y22x-y;
c) z=3xy-x2-y2 10x+5y;
(Javob:a)zmin = z(2,1) = -28,zmax = z(-2,-1) = 28;

b) zmin =2z (1,0) = —1; s) ekstremum nugqtalari yo‘q.)
2. z=x+2y fimksiyaning x2+y2=5 shartni ganoatlantimvchi
ekstremumlami toping. (Javob: x=~I, y~-2 bo‘lganda zmin = -5;

x=1, y=2 bo‘lganda zmax =5

3.  z=x22y2+4xy-6x+5 funksiyaning, x=0, y-—0, x+y—3
to‘g‘ri chiziglar bilan chegaralangan sohadagi eng katta va eng
kichik giymatlarini toping. (Javob:

Ze kichik 9,7, =2(0,0) =5)



4, z—X y (@4-x-y) funksiyaning, x=0, y=0, x+y=6 to‘g'ri
chiziglar bilan chegaralangan sohadagi eng katta va eng kichik
giymatlarini toping. {Javob:

Zekichik  ~(4,2) 64,zeatta N(2,1) 4.)

5. Hajmi V ga teng to‘g‘ri burchakli parallelepipedning,
sirti eng kichik yuzaga ega bo‘ladigan o‘lcham larini toping.

(Javob: qgirrasi 4V gatengbo‘lgan kub.)

Mustaqil ish
1. z=x3+y3-3x+2y funksiyani ekstremumga tekshiring.
(Javob: zmin = z(14,—1) = 3J
2. z=xly-x2-y+6x+3 funksiyani ekstremumga tekshiring.
(Javob. zmax z(4.,4) 15))
3. z=3x2-3+3y2+4y funksiyani ekstremumaga tekshiring.

(Javob: zmin = z(0,-2/3) = - )

105. 10- BOBGA DOIRINDIVIDUAL UY
TOPSHIRIQLARI
1. Ko‘rsatilgan funksiyalaming aniglanish sohasini toping.

1.1. z=3xy/(2x-5y) 1.2. z =arcsin(x-yj
13. z=-ly2—x2 14. z =In(@d-x2)
15. z =2/(6-x-y2 16. z=lxz+y2—5
1.7. z =arcos(x+y) 1.8. z =3x+y/2-x+y)
19. z =yj9 - x2—y 2 110. z =In(x2+y2-3)
1.11. z-~2x2—y?2 112, z =4xy/(x-3y+))
113. Z =yjxy /(X2+y) 114. z =arcsin(x/y)
115. z=In(y2>2 1.16. z ~xF/(3+x-y)
1.17. z =arcos(x+2y) 1.18. z =arcsin(2x-y)
119. z =In(9-x2y2 120. z X2—y?2
1.21. z=1/Mx2+y2—5 122. z =4x+y/(2x-5)
123. z =V3x —2/ (X2+y2+4) 124. z -5/(4-y2y)
125. z =In@2x-y) 1.26. z =7xy/(x-4y)
127. z=y\-x-y 1.28. z =eVv*2Hy2-i
1.29. z =)/ (x2+y26) 1.30. z =4xy/(xr —y 2
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2. Quyidagi funksiyalaming xususiy hosilalarini va xususiy
differensiallarini toping.

21. z—In(u2e-x) 2.2. z =arcsiriyfxy
2.3. z =arctg ( x2+}2 2.4. z =cos(x3-2xy)
25. z =sin <ly/x3 2.6. z =tg(x3+y3
27. z=ctgjxy3 2.8. z me—x2H2
2.9. z =In(3x2y4 2.10. z =arcos(y/x)
2.11. z =arcctg(xy2) 2.12. z =cos y/x2+y?2
2.13. z =sin yjx —y3 2.14. z =tg(x3/4
2.15. z =ctg(3x-2x) 2.16. z =e22~y5
217. z=In {yjxy —1) 2.18. z =arcsin(2xy)
2.19. z =ar-ctg (x2Zy) 2.20. z =cos (x —a/xy3)
- . X+y . 2X+Y?2
2.21. z =sin--= =tg=—-—-

Xy 222. z=1g ~
223. z =ctg 1/ 224. z =e-A 242

yX-y
2.25. z =In(3x2-y2 2.26. z -arccos (x-y2
2.27. z =arcctg? 2.28. z cos X§+y2

—a (N

2.29. z=sin —- 2.30. z =e-("3+>3

_/\X+y

3.f(x,y,z) berilgan funksiyaning Mo(xQyQzQ nugqgtada f X (Mo),

fy (MO, fz (M O xususiy hosilalarining giymatini verguldan
keyin ikki xonagacha aniglikda hisoblang.

3.1 f(x,y,z)=2/yjx2+y 2,M0(0.-1.1). (Javob: fx (0,-1,1)=0,

/uOrlh)=1/7z0,-1,)=1)

3.2f(x,y,z)=In(x+"~~), M0(1,2,1). Javob: fx (1,2,1)=0.5,
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fy 0,21>=025,/z (1,2,)=-0,5.)

33.f(x,y,z)=(sinx)yz, Mo (J, 1,2). (Javob: £ (|, 1,2)=0 87
/;"M,2)=-0,35,/2(f1,2)=-0,17.)

3.4.f(x,y,2)=In (x3+ 2y3 —z ®, M0(2,1,0).

(Javob: fx (2,1,0>1,2, fy (2,1,0)=0,6, fz (2,1,0)=0.)

3.5.f(x.y,2)=xlyly2 + z2. M,,(1,0,1).

(Javob:(1,01>4,fy (1,01>=0/2<101)--1.)

3.6.f(x,y,z)=In cos(x2 +y 2+ z), M0(0,0,)).

(Javob: fx (0.0,5=0, fy (0,0,)=0, f2(0,0,H=-1)

3.7.f(x,y,2)~27\]x +y2 +23 M0(3,4,2).

(avob: fx (3,4,2)=1, fy (3,4,2)=8, /72 (3,4,2)=12)
3.8.f(x,y,z) =ar&g(xy2+z), M0 (2,1,0).

(Javob: fx (2,1,0)=0,2, fy (2,1,0=0,8, /z (2,1,0)=0,2.)
3.9.f(x,y,z)=arcsin(x2/- z), M 02,5,0).

(Javob: /*(2,5,0=1,33, /~(2,5,0=-0,27, /z(2 ,5,0=-1,67 )
3.10. f(x,y,2)~ v'z sin(y/x), Mo (2,0,4).

(Javob: fx(2,0.4)=0, /y(2,0,4)-!. /z(2,0,4)=0.)
3.11.f(x,y,z)=ybIlx2 + z2, Mo (-1,1,0).
(avob:fx(-\,10)=1, £(-1,1,0)=1, /,(-14,0)=0.)
3.12.f(x,y,z)—arctg (xz/y2, Mo (2,1,1).

(Javob: fx(2,1,1)=0,2, y(2,1,1>=-0,8, /2(2,1,1)=0A)
3.13.f(x,y,z)=in sin (x-2y+z/4). M, (J,1/2,1f).

(Javob: fx\\/2,n)=\,/y(1,134=-2, /z(1/2,/1)=0,25.)
3.14 .f(x,y,z2)=\+z - xMo(l,1,2).

(avob: x(I,1,2)=-1,5,/y(1,,2)=-1, /z(1,1,2)=1,25.)
3.15. f(x,y,2)=1/"Ix2 + y2 —z 2. Mo (1,2,2).

(Javob: fx(1,2,2=-1, fy(L2,2)=-2, /2(1,2,2)=2.)
3.16.f(x,y,2)= In(x+y2- \'x2zz, Mo (5,2,3).

(avob: /*(5,2,3)=-1,14, (5°3>=0,44,/2(5,2,3)=0,75.)
3.17.f(x,y.2)= y[zxy, Mo (1,2,4).
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(Javob: fx(1,2,4)=4, /(,2,4)=0, /2(,2,4)=0,25).
3.18.1f(x,y,z2)*»z/yjx2 + y 2, MO(\[2, \f2, y[2).
__(Javob: fx(~2, yi2, n/2>0,25, fy(yf2,vZ vT)=0.25, /2(V Z
V2,V2>-0,5,
5.79. f(x,y,z)—In (x3 + \fy-z). MO (2,1,8).
(Javob: fx (2,1,8)=12, fy (2,1,8)=0,33, fz (2,1,8)=-1.)
28&.1(x,y,z)-z/(x4 +vy 2, M0(2,3,25).
(Javob: fx(2,3,25)--!.28, /y(2,3,25)=-0,24, /z (2,3,25)=0,04.)
3.21.f(x,y,z)=8\\x3 + y'l1+ z, Ma (3,2,1).
(Javob.p2n1)=2,1, /(3,2,1)-0,4, 2(3,2,)=0,l.)
3.22.f(x,y,z)=tn(\fx + -z),Mo(,1,2).
(Javob: fx(\,)=0,2, ty(,1,)=0,25, ;Z1),1)--1.)
3.23.1(x,y,z)=-2x/yly 2+ z2, Mo (3,0,1).
(Javob: /;3,0,1)=-2,/(341)-0, /r(3,0,1)=6.)
3.24.f(xy,z)=ze~"x"+y™ 12, M (, (0,0,1).
(Javob: fx(0,0,1)=0, /y(041)=0, /2(0,0,h)- 1)
3.25.f(x,y,z)=s ~ ,M 0~ ,y [/ 3).
(Javob: fx(\,\,Vv3)=0,5,/y(f,f,Vv3) -05, \,V3)=-
0,17.)
3.26.f(x,y,z)= Vz mn/x + g/y,), MO
(flvofe: /C(4,1,4)=0,17, /y(4,1,4)=0,33, /2(4,1,4)=0,27.)
5.27f(x,y,z)=xz/(x-y), M{3,1,1).
(Javob: fx(3,1,1)=-0,25, /y(3,,)=0,75, /2(3,11>-15)
3.28.f(x,y,z)="Ix2+y 2—2xy cos z, MO(34, |).
(Javob: £(3,4,H)=0,6, /y(3.4. )=0.8, fz(3,4,5=2*4))
3.29.f(x,y.z)=ze~xy,M 0(0.1,1).
(Javob: fx(0,1,1)=-I, fy(0,1,1 =0 /2(0,1,1)=1))
3.30. f(x:y.z)=arcsin(x™Ny-yz2, Mo (0.4,1).
(Javob: fx(0,4,1)=2, /y(0,4,1)=-I, /2(0,4,1)--8.)
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4. Ko ‘rsatilgan funksiyalaming to‘la differensialini toping.

4.1. z =2x3-4xyD 4.2. z =xZ% sin Xx- 3y
43. z =arctgx+ly 4.4. z =arcsin (xy)-3xy2
45. z =5xyd+2x¥ 7 46. z =-cos(x2 —y 2+x3
47. z=In(3x2—2y 3 4.8. z =5xy2-3x3 4
4.9. z =arcsin(x+y) 4.10. z =arctg (2x-y)
4.11. z =7x3/-y[xy 412. z =*x2+y2—2Xxy
4.13. z =ex+y~4 4.14. z -cos(3x+y)-xz
4.15. z =tg((x+y)/(x-y)) 4.16. z =ctg(y/x).
4.17. z =xy4-3x¥+ | 4.18. z =In(x+xy-/)
4.19. z =2xF2+x3y3 420. z~"3x2—2y2+5
4.21. z =—-arcsin((x+y)/x) 4.22. z =arcctg (X-y)
423.z =y/3x2 —y 2+ X 4.24. z =y2-3xy-x4
4.25. z =arcos (X+Yj 4.26. z —In(y2-x2+3)
4.27. z -2- x3-y3+5x 4.28. z ~7TxX- XJ 2+y4
4.29. z=ey-Xx 4.30. z—arctg (2x-y)

5. u—u(X,y), bu yerda x=x(t), y - y(t) murakkab

funksiyaning t-to nuqgtadagi hosilasining giymatini verguldan
keyin 2 xonagacha aniqglikda hisoblang.

5.1. u=ek2y, x=sint, y=t3 to~0. (Javob: 1))

5.2. n =In(exte~y), x=t2 y=t3 to=-1. (Javob: -2,5.)

5.3. n =y¢ x=In (t-1), y=e/2, to~2. (Javob: J.)

54. n =e'-2x+2, x=sin t, y=cos t, t0=j. (Javob:-1.)

55. n =x2ey, x=cos t. y=sin t, to=n. (Javob: -1.)

5.6. n =In(ex+ey, x=t2y=1t3 to=l. (Javob 2,5.)

57.n =N x=e\y=In t, to~I. (Javob:1.)

5.8. n =ey-2x, x=sin t, y=f, t0=0. (Javob:-2.)
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59. n =xze y, x=sin t,y=sin2, to=(Javob:0.)

5.10. u =in(e~x+ey), x=r,y=1t3 tO=-I. Javob:2,5))

5.11. n =ey-2x-l, x=cos t, y=sin t, tO=~. (Javob: 2.)

5.12. n ~arcsin (x/y), x=sin t,y=cos t, to=n. (Javob: 1)
5.13. n —arccos (2x/y), x=sin t,y=cos t, to= 1. (Javob: -2.)
5.14. n =x2/ (y+1), x=1-2t, y=arctg t, to=0. (Javob: -5)
5.15. n =xty, x=e\ y=2-e3, t0=0. (Javob: 3.)

5.16. n -In(ext+e3), x=f2 v-"V, t)=I. (Javob: -2)

517.mn +y2+ 3, x=In t,y™t2 tO=I1. (Javob: 1,25))
5.18. n =arcsin xVy, x=sin t,y -cos t, tO=n. (Javob: 0.
519.n =y2/x,xx:I—2t, y=1+arctg t. t0=0. (Javob: 4.)
5.20. n =4 ——X=sin t,y~cos t, t0=~. (Javob: -4)
521.n +}// + 3, x=Int,y=t2 Ur 1 (Javob: 0,5)
5.22. n -arcsin P Xx=sin t, v=cos t, tO=w. (Javob: 0,5.)
523.n —~, n—sin 2t,y=1tg2t, to—- (Javob: -8)
524.n y + 3, x=Int y~t2 t0=I. (Javob: 0,75.)

5.25. n =k x=el,y=1-e2t|. t0=0. (Javob: -2)

5.26. n =arcsin 2x/y, x~sin t,y~cos t, to—n. (Javob: 2.)

5.27. n = bl(e2+e), x=f, y="?, t0=1. (Javob: 4))

5.28. n —arctg (x+y), x=?2+2,y=4-f, tG=I. (Javob: 0.)

529*n ~yjx2 +y 2+ 3, x=In t, y=t3 to=I. (Javob: 1,5.)

5.30. n =arctg(xy), x=t+3,y=e', t0=0. (Javob: 0,4.)

6. Oshkormas funksiya ko‘riuishida berilgan z(x,y)
fimksiyaning xususiy hosilalarining MO (x0,y0,z0) nugtadagi
giymatlarini verguldan keyin ikki xonagacha aniglikda hisoblang.

6.1. x3+y3+z3-3xyz=4, M o(2,1,1).

(Javob: zx(2,I,h=3, zu(2 J,I)=1.)

6.2. x2+)2+z2-xy=2, M (-1,0,1).

(Javob: zx(-1,0,h)= -1, zu(-1,0,)=0,5))

6.3. 3x-2y+z=xz+5, MQ2,1,-1).

(Javob: zx(2,I,-)=4, zu(2,1,-)=-2.)
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6.4. ez+x+2y+z-4, Mo(1,1,0).

(Javob: zx(1,1,0)=-0,5, zu (1,1,0)=-1))
6.5. X2V + z 2z -4=0, M((l, 1,-1).

(Javob: zx(I, 1,-1)=0,67, zu (1,1,-1)=0,67.)
6.6. z3+3xyz +3y=7, Mo(l,l,1).

(Javob: zx(,I,h)=-0,5, zu (I,I,h)=-0,5.)
6.7. cos¥<+c032y+cos z=~ @('E@ & ﬂ—b\

68 €7 1-I1=cos x cosy+1, MQO, ~1).

(Javob: zx(0,11)=0, zy (O, | ,1)=-1.)

6.9. x2+y2+z2 6x=0, M (1,2 ,1).

(Javob: zx(1,2,)=2, zy (1,2,)=-2))

6.10. xy-z2-1, MQ0O,l,-1).

(Javob: zx(0,l,-)=-0,5, zy (0,1,-1)=0.)

6.11. x2+2y2+3z2-yz+y=2, M o (I.1J).

(avob: zx(l,I,h)=-0,4, zy (LI,)=0,8.)

6.12. x2+y2+z2+2xz=5, M (0,2 ,1).

(Javob: zx(0,2,D~1, zy (0,2,1)=-2)

6.13. X cosy +Yy cos z+z cos x:7~1, Mo(0, " n)

(Javob: zx(©, | n)=0, zy(©, | n)=1.)

6.14. 3X¥Y 2+2xyz2-2xZ+4yZ =4, M Q2 ,1,2).

(Javob: zx(2,,2)=7, zy (2,1,2)=--16.)

6.15. x2~2y2+7z2-4x+2z +2 =0, M, 1,1).

(Javob: zx(l, 1,1)=0,5, zy (1,1,1)=1.)

6.16. x+y+z+2= xyz, M Q2,-1 ,-1).

(Javob: zx(2,-1 ,-)=0, zy (2,-1 ,-)=-1)

6.17. x2+y2+z2-2xz=2, M q0 ,1,-1).

(Javob: zx(0,l,-1)=I, zy (0,1,-1)=1.)

6.18. e-xyz-x+1=0, Mo(2,1,0).

(Javob: zx(2,,0)=-1, zy (2,1,0))=0.)

6.19. x3+2y3+z3-3xyz-2y-15=0, M Ql,-1,2).

(Javob: zx(1,-1,2)=-0,6, zy (1,-1,2)=0,13))
200



x2+6. Demak, sohaning chegarasi x2-3y+6

6.20. X2 2xy-3y2+6x-2y+z2 8z +20=0, M 00,-2,2).

(Javob: zx(0,-2,2)=2,5, zy (0,-2,2) =2,5.)
6.21. x2+y2+z2=y-z+3, M (Ql,2,0).

(Javob: zx(1,2,0)=-2, zy (1,2,0) =-3)

6.22. XT+y2+z2+2xy-yz-4x-3y-z=0, M (I, - 1,1).
(Javob: zx(l.-1,h=2, zy (1-1,1) =2))

6.23. x2-y2-7z2+6z+2x-4y+12-0, M QO,l,-1).
(Javob: zx(0,l,-)=-0,25, zy (0,1,-1) =0,75.)
6.24. "x2+y2+z2-3z=3, MQ4,3,l).

(Javob: zx(4,3,1)=0,8, zy (4,3,1) =0,6.)
6.25. x2+2y2+3z2=59, M (Q(3,1,4).

(Javob: zx(3,,4)=-0,25, zy (3,1,4) =-0,17.)
6.26. x2+y2+72~2xy-2xz-2yz=17, Mo(-2,-1,2).
(Javob: zx(-2,-1,2)=0,6, zy (-2-1,2) =0,2.)
6.27. x3+3xyz -z327, M Q3,1,3).

(Javob: zx(3,1,3)=2, zy (3,1,3) =1,5)

6.28. In z=x+2y- z+In3, M Q1,1,3).

(Javob: zx(1,1,3)=3/4, zu (1,1,3) =3/2)
6.29. 2x2+2y2+72 8xz-z+6=0, M Q2 ,1,1).
(Javob: zx(2,,)=0, zy (2,1,1)=0,27.)

6.30. z2=xy-z+x2-4, M Q2 ,1,1).

(Javob: zx(2,1,1) 167,zy (2,1,1) 0,67.)

Namunaviy variantning yechimi

1. z=In(x23y+6) funksiyaning aniglanish sohasini toping.

> Logorifmik  funksiya argumentning

chizigdan iborat parabola bo‘ladi.

fagat

musb

giymatlariga aniglangan, shuning uchun x23y+6 0 yoki 3y
0 yoki x2=3y-6

Berilgan funksiyaning aniglanish sohasi parabolaning tashqi

nuqtalaridan iborat bo‘ladi. (104 - rasm.)

2. z=e~" y2 funksiyaning xususiy hosilalari va xususiy

differensiallarini toping.
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> Bir o‘zgaruvchili murakkab funksiyani differensiallasl

formulalaridan foydalanib. aw al xususiy hosilalami topamiz:

g _ (12+51,2)4 .
[f.=e-2 2456 (. | (*2 +5y2)-f.10y) =
1

V(x2+5y2)2

Endi xususiy differensiailami topamiz:

Z x 3 j 2 1
lz=— dx = ————e~ V*45>"Te rfr
a* 3 y (X2 + 5y 2)2
dyz= _dy=—— e"Vi+sy" m oA
3y 3

~N'Y(x2+5y2)2
3. f(x,y,z)-"fxy cos z funksiyaning

(MQ, fu (Mo), fz (Mo), xususiy hosilalarining qiymatlarini
verguldan keyin ikki xona aniqglikda hisoblang.

~) nuqtadagi ®

» Berilgan funksiyaning xususiy hosilalarini topamiz,
so‘ngra ularning M o(l, I, ~) nuqtadagi giymatlarini hisoblaymiz:
fx(x,y,z) = — cosz,fx (1,1,f) = 0,25,
fy (x,y,2) sz,fy = 0,25,
fi(x,y,z) = - Jxysinz, fz(l,I,f) =-0,86 <

4, z-arctg funksiyaning to‘la differensialini toping.

» Berilgan funksiyaning xususiy hosilalarini topamiz:

9z = | 1 1= y. yy 1= ij
ox 1+—7 y X+y 20Ny 2(X+YY
y ly
x
dz _ 1 1 ( x\ y vy ( x\ viy
dy 1+- 2 [E \ y2" *+Y 2/ ™ Y2 2x +y)’
Yy Yy
(10.1) formulaga asosan, quyidagiga ega bo‘lamiz
E IE

- dx-———dy <
2{x+y) 2(x+y)” A
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5. 7.= arccos—, bu yerda x=I+Int, y~-2e 1 +1, murakkab

funksiyaning tO=1 bolgandagi qgiymatini verguldan keyin ikKi
xona aniqlikda hisoblang.
» (10.4) formulaga asosan quyidagiga ega bo‘lamiz:
dz dz dx dz dy 1 2x 1
dt dx dt dy dt
1-*4
y

2e~UHy (—21).

t0=1 bo'lganda, x -I, u=-2 bo‘ladi.
Bundan,

dtir=1 V3

6. 3jJ+2xv z -4x z —3 tenglama bilan oshkormas
ravishda berilgan z(x,y)
funksiyaning Xususiy
hosilalarining M QO,l,-1) .
nugtadagi giymatlarini verguldan ., \ Ali
keyin ikki xonagacha aniqglikda Ces /< N
hisoblang. 0% \

> Shartga asosan
F(X,y, z) =5x3-3y3+2xyz-4xz-3, ,

Shuning uchun

Fx = 12xz -f2yz —4z,
Fy = —9y 2+ 2xz,
Fz = 2xy —4x + 2z.
(10.7.) formulaga asosan.

dz 12x2+ 2yz —4z
dx 2Xy —4x + 2z
dz Fy —9y 2+ 2xz

dy 2xy —4x + 2z’
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va — laming M Q0,l,-1) nuqtadagi giym atlarini

hisoblaymiz:
dz(o,l,-1) n dz{0,1 -1) nr ~
10.2 Individual uy topshiriglari
1 Berilgan S sirtga Mo(xo,yo0,z0) nuqtada o‘tkazilgan urinm:

tekislik va normal tenglamasini toping.

D X2+y2+72+6z-4x+8=0. M 0(2,1,-1).
1 X2\z2 4y2=-2xy, M 0(-2,1,2).

D X2+y2+72-X)>+37z=7, M 0(1,2,1).

1 X2ty 2+72*+6y+4x—8, Mo (-1,1,2).

D 2X2-y2+72'47+y=13, Ma(2,1,-1).

D X2+y2+72-6y+4z+4=0, M 0(2,1,-1).

11.S
1.2.
1.3.
14.
1.5.
1.6.
1.7.

mw muunununuom

18.S;

X2+z2-5yz+3y-46, M 0(12,-3).
X2+y2-xz-yz”0, Mo (0,2,2).

1.9. S: x™+y2+2yz-72+y-27z—2, Mo (1,1,1).

1.10.
1.11.
1.12.
1.13.
1.14.
1.15.
1.16.
1.17.
1.18.
1.19.
1.20.
1.21.
1.22.
1.23.
1.24.
1.25.
1.26.
1.27.
1.28.

nmu um mwounuowm

 V2-22+X2-2xz+2x=z, Mo (1,1,1).

1 Z-X2+y2 2xXy+2x-y, M 0(-1,-1, mi)m
1 z=y2x2+2xy-3y, M 0(1,-1,1).

1 Z=X2-y2-2xy-x-2v, Mo (-1,1,1).

D X2-y2+z2+xz-4y=13, M 0(3,1,2).

4y2-72+Axy-xz+3z=9, Mo (1,-2,1).

O mnm o nuonmnoonnmonunon

: Z=X2+y2-3xy-X+y+2, Mo (2,1,0).

1 2X2-y24+2724+xy+xz=3, M0(1,2,1).
D X2-y2+72-4x+2y=14, M 0(3,1,4).

: X2+y2-22+xz+4y=4, M 0(1,1,2).

1 X2-y2-22+xz+4x=-5, M 0(-2,1,0).

: X2+y2-xz+yz-3x=Il, M0 (1,4-1).

1 X2+2y2+72-4xz=8, M 0(0,2,0).

1 X2-y2-272-2y=0, M O(- |,- ,I).

I X2+y2-372+xy=-2z, M ((1,0,1).
12Xy + z 226x+2y+6=0, M (- I,I).
I X2+y2-22+6xy-z =8, M (0(1,1,0).

1 z=2x2-3y2+4x-2y+10, M 0(-1,1,3).
1 Z=X2+y2~-4xy+3x-15, Mo (-1,3,4).
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1.29. S: z=x2+2y2+4xy-5y-10, M0 (-7,1,8).
1.30. S: z=2x2-3y2+xy+3x+I, M0 (1,-1,2)

2. Ko ‘rsatilgan funksiyaiaming 2-tartibli xususiy hosilalarin
toping. zxu == 7ux ekanligiga ishonch hosil giling.
2.1.F=gXx2-y2 2.2. z =ctg(x+y).
2.3.z -tg(x/y). 2.4. z =cos(xy2).
2.5. z =sin(x"-yj. 2.6. z =arctg(x+y).
2.7. z =arcsin(x~y). 2.8. z =arccos(2x+y).
2.9. z =arctg(x-3y). 2.10. z =In(3x2—2y 2.
211. z=e22+y2. 2.12. z =ctg(y/X).
2.13. z =tg”~xy. 2.14. z Ticos(x¥ 2 5).
2.15. z ~sin-Jx2y. 2.16. z =arcsin(x-2y).
2.17. z -~arccos(4x-y). 2.18. z =arctg(5x+2y),
2.19. z =arctg2x-y). = 2.20. z =In(4x2—5y 1.
221. r-e”y. 2.22. z =arcsin(@x+y).
2.23. z =arccos(x-5y). 2.24. z =sinyfxy.
2.25. z =—oos32-y3. 2.26. z =arctg(3x+2v).
2.27. z =In(Sx2 —3y4). 2.28. z =arctg(x-4y).
2.29. z ~In(3xy - 4). 2.30. z =tg(xy~).
3. Berilgan u funksiyaning ko'rsatilgatenglamani

ganoatlantirishini tekshiring.

31/£x2+2q_olad§/ +yr%2:«.« =5

32  +  =3(x3-y3 »=*£+(x3

3.4.ya’)\(a;":(l +YIn x)a V=XYy.

_ du |, du Xy
3x x———}y i 2., u=—xer
36x2§|—2;+y§ tOu exy.
3 ya 512 92 - =sin2(x-ay).

dx2 — dy2
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30 2a2n 2 a2n [y
3/Ix 3~-Y BF"ft“=r

+
Ngotapt N T jxadons:
3.10. a2n~ = u=e ~cos(x+2y)

ax o oay2

3JL S +7~ N =0 u=(X-y)(y-2(z~x).
312. x-Y'y ~—N n=xIn-.
Ax ay X
3.13. —X "N =0, u=In(inr+) .
3.14. Xx28 —xy™+y~-0, u=~+arcsin(xy).

3.15.%-2xXYN y+y%.2xyn=0um=e*y.

2n X+
Blo. 27 - 0, u= arcte ----- Y
axay 1-xy
s'lz 1& +7~ = °* u=1n (x 24y 2+2x+1)-
3 10 oy ., ano. > 2x+3y

SMXTX+Yb +n=0“~"T7?

3M <T/+ 2+ r=1"u" j*2+Y1l+r2 -
3.2«.IN +y8/= 24U = *r +y2/*'

322y “« +2Aﬂ +,y22y2,éJf|,, ,,=1*»
323?\#\ 0, |/|:>ek

X2 ay2
3 -J— y — —6', u=arcf\e)—( .

ax ay y

, an o arm an A2n n s s, V.
325-Mbl-y-Ty'W ~ °- «‘ hdx+e>).
- -, Su au . X
S.zb. x— + v— = n,u=arcsin— .

ax ay xX+y

1 aun 1 an n

. 1 T " — T. U-

X AX oy py yz (x2+y2)5
———————— —+ 2+y2
PrOTIIIE. XY gezhyz

ox oy X-y X-y



~ i =N =
3'29',qx+g)|/ M \éll'bcy+y2.

5.5ft —»

oz ay2 0, n=1n(x2 - }/2,’

4. Quyidagi funksiyalami ekstremumga tekshiring.

41.
4.2.
4.3.
4.4.
45.
4.6.
4.7.
4.38.
4.9.
4.10
411

4.12.
4.13.
4.14.
4.15.

4.16.
4.17.
4.18.
4.109.
4.20.
4.21.
4.22.
4.23.
4.24.

4.25
4.26
4.27
4.28
4.29
4.30

z =y\fx-2y2-x+14y. (Javob: z na{4,4)=28.)

zZ =x3+8y3 6xy+5. (Javob: z mm{l,0,5)=~-4.)

z = 1+15x-2x2-xy-2y2 (Javob: z ma{(-4,-)"—97.)
z =/ | 6x-x2-xy-y2 (Javob: z ng(4,-2)=13.)

Z = X3+y-6xy-39x+18y+20. (Javob: z mn5,6)=-86.)
z = 2x3+2y3 6xy+5. (Javob: z mn(l,)=3.)

z = 3x3+3y3-9xy+10. (Javob: z mnl,)--7.)

z = xX2+xy+y2+x-y+1. (Javob: z min-1,1)=0.)

z  A4x-y)-x2-y2 (Javob: z meq2,-2)=8.)

. Z = 6(x-y)-3x3'3y3 (Javob: znma(l,-1)=6.)

. Z —X2+Xy+y2-6x-9y. (Javob: zmn(l,4)—21.)

z = (x-2)2+2y2-10. (Javob: zmn2,0)=-10.)

z = (x-5)2+y2+1. (Javob: zm,(5,0)=1.)

z N x3+y3-3xy. (Javob: zm,(l,I)= -1.)

Z ~ 2xy-2x2-4y2 (Javob: zwex0,0)=2. )

z =xn[in-x2-n+6x+3. (Javob: zne{4,4)=15.)

z 2xy-5x2-3y2+2. (Javob: zneq0,0)=2.)

z = xy(12-x-u). (Javob: znma{4,4)=64.)

Z =Xy-x2-}2+9. (Javob: zneq0,0)=9.)

z = 2xy-3xr~2y2+10. (Javob: zna(0,0)-10.)

z =x3+8y3-6xy+I. (Javob: zninl,0,5)=0.)

Z =nn[x-y2-x+6y. (Javob: znma(4,4)=12.)

Z = X2-Xy+y2+9x-6y+20. (Javob: zmn-4,)=-1.)
z =xy(6-x-y). (Javob: zmaq2,2)=8.)

. Z =X2+y2-xy+x+y. (Javob: znmin(-1,-1)=~1.)

. Z =X2+Xy+y2 2x~y. (Javob: zmn(1,0)=-1.)

. Z—(xX-0)2+2y2 (Javob: zm{l,0)=0.)

.z =xv-3x2-2y2 (Javob: zneq0,0j=0.)

.z =x2+3(y+2J)2 (Javob: z mn0,-2)=0.)

.2 = 2(X+y)-x2-y2 (Javob: z miql,)=-2.)
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5. Berilgan chiziglar bilan chegaralangan D sohadagi z = z
(x,y) funksiyaning eng katta va eng kichik qiym atlarini toping.

5.1. z =3x+y-xy, Diy=X, y=4, Xx—0. (Javob: Zmgxaiw 2.2)=4. Z
engkichik(0,0=z (4,4)=0.)

5.2. z =xy-x-2y, D:x=3, y=X, y=0. (Javob: z engara (0,0)= z
(3.3)= 0, Z engkichik (3,0)= -3.)_

5.3. z =x2+2xy-4x+8y, D:x=0, x=1, y-0, y=2 (Javob: zengam
(1,2)=1 7, Z e,gkichik (1,0)=-3.)

5.4. z =5x2-3xy+y2 D: x=0, x=1,y—0,y=1.

(Javob. Z agkata (1,0)—5, Zeng kidik (0,0)—0.)

5.5. z ~x2+2xy-y2-4x, D:x-y+I1=0, x-0, x=3, y=0,

(JaVob. z engkatta (3,3) 6, Zengkichik (2,0) 4.)

5.6. z =x2+)/~2x-2y+8, D: x=0, y=0, x+y-1=0, .

(Javob . Z engkatta (0,0) ~8, Z engkichik (0,5,0,5) —6,5.)

5.7. z =2xs-xy2+y2 D: x—0, x=1, y=0, y=6.

(Javob. z engkatta (0,6)—36, z engkichik (0.0)-0.)

5.8. z =3x+6y"-xy-y2 D: x-0, x=I,y=0,y=1.

(JavODb. z engkatta (1,1) Z engkichik (0,0) 0.)

5.9. z =x2-2y2+4xy-6x-1, b : x=0, y=0, x+y-3=0, .

(JdVob. Z engkatta (0,0) 1, Z engkichik (0,0,3) 19))

5.10. z =x+2xy-10, D:y=0, y=x24,

4 2 62
(Javob. Z eng katta ( -~

511. z ~xy-2x-y, D: x—0, x=3, y=0, y=4 (Javob: z engita
(3.4)= 2, Z engkichik= = (3,0)=-6.)

5.12. z =-x2-xy, D:y—8,y=2x2(Javob: z agkata (-2,8)—18, z
eng kidik (2,8)--14.)

5.13. z =3x2+3y2-2x-2y+2, D: x—0, y=0, x+y-I=0, .

Z engkichik (J,~3) 15

(Javob . Z engkatta (O ,1)— Z (1,0) ~3, Z engkichik (3 ' 3"

5.14. z =2x2+3y2+1, D:y = ]9 - ~x2,y=0.

(Javob. z engkatta (0,3) 28, z engkichik
5.15. z =x2-2xy-y2+4x+1, D: x=-3, y=0, x+y+I=0,
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(Javob. a engkatta ("3f2) 6,Z engkichik (~2,0) ~3.)

5.16. z =3x2+3y2-x-y+/, D: x=5,y—0, x-y-1=0,.
(Javob. Z engkatta ($>4) 115, zZ engkichik —3n
5.17. z —-2x*+2xy-"y2-4x, D : y=2X, y=2, x=0,
(Ja\ob.Z  kata (@0) z (1,2) O z eno kichik (0,2) 2.)
5.18. z =x2-2xy+"yr~2x, D x=0, x=2,y=0, y=2.
(JdVob. Z engkatta (0,2) —10, Z engkichik ~ ;~) 1,67.)
5.19. z =xy-3x-2y, D: x=0, x~4,y=0,y =4

(Javob. z engkatta (0,0) -0, z engkichik (4,0) 12))

5.20. z =x)+xv-2, D:y=4x24,y~0.

(Javob: z egkatta (-",-2,22)=-0,07, engkichik (0,5; -3)=-3.25.)

5.21. z =x#(4-x-y), D: x—0, y=0, y=6-X.

(JdVODb. 7 engkatta £2 (1) ‘4,z engkichik >2) 64.)

522, z =x3+y3-3xy, D: x=0, x=2,y=-1, y=6.

(JaVob.z engkatta (2,-1/ 13, z engkichik (0,-1)~L)

523.z =4(x—y)—x§—y2, D: x+2y=4, x-2y=4, x=0.
6

36
(Javob. z engkatta F>~) mengkichik (0, 2) 12.)

5.24. z ~x2+2xy-y2-4x, D : x=3, y=0, y=x+1.

(Javob. Z eng katta (3,3)--6, z engkichik ?2,0)  4.)

5.25. z =6xXy-9x2-9y2+4x+4y, D: x=0, x=1, y=0,y=2
(JaVob. z engkatta (-~ >) — = engkichik (0,2) 28.)

5.26. z =xX2+2xy-y2-2x+2y, D: y-—x+2, y=0, x=2
(Javob. z engkatta (2,3) 9,z engkichik M<Q) 1)

527.z -4-2"-y2 D:y=0, v=VT—Xx2.

(Javob. Z engkatta (0,0)“'“' 4, z engkichik ("'1,0)"' z (1,0) 2)
5.28. z =6x?~3xy+y2+4, D: x~-1, x=IL, y~-I, y=1
(Javob: Z engkatta (~h 1) =2z (1 -1)"13, z engkichik (UO)= 4 .)
5.29. z =x2+2xy+4x-y2 D: x+y+2=0, x-0, y=0
(Javob. z engkatta (0,0) O, z engkichik (~2,0) z (0,-4) 4.
5.30. z =2x¥-xJ-xy2 D: x=0, y=0, x+y-6

(Javob. z engkatta (1,0.5) 0. 25,z engkichik (4,2)—1z.8.)
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Namunaviy variantlar yechimi
1. S: z=x2+y2+3xy-4x+2y-4 sirtga Mo(-1.0J) nuqgtada
o‘tkazilgan urinma tekislik va normalning tenglamasini toping.
» Xususiy hosilalami topamiz:

dz dz
— =2Xx+ 3y —4,— =2y +3x + 2
dx dy

Mo(-1,0,1) huqtaning koordinatalarini hosil gilingan ifodaga
qo‘yib, berilgan nuqgtada (10,8) formulaga asosan S sirtga
perpendikulyar bo‘lgan I vektoming koordinatalarini
hisoblaymiz.

A=s Mo=—1C=~1
Bundan, urinma tekislik tenglamasi quyidagicha bo‘ladi.

- B6(XX+N-y-(z —1)=0 yoki 6x+y+ +s5=0.
(10.9) formulaga asosan normalning tenglamasi

x+1 _y _ z-1 ™
6 - 1- 1

ko‘rinishda yoziladi.
2. z=arccos - funksiyaning ikkinchi tartibli xususiy

hosilasini toping.
zxy = zyx ekanligiga ishonch hosil giling.
> Aw al berilgan funksiyaning birinchi tartibli Xxusus

hosilalarini topamiz:
i 1 |

hu 21- VY rbIXNy-X ’
Vioy yy

m_ 1 L (_=x=\_ V*
r>'21v \%

y PRV WY y

Olingan hosilalarning har birini x va y bo'yicha
differensiallab, berilgan funksiyaning ikkinchi tartibli xususiy
hosilalarini topamiz:

‘r _ I-JX
20X 2jy-X y-X-X y —2x

7 — —
2x(y-x) AXNYYly-x(y-x)  4-Ix(y-x)-"y-X



AVX(Y - X). Iy - X
Ko ‘rinib turibdiki, aralash xususiy hosilalar teng bo‘ladi, yani

Byx = Byxy =
3.  u=l1n (x2+y3 funksiyaning
32u 32M 4y2 du .
— — —+ = - x — tenglamani
dx2 5x3y 5y2 X2+y2

ganoatlantirishini tekshiring.
» Birinchi va ikkinchi tartibli xususiy hosilalarini topamiz.
ou 2x flu 2y
dx x2+y2'dy X2+y2
d2u 2(y2—X2) dzu 4xy d2u 2(x2—y 2
dx2 (x2+y2)2'dxdy (x2+y2)2'dy2 (x2+y2)2
Olingan hosilalaming giymatlarini dastlabki tenglamaning
chap tomoniga qo‘yamiz:
2(y2—x2) ' 8x2 t2(xc—y2 8x2y 2
\X2+y22+ (X2+y2A2+ (x2+y22=(x2+y22
U holda tenglamaning o‘ng tomonida quyidagiga ega
bo‘lamiz.
4y2 2X 8xy2
X2+y2 X2+yz Xx2+y2
Olingan natijalami solisbtirib, berilgan funksiya dastlabki
tenglamani ganoatlantirmasligini ko‘ramiz.
4. z—xy(x+y-2) funksiyani lokal ekstremumga tekshiring.
Berilgan funksiyaning birinchi tartibli xususiy hosilalarini
topamiz:
ZX = 2xy +yz—2y,zy = X2+ 2xXy —2X



Bulamino‘lga tenglab, quyidagi tenglamalar sistemasiga ega
bo‘lamiz.
y(2x +y - 2) =0}
X(X + 2y —2) —0,]
Bu sistemani yechib, berilgan funksiyaning m j(o .0 ),
M 22,0,), M30,2,), M43,2/3,) statsionar nuqtalarini aniglaymiz.
10.4 dagi 2 teoremadan foydalanib, bu nuqgtalaming qaysilari
ekstremum nuqtalari ekanligini aniglaymiz.
Buning uchun aw al berilgan funksiyaning ikkinchi tartibli
xususiy hosilasini topamiz:
ZXX — 2y, ZXy — 2X + 2y —2,7Zyy — 2Xx
Hosilalar uchun olingan ifodaga statsionar nuqtalaming
koordinatalarini go‘yib va ekstremum mavjudligining yyetarli
shartidan foydalanib, (8 10.4 ga qarang) quyidagilarga ega
bo‘lamiz:
M j nugta uchun A= —4 < 0, yani ekstremum yo‘q,
M 2nugta uchun = —4 < 0, yani ekstremum yo‘q,

M j nugta uchun A= —4 < 0, yani ekstremum yo‘q.

12 L
M 4nuqgta uchun A= — > 0,A = 4/3 > 0,yanir mn=z

(2/3,2/3~——8/27bo‘lgan funksiyaning lokal minimumiga ega
bo‘lamiz.

5. x=0, y=0, x+y-1=0 chiziglar bilan chegaralangan D
sohadagi z=xy-y2+3x+4y funksiyaning eng katta va eng kichik
giymatlarini toping. (10.5 -rasm.)
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> Berilgan D soha ichida yotuvchi, yani OAB uchburchal
ichida statsionar nuqtalaming rnavjudligini  aniglaymiz.
Quyidagiga ega bo‘lamiz.

zx =y + 3 =0, j
zZu =X —2y+4 =0

Olingan tenglamalar sistemasini yechib, M(-10,-3) statsionar
nugtani topamiz, Bu nuqgta D sohadan tashqarida yotganligidan,
masalani yechishda bu nuqgtani hisobga olmaymiz.

Funksiya giymatlarini 1) soha chegaralarida tekshiramiz. z
funksiya O AB burchakning OA (y 0, O0< x < 1) tomonida z"3x
ko‘rinishga ega. z —3 bo'lganligidan, OA kesmada statsionar
nugtlar yo'q.

(0] va A nuqtalarda mos ravishda z (0,0)=0, z (1,0)=:
Uchburchakning OB (x=0, O0<y < 1) tomonida z funksiya
quyidagi ko‘rinishga ega. z = —y2+4y, z--2y+4=0;2y+4=0

tenglamadany =2 statsionar nuqta topamiz.

<Shunday qilib, M j(0,2) nugta D sohada yotmaydi.
Funksiyaning B nuqtadagi giymati z (0,l) = 3. AB tomondagi
eng katta va eng kichik giymatlarini topamiz. AB: x+y=I, bundan,
y-l-x, z —2x2+2x+3, u holda z —4x+2 va z —0 dan x=1/2
bo‘ladi, yani M2(I/2, 1/2) statsionar nuqta D sohaning chegarasida
yotadi. Bu nuqtada funksiyaning giymati z(1/2,1/2)=3,5 bo‘ladi.
Funksiyaning barcha olingan giymatlarini solishtirib, z eng katta=
z (1/2,1/2)) —3,5, z eng kichik= z (0,0)=0 ekanligini ko‘ramiz.

10.6. 10-bobga qo‘shimch;t m asalalar
1. U=y[z(2 —z) + In(4 —x2) — 3y funksiyaning aniglanish
sohasini toping. (Javob: |0 < 2,0 <z < 2)

2./ (x,y)4 ~aBalrXx‘ +yr*°
( Oagarx =y =0
funksiyaning x =m=0 nuqtada uzilishga ega ekanligini. ammo
0(0,0) nugtada xususiy hosilaga ega ekanligini isbotlang.
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agar*2+yr=*°
( O,agarx =y =0
funksiya uchun fxy(0,0) ® fyx(0,0) tengsizlik bajarilishini
isbotlang.

4.z xyxfunksiyaxj® +u”™ = (x +y + Inz)z tenglamani

ganoatlantirishini isbotlang.

5z= XX+y|—yjl —x2—y 2 funksiyaning uzluksizlik
sohasidagi eng katta va eng kichik giymatlarini toping. {Javob: z
eng katta=V2, z eng kichik=~-1)

6. Fazoda A (4,1,5) nugtadan 2x+6y+3 -12=0 tekislikka
parallel tekislik o‘tkazilgan. z = x2 + y 2 aylanish paraboloididan
shu tekislik bilan ajratilgan sohani, tengsizliklar sistemasi orqali
ifodalang.

(Javob: x2+y2 <z < 2x + 6y + 3z —29)

7.yzyy + 2zy = z/x tenglamani u=x/y va yangi
o‘zgaruvchilar bilan ifodalangan.

flavob." — zdu4%2uzlv+ " 2% VL By —
2(U-1)
uv
8. ifodani qutb koordinatalarida yozing.

(JTV l:,)_aZZ_'_ | -e_22+Iaz)
Vol o, T o - T h e
. . L . . X2 2

9. Koordinata o‘qglaridan bir xil lcesma ajratuvchi — + g
X2
— = 1 urinma tekislik tenglamasini toping.

(Javofe.+x xy + z=n/a2+ b2+ c2)

10. xyz~a} sirtga urinma tekislikning sirtning ixtiyoriy

nuqtasida koordinata tekisliklari bilan o‘zgarmas hajmi tetraedr
hosil gilishini isbotlang va bu hajmni hisoblang. (Javob: V——=a3

11. Perimetri 2r ga teng uchburchakni biror tomoni orqgali
aylantirishdan eng katta hajmli jism hosil bo‘ladi. Shu
uchburchakning tomonlarini toping. (Javob: a=b=3p/4, c=p/2)
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12. x2+4y2=4 ellipsda ikkita A(-yf3,1/2) va B(l, V3/2)
nugqtalar berilgan. Bu ellipsda, shunday C nuqtani topingki, ABC

uchburchakning yuzi eng katta bo‘lsin. (Javob: C )

13. z-x3+y3-9xy+27 funksiyani ekstremumga tekshiring.
(Javob: zmn3,3)-0.)
341

14. Agar u=zx+e”+y bo‘lsa, = "
ox2onnz  pxanazdx

ekanligini

isbotlang.
15. xyz=8, xy/z=8 shartlami gqanoatlantimvchin —x +y +
z funksiyaning shartli ekstremumini toping. (Javob:x=y=2\f6,

16. Oshkormas ko‘rmishda 3x% 2+2xyz2 2x? +4y3 -4=0
tenglama bilan berilgan funksiyaning (2,1,2) nugtadagi ikkinchi
tartibli d2z differensialini toping.

(Javob:-31,5 dx2+206 dxdy-306 dy2

17. Kvadrat taxta, shaxmat tartibida joylashtirilgan 2 ta oq
va 2 ta qora kataklardan iborat. Har bir katakning tomoni uzunlik
birligiga teng. Tomonlari taxtaning tomonlariga parallel, bitta
burchagi taxtaning gora burchagi bilan ustma-ust tushadigan
to‘g‘ri to‘rtburchakni garaymiz. Bu to‘g‘ri to‘rtburchakning qora
gisimning yuzi S bo‘lib, uning tomonlarining uzunliklari x va n
ning funksiyasi bo‘ladi. Shu funksiyaning analitik ko‘rinishini
yozing.

(Javob:
Xy,agarO0<x<1|,0<y<|
J X,agar0<x<l,l<y<?2
S(x.y)

y,agar0<x <20 <y <1
U +xX—I)(y —1),agarl<x<21<y<?2



11.ODDIY DIFFERENSIAL TENGLAMALAR

11.1. ASOSIY TUSHUNCHALAR.BIRINCHITARTIBLI
DIFFERENSIAL TENGLAMALAR

Izoklin usuli.

Agar tenglamada izlanayotgan funksiyaning hech
bo‘lmaganda bitti hosilasi qatnashsa, bunday tenglama
differensial tenglama deyiladi.

Differensial tenglamaning tartibi tarifga asosan tenglama
tarkibiga kiruvchi eng yuqori hosila tartibi bilan ustma-ust
tushadi.

Agar izlanayotgan u funksiya bitta argumentli funksiya
bo‘lsa, u holda differensial tenglama oddiy differensial tenglama
deyiladi.

Agar izlanayotgan y funksiya bir necha argumentli funksiya
bo‘lsa, u holda differensial tenglama xususiy hosilali tenglama
deyiladi.

Masalan: 2xy'-3y=0 tenglama, bu yerda y=y(x), birinchi
tartibli oddiy differensial tenglama bo‘ladi. ux —uu + xy + 1 =
0, bu yerda u=u(x,y) esa birinchi tartibli xususiy hosilali
differensial tenglama deyiladi. (Bu bobda fagat oddiy differensial
tenglamalar garaladi shuning uchun, keyinchalik, qisqalik uchun
“oddiy” degan so‘zni goldirib ketamiz.)

Umumiy holda n tartibli differensial tenglama quyidagi
ko‘rinishda yoziladi.

FOyy VW ..y, y@=0 (11.1)

Agar (11.1) tenglamani eng yuqori hosilaga nisbatan yecha
olsak, u holda normal formadagi tenglamani olamiz.

rdy(x,y,y\ynm .~ 19 (11.2)

Differensial tenglama yechimlarini topish jarayoni
tenglamani integrallash deb ataladi.

(11.1) yoki (11.2) differensial tenglamaning yechimi (yok
integrali) deb, biror (a,b) oraligda aniglangan va o°‘zining
hosilalari bilan berilgan differensial tenglamani ayniyatga
aylantiruvchi ixtiyoriy haqiqiy y=y(x) funksiyaga aytiladi. (Shu
bilan birgalikda y=y(x) funksiyaning hosilasi mavjud deb faraz
qilinadi.)
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1-misol. Sonlar o‘gida aniglangan y=xe2 funksiya y"-
4y '+4y=0 differensial tenglamaning yechimi ekanligini isbotlang.

» Funksiyaning o‘zini va uning hosilalarini

V —e2(1+2x),y 4e2( 1+X)

berilgan tenglamaga qo‘yib, quyidagi ayniyatni hosil gilamiz.

4e2( | +X)- 4e2(| +2x)-1dxb6 =4e2(! +x-I-2x+x)=0.

2-misol. F(x,y)~in~>-/—5+xy:O oshkormas ko‘rinishda berilgan
y =y(x) funksiya (x+x3)y -y-xy2differensial tenglamani ayniyatga
aylantirilishni yani uning yechimi ekanligini isbotlang.

Hagigatan ham , F(x,y)= 0 (10.6 formulaga qarang)
oshkormas funksiyani diffensiallash goidasiga asosan, quydagiga
ega bo‘lamiz.

,__% = &~x~) _Yi-xy 1-xy2
Fy N+ly X 14+xy X+x2

Olingan hosiiay' ni dastlabki differensial tenglamaga go'yib,
aynjyat hosil gilamiz.

Agar F(x,y)=0 oshkormas ko‘rinishda berilgan funksiya
differensial tenglamaganing yechimi bo'lsa, u holda F(x,y)=0
berilgan differensial tenglamaning integrali (yechim emas)
deyiladi. Shunday qilib, 1 va 2 misollarda berilgan differensial
tenglamalaming mos ravishda yechimi va integraliga ega
bo‘lamiz.

(11.1) differensial tenglama yechimining (yoki inlegralining)
Oxy tekxslikdagi grafigi integral chiziq deyiladi. Shunday qilib har
bir yechimga yoki integralga integral chiziqg mos keladi.

(11.2) differensial tenglama yechimining mavjudligi va
yagonaligi go‘ydagicha hal gilinadi.

1-Teorema (Koshi).
Agar (11.2) tenglamaning o‘ng tomoni
X0,yayo, ...... ydnd) H-3)

Qiymatlaming biror atrofida uzluksiz funksiya bo‘lsa, u holda

(11.2) tenglama

Y (x0) =yo,Yy xo)=yo , ...,y f)=y/ ] (11-4)



bo'lgan xo nugtani o‘z ichiga olgan biror (a,b) oraligda y=y(x)
jechimiga ega bo‘ladi.

Agar ko‘rsatilgan atrofda y , y , y argumentlari

bo‘yicha bu funksiyaning xususiy hosilalari ham uzluksiz bo‘lsa,
u holday—y(x) yechim yagona yechim bo‘ladi.

(11.3) dagi sonlar to‘plami boshlang‘ich qgiymatlar, (11.4
tenglik esa, boshlang'ich shartlar deyiladi.

n- tartibli differensial tenglama uchun Koshi masalasi
go‘ydagicha ta’riflanadi.

(11.1) yoki (11.2) differensial tenglamaning, (11.3)
boshlang‘ich giymatlarini va (11.4) boshlang‘ich shartlarini
ganoatlantiruvchi, y-y(x) yechim ni toping.

Koshi  teoremasini ganoatlantiruvchi  sohada (11.2)
ko‘rinishdagi ixtiyoriy differensial tenglama cheksiz ko‘p
yechimga ega bo‘ladi. Umuman olganda bu (11.1) differensial
tenglama uchun ham o'rinlidir.

Bu yechimlar to‘plamini tavsiflash uchun umumiy yechim
tushunchasini kiritamiz.

(11.1) yoki (11.2) differensial tenglamaning umumiy yechimi
deb y = (X,C],C2........ ,Cj) yoki qisgacha y= < (X,Cj)
ko‘rinishdagi funksiyaga aytiladi. Bu yerda Cl (i=1,n) go‘yidagi
ikkita shartni ganoatlantiruvchi ixtiyoriy o‘zgarmas:

1. y=(p(x,c) funksiya C ning ixtiyoriy giymatida (11.1)
yoki (11.2) differensial tenglamaning yechimi bo‘ladi.

2. Differensial tenglama yechimga ega bo‘ladigan har
ganday x0,yo,Yol, mmYo ™ boshlang‘ich giymatlardan
<p{x0,ca) =yol, ...., gn_1(x0,cO = <pS-1shartlarni
ganoatlantiruvchi, Ci=Ci0 o”~zgarmaslaming giym atlarini
ko‘rsatish mumkin.

F (x,y,Ci) =0 oshkormas ko‘rinishda olingan, umumiy yechim
differensial tenglamaning umumiy integrali deyiladi.

Umumiy yechim yoki umumiy integraldan, ixtiyoriy
o‘zgarmas C, ning fiksirlangan giymatlarida olingan yechim mos
ravishda differensial tenglamaning xususiy yechimi yoki xususiy
integrali deyiladi.
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Eslatm a: Differensial tenglamaning, ixtiyoriy o‘zgarmas C,
ning heeh qanday gqiymatlarida umumiy yechimdan olib
boMmaydigan yechimi (integrali) mavjud bo'lishi mumkin.
Bunday yechim shu ma’noda maxsus deyiladiki, uning ixtiyoriy
nuqtasida Koshi teoremasining gandaydir shartlari bajarilm aydi.

Masalan: y" = 3\J(y' —1) 2 differensial tenglama v - x +
Nx + C,)4+ +C2umumiy yechimga ega, bu yerda C/ C2 —lar
ixtiyoriy o'zgarmaslar. y=x+C funksiya ham berilgan
tenglamaning yechimi bo‘ladi, bu yerda C -ixtiyoriy o‘zgarmas,
ammo bu yechimni Cj va C2 ning hech qanday qiymatlarida
umumiy yechimdan olib bo‘lmaydi. Bundan tashqari, vy -1,

yechimlarning ixtiyoriy nuqtalarida, Koshi teoremasidagi
yagonalik shartining buzilishiga olib keladi yoki berilgan

tenglamaning o‘ng tomonidany bo‘yicha olingan xususiy hosilay

=7 da uzilishga ega bo'ladi. Shimday qilib, y~x+C yechim
mahsus yechim bo‘ladi. Bundan keyin, goida bo‘yicha, mahsus
yechim lar garalmaydi.

Anigmas integrallar nazariyasi, umumiy yechimi y =
ff (xX)dx —F{x) + C,(buerda F(x) —I{x) funksiya uchun
boshlang‘ich funksiya, ya’'ni F (x)=f(x); C—ixtiyoriy o‘zgarmas )
bo‘lgan oddiy differensial tenglamalar sinfming nazariyasi
hisoblanadi.

Birinchi tartibli differensial tenglama, umumiy holda

F(x,y,y)=0 (11.5)
yoki, agar uni y ga nisbatan yechsak, qo‘yidagi normal
ko‘rinishda yozilishi mumkin.
y=f(x,y). (11.6)
2- teorema (Koshi teoremasi).
Agar f(x,y) funksiya M, (xa, yQ nuqgta va uning atrofida

uzluksiz bo‘lsa, u holda (11.6) tenglamaning y(x¢=yO shartni
ganoatlantiruvchi y=y(x) yechimi mavjud bo‘ladi. Agar berilgan

funksiyaning ~ xususiy hosilasi ham uzluksiz bo‘lsa, u holda bu

yechim yagonadir.
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Ba’zi hollarda birinchi tartibli differensial tenglamalami
differensial formada yozish qulaydir:

P(x,y)dxQ(x,y)dy-0O (n.7)

Birinchi tartibli differensial tenglamalar uchun Koshi
masalasi quydagicha ta’rifga ega.

(11.5) yoki (11.6) differensial tenglamalaming (pipe,
Yo(_®(x0,Yo) = 0) boshlang‘ich shartni  ganoatlantiruvchi
y= cp(X) (P (X, )=Q integral) yechimiiii toping. Bu geometrik
nuqgtai nazardan shuni anglatadiki, berilgan tenglamaning barcha
integral chiziglari orasidan berilgan M O (xo0,yo) nugtadan o‘tuvchi
integral chizigni topish kerak.

(11.6) differensial tenglamaning geometrik  talqgini
quydagidan iborat. U 2- teorema (Koshi teoremasi)ning barcha
shartlarini ganoatlantiruvchi, D sohaga tegishli har bir M(x,y)
(11.6) tenglama yagona integral chizig‘iga, M(x,y) nuqtadan
o‘tuvchiy = tga = k urinmasining yo ‘nalishini, ya’ni D sohadagi
maydon yo ‘nalishini aniglaydi. (11.1-rasm)

(11.6) tenglama uchun D sohada har biri izoklin deb ataluvchi
bir parametrli f(x,y) = K = const chiziglar oilasini ajratish
mumkin.

11.1-rasm

Izoklinni va u bo‘yicha yo‘nalishni topish, yo‘nalishlar
maydonini hosil gilishga va berilgan differensial tenglamaning
integral chiziglarini tahminan qurish ya’ni bu tenglamani grafik
ko‘rinishda integrallash imkonini beradi.

3-Misol. y - -2y/x differensial tenglamaning integral
chiziglarini izoklin usulida taxminan yasang.
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> —2!=K(K —const) deb olib, berilgan tenglamaning
K
y ~ —x izoklinini topamiz. Bular koordinatalar boshidan
o‘tuvchi to‘g‘ri chiziglami ifodalaydi. Bu chiziglar bo‘yicha
y' —K = tga tenglik bilan yo‘nalishlar maydoni aniglanadi. K ga
turli giymatlar berib, ularga mos izoklinlami topamiz. Bu
izoklinlar bo‘ylab integral chizigga urinmaning Ox uqiga
og‘ishgan a burchagi bilan tavsillanuvchi yo'nalishlar maydoni
aniglanadi. Kerak bo'lgan hisoblashlami jadval ko‘rinishida
yozamiz. (1-jadvalgagarang).

r kK 0 HANA3 + H3 +2 13 “+oo
a 0] +30° 5 n+0 *168 * 2 » 0
y= J Y Yy 3
= = 1 ="Fr =% =
_ ;';X oy i'ZE’» =t = 1__‘}_/IFBX y =+ x=0

Shu jadvalga asosan yo'nalishlar maydonini yasaymiz va
so‘ngra taxminiy ravishda integrallar chizig‘ini chizamiz. (11.2
rasm) OX o‘qgida soat stelkasi yo‘nalishi bo‘yicha yoki unga
teskari yo‘nalishda Hisoblanishi a burchakning qgiymatlari mos

ravishda musbat yoki manfiy boMishini ko‘rsatadi.
y* - 4x y ~ 4x



112. O‘ZGARUVCHILARIARALADIGAN
DIFFERENSIAL TENGLAMALAR.BIR JIN SLI
TENGLAMALAR
Quyidagi ko‘rinishdagi tenglamalar.

Px)dx + Q(y)dy =0 (11.8%)
0] zgaruvchilari  ajraladigan differensial  tenglamalal
deyiladi. Uning umumiy integrali qo‘yidagi ko‘rinishda bo‘ladi.
fP(x)dx +jQ(y)dy=C (11.8)

bu yerda C - ixtiyoriy o‘zgarmas.
Qo‘yidagi ko‘rinishdagi tenglamalar

M I(x) NI(y)dx +M2(x)N2(y)dy =0 (11.9)

yoki
y,= | =/7iW /2(y) (ii.io)
shuningdek, algebraik almashtirishlar yordamida (11.9) yoki
(11.10) tenglamalarga keltiriluvchi tenglamalar ham

0 zgaruvchilari ajraladigan tenglamalar deyiladi.
Ushbu tenglamalarda o‘zgaruvchilami ajratish qo‘ydagicha

bajariladi. N I(y) 0, M2(x)® O deb faraz qilamiz va (11.9)

tenglamaning ikkala gismini N I(y) M2(x) ga bo‘lamiz. (11.10)
tenglamaning ikkala qismini dx ko‘paytiramiz va /2(y) ™ 0 ga
bo‘lamiz. Natijada o‘zgaruvchilari ajraladigan (ya’'ni (11.8%)
ko‘rinishdagi) tenglamani hosil gilamiz.

WiM, N2(y)j dy n
- dx + m, mdy - O,fAX)dXx — =0
M2(x) Nt(y) vy /2(y)

Bu tenglama (11.10) formulaga asosan qo‘ydagicha
integrallanadi.

J~ ~ dx +f dJy:C,fft(x)dx—J—~~C
b M2(x) J NHy) b f2(y)

1-Misol. Differensial tenglamaning umumiy yechimini
toping.
(xy+y)dx+(xy+x)dy-0 (1)
> X O, ytb 0deb faraz qilamiz va berilgan tenglamaning
ikkala qismini xy ga bo‘lib, o‘zgaruvchilari ajraladigan
tenglamani hosil gilamiz.

@ +\)dx + (I +~)dy =0

222



buni (11.8) formulaga asosan integrallab,
J A +~)dx +j M+—dy =In|C|

X+In \xX\ +y + In\y\ =/n]|c|

In jxy | + In ex+y =1In |c|,xyexty =C

lami topamiz. (ixtiyoriy o‘zgarmasni | n|cj ko‘rinishida
yozish mumkin.)

Oxirgi tenglik (1) tenglamaning umumiy integrali bo'ladi.
Buni topishda x® O, y¢p O degan shartlar go'yilgan edi. Ammo,
x=0 va y=0 funksiyalar ham, dastlabki tenglamaning yechim lari
bo‘la oladi, buni tekshirish oson, ikkinchi tarafdan ular C=0 da
umumiy integraldan hosil qgilinadi.

Shunday qilib, x=0, y=0 (1) tenglamaning Xxususiy
yechim laridir.

2-Misol. (I+e2Xy2y -~extenglamaning y=(0) boshlang‘ich
shartini ganoatlantimichi xususiy yechim ini toping.

> Berilgan tenglamani differensial ko‘rinishda yozib olamiz
((11.7) formaga garang.)

1+ ex y2dy —exdx =0
Endi o‘zgamvchilarini ajratamiz.

y'dy :
Oxirgi tenglamani integrallaymiz va dastlabki tenglamaning
umumiy yechimini hosil gilamiz.
f re* Cy3
Vdy -  -———- —dx =—,— - arctgex =
Jy §y J1l+ex 23 ' 3
y —Y C + 3arctgex
Boshlang‘ich shartlardan foydalanib ixtiyoriy o‘zgarmasning

qgiymatini aniglaymiz.

3 3
1= C+-—,C=| —mn
J 4 4

Shunday qilib, dastlabki tenglamaning xususiy yechimi
quyidagi ko'rinishda bo‘ladi.
Agar har ganday teR uchun, f(tx,ty) funksiya aniglangan
bo‘lib, a -const va f(tx,ty) = taf(x,y) tenglik o‘rinli bo'lsa ,
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f(x,y) funksiya, x va y argumentlarga nisbatan a olchamli bir
jinslifunksiya deyiladi.

Masalan, /7 (X,y)=3x4->2 y2 +5y4 funksiya to‘rt o‘lchamli
(a = 4) birjinsli bo‘ladi, chunkif(tx,ty)= 3 (tx)4- (tx)2+ 5(iy)4=
f (Bx4-Ry2 +5y4)= t4f(x,y).

f(x,y) - Vx2—2\fxy 4 4\fy2 funksiya f(tx, ty) =
\[(txf- —2\j(tx)ty) + 47 /(ty)2 = VtiQ Jx2- 2Ifxy +
4y y2) = t23f(x,y) bo‘lganligidan a =2/3 o‘lchamli bir
jinsli bo‘ladi.

Agar a = 0 bo‘lsa u holda funksiya nol o‘lehamli bo‘ladi.

Masalan, f(x,y) =~~In ~ +1j - nol o‘lchamli bir jinsli
funksiya, chunki
ntx.ty) =2 ~ in + i) = 1M1 (EE1+t) =

/

tx+ty V (ty) t(3C+y) \t2X2 J

~ In + i) =f(x,y), buyerda t* 0.

Agar f(x,y) funksiya o‘zining argumentlariga nisbatan nol
o‘lchamli bir jinsli funksiya bo‘lsa, u holda normal ko ‘rinishdagi
qo‘yidagi differensial tenglama x va y o‘zgaruvchilarga nisbatan
birjinsli deyiladi.

y'=n =/(afy) (11.11)

P(x,y) , Q(x,y) funksiyalaming har biri a — o‘lchamli bir
jinsli funksiya bodsa, ya’ni P(tx, ty) = taP(x,y), Q(tx, ty) =
taQ(x,y) bo‘lganda, fagat shu holdagina differensial formadagi
P(x,y)dx+ Q(x,y)dy =0 differensial tenglama birjinsli bo‘ladi.

Haqgigatan ham f(tx.ty) =ggg = =Ne ,y)

bo‘lganligidan, uni go‘ydagicha normal foimada yozib, y’ —

Q{x.y) 1k .,Y)

f(x,y) funksiya nol o‘ichamli bir jinsli funksiya ekan degan
xulosaga kelamiz. Bir jinsli differensial tenglama (11.11) ni har
doim normal formada y' -f(x,y)=f(tx,ty) ko‘rinishida yozish
mumkin, u holda t— f x deb olib, qo‘ydagini hosil gilamiz.
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- dy c(n N 64!
dx

Bundan kelib chigadiki, y = xu(u =-,y'=wu + xu)
almashtirish yordamida (11.11) tenglama va yangi funksiya u(x)
ga nisbatan o‘zgaruvchilari ajraladigan tenglamaga keltiriladi.

u+xu =<p() , x ~ = <p(u) —n

3-Misol. 2x2y' =x2+y2 differensial tenglamani integrallab,
uning y()=0 boshlang‘ich shartini ganoatlantiruvchi xususiy
yechim ni toping.

> 2x2va x2 +y 2ikki o‘lshovli funksiyalar bo‘lganligidan,
berilgan tenglama ham birjinslidir.

y=Xxu, y'=u+xu' almashtirish bajaramiz.

U holda , 2x?(u+xu) =x2 + (xU)2 , 2x2 (u+xu}l =x21+ U 3.
i~ O deb faraz qilib, tenglamaning ikkala qismini x2 ga
gisqartiramiz. So‘ngra quydagiga ega bo‘lamiz.

2n + 2x™ =1+ u2,2xdu = (1 +u2—2u)dx.

O ‘zgaruvchiiami ajratib, qo‘ydagilami topamiz.

du dx f du rdx Trdu—1) 1
1+u2—2u 2x°'J 1+u2—2u J2x'J (u—)z 2
1
n— 1: 2In|x| +InC,1 = (1 —n)In(Ca/|x])

Ohirgi ifodada n ning o‘miga yfx giymatni qo‘yamiz va
quydagi umumiy integralni hosil gilamiz.

1=(1~*)In(c'/W)>x=(X-y)inlM

Buni y ga nisbatan yechib, dastlabki differensial
tenglamaning umumiy yechimini topamiz. y = x —

y ()= 0 boshlang‘ich shartdan foydalanib, C ning giymatini
aniglaymiz.

0=1-—,InC=1,C=c¢e

InC
Shunday qilib, dastlabki tenglamaning xususiy yechimi

qgo‘ydagi ko‘rinishga ega bo‘ladi.
X *
<
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11.1 - NT

1. y=(x,c) funksiya, bu yerda C- ixtiyoriy o‘zgarmas,
qo‘ydagi differensial tenglamalaming yechimi (integrali)
bo‘lishini aniglang.

i
a) y - x2(1 +cex), Xwy"+@A—2x)y -Xx2,
b) y —cex+ex, xy"+22y'~xy =0,
V) Xx2+yT=cy2, xydx =(x" - y")dy.

(Javob: a) ha; bjvog; v) ha.)

2. Qo‘ydagi differensial tenglamalaming har birining
tahminiy integral chiziglarini chizing va izoklin usulida maydoni
yo‘nalishini yasang.

a) y =x+y;b2x'=y2/x;v)yxy'=1-y

3. Qo‘ydagi differensial tenglamalaming umumiy yoki
xususiy yechimini (umumiy yoki xususiy integraiini) toping.

a) xy' =y2+1

b) (* +xy)dy +(y —xy)dx =0,y(1) = 1,

v) 3y'=g +97+09;

9) xy' -y+jx2+y2,y(1) =0

M ustaqil ish.

1. y = Cx + 1/c funksiya xy' —y + 1/y = 0 differensial
tenglamalaming yechimibo‘la oladimi ? {Javob:yo V/,

2. Qo‘ydagi differensial tenglamaning yechimini toping.

4(x2+y)dy +y/S+y2dx =0
{lavob:y = +£((c —arctgx)2—5)
3. Qo‘ydagi differensial tenglama uchun Koshi masalasini
yeching.
Xy' - Xsin—+y ,y(2) =n

{lavob:y = 2xarctg (x/2).)

1. 1 eylx = Cy tenglama bilan oshkormas holda berilgar

y =y(x) funksiya xyy'—y2 = xy differensial tenglamaning
integrali bo‘la oladimi? (Javob: ha.)
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2. Quydagi differensial tenglamaning umumiy integralini
toping? ydx + (yfxy —y[x)dy = O, {Javob:
/X + fy="/mCi/y(c> 0).)

3.ydx + {-Ixy —x)dy = 0,y (lI) = 1 differensial tenglama
uchun Koshi masalasini yeching? (Javob:2 —In|y | = 2lyJx . )

2+

2. i y = —— funksiya differensial tenglamaning yechim
bo‘ladimi? (Javob: ha)

2. Differensial tenglamaning umumiy yechimini toping?

1 +e)y =yex(Javob:y ~ c(1+ e¥*))

3. xy'=y((l +Iny —Inx);y(l) =e2 differensial

tenglama uchun Koshi masalasini yeching ? (Javob: y = xe2*)

113 Birinchitartibli chiziqgli differensial tenglam alar.
Bernulli tenglam asi
Noma’lum funksiya y va uning hosilasi y' ga nisbatan
chizigli bo‘lgan quydagi tenglama
y' +P(X)y = Q(x) (11.13)
(algebraik  shakl almashtirishlar yordamida (11.13)
ko‘rinishga keltirish mumkin bo‘lgan har ganday tenglamalar
ham) birinchi tartibli bir jinsli bo'lImagan differensial tenglama
deb ataladi. Yechimi mavjudligi va yagonaligi haqidagi Koshi
teoremasimng shartlari bajarilishi uchun P(x) ~ Ova Q(x) ® O
funksiya biror sohada, masalan [a, b] kesmada o‘zluksiz bo‘lishi
kerak. (11.11 dagi 2 teoremaga garang.) (11.13) ko‘rinishdagi
tenglamaning umumiy yechimini har doim quydagi ko‘rinishda
yozish mumkin
y = e~!p(xdx(f Q (x)ef px)dxdx + C (11-14)
bu yerda C - ixtiyoriy o‘zgarmas. Shunday qilib (11.13)
tenglamaning umumiy yechimi har doim P(x) va Q(x) ma’lum
funksiyalaming integrallar orqgali ifodalanadi'. (11.14)
tenglamadagi integrallami hisoblayotganda ixtiyoriy
o‘zgarm.aslami, ixtiyoriy o‘zgarmas C ning ichiga kirgan degan
farazda nolga tenglab olish mumkin.
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Agar (11.13) tenglamada Q(x) = O yoki P(x) = O boisa, u
holda, umumiy yechimi Q(x) = 0 yoki P(x) = 0 bo‘lgan holda
mos ravishda (11.14) tenglamadan aniglanuvchi o‘zgaruvchilari
ajraladigan differensial tenglamani hosil qgilamiz. Q(x) =0
bo‘lgan holda (11.13) tenglama, birjinsli tenglama deb ataladi.

1-misol (x2—X)y' +y =x2(2x —1). Tenglamani umumiy
yechimini toping? Koshi masalasini y(—2) = 2 boshlang‘ich
shartda yeching.

> Berilgan tenglamaning ikkala qgismini x2—x ® 0 ¢
bo‘lib, (11.13) ko‘rinishga keltiramiz.
y X2(2.x-r)
Yy xITx = “xzTx "~
Bu yeréa Br(*) _ 1 _ 1 2/7\(*5 _ X2(2.X-1)  x(2x-1) .
11.4) formulaga asosan dastlabki tenglamaning umumi

yechimi quyidagi ko‘rinishda bo‘ladi.
y =e-f7™)(J*™z}ef*r)dx +C) (11.15)

Bu yechimga kiradigan integrallami topamiz. Quyidagiga ega

bo‘lamiz. Tx(x—l) = Jx_ il )_(7(x n A=-16= Ill :((__x *
dx = —In|x| + +In|x —1]|=Inj~ I
frziler | dx = =xf(2x- 1)dx =
+{x2—Xx),

—1 x—1 .
r_ — +— tenglamaga ko'ra «+»
va «-» belgilari paydo bo‘ladi.
Topilgan integralni (11.15) ga qo‘yib, dastlabki tenglamani
umumiy yechimini topamiz.
y - e_npk=*|(+(x2- x) +C) =| _ ,J (£(x2-x) +C)

= +—— (£x(x-——-1) +C) —x2+—— —
X —1 Xx—1

Bundan y (—2) = 2 boshlang‘ich shartga mos keluvchi
Xususiy yechim ni airatamiz.

2 = ﬂ ————— Cf 3%/ X 7____
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Ba’zida differensial tenglamay ning funksiyasi bo‘lgan, x ga
nisbatan ham chiziqgli bo‘lishini bilish foydadan holi emas, ya’ni
quyidagi ko'rinishga keltirilishi ham mumkin.

-~ +P(y)x =gl(y) (11.16)
Buning umumiy yechimi quyidagi formula bo‘yicha topiladi.
x = e~"P(y)dy(j q(y)ejpy™dydy +C)

2-Fisisoi. y' = — ,(2x —y 2)y' = 2y tenglamaning umumiy
integralini toping.

> Berilgan tenglama x(y) funksiyaga nisbatan chiziglidir
Hagigatan ham, (2x - y2~ =2y, 2x -y2=2y"™ ~ =-- ~ ~ -

; =-f,P(y)=-:.9(y) =~
ya’ni (11.16) ko‘rinishidagi tenglamani hosil qildik. (11.17)
formulaga asosan, dastlabki tenglama quyidagi ko‘rinishiga ega.
grdy/ & N g }Jy g z? g

X —ely 'y dy + Cj —elnjyl JNe~Inndy + Cj =

Iyl (“j/7™idy +¢c) =~ d=+Cy =cy-\yl
(11.13) chiziqgli differensial tenglamani Bem ulli usulida ham
integrallash mumkin. Bu usulning ma’nosi quyidagicha: y =
u(x)d(x) formula bo‘yicha (o‘miga quyishning Bemulli usuli)
u(x) va i9(x) ikkita noma’lum funksiya kiritamiz, U holda
y' —wn'ga +une.y vay' lar uchun hosil qilingan ifodalami (11.13)
tenglamaga quyib, n'g + ud' + P(x)ud = Q(x) tenglamani hosil
gilamiz. Bu tenglamani quyidagi ko‘rinishda yozish mumkin.
(ir +P(x)-%)u +u'ti = Q{x) (11.18)
Noma’lmn funksiyalardan birini, masalan, i3 ni ixtiyoriy
tanlashimiz mumkin (chunki dastlabki (11.13) tenglamani, fagat
u m6 ko‘paytma ganoatlantirishi kerak). © funksiya sifatida
(11.18) tengiamadagi u ning koeffitsientini nolga aylantimvchi
w6 + P(x)-d = 0 tenglamaning ixtiyoriy xususiy yechimi d =

$ (x) ni tanlaymiz. Shundan so‘ng (11.18) tenglama uv =Q (x)

ko‘rinishga keladi. Bu tenglamaning v —w(x,CJ umumiy
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yechimini topamiz. So‘ngra (11.13) tenglamaning
}’=m(x,C)-v(x) ko‘rinishdagi umumiy yechimini hosil gilamiz.
Shunday qilib, (11.13) tenglamani integrallash o‘zgaruvchilari

ajraladigan ikkita tenglamani integrallash ga keltiriladi.
3-Misol. Quyidagi tenglamani

1
V+ytgx = ---—----
cosX

Bernulli usulida mtegrallang va y(n) =\ boshlang‘ich

shartda Koshi masalasini yeching.

> 0 ‘miga qo‘yishning Bernulli usulidan foydalanamiz
y =uv, y'—u'v+uv' va quyidagiga ega bo‘lamiz.
_ 1
uv +uv +uvtgx =-——=—.
COSsX
(V' +vtgx)u +uv =—— .,
COSX

v'+vtgx - 0 tenglamaning xususiy yechimini topamiz.

dv +vtgxdx =0, — +tgxdx =0 ,
\%

J— +j tgxdx =0, In|v]—Injcosxj=Inc, . ¢, =1 deb olib,

v =cosx xususiy yechimni tanlaymiz. Endi, u'v=1/cosx , bu
yerda v =cosx , tenglamaning umumiy yechimini izlaymiz.
Quyidagiga ega bo‘lamiz
, 1 r dx
M=-—7—, n=1|---—— hc-tgx +c.
Ccos* X J cos X
Dastlabki tenglamning umumiy yechimi quyidagicha boiadi:

y —#'v —[tgx +c) =«cosx . Bundan
y(tr) =1 I=(0 +c)(—1), c=—1  boshlang‘ich shartlarni

ganoatlantiruvchi, xususiy yechimni ajratib olamiz. =—1
giymatni umumiy yechimga qo‘yib, dastlabki tenglamaning
xususiy yechimini hosil qgilamiz:

230



y =(?gXI)cosx =SinX-CcosSX. 4
Quyidagi ko‘rinishdagi differensial tenglama

y+P{x)y =Q(x)ya. (1119)
buyerda a =conste R, a ® 0, a ¢ 1, shuningdek, algebraik

shakl almasbtirishlar yordamida (11.19) tenglamaga keltiriluvchi
har gqanday tenglama, Bem ulli tenglamasi deyiladi.

Z —y’~* formula bo‘yicha yangi Z (x) funksiya Kiritish

yo‘li bilan Bemulli tenglamasi shu funksiyaga nisbatan chiziqgli
tenglamaga keltiriladi:

Z'+(1-a)P(x)Z =@1-a)Q(x).(11.20)

Oxirgi tenglamani yuqorida keltirilgan biror bir usul bilan
yechib, Z =Z (x) ni topamiz, so‘ngra y =z ub-a”™ni topamiz.

Bemulli tenglamasini,’ (11.13) chizigli tenglama kabi,

y =ut'xj- v(x) Bemullining o‘miga qo‘yish usuli yordamida

ham yechish mumkin (3-misolga garang).
4-misol. Bem ulli tenglamasining umumiy yechim ini toping.

y +2exy =2exyjy.

)» Berilgan tenglama uchun a =1/2 boigani uchun,
Z =y ~a=%*Jy almashtirishni bajaramiz. (11.20) tenglamaga
asosan, Z'+exZ =extenglamani hosil gilamiz. Bu tenglamaning

umumiy yechimi (11.14) formulaga asosan quyidagi ko‘rinishda
bo‘ladi.

Z=e" J “dx+cl=e"c execdx+cj=

=e~" NJVdex+xj=ee +cj=1+ceem

Dastlabki tenglamaning umumiy yechimi quyidagicha
bo‘ladi.

N

it 2
y =Z =Q+ce~el] . <
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5-misol. Tenglamaning umumiy yechimini toping.

Xy'+y =xy2lnx .

> Berilgan tenglamaning ikkala qgismini x ® 0 ga bo‘li
yuborib, a —2 bo‘lgan Bernulli tenglamasini hosil gilamiz. Uni
Bemullining o‘miga qo‘yish usuli bilan yechamiz.

(y ~uv, y'=u'v+uv):

X (u'v+uv') +uv=x(uv)2lnx.

xv'+v =0 tenglamaning xususiy yechimi v =x~" ni
osongina topamiz. Endi xvu' = x,ulv2lnx tenglamaning, bu yerda

v=x"1l, ya'ni n -v2 tenglamaning, umumiy yechimini
X

topishimiz kerak. Oxirgi tenglamda o‘zgaruvchilarini ajratamiz va
uni integrallab quyidagini hosil gilamiz.

du . dx rdu f. dx
— =lhx—, — = Inx— ,
u- X Ju X
1 In2x ¢ 2
7] 2 2 c +In2x
Shunday qilib, dastlabki tenglamaning umumiy yechimi

2
quyidagicha bo‘ladi. y =uv m
x{c +In2xj

11.2. AT
1. Differensial tenglamalaming turlarini aniglang va ularr
yechish usullarini ko ‘rsating.
a) xXy'+2yjxy =y; d) y'-e2x-exy;
: e) xy'+y-y2=0;
b) y cosx = ; )
Iny” )]
2xcos2ydx +(2y - x1sin2yjdy =0,
v) /= *
2xIny +y —x’ Z) Y +Xy'—=XYY'

g)M+eXjydy —exdx =0;
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2. Differensial tenglamaning umumiy yechim ini toping.

a) y'+ —=1+21nx b) y'+49>=2xe~XVyjy .
X 1

(Javob:a) y =xInx +c/x; b) y =xe-x (c+x2/2j))
3. Koshi masalasini yeching.
a) 2xydx +{y +x‘)dy ~ 0, y (—=2)=4;

b) / =2y -x +eXx, _y(0)=-1.

(Javob: a) x2- y\n(Ae!y\,h) y =~"x —ex+-"(I-e2).)

M ustaqil ish
Koshi masalasini yeching.

l.a)/ +3y =eV mj(0) =1

b) ¥ + yrgx =17cosx, y(tr) =5.

(Javob: a) y =e"2j;b) > =-5cosX +sinx .)

2.a) ydx ={x +ye~by)dy, y(0) =-3;

b)y'-7y =exy2, y(0)=2.

(Javob:a) x =e~ly(3—y); b) y =10e */(elv—6).)

3.a) xdy —He~x-ynNdx, y(l) =1

Vavod: aff v =ATa+ 1}/ p)y =223
jc v e e" 2-X
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114. TO'LA DIFFERENSIAL TENGLAMALAR
Agar D sohada P (x,y}, Q(x,yj funksiyalaming

aniglanishidan va (11.21) tenglamaning mavjudligidan quyidagi
tenglik bajariisa,

dP(x,y) 6Q(x.,y
dy dx

(11.22)

u holda
P(x,y)dx +Q(x,y)dy =0. (11.21)
ko‘rinishidagi tenglama to ‘la differensialli tenglama deyiladi.

(11.21) tenglamaning umumiy integral! quyidagi
formulalaming biri bilan aniglanadi.

X y

JP(x, )dx+ fQ(x,y)dy =c, (11.23)

~P{x,y)pc +fQ (xOy)dy =c. (11.24)
Yo

bu yerda M, (xO,yQ e D .

Misol. Tenglamaning umumiy integralini toping.

(jc2+y —4¥dx +{x +y +ey™dy =0 .

» P =x2+y —4, Q =x+y +ey belgilashlar Kkiritamiz.

—~ 1 - 1, ya’ni (11.22) shart bajariladi, u holda berilgan
dy dx

tenglama to‘la differensialli tenglama bo‘iadi. Soddalik uchun
X0—0, y({t=0 deb olib, uning umumiy integralini (11.23) yoki

(11.24) formulalar orgali topish mumkin. x0O,y0 giymatlami
tanlashimiz o‘rinli, chunki bu nugtada P(x,y) va Q{x,y)
funksiyalar va ularning xususiy hosilalari aniglangan. ya’'m
-MO(0;0)eD . (11.23) formulaga asosan quyidagiga ega

bo‘lamiz.



X y
[(ic2+0- 4"dx +1(jc+y +eyniy =c,
0

X 4 v h 1

i———4X +Xy + ———hey —1=c¢

3 2

Umumiy integralni (11.24) formula bo‘yicha topamiz.

[ Yy
| ( x2+y - 4°dx+1(0 +y +eyYly =c,
o] o]

, v2 .
-—fxy-4x+— he —Il =c.
3 2

Bu yechim aw al topilgan yechim bilan ustma-ust tushadi. M

11.3. Auditoriya topshiriglari
1. Differensial tenglamalaming umumiy integralini toping.

a) (ex+y +smy~dx +(ey +x +xcosy}dy =0;

b) (2x +exXy\dx +{\ —-\exXydy = O\
I Yl

V) y '=[y-bx2) I (Ay-X).
(Javob: a) ex+ey +xy +xsiny =c; b) x2+yexy =c; v)

X3—Xy +2y2=c )
2. Koshi masalasini yeching.

a) eydx+(2y-xe~yNdy=0, =(-3)=0;

b) xdx.+ydy = (xdy —ydx)I (x* +y2?, >>()=1;
v) XxX+yex+(y +ex)y' =0, j;(0) =4.

(Javob: a) xe~y 4y2+3 - 0;

b) "'(x2+y2)+arctg—=1+"“ mv) x2+y 2+2yex=24.)
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3. Ixtiyoriy M nugtasiga o‘tkazilgan urinmaning burchak
koeffitsienti, M nuqgtani koordinata boshi bilan Ilutashtiruvchi
to‘g‘ri chizigning burchak koeffitsientidan uch marta katta

ekanligini bilgan holda A (2,4) nuqtadan o‘tuvchi to‘g‘ri chiziq
tenglamasini toping (Javob:y =~x".).

4. Nyuton gonuniga ko‘ra, jismning sovush tezligi jism va
atrof-muhit temperaturalari ayirmasiga proporsional. Pechkadan
olingan non temperaturasi 20 minut davomida 100° C dan 60° C
ga kamayadi. Havoning temperaturasi 25° C. Qanday vaqt
oralig‘ida (sovish boshlanishidan hisoblab) nonning temperaturasi
30° C ga pasayadi. {Javob: 71 min.)

Mustaqil ish
1. Koshimasalasini eching.

(Ix +y +3xzsiny jdx +fx +x3cosy +2yJdy =0;
y(0)=2
{Javob: x2+xy=+"Ny2+Xxisiny —2.)

2. Boshlang'ich tezligi v(0) =0 bo‘lgan m massali jism
yugoridan tushmoqda. Agar jismga p —mg og‘irlik kuchidan
tashgari, proporsionalhk koeffitsienti 3/2 ga teng, v (f) tezlikka
proporsional havoning garshilik kuchi ham ta’sir qgilsa, jismning
ixtiyoriy t vaqtdagi v =v(/) tezligini toping.

{favob: v =—mgll—ey2e*j .)

2. 1 Differensial tenglamaning umumiy integralini toping.

(Baczy +sin m) dx +(x3—cosv)dy —0 {lavob:

X3/ - cosXx—siny =c.)
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2. Radiyning tarqalish tezligi uning targalmagan soniga
proporsional. Agar 1600-yilda radiyning dastlabki miqgdorining
yarmi targalishi aniq bo‘lsa, 1 kg radiydan 650 g qolishi uchun
nechayil kerakligini hisoblang.

(Javob: 1000-yildan keyin.)

3. 1 Differensial tenglamaning xususiy yechimini toping.

f

\Y;
.Javob: x2Iny +ytgx +ey =e.)

2. Agar to‘g‘ri chizigning ixtiyoriy nuqtasiga o ‘tkazilgar
urinmasining O o‘gidan ajratgan kesmasi, urinish nuqgtasidan
koordinata boshigacha boignan masofaga teng bo‘lsa, /74(1,0)

nugtadan o‘tuvchi shu to‘g‘ri chiziq tenglamasini yozing. (Javob:

115. TARTIBIPASAYTIRILADIGAN YUQORITARTIBLI
DIFFERENSIAL TENGLAMALAR

Tartibi pasaytiriladigan yuqgori  tartibli differensial
tenglamalaming ba’zi turlarini ko‘rib chigamiz.

/= /(*)m (11.25)

ko‘rinishdagi tenglamaning umumiy yechimini n - marta
integrallash orqgali topamiz. Uning ikkala qgismini dx ga
ko‘paytiramiz va integrallaymiz, natijada, (3 -1) tartibli
tenglamani hosil ﬂilam iz.

YY" N=Jy dx - 1/ (xX)t& =(@j(x) +c,. (11.26)

Shu amalni takrorlab, tartibli tenglamaga ega

bo‘lamiz.
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Y =jy[dx =] {y(x) +c,)dx =) (x )dx+Icfdx  (x) +cx+c2

.(11.27)
M - marta integrallashdan keyin esa, (11.25) tenglamaning
quyidagi umumiy yechimini hosil gilamiz.

Y =fPn(*) +cix"~l +crx* 1+ - +cn-ix +cn mCl128)

bu yerda C-(z = cl,c2,....cn - ixtiyoriy o‘zgannaslar
bilan ma’lum ma’noda bog‘liq bo‘lgan, ixtiyoriy o‘zgarmaslardir.
1-misol. yn =8/(x —3) tenglamaning umumiy yechimini

toping.
(11.26) formulaga va integrallash qoidalariga asosan,
quyidagiga ega bo‘lamiz:
m fivj r % 2 .
y -=y
(11.27) yechimga mos ravishda quyidagini topamiz.
e k:c—;(t+3)—.l +Q0xX+c21

Oxirgi tenglikni yana ikki marta integrallab, dastlabki
tenglamaning umumiy yechimini hosil gilamiz:

Y =j'y'dx - -+QgX+C2 " = r +lé,x2+ c,x fc, m
3(*-3) 3(x-3) 22 * 9

y =T/<€=Fff— —|_- +lcxo+ex+e, ate

J Ju 3(x-3) 2
1
—7————rI—-—c—Jx3|-l-—b& +CX+C. = l C/J,3+Cg( + C,X+ C,
3(x-3) 61 2 4 3(x3)  f 3 72
. Faraz qilamiz, n - tartibli differensial tenglam

izlanayotgan funksiya va uning (k - 1) - tartibli hosilalarini o‘z

ichiga olmasin. (I <k <n):

238



p(x,y\ / #)...Yn)=0. (11.29)
Z\x)~ yk formula bo‘yicha yangi noma’lum 2 (Xj
funksiyani Kkiritamiz va vaH)=2z', yk=2z2",...,yn =
ekanligini e’tiborga olib, Z(x) funksiyaga nisbatan (n —k) -
tartibli tenglamaga egabo‘lami2.
f(x,2,2',2",...,ZM )) =0. (11.30)
ya’ni (11.29) tenglamaning tartibini Kk ga pasaytiramiz, Agar
(11.30) tenglamaning umumiy yechimini Z —(p(x,c,...,cnk)
ko‘rinishida izlashga erishsak, yechimi k - marta integrallash
bilan topiladigan (11.25) ko‘rinishdagi quyidagi tenglamani hosil
gilamiz.
Z =y ik) =<p(x,ci,c2,...,cnk) .
Xususiy holda, agar n-2, k =1 bo‘lsa, u holda (11.30)

tenglama birinchi tartibli tenglama bo‘ladi.
2-misol. Tenglamaning xususiy yechim ini toping.

xy"=y'In— «=>(I) =e¢, y'(\) =e2.
X
> Berilgan tenglama I tur tenglama bo'ladi. (n =2, k =1)
ya’ni tarkibida u qgatnashmaydi. Z =y' ni qo‘yib, bu
tenglamaning tartibini bittaga pasaytiramiz. U holda y" =2"

bo‘ladi va berilgan tenglama izlanayotgan Z funksiyaga nisbatan
birinchi tartibli bir jin sli differensial tenglamaga aylanadi.

XZ'=ZIn(Z /Xx). )

Bu tenglamani ma’lum usullardan biri bilan yechamiz.

Z =xu(x) o'rniga go‘yishini bajaramiz. U holda Z'—u +xa’
bo‘ladi va (1) tenglama quyidagi ko‘rinishga keladi

X +xu! =u\nx. ()
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2) tenglamada o‘zgaruvchilarni ajratamiz, ketma-ke
quyidagilami topamiz.

- — -=—, Inllnw —]=Inx +InCj ;
K(lnm-1) X
INM—1=CjX, m - erdv, Z =xelicI.
Z —y ekanligidan, oxirgi tenglama bir marta integrallab
yechiladigan birinchi tartibli differensial tenglama bo‘ladi.

y'=xeHex, y=j xeUvdx =- j xd (eUc'x) =

=-{xexiex-JV A &) =] +c2.
Ci c\
Dastlabki tenglamaning umumiy yechimini hosil qildik.

y (1) =e, ='(]) =e2 boshlang‘ich shartlardan foydalanib, c, va
c2 ixtiyoriy o‘zgarmaslaming qiymatlarini aniglaymiz. Quyidagi
tenglamalar sistemasiga ega bo‘lamiz.

e=— J-eHe +c2 e2=eHe
Ci

Bundan, Cj = 1, C2 — B ekanligini topamiz.

Shunday qilib, dastlabki tenglamaning xususiy yechimi
quyidagi formuladan topiladi.

Y =0 —\)eHx+e. a

3-misol. y"ctgx +y" =2 tenglamaning umumiy yechimini
toping.

» Bu yerda n=3, kK =2 boMganligidan berilgan tenglama
Il turdagi tenglama bo‘ladi. Z =y" yangi funksiya kiritamiz va
berilgan tenglamadan Z '+Ztgx =2tgx ko‘rinishda yoziladigan,
ya’ni Z'ctgx +Z =2 chizigli tenglamani hosil gilamiz. Uning
umumiy yechimi (8 11.2 garang)
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7 el j*2tgxJ£ dx+cf =

/ N

x (1l ftgxe~r~rdx +cX) =lcosx| 2fv d x +ct
v ' V  lcosxl

f smx . 1
- ZCOSX — — Ux+C|cosx:?cosx ————— vcxcosx = 2 -he, cosx
« B X
Z =y" bo‘lganligidan, yechimini oson bo‘lgan, quyidagi |
tip differensial tenglamani hosil gilamiz.

y"=2+q cosx, y'=]|(2 +q cosx)ix: =2x +c,sinx +c,.

y'—j(2Xx +(q sinx +c2)o/x =x2- ctcosx +cX +c3. #4
I1. X argumentni oshkor holda o‘z ichiga olmagan n -

tartibli differensial tenglamani garaymiz.

F{y,y\y",...,y{n)) =0. (11.31)

Bu holda har doim, P{y)~y"' vyangi funksiya Kiritib,
tenglamaning tartibini bittaga pasaytirish mumkin, bu yerda y
uning argumenti sifatida garaladi. Buning uchun y\y",...,y ()
lami yangi funksiyaning v bo‘yicha hosilalari orqali ifodalaym iz

va murakkab funksiyani differensiallash qoidasidan foydalanib
quyidagini hosil gilamiz.

/ = y =+ = = (11.32)
dx dx dy dx dy
w ay df dp~ dp dp dlp fdpX 2d2p
S v s W v VA v Vil VAR 1

va h.k. Yuqgoridagi hisoblashlardan ko‘rinib turibdiki, y ™ ,
tartibi k —\ dan oshmaydigan, p va y laming hosilalari orgali

ifodalanadi. Natijada, (11.31) tenglama o‘miga quyidagi
ko‘rmishdagi tenglamani hosil gilamiz.
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d2p d@
~d /""" dynq{
Agar (]_1.33) tenglama quyidagicha umumiy yechimga ega

04 Y,P, =0. (11.33)

dv
bo‘lsa, p —<p(y,cxc2,....,cn/1 , bu yerda p =g , u holda
X

(]131) tenglamaning umumiy integralini topish uchun, oxirgi
tenglamaning o'zgaravchilarini ajratib yechish kerak

f———————— r=fdx, xi/{y,c,c2....cry~—=x+c,,.
J (p\y,cxc2,....cnx 3

Agar (]_1.31) tenglamada n =2 bo‘lsa, u holda (]l33)

tenglama birinchi tartibli tenglama bo‘ladi.
4-misol. Koshi masalasini yeching.

/ /7 /7 +1=0, y(1)=1, /(1)="T2.
> Bu tenglama, n =2 va X argument oshkor hold
gatnashmaganidan, HI tip tenglama bo‘ladi. Shuning uchun,
(1132) formulaga asosan, P(y)-y' almashtirishni bajarib,

uning tartibini bittaga kamaytiramiz va yechilishi oson bo‘lgan
o‘zgaruvchilari ajraladigan birinchi tartibli tenglamani hosil
gilamiz. Quyidagiga ega bo‘lamiz.

/ / ’(\jy+1=0, pldp =—y 'dy, J_fp.Zpr=—J_fy~?.1Iy,

PRy, oo 4N i3 m
3 2y2 1 py2 1

p =y'=— ekanligini e’tiborga olib, oxirgi tenglamani
dx
quyidagi ko‘rinishda qayta yozib olamiz.

y ~ & 7 +3cr 0)
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Bu tenglamani yechishdan awal, boshlang‘ich shartlardan
foydalanib, c, ixtiyoriy o‘zgarmasning giymatini aniglaymiz.

Ulami (1) tenglamaga qo‘yib, cuyidagini hosil gilamiz.
3+8c, c,-0-

Shunday qilib, o'zgaruvchilarini ajratish yo‘li bilan oson

3
yechiladigan, y'=1—y" tenglamaga kelamiz.
/
e on*

dy
- (ir
~Jy - mdy =jdx-

M .3~ X +C,, 3/J—’\L.
V3 2 18
=(1) = 1 boshlang‘ich shartidan c2 nitopamiz.

I = (1 +c2)3/18, c2=1, - 1.

bundan Kkelib chigadiki, izlanayotgan xususiy yechim
quyidagi formuladan topiladi.

y =~ (x +t18-1) . <
5-misol. Koshi masalasini yeching.

yT-(y")2/y'=6(y)2y’ y(d =ot y (2)=I, yf(2)=0

> M —3 bo‘lgan, (11.31) ko‘rinishdagi tenglamaga e
bo‘lamiz. (11.32) tenglamaga mos ravishda, p(y) vyangi
funksiyani kiritamiz va ketma-ket quyidagilami topamiz.

.d 2p (dp d

p . .
P TPyl P PP
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{ d 2 n
pAI® ET o (>=0).

mydy

bu yerdan %23 - 8j/'. Bu tenglama birinchi tur tenglama
y~
bo‘lib, ikki marta integrallash yo‘li bilan oson yechiladi.

J  =leyefy =3y2+clt p =j(by7+ciyy=y3+cYy +c2,

y'(2)=p(0)=I, 7/ (2)=p (0 )" - =0.
munosabatlami va boshlang'ich shartlami hisobga olib,
y'=y3+c,y +c2 tenglamani hosil qildik, bundan,
c, =0, c2- 1ekanliginitopamiz.
Endi y' =y 3+1 tenglamaniintegrallaymiz.
N =V3+, dy _ f dy f

no* +1* / +i Jy+i J1*”

—jl— rctg—2| - il'ri—f L= J—IL X+c, |
73 /3 3 J717+1

_y(2) =0 boshlang‘ich shartlardan foydalanib,
A . )
AaA=-2 ——Sa—g: ni topamiz. Bundan quyidagi izlanayotgan

xususiy yechimni hosil gilamiz.

>+ ~
X = —J—arctg—J——*yln L I
3 Jy2 y+\ 6n/5

114. AT
1. Quyidagi tenglamalami integrallang.
a) =jc2- sinx; b) yir =yn/jc; v) yyn—y'2.
2. Koshi masalasini yeching.
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a)/ =n> 1(1)=3 /(0 =%

b) xyM-f =x2+I, j>(1)=0, y(-1) =1, ¥(-1) =0;

v) y7=ezy, *(0)=0, y(0) =1

3. Avtomobil yo‘lning gorizontal qismida v =90 km/
tezlikda harakterlanmoqda. Vaqtning biror gismida sekinlashishni
boshlaydi. Sekiniashisb kuchi avtomobil og‘irligining 0,3 gismiga
teng.

Sekinlashishi boshlanishidan bekatgacha bo‘lgan masofani va
bu masofani bosih o‘tish uchun ketgan vaqtni toping.

(Javob: 8,5 sek; 106,3 m.)

Mustaqil ish
1. lLTenglamani integrallang. x2x m_Q/’ 2.
2.. Koshi - masalasini yeching.

2y'2=(y-1)y', y©)=0, y(0)=1

2. lLTenglamani inlegrallang. *y ~Y —x e
2. Koshi masalasini yeching.

>y+i=o0, >'(i)=1, y(i)=0 '
3. 1.Tenglamaniintegrallang. xy” +y'—y '2.

3. Koshi masalasini yeching.
2y"=3y2, y(2) =1, ¥(2)=-1

116.IKK3NCHIVA YUQORITARTIBLICHIZIQ LI
DIFFERENSIAL TENGLAMALAR
Umumiy hoi. Quyidagi ko‘rinishdagi tenglamalami

y{n)+al (x)y R +a2(x)y (2 +.. +al_I{x)y' +an(x)y =Ff(x)
.(11.34
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bu yerda a. =1,9), f{x) - biror D sohada berilgan
fimksiyalar n -tartibli bir jinsli bo‘lmagan chiziqli differensial
tenglamalar deyiladi. Agar D sohada (11.34) tenglamaning o‘ng
tomoni /(x) =0 bo‘lsa, u holda (11.34) tenglamaga mos

keluvchi, bir jinsli chizigli differsial tenglama deb ataluvchi
quyidagi tenglamani hosil gilamiz.

y{n+ax(x)yY"-D+a2(x)y(A +..+anx(x)/ +asa(x)y =0.
(11.35)
Agar a, (x), /(x) fimksiyalar D sohadagi (a.b) oraligda

uzluksiz  bo‘lsa, u  holda =Y=>Yy'{x0) =

x(,~(a’b)) (bu Yerda Yo'Yo-'" ~

ixtiyoriy sonlar) boshlang‘ich shartlar bilan berilgan (11.34),
(11.35) ko‘rinishdagi har gqanday tenglamalar uchun yechimning
mavjudligi va yagonaligi hagidagi Koshi teoremasi o‘rinlidir.

(11.34) va (11.35) ko‘rinishdagi tenglamalaming umumiy va
Xususiy yechim larini topishda y{(x), y2( x yn(x)
funksiyalaming o‘zaro chizigli bog’'lig yoki chizigli bog'liq
emasligi tushunchalari mubim ahamiyatga ega.

Agar bir vagtda hammasi nolga teng bo‘lmagan /i,,

n

o‘zgarmas sonlar uchun ixtiyoriy x e (a,.bj da Y™uy, {x) - 0
i+

munosabat o‘rinli bo‘lsa, yl,y2,...,yn fimksiyalar (a,b) oraligda
o‘zaro chiziqgli bog'liq deyiladi. Agar yugoridagi munosabat fagat
barcha - g =0 lar uchun o‘rinli bo‘lsa, u holda yt(x)
fimksiyalar [a,b) oraligda o‘zaro chizigli bog'liq bo‘lmagan

fim ksiyalar deyiladi.
Quyidagi ko rinishdagi determinant Vrnoskiy determinanti
(yoki vronskian) deb ataladi.
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Funksiyalarning chizigli bogfiq yoki chizigli bog‘liq
bo‘lmaslik mezonlari.

Agar y'fl =21nj funksiyalar ¢ ~fazolar sinfida (o,b)

oraligda o zaro bog'lig bo'sa, (yani, (a,b) oraligda (n - 1)
tartibgacha uzluksiz hosilaga ega bo ‘Igan funksiyalar bolsa), un
holda (a.bj oraligda W =0 bo‘ladi. Agar W ¢ O bo'lsa, un

holda yt(X) funksiyalar chizigli bog'liq bo imaydi.

Masalan: 1,x,xr,...,Xn1 funksiyalar uchun fV~0O, shuning
uchun ulat chizigli bog‘lig bo‘Imagan funksiyalardir.

(11.35) tenglamaning chiziqli bog‘liq bo‘lmagan n ta
yi(X), y:(x},....yn(X) yechimlar to‘plami  fundamental
yechimlar sistemasi deb ataladi. Uning yordamida (11.35)
ko‘rinishdagi bir jinsli tenglamaning umumiy yechimi tuziladi.
Quyidagi teorema o‘rinlidir.

1-teorema. Agar yi,y2,...,yii lar (11.35) tenglamaning

ixtiyoriy fundamental yechimlari sistemasi bo'lsa, n holda
quyidagifunksiya (11.35) tenglamaning umumiy yechimi bo ‘ladi.
n

; =Cy, +Cc2+... +cnyn = (x), (11.37)
H

buyerda c, —ixtiyoriy o zgarmas.

1-misol. ex,e~x.e2x funksiyalar sistemasi
ym—2y* —y'+2v =0 tenglamaning fundamental yechimi
ekanligini ko‘rsating va uning umumiy yechimini yozing.

> v, —eX, y2—e~X, y3=eZX funksiyalar va ularning

hosilalarini berilgan tenglamaga qo‘ysa, ularning tenglamaning



yechimlari ekanligini ko‘ramiz. Ularning vronskiani quyidagi
ko‘rinishiga ega bo‘ladi (11.36).

ex ex exX i wun
W(exe\elx) =ex -e-x 2eX-e% *e” n -12 =-6e2r ?t0.
ex eX 4deX n 14

Bundan kelib chigadiki, exe->xe2 funksiyalar chiziqli
bog‘ligmas va ular berilgan tenglamaning fundamental yechim lar
sistemasini taslikil qiladi. Uning umumiy yechimi, (11.37)
formulaga asosan, quyidagi ko‘rinishga ega.

y =ce +cx +ce™

2-teoerma. ((11.34) tenglamaning umumiy yeehimining
tuzilishi bagida). Chizigli bir jinsli bolmagan (11.34)
tenglamaning umumiy yechimi quyidagi ko frinishga ega.
y -y +y*, buyerda y - unga mos keluvchi birjinsli (11.35)
tenglamaning (11.37) ko'rinishdagi umumiy yechimi y* esa
(11.34) tenglamaning xususiy yechim laridan biri.

2-misol. Xususiy yechimlaridan biri y* =x +1 funksiyadan
iborat  bo‘lgan, ym-=2y’—y'+2y —2x +1 tenglamaning
umumiy yechimini yozing.

> 1-misolda berilgan tenglamaga mos bir jin sli tenglamanin
y umumiy yechimi topilgan edi, u holda berilgan tenglamaning
umumiy yechimi quyidagicha bo‘ladi.

Y =Y +¥* =ciex+cZ2~* +c/ x+x+1 ~

Agar (11.35) tenglamaning fundamental yechimlar sistemasi
ma’lum bo‘lsa, u holda (11.34) tenglamaning y* xususiy
yechimini har ganday holatda ham ixtiyoriy o ‘zgarmaslarni
variatsiyalash usuli (Lagranj usuli) bilan topish mumkin va V*
har doim quyidagi ko‘rinishda ifodalanadi.

Y* =c, (X)y, (j9 +c2(x)y2(x) +... +cn(x)yn(x) .(11.38)
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bu vyerda yt(x) (11.35) tenglamaning fundamental
yechim lari sistemasini tashkil qgiladi, ct noma’lum funksiyalar esa

quyidagi n - ta c\ noma’lumlarga nisbatan chiziqli algebraik

tenglamalar sistemasidan topiladi.

C\Y \+ c2Y2 + mme+ c'nyn=- 0
CW\ + C2y2 + -+ c',,Y'n= 0
i [nD) » (2 i i i n
cly + c2y1 PR cnyn ~ o j

Sistemaning determinanti, y(x) fundamental yechimlar

sistemasi noldan farqgli bo‘lgan holda, Vronskiy detenninanti
bo‘ladi. ((11.36) ga garang). Shuning uchun (11.39) sistema

o\ - 9 (x) ko‘rinishdagi yagona yechimga ega. Bu birinchi
tartibli -differensial tenglamani inlegrallab. ci(x) =J"(p (X)c?x ni
topamiz.

Shunday qilib, (11.34) tenglamaning y* xususiy yechimi
quyidagicha bo‘ladi.

y* =y fp | (X)dx +y2J=2(*)<& +... +ynlp n(x)tlx . (11.40)

l-eslatma. (11.40) formuladan integrallami topishda n ta
ixtiyoriy o‘zgarmaslar paydo bo‘ladi. Ulami nolga teng deb

hisoblash mumkin.
3-misol. Quyidagi tenglamaning umumiy yechimini toping.

y'-2y--/ 42y =]x -, (1)
e +1
> (1) tenglamaga mos, bir jinsli tenglamaning umun

yechimi quyidagicha bo‘ladi.
y =c\e* +cx " +cwe™.
(1-misolga qgarang.) (1) tenglamaning umumiy yechimini
topish uchun, Lagranj usulida uning y * xususiy yechimini

topamiz. (11.38) formulaga asosan quyidagiga ega bo‘lamiz.
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y* = cl(x)ex+ c2(x)e~x+c3(x)e?
(11.39) sistema bizning misolimizda quyidagi ko‘rinishda
bo‘ladi.

c\ex+crex+cfex =0,

c,V-c;e-T+2cVv=0,

@

clex+c\ex+4c'ed =e/(e* +1).

Buning detenninanti W —6e2x® 0 (1-misolga qgarang). (2)
sistemani Kramer usuli bilan yechib, quyidagilami topamiz.
cf=~ . (3)
2 ex+Y "o Bex+|” 3e*+ |’

3) ifodani integrallab, quyidagilami hosil qilamiz (1
eslatmaga garang).

2 ex+1 2] ex+l 2 1

1feddx 1r~rd(e‘) Iff 1V , ife** N

C,'If dx =_1!(- +1—evé-x_

- 1- dx =
3JIef|.+1' 3] ex+1 31 " ex+l
d(ex+\)"
d(x-to(e- +1)).
o gy lx-to(e- +1)

(1) tenglamaning xususiy yechimini yozamiz.
y* =-"exIln(ex+lj +~e~z" e X-ex+In(V tl) +~e2 |Sc-In(ek+I}j j=

:_l e«_

Lhe? ufle= deer———e* Hin(e* +1) m
2 6 3 | 2 3 )

(1) tenglamaning umumiy yechimi quyidagi ko‘rinishda
bo‘ladi.

Yy =y +y*=(Qe +cZ *+c22Z +"-(4ne2r+e* + - 2e29In(ex+l)

2.50



2-eslatma. (11.35) tenglamaning fundamental echimlar
sistemasini topish usullari mavjud emas. Shuning uchun umumiy
holda (11.34) tenglamaning y* xususiy yechimini topish
mumkin emas, demak uning umumiy yechimini ham topish
mumkin emas. (11.34) tenglamani yechimining boshqga usullari
mavjud emas. Fagat xususiy holda, (11.34) tenglamaning barcha

a((x) koeffitsientlari o‘zgarmas sonlar bo‘lganda, (11.34)

tenglamaning fundamental vechimlari sistemasini va umumiy
yechim ini topish usuli mavjud.

0 ‘zgarmas koeffitsientli chizigli differensial tenglamalar
(11.34) va (11.35) tenglamalarga ai(x) =pi - const&R n

go‘yamiz. U holda mos ravishda quyidagilarga ega bo‘lamiz.
y)+Piy() +Pry{mf) +. +pn-y +pny =f (x)m A\

Y 1+PxY{]+py {2 +- +Pn-Y +Pny =0 -(11 -42)

(11.42) tenglamaning fundamental echimlar sistemasini, faga
algebraik usullardan foydalanib, quyidagicha topish mumkin.
(11.42) tenglamaning xarakteristik tenglamasi deb ataluvchi
quyidagi algebraik tenglamani tuzamiz:

A" +p,r~x+px~ 2+...+pnlA+pn=0. (11.43)

Bu tenglama n ta ildizga ega bo‘lib, bular orasida oddiy va
karrali haqiqiy ildizlar, shuningdek go‘shma-kompleks (oddiy va
karrali) ildizlar ham boiishi mumkin.

Agar (11.43) harakteristik tenglamaning barcha Ai ildizlari
haqiqiy va oddiy bo‘lsa, u holda (11.42) tenglamaning quyidagi
fundamental yechim lar sistemasini hosil gilamiz.

ev ,ev ,...,ev'. (11.44)

Ma’lumki, (11.43) harakteristik tenglamasining liar bir
karrali ildiziga (11.42) tenglamaning quyidagi ko‘rinishidagi,
chizigli boimagan yechim lari mos keladi.

vyl =enx, y2=xesnx,...,yk =xkJenx. (11.45)
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(11.43) harakteristik tenglamaning m karrali qo‘shm
kompleksi har bir a £ juft ildizga quyidagi ko‘rinishdagi
(11.42) tenglamaning o‘zaro chizigli bogiig bo'lmagan 2m ga
teng yechim lari mos keladi.

yx=eaxcosfix, y2=eaxsin fix,

y} = xeax cos fix, y 4 =xeaxsin j3x,

y5=x2eaxcosfix, y 5~ x2eaxsin fix, N1
y2ml = cosfix, yan=x" leaxsin fix.

Yuqgoridagilami umumlashtirib, quyidagiga ega bo‘lamiz.
(11.43) rung harakteristik tenglamasining ildiziga birjinsli (11.42)
tenglamaning, ixtiyoriy koeffitsientlar bilan chizigli kombinatsiya
(11.37) formulaga asosan, (11.42) tenglamaning umumiy
yechimini beruvchi, fundamental yechimlar sistemasini hosil
qiluvchi, n ta chiziqli bog‘lig bo‘lImagan yechimi mos keladi.

4-misol. 0 ‘zgarmas koeffitsientli 4-tartibli bir jinsli chiziqli
tenglamaning umumiy yechim ini toping.

y,v-\6y =Q.
> Berilgan tenglamaning harakteristik tenglamasini tuzarr
va uning ildizlarini topamiz.

14-16 =0, (J12-4)(A2+4) =0, 42=4, \ =x2, n2="1,
Aj 4= =%2i 2 tasi haqiqiy va 2 tasi qo‘shma-kompleksli, 4 ta ildizni
hosil qildik (or=0,/7=2) bo‘lgan (11.44) - (11.46) Xxususiy

yechimlami e’tiborga olib, quyidagi undamental yechimlar
sistemasini hosil gilamiz:
yl=e2x, y2=e-2x y3=eQC0s2Xx = COS2X, y4=e XxSin2x =sin 2x

(11.37) formulaga asosan, berilgan tenglamaning umumiy

yechimi quyidagi ko‘rinishga ega bo‘ladi.
y =cMeX+C2~X+c3c0S2X +c4Sin2X. K
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Agar (11.42) tenglamada n =2 bo‘lsa, u holda o ‘zgrmas
koefjfitsientli 2 tartibli bir jinsli chizigli dijferensial tenglamani
hosil gilamiz.

Y*+pVY +p2y =0. 11.47)
Uning xarakteristik tenglamasi
A2+pN+p2=0. (11.48)

ko‘rinishda bo‘ldi.

Bu tenglamaning ildizlari quyidagicha bo‘lishi mumkin.

a) haqiqiy va turli: #* ~

b) haqgiqiy va o‘zaro teng: /1, = =X

v) qgo‘shmakompleksli: Ay2—a=* fii.

Ularga (11.47) tenglamaning quyidagi fundamental yechim lar
sistemasi va umumiy yechim lar mos keladi.

Ly, =el\ y2=e*X, y-Cc”™X+cZv ;

2.y, =e/k y2=xed, y=c,e" +cXxell

3ey, = e“Xcos/?jc. =2 =e“xsin/?X, v =e“pg(c cosfix +c2sinJ3x) m

5-misoL Quyidagi tenglamalaming umumiy yechimini
toping.

a) / —15/ +26y —0;

b)/ +6/ +9y =0;

v) / —2/ +10j=0.

> Har bir tenglama uchun xarakteristik tenglamasini tuzami:

va uning ildizlarmi, fundamental yechimlar sistemasini va
umumiy yechim larini topamiz.

a). X2- 15X +26 =0, 4 =2, X, =13,



6) N2+6/1+9=0, Jl1=A2=-3;

-3x

N=6 ’'72=Xe'

y —e~(cj +c2).
B) A2-27+10 =0, \ 2=I+3z

vt =excos 3%, y2=exsin 3x.
y =ex(c, cos3x +c2sin3x). <

Shunday qilib, o‘zgarmas koeffitsientli chizigli tenglamalami
yechish uchun quyidagilar zarurdir:
1. mos fundamental yechim lar sistemasini topish;

2. bir jinsli (11.42) tenglamaning y umumiy yechimini
tuzish;

3. Lagranj» usuli bo‘yicha (11.41) tenglamaning yer
xususiy yechimini topish;

4. Y —Y +Y* formula bo‘yicha (11.41) tenglamaning y
umumiy yechimini hosil qilish;
Turli injenerlik masalalarini yechishda (11.41) tenglamaning

/ (*) o‘ng qismi ko‘p hollarda quyidagi maxsus ko‘rinishga ega
bo‘ladi.
/ (x) =eadpr(x)cosbx+Qs(x)sinbx), (11.49)

bu yerda pr(x), Qs(x) - mos ravishda r va s darajali
ko‘phadlar. a,b - biror o‘zgarmas soniar f (=*) funksiyaning

xususiy hollari quyidagicha bo‘ladi.
f(x) =Pr(x)eax(b =0); (11.50)

/ (X)) =inM.(xX)cos&x +£5(x)sm foc(a =Q), (11-51)
/ (x) =ea(Acosbx +B sillbx){A —const, B-const). (11.52)
/ (x) =lcosbx +i?sinZ>x(a =0, Pr{x) =A, Q(x) =By. (11.53)
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/M =M =7 (X) (a =0>ft-0). (11.54)

Bu hollaming barchasida, shuningdek, umumiy holda

(11.49) formulaga garang), (11.41) tenglamaning Xxususiy

yechimi, bu o‘ng qgismlaming tuzilishiga aynan o‘xshashligi

isbotlangan. Umumiy hoi uchun f(x ) funksiyaning ko‘rinishi
quyidagicha bo‘ladi.

V* = Xkeax (Pm (X) cos fix +Qm(x) sinfixj, (li .55)

bu yerda Pm(Xx), Qmx)-m =m ax(r,.?) darajali

ko'phadlar; k (11.43) z —(X+/3i - songa mos keluvchi

xarakteristik tenglamaning ildizlari soniga teng.

Shunday qilib, agar 4, (/=1,/j) ildizlar orasida Z son

bo‘lmasa, k =0 agar Z bilan mos keluvchi bitta ildiz mavjud

bo‘lsa, k — 1, agar Z son bilan mos keluvchi ikki karrali ildiz
mavjud bo‘lsa, k =2, va h.k. Bundan kelib chigadiki, (11.55)

formulaga asosan, fagatgina Pm (X) va Qm(X) ko‘phadlaniing

koeffitsientlarigina noma’lum bo‘lgan, v* xususiy yechimning
tuzilishini birdaniga aniglash mumkin ekan. (11.44) tenglamaga
y * yechimni va uning hosilalarini go‘yib, o‘ng va chap
tomonlarining o‘xshash koeffitsientlarini tenglashtirib, shu
noma’lum kojeffitsientlami topish uchun yyetarlicha sondagi
chizigli algebraik tenglamalarni hosil gilamiz. Koeffitsientlami va
y * ni bunday usulda topish, anigmas koeffitsientlar usuli deb
ataladi. Bundan kelib chigadiki, y * ning tuzilishini bilgan holda
((11.55) formulaga garang), tenglamani Lagranj usulida yechishda
hosil bo‘luvchi integrallash amalini qo‘llamasdan, differensiallash
va chizigli tenglamalar sistemasini yechish kabi elementar amallar
yordamida xususiy yechim ni topish mumkin ekan.
6-misol. Tenglamaning umumiy yechim ini toping.
y'v - 3y"=9jc2.(1)
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> Xarakteristik tenglamasini tuzamiz va uning ildizir

fundamental yechimlar sistemasini, bir jinsli tenglamaga mos

keluvchi y umumiy yechimini topamiz.

na-anz2=o0, n2(n2-3)=o, n,=n2=o0, N, —J¥=3a/3

y —C; +¢c2x +¢c3n/3x +cxe M X.

(1) tenglamaning o‘ng tomoni, maxsus (11.54) xususiy
holga tegishli, shuning uchun Z =0. Xarakteristik tenglamaning
ikki karrali \ —/1,-0 ildizlari, Z —0 bilan ustma-ust tushadi,

bundan k =2 ekanligi kelib chigadi. (1) tenglamaning o‘ng
tomoni ikkinchi darajali ko‘phad bo‘lganligi uchun (11.55)
formulaga asosan, y * xususiy yechim quyidagi ko‘rinisliga ega
bo‘ladi:
y* =x2(Ax2+Bx +cj ,

y * lami (1) tenglamaga qo‘yib. ayniyat hosil qilamiz (
y * - (I) tenglamaning yechimii).

Bu yerda va keyinchalik hisoblash qulay bo‘lishi uchun
y* y*'y*" y*1,¥*I ¥ ifodalaming har birini alohida gator
yozamiz va vertikal chizigning chap tomoniga tenglamadagi
ulaming oldida turgan koeffitsientlarni mos ravishda

joylashtiramiz. Bu ifodalami koeffitsientlarga ko‘paj4irib, qo‘shib
va o‘xshash hadlami Ixchamlab quyidagiga ega bo‘lamiz:

0 y* =Ax4+Bx3+cx2,
0 y*r=4Ax3+3Bx2+2x
-3 y*"=12Ax2+6Bx +2c,
0 y*n=24AX +6B,
1 y*IV =24A.
y*IV~3y*' - _36A2-1&Bx +6Cc+24.45s 9x2
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Oxirgi ayniyatning o‘ng va chap tomonlaridagi x ning bir xil
darajalari oldidagi koeffitsientlarini tenglab, A,B,C lami
aniglash uchun algebraik tenglamalar sistemasini hosil gilamiz:

-36A =9,
-182? =0,
-6C +241=0.

bu yerdan A —1/4,B =0, C —41 . Bundan kelib
chigadiki,
/* =je2f--~-x2-1
(1) tenglamaning umumiy yechimi quyidagicha bo ‘ladi.
y - V+y* =c, +cX +cE"X+cde~" - Z.x4—x2. <

7-misol. Koshi masalasiili eching
y'-1ly+by =(x-2)ex, £(0)=1¥(0)=3.(1)

> Xarakteristik tenglamasi \ =1, AR=6 yechimlarga ega,
holda y"—y +6y =0 bir jinsli tenglamaga mos keluvchi
tenglamaning umumiy yechimi quyidagicha bo‘ladi.

y =cle® +cx™.

(1) tenglamaning o‘ng tomoni, (11.50) ko‘rinishdagi

maxsuslikka ega, bu yerda a =1, /7=0; P{(x®» —x—2,r =1. r

Xxarakteristik tenglamaning ildizi bo‘ladi, u holda k -1 va (1)
tenglamaning xususiy yechimi quyidagi formuladan topiladi.

y *-xex(Ax+ B). (2)

Endi, 6-misoldagi kabi, quyidagilami topamiz:
6 y* =8 (AX2+BXj

7y* =e'(Ax2+Bx)+e {2Ax+B),

ly* =ex(Ax2+(2A+B)x +B) +ex(2Ax +2A +B).



y**-Ty *+6y* =e* ((64- 7N1+a)x2+(6B - TB - XA[T+2A+B +2A)XTB +2A +2i1) =ex (X - 2)

Oxirgi ayniyatning ikkali tomomnini e* ™ 0 ga bo'lib vuboramiz
va o‘ng va chap tomonlaridagi X ning bir xil darajalari oldidagi
koeffitsientlarini tenglab, quyidagiga ega bo‘lamiz.
0=0,
~10A =1,
2A-5B =-2.

bu yerdan A =—1/10, 5 =9/25, quyidagi funksiya (1)

tenglamaning umumiy yechimi bo‘ladi.
1,2 9

Y—Y+Y —ce +c2™ +e X T2 x
10 25

Koshi masalasini yechish uchun y' ni topamiz.
y —oe" +6ckx+e " fo2 x y--x \+eJ —1X +

v W0 25 j [5 25
Boshlang‘ich shartlardan foydalanib, c¢, va Cr ixtiyoriy

o‘zgarmaslaming giymatlarini aniglash uchun chizigli
tenglamalar sistemasini hosil gilamiz.

7 (0) =cx+c2=1 y(0) =cx+6c2+9/25=3.

Bu yerdan ¢, =84/125, €2=41/125 lami topamiz.

Shunday qilib, berilgan boshlang‘ich shartlami
ganoatlantiruvi xususiy yechimning ko‘rinishi quyidagicha
bo‘ladi.

&4 41 5 )
y=—e +—-¢e +e’ -——X +— X

125 125 v 10 25y
(11.41) ko‘rinishdagi chiziqli differensial tenglamalar ucht
ma’nosi quyidagicha bo'lgan, yechimlarning superpozitsiya
prinsipi o‘rinlidir. Agar (11.41) tenglamada

f(x) =fxx) +fi(x) bo‘lib, >{(x) va y2(X) lar o‘ng
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tomoni mos ravishda fy(x) va f2(x) bo‘lgan quyidagi
(11.41) ko'nnishdagi tenglamani v, (x) va y2(x) lar o‘ng

tomoni mos ravishda f s(x) va f2(X) bo‘lgan quyidagi

(11.44) ko‘rinishdagi tenglamalaming yechim laribo’lsa,

Y () +Pi +... +Pry =fl(x). (11.56)
+py@&0+ +Py =/r(x) (n 57)
u holda —y*+j* funksiya o‘ng tomoni f ( x) bo‘]gan

(11.41) tenglamaning yechimi bo‘ladi.

nw va funksiyalar ((11.49) ko'rmishdagi fagat

turli turdagi (1 1.50)-(11.54)) maxsus ko‘rinishda bo‘lish mumkin.
U holda, har bir turdagiga go‘liash mumkin boigan va anigmas
koeffitsientlar usulida (11.56), (11.57) tenglamalaming xususiy
yechimlarini topish imkonini beruvchi (11.55) ko‘rinishdagi
xususiy yechimning tuzilishidan foydalanish mumkin. Shu bilan

birgalikda f\\x) - maxsus ko‘rinishda, f2(x) esa maxsus
ko‘rinishda bo‘lasligi mumkin. Bunday hollarda, (11.41)
tenglamaning xususiy yechimi y * ni, Lagranj usulidan
foydalanib birdanig topish mumkin yoki ikkita bosqichga bo‘lib,
(11.56) tenglamani yechish uchun (11.55) ning tuzilishidan
foydalanib, (11.57) tenglamani yechish uchun esa Lagranj
usulidan foydalanib topish mumkin.
8-misol. Tenglamaning umumiy yechim ini toping.
j/ +j'=xsinx +cos2x. )

» Ma’lumki, xarakteristik tenglamasi \ =i, A, =—i

yechimlarga ega. U holda y”+ V =0 bir jinsli teoremaning
umumiy yechimi quyidagi funksiya bilan aniglanadi.

y —C,cosn+ C2siNX .
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(1) tenglamaning o‘ng tomonini (11.51) va (11.53)
ko‘rinishdagit maxsus turdagi ikkita funksiyaning vyig‘indisi
shaklida yozish mumkin:

/j(x) =xsinx, f2{x) =cos2x . Shuning uchun (11.55)
ning tuzilishidan foydalanib, anigmas koeffitsientlar usuli bilan
y”+y =xSinx. )
tenglamaning y* xususiy yechimini, va
y" +y =cCos2X. (3)
tenglamaning y* xususiy yechimini topamiz. (2) tenglama
uchun d —0, b=1z —i=1n, , shuning uchun k =1 va.
y* = x((vdx +Z?)cosx +(cx +Z))sinx)

6-misolda keltiriigan sxema bo‘yicha A,B,C,D anigmas

koeffitsientlami hisoblaymiz.
Quyidagiga esabo‘lamiz:

1y[ =(Ax2+BxJcosx +(cx2+Z)x)sinx,

0 yY\ —{2AX +B”c0?,x-"Ax1+5x}sinx +
+(2cx +Z))sinx +(cx2+Z)Xjcosx =
=(cx2+2Ax +Dx + 8)cosx + (-Ax2—Bx +
2cx+D)sinx,

1y* -(2cx +2A +D)cosx-(cx2+2AX +Dx +B)smx +
+ (—2AX —B +2c)sinx+(—Ax2—Bx + 2cx+ Djcos X,

y~ +y* ="NAX2+BX +2¢cX +2A +D —AX2—BXx +2cx +£3)cos X +

+{Cx2+Dx-Cx1—2Ax —Dx—B —2Ax -B +2c)sinx =xsin
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Oxirgi ayniyatda o‘ng va chap tomonlaridagi o‘xshash hadlar
oldidagi koeffitsientlami tenglashtirib, A,B,C,D va y* larni
topamiz:

XCOSX 4c =0,
cosx 2A +2D =0,
Xsinx -4N =1,
sinx -2B +2c - 0,
buyerdan A=—1/4, 5 =0,c=0,D =1/4.
Bundan kelib chigadiki,

=—x (sin x - X cosXx

(3) tenglama uchun a —0, b~ 2, z —2i, shuning uchun
K- 0 va

y\ ~ M cos2x +N sin2x.
Endi quyidagilami topamiz:

y2=M cos2x + N sin 2x,

y2 =—2M sin 2x +2N cos 2x,

y2 =-AM cos2x —4N sin 2x
y2 +y2=—3M cos2x —37VsSin2X s=Cos2X.
bundan ko'rinib turibdiki, —3M =1, - 3N =0 , shuning

uchim
~ —10052x.

Natijada quyidagini hosil qilamiz:

1 1
y* =y xX+y2 =—Xx(Sin X - XCOSX) - - COS2X.

va berilgan (1) tenglamaning umumiy yechimi quyidagi
formula bilan aniglanadi.
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A
9-misol. Koshi masalasini yeching.

y"-2y’+5y =3yx+extg2x, y(0)=y4 vr(0) =2. (1)

> Avval berilgan tenglamaning umumiy yechimini topamiz:
tenglamaga mos Kkeluvchi X2—29+5=0  xarakteristik
tenglamaning iidizlari } -\x2i bo‘ladi. y"—2y +5y =0 bir
jinsli tenglamaning umumiy yechimi quyidagi funksiya bilan
aniglanadi.

y =ex(c, cos2x +c2sin2x).

(1) Tenglamaning o‘ng tomoni ikkita funksiyaning
yig‘indisi ko‘rinishidan iborat. Ulardan birinchisi f (x) = 3ex,
maxsus turdagi (11.50) ga tegishli bo‘lib, bu yerda
7’\(x):3 a=Il, b=0, z=17AI2 bo‘ladi. Shuning uchun,
y"—2y'+5y=3ex tenglamaning xususiy yechimi quyidagi

ko‘rinishga ega y* = Aer , bu yerda A quyidagi ayniyatdan

3

aniglanadi. (A —2A +5A)ex=3ex; bundan ™ = y, =—exX.

Ikkinchi, j2(x) =extg2x funksiya maxsuslikka ega emas va

y" —2y +5y —extg2x tenglamaning y\ xususiy yechimini

ixtiyoriy o‘zgarmasni variatsiyalash usuli bilan izlash zarurdir
(Lagranj wusuli). (11.38) formulaga asosan, quyidagiga ega
bo‘lamiz.

y2=e*(c,(x)co82x +c2(x)sin2x).
Bizning misolimizda, (11.39) ko'rinishdagi sistema ikkita

tenglamadan tashkil topgan (y, =excos2x, y2- e‘sin 2Xxj.



c\excos2x + crexsin2x =0.
c,ex(cos2x-2sin2x) +c2eT(sin2x +2c0s2x) = extg2x.
Sistemaning tenglamalarini ex ga qisqartirib, quyidagini hosil
qgilamiz.

c\cos2x +c\ sin2x =0, - ]

C;(cos2x-2sin2x) +c' (sin2x +2c0s2x) =tg2x. j

Oxirgi sistemaning determinant! (vronskiani) quyidagicha
bo‘ladi.
coSs2x sin2x
w =2
cosx-2sin2x sin2x +2cos2x

Kramer formulasi bo‘yicha quyidagini topamiz.

0 sin2x
CE: ~ = —"sin2x"Ngx.
2 tg2x sin2x +2co0s2x
COS 2X 0
| L ]
=—sm2X.

2 2co0s2x-2sin2x tglx 2

Topilgan tengliklami integrallaymiz.

1rsin 2X j 1r1—cos22x , 1 dx
Ci= ~J——— é&%— lr ————————— dx — f- —+
COS 2X 2] COS2X
\i
+—fcoslxdx =—In +—sin2x.
1] A 4
c, =—sin 2xdx = — cos2X.

Bundan quyidagi kelib chigadi.
Y L
-In (7 ex! cos2x +—sin 2x cos 2X -
V4 * 4 “ 4

N

1 T
— sin2xcostj=—ex\n tg —X mO0S2X .
4 4
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Shunday qilib, berilgan (1) tenglamaning xususiy yechimi
quyidagicha bo‘ladi.
q) * * 3 N i (’ v n
Y* =W +72=Te +7« Intg ——X C€OS2X =
4 Y 4

f / \

y )
= lé- 3+In g ——Xx ~ =«os2x
4 <4 y )

\%
Uning umumiy yechimi esa quyidagi funksiya bilan
aniglanadi.

y =y +y* =ex(C, 00s2x +c2sin2x) +—exj 3+In gl ~__XJ] —cos2xl
V4
(2)
Koshi masalasini yechish uchun y (0)=3/4, Y(0)=2
boshlang‘ich shartlardan foydalanib, (2) umumiy yechimdagi c,
va c2 ixtiyoriy o‘zgarmaslaming qiymatlarini hisoblaymiz. y ni

topamiz.
y =e (g cos2X +c2sin2x) +ex(-2c¢j sin 2x + 2c2c0s2X) +

1 X 71
41 e [3+Intg-c--X -coszx

4 VvV 4
Cc0S2X
—2In/g|---Jt | -sin 2x
~Jn N r*
—~x .A0C5
'@(U J u

y va y lar uchun olingan ifodalarga x —0 giymatni qo'yib,
boshlang‘ich shartlami e’tiborg olib, quyidagilaami hosil gilamiz.
y(0)=3/4 =Q +3/4.
Y (0)=2=2c2+3/4-1/2.
buyerdan c, =0. c2=7/4.
Natijada izlanayotgan xususiy yechim quyidagicha bo‘ladi.
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. rn N
3+7sin 2x —In tg ———I ecos2jc 1
n

\Y 1

115. AT

1. Quyidagi ikkinchi tartibli bir jinsli chizigli differensial
tenglamalaming umumiy yechimlarini va  fundarnentiar
yechim lari sistemasini toping.

a)y'-2y'-4y =0;

b) y" +6y'+9y =0;

v) y"—6y’+18y =0.

(avob: a) y,=e"L, yo=ef ¥ y =ce] >+c2l

b) v. =e~bx y2=xe~-bg y =e“3(cl +c2X)\

V) yl=e3xcos3%x, y2=e'xsinx; y —(, cos3x +c2sin3x).)

2. .Quyidagi yuqori tartibli bir jinsli chiziqli differensial
tenglamalaming umum yechimlarini va fundamental yechim lari
sistemasini toping.

a)ym 5y"+16/ - 12y - O;

b)) ylv—-%y"~ly =0;

v) / —6ylv +9ym=0;

g/'-3/ +3/K=0.

(Javob: a) yl =ex, y2=e2cos2™2x, y3=e2Xsin27"2x;

y =c,e* +e2x(c, cos2n/2x + c: Sin27/2xj; b)
j, =ex, y2=e X, y3=er’x y4=ge~"x; y =c.e* +
CE~X+CcR~"X-1Cle~"X ; V) vy, =1, =X, v3=Xx2, ¥=e3
= xeJf, y =q +cX +cX2+(c4+c5) m3, a)
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YI=1 Yy2= = *2> >4 = ys=eW2cos“ X,

>6=eP? sl x; y =¢, +cx +cX 2+c,x +e 3szr(:, cos L x +c,aw Pk Y
\% 2 ‘ 2,
Mustaqil ish

Quyidagi bir jinsli chizigli differensial tenglamalaming
umumiy yechimini va fundamental yechim lari sistemasini toping.
1. a)3/-2y'-8y=0; b) ynt-9y'=0;

(Javob: a) y ~ c,eX+c2 41k
b) y =q +c2cos3x +c3sin3x.)
2. ayY -6/+13y=0;b) yIV-8y*+\by =0.
(Javob:a) y =eJ(q cos2x +c, sin2x);
b) y =(cL+cX)eX+(cb+cA)e-2x)
3. a)4ym—-8y+5y=0;b)y"-by"+by'-y =b.

Ve . X
(Javob: a) y ~ex( ¢, cos—+C' sm—
2 2 2

b) y =ex(cx+CjX +c3X)2.)

11,6. Auditoriya topshiriglari
Quyidagi, bir jinsli bo‘Imagan tenglamalaming ko‘rsatilgan
boshlang'ich shartlami ganoatlantiruvchi, xususiy yechim larini
toping. (Koshi masalasini yeching.)
1. y"-3y'+2y =eX(x2-Xj, y(0)=I, y(Q)=-2.

(Javob: y =4(ex-e29 +j (X 2-2X +2jeXm
2 y"-y'=-2xy(0)=0,y(0)=/(0)=2_
(Javob: y =ex—e~-x+x2).

3 ya'-y =8el, /(0)=0, /(0)=1 y*(0)=0
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(Javob: y =2xex—bex+e~x+cosjc+ 2sin x .)
4 y" - 2y'+2y =4excosjc, y(&) =nek, y’(ar) =es
{lavob: ¥ =«'((2 *-*-1)sin*-*as*) }

5 / +4y=A4(sin2jc +cos2jc), y(n) =y'(a) =2mr

(Javob: y -3n cos2x+ sinx+(sin 2x- cos 2X).)

Mustaqil ish
Ko ‘rsatilgan quyidagi tenglamalaming boshlang'ich
shartlami ganoatlantimvchi xususiy yechim larini toping.

I f-22y =2e\y(])=-), /7 (1)=0
(Javob: y =e2¢l- 2ex+e +1)

y"+4y =x,y(0) =1 y'(0) =~

(Javob: v =-x +cos2x +f—"r |sin2x)
4 4 8]

2 [/ ,+6/+9>'=10smx, v(0)--0,6, =(0)=0,8
(Javob: y =0,8sinx—0,6c0sX.)
11.7. Auditoriya topshiriglari

Quyidagi berilgan bir jinsli bo‘imagan chiziq differensial
tenglamalaming har binning xususiy yechimini aniglang va uning
tuzilishini yozing.

j y"-8/ +16y -edX(l—x)

2 y"-3y —e’x-28x

3 yff+16 y=xsinx

oS+ = 2x+<Tc
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5 —4y’=2c0s 4x
Ny IV —y =3xe* +sinx
/ -7/ =(x-1)2
8 YT +Y =x2+2x
p Y -4y'+13y =e2*(x 2c0s3x +sin3x)

10. V¥ —y I’ = 2xex—4

Berilgan chizigli tenglamalaming umumiy yechimini toping.
XX Y +4y =cos2x

12 Y"+5by'+6y =e *+e_D(
Xl 4Y —y =x3- 24x

14, Y"+Y'=6x+e X

15 Y"+4y =1/sin2x

16. /'+/ =&*

Mustaqil ish
j Y +4Y +4y=eFrlInx

{lavob: y =fc, +c2X +—x2In X - —X2 je X.)
' \% 2 4 1
2 y”+y +ctg2x =0
(Javob: y =2 +¢, cosx +c2sin X +coslIn
*2
3 Y-2Y +y =e*/(x2+1)

(Javob: y —ex(c, +c2—In n/x2+1 + xarctg Xxj .)
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11.7.DIFFERENSIAL TENGLAMALAR SISTEM ASI

Quyidagi ko‘rinishdagi sistema

N\ = yn)

y'i= fi{x,y\,y2....,yn)
(11.58)

Yn=/AX'YMYr=>->Y,).

(bu yerda x,yl,y2,..,,yn o‘zgaruvchili fi(i =1,n\ funksiya

(n+1) of‘lchamli biror D sohada aniglangan) W (x) ,

y2[X),...,yn(x) noma’lum funksiyali n - ta birinchi tartibli

differensial tenglamalaming normal sistemasi deb ataladi.
(11.58) sistemaga kiruvchi tenglamalar soni uning tartibi deb
ataladi.

(11.58) sistemaning (a,bj oraligdagi yechimi deb, (a,6)

oraligda uzluksiz differensiallanuvchi va o‘zining hosilalar bilan
(11.58) sistemaning har bir tenglamasini ayniyatga aylantiravchi

Y, =Y, (X), ¥Y2=¥r(x),-,Yn=Yn(x) funksiyalar to‘plamiga
aytiladi.

Birinchi tartibli differensial tenglamalar sistemasi uchun
Koshi masalasi quyidagicha ta riflanadi.

(11.58) sistemaning

N (x0) =¥c> Y2(*0) =¥YT,-,Yn (x0) =Yrno=(11.59)

bu yerda Yw YZ=>—>Y,0 _ berilgan sonlar: xOe (a,6)
boshlang‘ich shartlami ganoatlantiruvchi
N =N\ ®> ¥Y2(x),...,.yn= (x) yechimlari topilsin.

Quyidagi o‘rinlidir.

Teorema. (Koshi ntasalasining mavjudligi va yagonaligi
haqgida).
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Agar fi(i =\,n) funksiya (x0O,yw,y20,...,.yn)& D

nuqtaning atrojida uzluksiz ho‘lsa va [/ =1,;?) uzluksiz
dy, v ’

Xususiy hosilalarga ega bo'lsa, n holda har doim shunday xO
markazli integral topiladiki, (11,58) sistemaning (11.59)
boshlang'ich shartlami ganoatlantiruvchi yagona yechimi
mavjud bo ladi.

(11.58) sistemaning umumiy yechimi deb. quyidagi
boshlang‘ieh shartlami qanoatlantiruvchi va n ta cl,c2,...,cn
ixtiyoriy o‘zgarmaslarga bog‘liq bo‘lgan, n ta
yt=(@p (x,cl,c2,...,.cny{™Ni =1,/?] funksiyalar to‘plamiga aytiladi.

1) (. funksiya x,clc2,....,cil o‘zgaruvchilming biror

o‘zgarish sohasida aniglangan va uzluksiz  xususiy
dx

hosilalarga ega bo‘lsa;

2) (ot to‘plam cj ning ixtiyoriy qgiymatlarida (11.58)
sistemaning yechimibo‘lsa;

3) Koshi teoremasi o‘rinli bo‘ladigan ¢ sohadagi har
ganday (11.59) boshlang‘ich shartlar uchun har doim
cto,c2,...,crD boshlang'ich shartlaming shunday qiymatlari

topiladiki, (pm= (pt(x0,cw,c2],...,cn0 tenglik o‘rinli bo‘ldi.

(11.58) sistemaning xususiy yechimi deb, ixtiyoriy
o‘zgarmaslaming biror xususiy giymatlarida umumiy yechimdan
olingan yechimga aytiladi.

(11.58) sistemani yechish usullaridan biri, uni yuqori tartibli
bitta yoki bir necha differensial tenglamalami yechishga olib
kelishdir. (Noma’lumni yo“‘qgotish usuli).

Yuqgorida aytilganlarning barchasi, quyidagi ko‘rinishdagi,
(11.58) sistemaning hususiy holi bo‘lgan chizigli differensial
tenglamalar sistemasi uchun o‘rinlidir.
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W =an +2{x)y2+- +«b(x)y, +f, (x)
» )y 2t
Y: —aw stz ().y2 2,(yA+1209) 13 60)

yn=[0e(%x)3;Aa (*)y2+...+am(x )yn+fn(x)
bu yerda ay(x), fi(x)*1,j =\,nj fimksiyalar odatda, biror
(a,b) oraligda uzluksiz deb faraz qilinadi. Agar barcha
f (x) =0 bo‘lsa, u holda (11.60) sistema birjinsli, aks holda bir

jinsli bo imagan deyiladi. Agar atj(x) =const bolsa, sistema

o zgarmas koeffitsientli chizigli sistema deyiladi. Bunday
sistemalami integrallashga imkon beruvchi usullar mavjuddir.
Shulardan ikkitasini ko‘rib chigamiz.
1. Xarakteristik tenglamasini tuzamiz.

«11 A «12 An
ag a_ -/ N
2 =0. (11.61)

-A
bu yerda ay =const . Determinantni ochib chigib, n ta

yechimga ega bo‘lgan (ulaming karraliklarmi hisobga olgan
holda), A ga nisbatan darajali, haqigiy o‘zgarmas koeffitsienli
algebraik tenglamani hosil gilamiz. Shu bilan birgalikda quyidagi
holatlar bo'lishi mumkin.

1 (11.61) xarakteristik tenglamaning lldizlari turlicha ve
haqiqiy. Ulami N,,12,....,/in deb belgilaymiz. Ma’lumki, har bir

N[~z =1,nj ildizga quyidagi ko'rinishdagi xususiy yechimlar mos

keladi.
vooowx 0 (11.62)
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bu yerda koeffitsientlar quyidagi chiziqgli
algebraik tenglamalar sistemasidan topiladi.

(flu - + ana2 +- + a\an}=0

aZ\a\’\+(a22—.ﬂ)a2’\+'"+ a2nan'=o0 A ~

ania\,J]+ af +..+(am-/1,)a? =0

Barcha (11.62) ko‘rinishdagi xususiy yechimlar fundamental
yechim lar sistemasini tashkil qgiladi.

aj= const, /’(x)=0 bo‘lgan holda (11.60) sistemadan

olingan bir jinsli o‘zgarmas koeffitsientli tenglamaning umumiy
yechimi, (11.62) yechimining chizigli kombinatsiyasini tashkil
etuvchi quyidagi funksiyalar to‘plamini ifodalaydi.

Y, =1>/1W =c,are® +CxrNV-'+ ...+ cr< V ="'
1=1

y2 = =clai'V'A+c2a2)e'IX+... +cm[ev
- . (11.64)

yn~ " CY1 -ciane +cxa2e +..+cmne
i
bu yerda c, - ixtiyoriy o‘zgarmaslar.
I-misol. Bir jinsli sistemaning umumiy yechimini toping.
y[ =3y, -y2+¥3
yz=-Yx +5y2- Y3
Y3=Y1~Y2+3%3,
» Berilgan sistemaning xarakteristik tenglamasi
3-7 -1 1
-1 5-1 -1 =0. (1
1 -1 3-1
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n,—2, N3=3, N1?=6 bo‘lgan turli haqiqiy ildizlarga ega.

Ularning har biri uchun (11.63) ko‘rinishdagi sistemani tuzamiz.

a, w +&P =0, -ay + W =0,
jW :O, - —a[a+2 - all=0, (2)
a, ) mep +oep =0, a® Y9
-3af
-a” -a” -a\'=0,

a{'m a[y'- 3a\v =0.

Bu sistemalarning determinantlari, (1) formulaga asosan,
nolga teng, u holda ularning har biri cheksiz ko‘p yechimga ega,
Bunday holda. Shunday yechimni tanlash mumkinki, ular uchun

ap =aj2=a! 1=1bo‘ladi. U holda (2) sistemaning quyidagi
yechimlarini hosil qgilamiz: agar a, =2 bo‘lsa, u holda
ap =1, ai94: 0, aW=1 agar a7- 3 bo‘lsa, u holda
af* =1, ag=1, a¥ =1 agar « =6 bo‘lsa, u holda
a%a =1, af* - -2, rAp - 1L

Bundan quyidagi fundamental yechimlar sistemasini hosil
gilamiz.

yi= e yp =0, y%=_e
2)
YW —g 7%
3) 6,
y'f'J):*< r, fiqz—Ze y;; :e'q
(11.64) funksiyalar to‘plamini e’tiborga olgan holda

yechimlaming chizigli kombinatsiyasi dastlabki sistemaning
umumiy yechimini beradi.



Y) =Cc/e2*+c2 X +cie(x,
Yo — CZ2X—2c,e6
yb=—CgX+Cc2rx+c3x6l

2. (11.61) xarakteristik tenglamalari N11N12,...,04 ildizlar

turlicha, ammo ular orasida kompleks ildizlar mavjud. M a’lumki,
bu holda (11.61) xarakteristik tenglamaning har bir juft qo‘shma -
kompleks 112=J1 =iJ3 ildizlariga juft xususiy yechim mos

keladi.

0] 1) (a+ifl)x /n1l rc\
Y) ~ale » (11.65)
y& =af?ey (11.66)

bu yerda 1 =A] =A +i/3 A =Al1=A —i/3 lar uchun mos
ravishda (11.63) sistemadan or'l, koeffitsientlar aniglanadi.
af\ a[p koeffitsientlar, goida bo‘yich, kompleks sonlardir,
ularga mos keluvchi j/1, funksiyalar ega, kompleks

funksiyalardir. va y™p funksiyalaming mavhum va haqiqiy

qgismlarini ajrutib va haqiqiy koeffitsientli chizigli tenglamalar
uchun yechimlarining mavhum qismi ham, haqigiy gismi ham
yechim ekanligidan foydalanib, bir jinsli sistemaning xususiy
haqiqiy juft yechim larini hosil gilamiz.

2-misol. Sistemaning umumiy yechim ini toping.

* A n+ 1. (o
yr-2y,-5y]
» (1) sistemaning xarakteristik tenglamasi
-7-7 1

=A2+121 +37 =0.
-2 -5-1

M1 =—6=xi ildizlarg ega. (11.63) formulaga asosan,

quyidagini hosil gilamiz:
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(- X)ax+ ar=(
-2a, +(-b—A)ar=01J"

\ a*'llami hisoblash uchun \ =—6+i ildizga quyidagi
sistema mos keladi.
(-7 -N)«r'+«2M=" 1 (-1-DHaj"+a~ =0 f alh=1
-2a”™ +(-5-/)alp =01 -2a)+(l - zaj1=0. =1+i
(11.65) formulaga asosan, quyidagi xususiy yechimini hosil
gilamiz.
yjl) = a flefaiip)x = e{aHpx = e(-M)x = (cosx +isinx),
YA =arVvQo"N' =(-z"e-6c=e~bx(cosx —sin+ r(cosx +sinx))- (2)
(Bu yerda biz Eyler  formulasidan foydalandik:
eatpx —eax (cos fix +isin/?x) ) (2) yechimdan mavhum va
haqiqgiy 'gqismiarmi alohija olib, (1) sistemaning fundamental
yechimlar sistemasini hosil qiluvchi, 2 ta haqiqiy ko‘rinishdagi
yechimni hosil gilamiz.
yt*=e-6xcosx, y2=e '6(cosX - sinx),

=W 3)

V; = e6tsinX, ;Zze 6 (cosx +sinx).
U holda (1) sistemaning umumiy yechimi quyidagi
ko‘rmishda bo‘ladi:

y, =c,3*+CcrY\ =e 6GL(ci cosx +c2sinx), @

Y2~ ciYr +cryr ~e” (ci(cosx —sinx) +c2(cosx +sinx)).
Endi, A =-6 —i ikkinchi ildizni foydalanish ortigchadir,

chunki yana (1)-(4) yechimlami olamiz. Bu mulohaza barcha bir
jinsli chizigli differensial tenglamalar uchun o‘rinlidir. A

3. (11.61) xarakteristik tenglamaning Al /il2,...,An ildizlar

orasida karralari mavjud. Bu holda quyidagicha yo‘l tutamiz.
Faraz gilaylik, A - (11.61) xarakteristik tenglamaning k - karrali
ildizi bo‘lsin. u holda (11.60) sistemaning
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(ay =const, f(x) =0(z,j =1>n) k karrali ildiziga mos

keluvchiyechimini quyidagi ko‘rinishda izlaymiz.

+aux +aux +...+ou_tx e’ ,

larga ko‘rsatilgan cheklanishlarda dastlabki (11.60) sistemaga
qo‘yamiz. So‘ngra (emx ® 0 qgisgartirganimizdan keyin) olingan
tenglikni o‘ng va chap tomonlarida x ning bir xil darajalari
oldidagi koeffitsientlarni tenglashtiramiz. G ‘tkazilgan
protseduralar natijada barcha Aie sonlardan ixtiyoriy o‘zgarmas

sifatida qgabul qilinuvchi k soni har doim erkin o‘zgaruvchi

sifatida goladi.

(11.61) xarakteristik tenglamaning oddiy (karrali bo‘Imagan
yechimlariga mos keluvchi fundamental sistemaning yechim lari,
1va 2 hollarda ko‘rsatilganday aniglanadi.

3-miso]. Sistemaning umumiy yechim ini toping.

y[= Y2+Y3>
Y1=Y,+Y2-y3> (D
yf= Y2+Y3-
» (1) sistemaning xarakteristik tenglamasi
A1 1
| i-n -1 ==-(N1-1)20=0- (2)
0 1 1-A
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ikki karrali 1IN=1 va bir karrali 4, =0 ildizlarga ega.
(11.67) formulaga asosan, ikki karrali n,2-1 ildizga quyidagi
ko‘rinishdagi yechim mos keladi.

y[I2) = (am+anx)ex, yR2 =(a20+a2x)ex

(3)
y‘ul =(add+a3le’.

uchun olingan ifodalami (1) dastlabki sistemaga qo‘yishdan hosil

bo‘lgan sistemadan aniglanadi. ex® 0 ga qgisqgartiriigandan so‘ng,
quyidagiga ega bo‘lamiz.

+ ccw + & 1xX — &20 + «30 a b\X >
aA+«@0+aMX ~«10+aUX +«0 +«21*~aP~a3X’ >
ald+od+aax —ad+a2k +a+a3lx

0 ‘ng va chap tomonlaridagi x ning bir xil darajalari oldidagi
koeffitsientlami tenglashtirib, quyidagi sistemani hosil gilamiz.

M1 MO A20 ~AMN30?

ald\~aZ2Z+av’
«31 ™ «30 «20 «30°
bundan aXd=aldl—a{{, ad—a.(, a2d=0 ekanligini
topamiz. a]O va an sonlami ixtiyoriy parametrlar deb hisoblash
mumkin. Ulami mos ravishda ¢, va ¢, deb belgilaymiz. U holda

(3) yechim quyidagi ko‘rinishda yoziladi.

(11.62) formulaga asosan, A4 .—O0 ildizga quyidagi yechim
mos keladi.
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yI3=ciZe> ™ 1 3) ¥ yfl- a”ek=ag), (5)

bu yerda af\ a2\ sonlar quyidagi sistemadan topiladi
((11.63) sistemaga qgarang).
a® @ =
=0,
3 Q-1
Uning yechimi quyidagicha boiadi.

~2cr, a¥i=-c3 13 5 . Natijada A, =0 ildizga mos
keluvchi (1) dastlabki sistemaning (5) ko‘rinishdagi yechimi
quyidagicha bo‘ladi.

y?2=2c3 ;0 -¢o yO- .

bu yerda c3- ixtiyoriy o‘zgarmas.

Dastlabki sistemaning umumiy yechimi quyidagicha
ko‘rinishda yoziladi.

y1 = 51Uy 3 - (G +ceXjex+2c,

Yo 2 y£2 +43 =clex @

- .02 :
Y3 = ¥3 +y'3(3): (C].+ CZ()e*+03-

Agar sistema bir jinsli bo‘lmasa, u holda bir jinsli sistemaga
mos keluvchi (11.64) ko‘rinishdagi umumiy yechimni bilgan
holda, dastlabki bir jinsli bo‘lmagan sistemaning umumiy
yechimini (11.64) yechimdagi clc2,...,.ck ixtiyoriy
o‘zgarmaslami variatsiyalash usuli bilan topish mumkin. Bu
savolni to‘laroq ko‘rib chigamiz. Bir jinsli bo‘Imagan sistemaning
yechimini c,,c2,...,.cn ixtiyoriy o‘zgarmaslami, ularga mos

keluvchi c}(x),c2(x),...,ca(x) funksiyalarga almashtirib. har

doim (11.64) ko‘rinishda yozamiz mumkinligi isbot gilingan. Bu
funksiyalar berilgan bir jinsli bo‘lmagan sistemalar yordamida
quyidagicha aniglanadi. Berilgan sistemaga
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yiy2,-,y.,, Y[,Y2=>->Y, laming ifodalari qo‘yiladi va
c,'(x), c2(x),...,c' (xj larga nisbatan, yechimi har doim mavjud
va quyidagi ko‘rinishda tasvirlash mumkin bo‘lgan:
AX) =A(X> Q(*) =AW — <(*) =<n(*) m
bu yerda gr(X)*z =1,u) - ma’lum funksiyalar, n ta

algebraik tenglamadan iborat chizigli tenglamalar sistemasi hosil
qgilinadi. Bu tengliklami integrallab quyidagilami topamiz.
C.(X) == (x)dx +c,
bu yerda c - ixtiyoriy o‘zgarmas.
(11.64) yechimga c, =const lar o‘miga topilgan c.(x)

laming giymatlarini go‘yib. bir jinsli bo‘lmagan tenglamalar
sistemasining umumiy yechimini hosil gilamiz.
4-misol. Koshi masalasini yeching.

Y\ —4Ni” 5v2+4x +1,

*(0) =1,*%<>)=2 (1)

Y2 ~Y\-2y2+x.
> Awal, bir jinsli sistemaga mos keluvchi umumi
yechim ni topamiz.

Y[ =4y1-5y A\

f- (2)
Y2 ~VYi~2y2j

Uning xarakteristik tenglamasining ildizlari:

\ —1, A, =3 umumiy yechimi esa quyidagi ko‘rinishda
izlaymiz (1 holga qarang):
v, —ae X+5b7 ,

yo_ .2/\311 3)

(3) yechimda c; va cz lami ¢ (x) va c2(n) noma’lum

fim ksiyalar deb hisoblaymiz (o‘zgarmasni variatsiyalash usulini
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ma’nosi ham shunda), ylva y2 larni (1) dastlabki sistemaning
yechimlari bo'lsin deb talab qilamiz va quyidagilami topamiz.
Y\ - A\ (X )e~x~- ¢, (x) e~x+5c\ (X ) etx+15¢c2(x )ebx,
Yr =c[(x)e~x-clx)e~x+c'2(x)ex+3c2(x)e b«

(1) sistemaga yuy2, y[,y2 'ar uchun olingan ifodalami
qgo‘yamizyu. O ‘xshash hadlami ihchamlab, quyidagi sistemani
hosil gilamiz:

c[(x)e~x+5cC' (*)e X=4x +1,j
q'(jc)ex+c2(x)exXx=x. ]

bundan,

CI(X) =~(-V-0e*» C2(*)="(3x+1)e’iXm

Oxirgi tenglikni integrallab, quyidagiga ega bolam iz.

ci(x) —(x —2)e +c, c2(x) =-— (jx +2)e +c2

c\ix) va c2(m*) I3 (3) tenglikdagi C] Va C2 larning
o‘miga qo‘yib, dastlabki (1) bir jinsli bo‘lmagan sistemaning
umumiy yechimini topamiz.

V,= 452X+ (x-2)-jA (3% +2),

yl=cie x+C® "' +-"NX-2)-~-(3x+2)

Boshlang‘ich shartlardan foydalanib, c, va c2 o‘zgarmaslami
topish uchun quyidagi sistemadan
\=c.+5c2—1/2 -5/61
1 2 1
2:c,+ c2-1/2-1/61
c, =11/4, c2=—1/12 qgiymatlami hosil qgilamiz. Shunday
qilib, Koshi masalasining yechimi quyidagi ko‘rinishda
aniglanadi.
N x 5 X.b 5



y2=—e x-— e3 +—(x-2)- — (3x+2)- ~
4 12 4 Y12 '

M. (11.60) sistemaning integrallashning ikkinchi usuli
(noma lumlarni yo ‘qotish usuli) quyidagilardan iborat. Ba’zi
shartlarni bajarishda, bittadan boshga, masalan yt dan boshqa,
barcha noma’lum funksiyalami yo‘qotish mumkin va yt(x)
uchun bitta n - tartibli (agar (11.60) sistemada a. = const

bo‘lsa) o‘zgarmas koeffitsient!i bir jinsli bo‘lmagan chiziqli
differensial tenglama hosil qilish mumkin. Uni echib, qolgan

barcha y 2{x),...,yn(x) noma’lum funksiyalami differensiallash

amali yordamida topamiz. Bu quyidagicha bajariladi. (11.60)
sistemaning ( apP=const deb hisoblaymiz). Birinchi

tenglamasining har ikkala tomonini X bo‘yicha
differensiallaymiz. So‘ngra y',,y'2—y'n laming o‘miga (11.60)
sistemadan ulaming giymatlarini go'yamiz va quyidagini hosil
qilamiz.
y'=W , +aly2+..+alnyn+//(x) =L2yl,y2...,yn)-i F2(x),(11.68)
bu yerda L2(y.,y2,...,yn) yl,y2,y3,...,y, funksiyalaming
o‘zgarmas koeffitsientlar bilan- ma’lum chizigli kombinatsiyani,
F2(x) esa M xX)=>/2W v»>/.W va //(x) funksij*alaming
chizigli kombinatsiyasini ifodalaydi. (11.68) tenglamaning ikkala
tomonini x bo‘yicha differensiallab, yana bir jinsli bo‘Imagan
chizigli tenglamani hosil gilamiz.
Y\=£3{¥Y1’Y2>-"¥Yn) +P3(X)-
Bu jarayonni davom ettirib, quyidagini topamiz.
YiF=Ln(yxy2...,yn) +Fn(x).

Natijada, n - ta tenglamadan iborat sistemani hosil gilamiz.
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y[ =ax¥x +anyr + - +ahy, +/ (n),
3= —"AUA25- 1)+ N1(%), (11.69)

WA= K-XXYr—eo 1)+ 1(*)>
(11.69) sistemaning birinchi n -1 tenglamasini, v2,i¥3...,y,1
funksiyalarga nisbatan yechib olamiz (bu qoida bo‘yicha
mumkin). Ko ‘rinib turibdiki, bu funksiyalar x,ylL,y[,y’:...,y\m4>

lar orqali ifodalanadi.

s ( f ft (r'o
Y2=02\X¥YI=YT'Y\'">Y )’

Yr=03(X>N\SY>Y1>—>M 1)’ (11.70)

Yn=a=>n{x>YlLylyl-,y{ X)-
(11.70) sistemadan Yr'ys'—n  ifodalami (11.69)

tenglamalar sistemasining oxirgi tenglamasiga qo‘yib, n - tartibli
o‘zgarmas koeffltsientli, bir jinsli bo‘lImagan chizigli differensial
tenglamaga kelamiz.

y\n =F{x,yLy[L.yl,....y'"?~D},

Buning umumiy yechimi ma’lum metodlar yordamida
aniglanadi (8 11.5 ga garang).

N\ =u (x,cncz,...,.cn). (11.71)
Oxirgi ifodani x bo‘yicha n—1 marta differensiallab,
y[,y":....,y\n  hosilalami topamiz. Ulami (11.70) sistemga

qgo‘yamiz va (11.71) funksiya bilan birgalikda dastlabki
sistemaning umumiy yechimini topamiz.

y2=y/2(x,cl,c2,...,cn),
Yb=¥1b{X,clcl,...,cn),

(1r.11)
Yn =Wh
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(11.71)“(11.72) sistemalarni va berilgan boshlang‘ich
shartlarni e’tiborga olgan holda, Koshi masalasini yechish uchun
6j,c 2,...,cn ixtiyoriy o‘zgarmaslami topamiz va ularni (11.71)-

(11.72) sistemalarga qo‘yamiz.
5-misol. Noma’lumlami yo‘qotish usuli bilan quyidagi
sistemaning

N ="Y1~-Yr+¥Ys +e\

(1)

Y3=4yl-y2+4y3

N (0)~ 0,34, y2(0)=-0,16, ¥3(0)=0,27 2)
Boshlang‘ich shartlarini qganoatlantiruvchi umumiy va
xususiy yechim lami toping.
> (1) sistemaning birinchi tenglamasini x bo‘yich
differensiallaymiz  va y\,y'2y's lar o‘miga ularning shu
sistemadagi ifodalarini qo‘yamiz.
y"=3y[-y2+yi +ex=3(3yl-y2+y3+ex) - (yl +y2+y3-x) +

+4y —y2+4y3+ex- 12\ —5y2+6y3+4ex+Xx.

y

ularning (1) sistemadagi ifodalari bilan almashtirib, quyidagini
hosil gilamiz.

ni x bo‘yicha differensiallab va yana Y[,y2y'3 larni

y"= 12y[-5y2+6>53+Aex+1 =123y, ~Y 2+ Yb+ex)-5 (y, +y2+y3-x) +
+6(4yx-y2f 4y3 +4ex- x =55y, —23y2+ 3ly 3+16ex+ 6X.
Bu holda (11.69) sistema quyidagi ko‘rinishga ega bo'ladi.
yi =3yl-y2+y3+ex>
Yi =12Yi ~ 55r + 6Y3 +4ex + 3)
y " =55y, —23y2+ 31y 3+16ex + bx.
Birinchi 2 ta tenglamadan y2va y 3 larni topamiz.
Y2 =Y?-6y; +6y] +2ex-X,
y3=y"-5y[ +3yl +ex-x. “
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y2 va yb ifodalami (3) sistemadagi uchinchi tenglamaga
qo‘yamiz.
y?= 55Y[ - 23(y[ - 6y\ +6Yy, +2e* - *) +31(y'x- 5y[ +3y, +ex-X) +

+16ex+6x = \ly[ +10y, +ex—2x .

Quyidagi 3-tartibli o‘zgarmas koeffitsientini bir jinsli
bo‘lmagan chiziqgli tenglamani hosil gilamiz:

y;-8y"+1ly[ -1 - 2X. 5)

Uni ma’lum usulda yechamiz (8 115 ga garang).

Xarakteristik tenglamasini tuzamiz.

N3-8A2+171-10 =0. (6)
Buning yechimlari 1=1, A, =2, A3=5 bo‘ladi. (5)
tenglamaga mos keluvchi bir jinsli tenglamaning umumiy yechimi

quyidagi ko‘rinishda bo‘ladi.

y}=ceex+c2}* +c,e5 .

(5) tenglamaning o‘ng tomoni (11.50) va (11.51) maxsus
ko‘rinishdagi 2 ta funksiyaning yig ‘indisidan iborat.
/ (xX)=/1Ux)+/2(x), f(x) =ex, f2(x)=—2x%x, fl(x)=ex.

uchun Z =1, ya’ni 1, =1 ildiz bilan ustma-ust tushadi,

shuning uchun k=1 f2(x)=-2x wuchun Z -1 va y (6)

xarakteristik tenglama ildizlari orasida yo*‘q, shuning uchun k =0

Shunday qilib, (5) tenglamaning xususiy yechimi y * ni
quyidagi ko‘rinishda izlash kerak.
y* = AXxex+Bx +c.
bu yerda A,B,C noaniq son anigmas koeffitsientlar usuli
yordamida topiladi. y*,y*'y*" lami aniglab, y’ bilan birgalikda
(5) tenglamaga qo'yamiz va quyidagiga ega bo‘lamiz.
yi =Aex+Axex+B, y* =2Aex+ Axe\

y[ =3Aex+ Axex,

284



3>Pex+ Axex - 8 (2 Aex + AxeX) +\I{Aex+ Axex+b )-
10"MNAxex +Bx +c¢) = eX—2x,

4Aex+11B —10Bx —10c = ex—2X,
4A —1, —105=-2, 175-10c=0,
buyerdan A =1/4, B —1/5, ¢ =17/50.
Shunday qilib,
. 1 t 1 17
y, =—Xe +—X X—.
4 5 50
(5) tenglamaning umumiy yechimi quyidagi formuladan
topiladi.
« \% i, < 1 r 1 17
y, =y, +y, =c/e +cle~ +c-e +—xe +—xh-—.
, 1 2 4 5 50

y[,y” hosilalami topamiz va ulami (4) tenglikka qo‘yamiz:

y,—C.e +2c-e /-bce Y4— Xe H— ,
2 4 5

yl =c,ex+4c22x + 25c\ex+ —eXxX + —xe*,
2 4

Y, =c.ex--4cTe2X + 25c~eX +—ex +—xex —61c,e* + 2c"eX + 5¢,e X +—<X +—Xex + - .H
¥ 2 2 4 VR ‘ 4 4 5]

+6j c,e* +c£” +C,65(H—I e Xl xh-1l &
Vv

5 50y

2eX—x =c,ex- 2c2Ix +c,es x—ex+ —xex+—x +— .
! 2 3 4 5 25

y3~ CES +4€§2<+25qeb<+§e* 4"‘%@(—5‘ FP<+2;§3<+5598<+29<+?QI]|+
] x Z 5 1 x 1 17~

+3 C,00 C76° N-C-vE” H—-X6 H— n -—Si- +c —X —

(1 2 3 4 5 50]
=c,eXx—3cZx X+3cEX+ —ex—Xex—-x +— .
4

4 5 50
Shunday qilib, (1) sistemaning umumiy yechimi topiladi.
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s, 1.1 1
—xe' +=—xn-=-.
50

2x 2,
y. =c,e +c,e ' +c,e
3 4 5
*
Yr-c,e —Elc,e2’+c.e5—en+|—xen+—6x—i——21—',
3 4 5 25
1,2 21
-Xe — X——,
5 50’

v m 42, =40, ,

v, =-c.e’ —3c,e’ +3¢e +—e '+
3 4 4
Koshi masalasini yechish uchun boshlang‘ich shartlardan

foydalanamiz. cuc2,c3 ixtiyoriy o‘zgarmaslami aniglash uchun

quyidagi sistemani hosil gilamiz.
17

— =c,+C, +C, 4—-,

0 1 b %375

4
=c¢, —2¢, +c, —1+— .
2 3 25

>
2l = ¢ % +c, HL1 L
1772 4 50

100
Bundan c, =0, c2=0, c3=0.
ko rinishga

Izlanayotgan xususiy yechim quyidagi

, 1 17
V,= —Xe + - H —,
1 5 50

i, , 6 24

y, ——Xeé —e + — X+ — ,

2 4 5 25

2 1

v, =—1xé Igl—é - xH—
4 4 5 50

ega

bo‘ladi.

NI

11.8. AT
1 Noma’lumlami yo‘qotish usulidan foydlanmasdar
quyidagi bir jinsli tenglamalar sistemasining umumiy yechimini

NY1=y1-¥2 +¥3>

toping.
y
V) Y2=>1+Y2-¥

AY1=~7Y1 +¥2>
o < b)i , a
[y2=3y1+vyr;

. Y3=2Y,-Y2-

a) ,
[y2 =~2y - y2>

(Javob:



a) yl =e6l(q cose+c2sinx), y2=e"6l((c, +c2cosx—c,-csinx);

b) v, =€*(cj sin3x +c2c0s3Xx); y2=ex(@15T3X - c20s3X) ;

V) =c,e* +C~eX +C3E~X, y2—CxXXxX—3cE~X,
y3=ctex+c2e2X—b5cE~X.)

2. Quyidagi har bir tenglamalar sistemasining umumi
yechimini noma’lumlamiyo‘qotish usuli bilan toping.

W =5y,+2yr-by,,

a) lyl =5yl +2yl+e’, b) I* '=3* 2- T* v) ~1'=5~+5A_dn

1Yr=/1 +672 e"2e 1 >E£=33
y\=hy, +43-4v3
(Javob: a) ,, + Cc + -Le*+Ae-*i
11 2 40 5
Vi=-m -" -c.e?™+-¢e Xx- —eU:
2 * 40 10
b) y =2ce2l+c-B"F- - x N =2+ ee-XK- =X ——
) ¥ 2 3 'ﬂl‘B 2 2 2 12
V] yf=c,e'"+c2X+cle3n >m=c'e* +2c,e3x; y}—2c,e‘ +crex +2c33 )
3. Quyidagi differensial tenglamalar uchun, Kosh

masalasini yeching.

h'i=yi=>

b N3 (0)F20) =J0) =L b

Y[AY2+Y3’
Y2=Y1+Y3' WN(°) = = (°) =b >3(0) =0
Y3=Y1+Y2-
(Javob: @) y, =y2=y, =e"; b) y, =-e~%x, y2=e \ y3=0.)

Mustaqil ish
Differensial tenglamalar sistemasining umumiy yechimini
toping.
\Y\ =y2+tg2x -\,

n I >2 = - >14 tgx-
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(Javob:
y1l=c, cosX +c2sin X +tgx, y2 =—¢€, sinx +c2cosx 42 »
fxX =
2> 1/ =3 +])2+e*

(Javob- Y1 =((cicosx +c2siny- 1) el’ >2 =(c, sinx - C2cosx)t’rj "

3 | v’ = =2y\ - y2+sinx +Ccosx.
(Javob:
=>=C EBXHCXINX- XABX, y2=(c2~cl) cosx~{cl+c2 snx+x(cos X+sitlX)m)

11811 BOBGA INDIVIDUAL UY VAZIFALARI

uT-11.1.
Differensial tenglamaning umumiy yechimi (umumiy
integral) ni toping.
1.

L1. ex¥3dy =xdx. {Javoh: e3y=3(c - xe-*-e-%*).)
L2. Y snX~Y~Y (Javob: \ny =c*tg(xi 2).)

1.3. y ={2x-\)ctgy . (Javob: Mmlcos>|"“ x x +r)

1.4. sec"xtgydy +sec2ytgxdy =0. (Javob: c ~ Sytg" )

(Il +ez)ydy-ezZdx=0 Lo <
. .(Javob. _e-yYy i-i)=in—---(.c*
ex—+1

15

' 0+C’a:I‘.]'dx——C—ydy=Q
1-6. ' x ' .(Javob:\n{y 2+b) =2(c-xe~'1l-e~]).)

1.7. siny cos xcfy = cosy sin xcfcc. (Javob: C =cosx/cosy ©

18.y' =2y + DtEX. (Javob: ™2y +l =c/cosx »
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1.9.

(sin(x +y) +sin(x —y))dx + —O0O .(Javob:

tgy =c-l-2cosx)

1.10.

1.11.

h12.

1.13.

114

1.15.

1.16.

H8

1.19.

1.20.

1.21.

122

123

1.24.

1 +ex)yy’ ~ ex(Javob:y 2= 27rtC(l +

sin xtgydx— ™ - =0 Inlsin vl=c+ ~ — sin2x
sinx .(Javob: 2 4 -

»

''gi = i = *
3e smvdx+gll—ex)§os‘ct2/ 0 siny =c(e*—)

é%vob:
Y~e 1 .(Javob: y(inv_])=!/ +ce
3 **dy vxdx =0 (Javoh. 3, =l 3,4cIn3))

2
(co,A(X~2y) +cos(x +2y))y =secx (J .KnN2y=" +c¢

n ) (javob: arctgy =c”~~e 9

¢/gxcos2 YA +sin2xlgydy -0 (javofy tgly =ctgix+2c”

sinx-/ =jcosx +2cos.r,{lJavob: ¥ =Csinx~2))
4 1+/K=<\ Nev,Db.

Y'an +Y =2 .(Javob: Y =c<xa* +2.)
dy dx

* cos> .(Javob: | v+i sm2v = °
2 4 ’ 2

e'sin"fa+®rf)-=0 NewA.h""+ "j-c-e-.)

(l+(( ")*<fC:e>> il :i 111(1+A)+C')
2 3

(sm (2Xx +>>)-sm(2x—y ))tEt =

rfv
sinv (Javob. CtE}’—C- sin2x .)
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J.25. cosydx = 2yfc+7,dy +cosy4l +xldy {Javob: 2Intg(x
ru

y =ki x f VI +x~
1.26. Y N]-X%x2-co*2Y =°. (Javob: &Y =aresinx-hc

1.27. eXtgydX = (1~ eX>ec2ydy. (Javob: & = q)

1.28. / +sin(* +J;) =sin(*-.v)

(Javob: In . =c-2sinx.)

j cosS3*->"-cos(2x +=) =cos(2x->)
(Javob:+~smM”Y =sin2x +c )

130. Y X -yy'/x (javob; 3-¥*=3-*2_2cIn3.)

21 RSB =10 gavoh: ox= +xF@A+j2j )

22. Y 77 =3.(Javob: Ty=3e7"* +cIn7.)

2.3. ~2 e‘"'* = ) . (/avofe: >= CX/IYJTZQ"‘Z)

24. Y ~xy’=X+x2Y’.(Javob: y =Cx/(X +1) +1.)

25 (X+4) N = A =0.(W ,: >= 4%+~ )

26. Yy +y+y2=0.(Javob: yl(y +1) =C-x.)



rn -1)~ =0 (Jayob:

1 1
—+Iny =C +—In2x .)

Yy

2.8. (x+xy2)dy+ydx-ydx=0 n
y+ln3:—Q'—=c+1nx 2

Yy

29. Y'+2y +yY2=8. (Javob: J(y-2)/~" =Cex.)

2.10. (*2+Xb *+ (-V2+1)N'=0 {NroA
/ 2 x2

m-IP>=c--— — )

3 2

211. (~+ N)* +(-V -/ K =0 (Nroi.

shb (=72 - (v vX2W =0 {Javob
—In(y2+ = c+arctgx)

213. Y'=2¢ +X' (javoi,: lIn[2x +1j =x2/2 +c .)

=3(l +X2y) r- -
2*14. ' e.(Javob: y =cvx /n/x+3+3))
f 2 2
2.15. 2xyy -1 x (Javob: y2—Injxj - )

216. ™ - 1y'~Xy=0.(Javob: y~c47".)
217. (A + X > + ** =0 n

=3 =3(C-x +1nx+1))
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2.18. (1+73)y Ty - (y2- H)x3ly =0 .(Javob:

2y = ctx—Xf )

219. XY'-Y-¥Y .(Javob: yi(y +1)=Cx.)

2.20. \jy2+Xdx=xydy. (Javob: A1 )

221. Y '~-~"2=2xY .(Javob: In |y |(y +2)j =c +x2.)

2,22, 2X2y>’f+y2:2.(Javob: n2-Y m+1/x)

- (1 +y2)/ (1 +x2
2.23. Y ya/( ).(Javob: arc.)

224. y’-fl+7 =x*\y.(Javob: fi+ y )1 =c+x-

(y+1)Y =m 7 Xy
2.25. VM-X- .(Javob:

y +Iny =arcsinx +xzi 2+c.)

(1 +X*)y" +y\/TT7 =X}

2.26. .(Javob: y =
XHTT+X
1+x2
2.27. 1-~' . (Javob: 2y 2- y4=41n|x| +2x2+c.)
228. (xy-xfdy+y(\-x)dx =(S
—2y +InN\W\ =\nvA+—+cC.)
2 X
X - =X -y +x2-1
2.29. (x-y) ¥ ¥-y .(Javob:
£__-3+inP+l =2 X1

X+1
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b-y-A+ydp-yno0 {Javob;

-y 2 —arcsinx+c »

y Xy —Xxsec 4
3.1 X . (Javob: sin—=1In—.)
X |
3.2. (v -3x2Wyv + 2xydx - 0. (Javob: XJecxy N
+2y)dx-xdy =0 2
3.3. SX y)7 xoxay .(Javob: y =cx —x.)LI
3.4. (x-y)dx +(x+y)dy =0 {Javob.
K 2+'x2 . c |
arctgl+— iny— — —-In—))
X 2 e X

35 {y2~2xy)dx+xldy =0 (jmob yi(x-y) =Cx.)

3.6. yjl4E>J<2'yF =Xyy Vmob: e- =cy)

3.7. Si"(j'/if)=& )
38. x> =y-*eflx.(Javob: e yix=InCx.)
3.9. */ -2 =(x+y M (x +¥)1x) {iavob

Injl +y /x]=Cx.)

\
3.10. V =3ZcosIn0 /x).(Tvwn.Clgflln i =ncx)
2 X

\y+JIxy)dx =xdy
A )

X,
3.11. .{Javob: y —In Cx.)

3.12. A >* N~ +Y.(Javob: (v/Xx)=InCx.)
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y =x{y'=-"\
3.13. Y (Javob: —e yx =InCx.)

314. Y ~Y ‘X 1 (Javob: y —xIn(c/x).)

315, YX+x+Y N .(Javob:y =--~.)
X 2
ydx +[2Jxy —x]dy =0 /T v
3.16. J .(Javob: J-— —=InCx )
VX X
3.17. Xdy—ydx - yjx +y2dx . (Javoh:

y +AX +y2—Cx2"

5

3.18. (@x2+3xy+y2ndx+{4y2+3x+x2)cp =0 .(Javob:

A o V +4x2' y c
KX +—In ~ifarctg— =In—.)
5 4 i) Y 10 2X X

3.19. .(Javob: y =x!'bCx.)
3.20 W =(2x>+xy)y> (Javok Y + w ¥ =]nc_}
X X X
2-2Xx '=xy-/ . .. X, ,
3.21. {x ¥)y y . (Javob: —+2'1r¥—=—bICx.)
Yy X

322.{2'~ ~ yYdX+Xdy”N.(Javob: y A x AU L)

xy' +y | h—ll:O

3.23. A\ x (Javob: y =xec,x.)

3.24. +=)N1 +2 ~ =0.(avob: y2=cl/Y -x=/3))

3.25. L=, /W 1.)
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3.26. iJamb: y =c>/(3")-x/3.)
327 Cx-y)<ix:+(xX +j)">'=0

1, TV2+X7, %
Javob: —In  -—--- — j+arctg—=1InCx.)

2 VvV x= ] X

328. 2>'=Y((21!-/7) (NMx@./="71n(Ct)\)

329. xl¥'=" xX+N).Ne v06: N = )
Y'=Xx+r
3.30. Y x .(Javob: y2=x1In(0c)2))
4. Differensial tenglamaning xususiy hosilasini (xususiy

integralini) toping.
41 (*2+1)N,+4y =3 4 0) 130
{lavob: H * | +3x)""(x! +1)J
4.2. y((I) =0 Nero(i,y = 0
43 (1-™M)(/-=")=e'i, j(0O) =0

(Javob: v=e xlIn——)
1-x

4A x/-2x=2x\ 3IF(I)-0 (Javob:iy =x_ x»

45 * =2*{* +y)- Y(°) =°. {lJavob: y =x-+

46. Y ~Y~e'" Y()=L{NTb: ¥Y=(X+1Y .)
e

2 i = —
47. ny'+y+xe =0, y(l) =— .(Javob: 2x )
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49 cosdx =(x +2cosy)sinydy, Yy (©O)=n/4

Favold: x —( sth?y —-Ljt—L_

49. x2y'+ny+1=0, y(l) =0. (Javob: ¥ =" (Inx)Ix .)
. =4 2 2) =1
afp yerx=ayaagn w2y

4j, @2x+>IN=>/1+41nyN, 30)=1 (iW .2nr+?_vy}

7
. (Javob: x =y3+y )

412 n

413. (I —2ny)yr=y(y ), y(0) =1.

{Javob: x(3'~-™M)2=("-'n3-0 )

4.14. = N« =0,(NTo4;

4.15. y =x{y'~xcosx), y{wr) =» Qavoh: y =(sin.r-I1>_)

416. bl -<)bx-2y, JW-0O (w/;

(2ey—x)y" =I, y(0) =0

4.17. .LJavob: X=e — )

418. */ +(* +1)>"=3xV*, y(l) =0
(Javob: y =™&2—1/xj e-x.)

4_i9 y(O):l N vo4.
420 (sin2=+ja:fS ;)y =2 y(0) =ar/2
(Javob:x= —siny cosy .)

421. (x+1)/ +y =x3-x2, y(0) =0

3x4+4x3
(Javob y — —-T-)



(Xy'-2y) +x2=0, y(I)_:0

. 2
422, {lavob: y =—x Inx 3‘

423. xy'+/ =sinx, y(n!'i)y=21n.
(Jim »: 3'=0 - «» * )N )

424 (x2~D)N, o™ =x3_x' y{&) =1

(Javob: y —x2—1.)
425. (1 —x2y' +xy —1y(0) =1 (Javob: y =x +

V1 —x*)

426 y CtgX~Y =2co0s2 xCtSx, Y (0)=0

6sinx-2sin3x ..
[Javob: y ————— - )

427. [/ +2» +3. J’O)~ -1 (Javob: y =A!Ix))

428. Y + A4 T ~ Y(°)=0. (Jamb:y=0,5xV"

429 y'-3xy-x2x=0, "(0)=0

131
(Javob: y =—x ex .)

4%6 Xy +y =Inx o+, Wvl) =0 .(Javob: ’\’\I’nx.)q
5. Differensial tenglamaning umumiy yechim ini toping.
51. ¥V +yXJy .(Javob: y =(xelR- 2e*2+cf e x.)

N2 ydx +2xdy =2y*Jx sec2ydy

(Javob: x =(ytgy +InlJcos vj+c)‘ /j’2))

53. ¥Y'+2y =¥ZX. (Javob: y =/(Cex+ex).)
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54.Y Y cosx+YEX.{Javob: y =1/”cosxjc - tgxj .)

55. xydy =[y 2+xjdx.{Javob: ¥ x\j2{c \Ix) "

56.V +2y+x5vV =0 (Javob: y =1/~~~ J~Tcjl.)

57. YX ssn”™—"yY Y . (Javob: x - Ny /(c —cosy) )

58. (22 Y ~ & '"- Y JNIMTb: x=\H{y[c-\n‘y)).)

2y - i =N -
5.9. Y x *.(Javob: y =yjc-yjx2-T\Jx2-1,)
510. ~ " 2x2 =4y.(avob: y =— (c-Inxf))

511. xy Y —x +Y¥Y (Javob: y —x”~b(c —\1x) .)
512. (X+D{y'+Y2)=~Y"'
(Javob: y ~ 1/((x +1)(c +In|x +17])).)

513. YX+y =-xy2 (javob: y =1/(x(c +\nx)).)
514. Y xy— y e (Javob: exn /™2(c +x) )
515. ~  2y[xY Y (javob:y - x~x2/2+cj )
516. y'+xy=x3 3.

(Javob: Y =eXIr/™» V “ +e" 1 +c))

y= e %+y
5.17. Yy .(Javob: y =e*yx2+c )

518. Y* +x=~vx2.(Javob: x =1/(y (c +1ny)).)



519. X{X~])Y'+Y3=XY

(Javob: y =(x - 1)/"2(x-1n x+c) .)

5.20. 2x3YY'+3x2¥2=1=0.(Javob: ¥ =~c~x 7+32))

[1-2* dx
5.21. X Ny .(Javob: x =y /(=2+cj )
= NN n
5.22. )/ _'1_31(’\‘%y 33%/’ . 82\\/[861 )]/1 =e3<(l X & XrLe '"x+c |.)

3 6

523. xy”+y =y21nx gavob.] =1/(Inx +1 +Cx).)

524. xdx< x2I1™ ) d>'.(Javob: x=y £ =7 .)
525. y'+2xy =2x3y3.

(Javob: ¥ =2s

526. y +y-x!y2 {Javoh: exijxeX- 1 +c )

527. y'~y%x+y2cos =0.(Javob: y =1/((x +c)cosx).)

yf+2z= b £
5.28. o COS"g _
\2
fxtec +Inlcosxl 4c
(Javob: y =] ————-3%—1 »
V *

g 29 Y - =+=39Pcosx =0
(Javob: v =2e* /(e*(cosx +sinx)+c).)

y'=x4y +- r-~

5.30. .

(Javob: y =j—x“—) +c -vx—1)
/
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Namunaviy variantlarning yechilishi

Differensial tenglamaning umumiy yechimini (umumiy
integralini) toping.

1. (Xy2+x)dx+y(y-x3)=0.

» Berilgan tenglamani quyidagi ko‘rinishda yozib olamiz.

y (1 =23Qdy=-x(y2+)dx.

But englama o‘zgaruvchilari ajraladigan tenglamadir.

0 ‘zgaruvchilarini ajratamiz.

ydy —xdx

y2+1 1-)C2
Oxirgi tenglikning ikkala tomonini integrallaymiz.
f ydy ( xdx 1 2 1i2 | 1
1=7?" 2 2 T ~1+2

j2+1 - cjx2- Ij, 1-1.

Shunday qilib, dastlabki tenglamaning umumiy yechimi
quyidagicha bo‘ladi.
y =%(c\x2-\f\-<

2, secxtgy dx+sec¥ tgx dy=0
> Berilgan tenglama o‘zgaruvchilari ajraladigan differensia
tenglamadir. Ularni ajratib, integrallaymiz va differensial
tenglamaning umumiy yechim ini hosii gilamiz.
sec2ydy sec2xdx  r{tgy) __ch(tgx)

tgy tgx J tgy J tgx
HM =~InM +L, C\ tgy=C /tgx, tgy mgx=C. <
dy dy
V-X—=x+y—
3. dx ydx
. d _
» Berilgan tenglamadan @ ; topamiz: yex
dx dx Xx+y

Dastlabki tenglama 1-tartibli bir jinsli tenglamadir. Uni
o‘miga qo‘yish yordamida yechamiz y=xu(x) va quyidagini
topamiz.



, n—1 —m2—1 du ni+1i
MX = n= , X— = ————
n+1 m—+1"' dx |/|n—1

0 ‘zgaruvchilari ajraladigan tenglamanihosil qildik. Uni
yechamiz.

n+1 dx cu +i]_d, fridx
- = — , —— —— u_ - —_
n +1 X J w2l J
1r2udu r du | i
S i———4j]j———=-n *1+InJCL
2V +1 M +1 11
. . c
—in(w2+1) +arctgu =1In jC /x|, arctgu =1In fs 7
X\1W 4 1

arctg Z=n— -
* nxa2+y2
Shunday qilib, dastlabki tenglamaning umumiy yechimini
topdik. -A
‘4. Differensial tenglamaning xususiy yechimini toping.

dy - e~xdx +ydx - xdx = xydx; j;(0) =In 5.

> Berilgan tenglamani hosilaga nisabatan yechib, quyidagini
hosil gilamiz:
dy xy +e~x—y m dy 1—x e~X
_ e e — F e y = ——
dx I —x dx I-x I-x (i)
dy e~X .
d———f> —I————tenglama 1-tartibli chizigli tenglamadir. Uni
X - X

y=u(xX)v(x) ko‘rinishidagi almashtirish yordamida yechamiz va
quyidagiga ega bo‘lamiz.

e~X > "dv N ex
y —uv+uv\ u'v+uv+uv=----.uv +u =y —=
|- X »dx J 1—
— 4-v =0 shartdan v(x) funksiyani topamiz.
dx
d d d f I 1
—Y——y , el dx, - dx, h|v| —x, v—e
dx dx Jv
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bu ifodani (1) tenglamadagi v(x) funksiyaning o‘miga
go‘yamiz:
du . e"T du 1
— e
/n 1—jc dx 1—x,

du —T:—)(—APU“‘—\—

N—, it=—n]|l-xj+InC,, n
1-X =i

-bl-r—
I II]—_x|

u holda y =uv-exlIn-
X

Bu dastlabki tenglamaning umumiy yechimidir. Boshlang‘ich
shartdan foydalanib, C ni topamiz.
y(0)=InCc=In5, C=5
Shunday qilib, dastlabki tenglamaning Xxususiy yechimi

5
quyidagi ko‘rinishda bo‘ladi. y =e xhi:_—I\—/I -<
|

5. Differensial tenglamaning umumiy yechimini toping.

1+x2 N =xy+x 2
dx

> Tenglamaning turini aniglash uchun uni quyidagicha yozib
olamiz:
dy X X2
dx 1+x 1+x
Butenglama Bemulli  tenglamasidir. Bu tenglamani

M AvExjkoNinishidagio”igago”shyordam idayechamiz.
Uholda

(_f t ! Xbl'V X 72
V' =uv +vu. UuUv+vu------ =—— -trv
1+jc*  1+X
, fdv XV 'L xau2 /iy
uv+u\—————- =2 (.1,
\dx 1+Xx ) 1+X'

v(x) ni Etv__fH-=o0 shartdan topamiz. Bu tenglama
dx 1+x2

o‘zgaruvchilari ajraladigan differensial tenglamadir. Bundan
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dv  xv dv  xdx rdv r xdx ——— I
oo =J]->=5j.In v ——In(i+xJ) v =>/1+x"

X TV o Ted v TR
v(X) ning hosil gilingan ifodasini (1) tenglamaga go'yamiz:
du X'u~(1+x) du X2x
+ X~ =
dx X2 u2 VT x

cdu_ r x’dx rdu 1

K2 ¢VI+x2’ an

X'dx xdx il ; d I ] lu 1dX
H.; dv — m v.=vl+.t ~-XII+Xx2-jVI +x2dx=x-Jl+x2 = —
-‘Il+x «Jl+x1

= X\14x2 - - OX X &ix

Vi+x2 ' o/mex2
Oxirgi tenglikdan quyidagini hosil gilamiz.

Zf'ﬁ——x——WI/+’x’ -In xw('—frjr 2C, s_E?;_ T e e

Bundan

I —
___2:~x1v||+x2-~i£|>1+7I+jc2|-C, - ==InX + M+ x2A---xVr+x2+ C,
“ n 2

M—Iz—ln - IxVj+x +C

Shunday qilib, dastlabki tenglamaning umumiy yechimi
quyidagi formuladan topiladi.

J1.1+x2
==
—In/X +VI+x2/-—xvN1+x2+C
2 2
11.2.- IUT
1. Differensial tenglamaning xususiy yechimini toping va

hosil gilingan y =d(x) funksiyaning giymatini x=xo da verguldan
keyin ikki xona anigligida hisoblang.
1.1. yWw=smx’ x0=a/2, y(0)=I, /(0)=0, y"(0)=
(Javob: 1,23).
i.2mym=Il/x* *0 =2, xi)=1/4, ya>=3"a)=o0
(Javob:0,38).
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x3 y" =1/cos2X, X0- x!3, y(0) =1 Y (0)=3/5.
{Javob: 2,69)

14. YT=bl*\ x0=2, y\)=0, 31)=5, / ()=1
(Javob: 6,07).

15. y" =4cos2” x0=n74, =>'0)=1, Y (O)=3. (Javoh.
4,36).

16. [ =U(M+A *=1 X°)=0, Y(0)=0. (W

0,44).
in XyT=2, x0=2, X 1)=1/2, Y(1)=Y(1)=0.
(Javob: 0,77).
18
yT=er, X y(0)N, /(0) =i [(0)=-i
o 4 z

7 = i
VA
(Javob: 1,22).
19
y" =cos2X, x0=g4r, y(0)=1 Y(0)=-1/8, y"(°) =0
(Javob: 3,58).

110. / =i/Vi-*2, *0=1, Nn0)=2, /(0)=3
(Javob:5,57).

\
1 5 m

i n Yy =§r:r—|2 X>x0:74>r, yv4;
(Javob :3,93).

112, y" =x+sinx, x0=5, y(0)=-3, ¥(0) =0.
(Javob:5,31).

113 YY" ~ arctgx, x0=1, j(O) =y'(O) =0.
(Javob:0,15).

y" =tgx--——, x0=qa/4, y =1/2, ¥Y(0) =0.

1.14. cos 2x

(Javob:-0,39).



1.15.

y W A£+1 x0=2, y(0)=8, /(0)=5 /(0)=2
(Lavr=>/v25,08).

1.16.

"=xle2x, x0=-1/2, yo(0)=1/4, y'(0)=-1/4.
{Javob.0,34).

1.17.

y =sin23x, x0=a712, X0) =-a-2/16, / (0) =0.
(Javob: -0,01).

1.18.

y"-xsinx, x0=7u/2, y(0)=0, y(0) =0, y"(0)=0.
(Javo6:0,14).

1.19.

Y mindx=sin2x, x0=57r/2, y(jti2)=n72, y'(n12)=\y"(n/2)~=-\.

(Javob:!,85).

1.20. Y”=C0S* + 5X =/ =~e "5 =1

(Javob: 1,00).
1.21.

y" =sin’Xx, x0=2,5;r, y(niT) =-7/9, Y(n72) =0.
(Javob:-0,7%).
1.22.

ym=-Jx-sin2x, x0=I, >H0)=-1/8, j/(O):écosz, _y"(0)=5.
(Javo6.0,08).

/ =—-—x0=4x, y =0, /(0)=1
123 Cos '
(Javob: 12,56).
1.24.

y ff=2sinx cos2x, x0—wl12, j(0) =-5/9, ¥ (0)=-2/3.
(Javob:-1,00).
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125 y,=2sin2xcosx, xX0=rr, >'(0)=1/9, /(0) =1
(Javob:4,14).

1.26.

y" =2sinxcos2x-sin3x, x0=a72, X0) =0 y'(0) =1

(Javob: 1,90).
1.27.

y" =2cosxsin2x-cos3X, x0=a72, \0) =2/3, / (0)=-2.
(Javob:3,47).

128. Y'=x-1nx, x0=2, .y() — 5712, ¥y(1)=3/2.
({<zv06.1,62).

129. / =1/x2° x0=2=>X1) =3, X () =I-
(Javob A, b\).

1.30.

Y*=cos4n;, x0=n, y(0)=2, y'(0)=15/16, Y (0) =0.

(Javob:5,14).

2. Tartibi  pasaytirish mumkin  bo‘lgan differensi

tenglamaning umumiy yechim ini toping.
21 1—x2)y" —xy =2.

(Javob w =arcsm 2ic+"iarcsinx+C2"

22.2nYY =y’2-1.
(Javob:9C20;~C2)2=4(CjX +1)3,>m=+x+C.y
23.*V +x2y' =l.(Javob.y =C1blx +1/x+C2)

24 y" +y'tgx =sin 2x.

1
(Javob:y =C, sinx - x ——ésin 2x +C2)

25. ¥Y'xInx =Y -(Javob: =C,*(Inx-1)+C2).
2.6. -Y'=*V wmyflvob: =*'(*- 1)+Qx2+C2).
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27 y"xhnx =2yf.
(Javob ¥ =C™"xb1x-2XInx +2x) +C?2).
28. x2> +3Y' =L (favoE: Y=(V x)/2 =C, Inx +C2).
29. y”" =-xly.
(Javob:y =— arcsin— +—Jc ,2-x2+C7.

2 Cj 2V 2
2.10. *v'= (Javobw =CWX2 /2 +C2m
211. Y =Y'+*m(Javob:yY =-*2/2-x+C ™ +C2).
212, xv' =v'+*2«Javob:Y =x3/3+Ctx2/2+ C2).
2.13. xy’=y"\n(y'lIx),

(Javob:y =-* eQX+l-—-—~ e c'xH + C2).
C.

214, "*Y'=Y'=In"m(avofe:Y =0 +C,)Inx-2x-bC2).
215. N '@*=Y +le<lavob:Y =~CIN\nx-x +C2).

216. N +2x¥Y'2=°-(7avo6:y =— In +c,).
2Cj x+Cx

2.17. 2xy>' =/~ +1djovo™N;y = _A_(CIX-1)32+C.).
3Cj

V'— —- =*(*- 1)

2.18. n-1

(/avofc:y =x4/8- x3/6+C,x2/2- C,x +C2).

2.19. vw+/ V =secx.

(Javob:y —sinx —C\ cosx + C2x +C3).

2.20. «v"~2v'cfgx —sin3x.

(Javob:Y “ ~sin3x 13+ Cx/2—Ctsin2x/4 +C?2).
221. ="+4Y =2x3
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(Javob.y =x316 ~x2/&+x/16-Cle™*x/4 +C2).
222. V -/ =2xV.
(Javob:y ~2e (*—1)+Crx /2+C),).

223. x(j/ +1)+y’=0.Javob:Y —x /4 +C\Inx +C2).
224. Y*+4Y' =cos2x.

1 . 1 C
(Javob:y =— sin2x----cos2x—Le 4& +T )

1 4 2
225. "+ =sinx.

) 1 1 -
(Javob:y - — cosx --=smx-Q e r+C2).
2 2

226. nV =~""2«avor->=Q*~c2,nU +Q) +C2.

2.27. N o~ * 4-(Javob:y = (C,x +4)32+C2).
3Cj

228. Yaxbx =y*

(Javob:y =—— (2Inx-3)+C2x+C?3).

2.29. +/ =2 . >=2x +C sinx fC 2).

2.30. +Xx2)yVW =2ny-(Javob: Y =Cix’ " +Clx +C2).

3. Tartibi pasaytiriish mumkin bo‘lgan differensial

tenglamalar uchun Koshi masalasini yeching.
31. y"= Tv0) == Y'(°) =L
(Javob:y =-1Injl- X\, y =0).
32.¥'2+42yy"=> X °) =1>/ (°) =L
(Javob.y ~ (173x/2)2/3 , =i).
33. m\*+y'l="> Yo) =) =1m
(Javob:y —y2x +1,y =1).
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34 y"+2yy'3=0, NO)=2, ¥ (0O)=1/3.
(Javob: x =y 3/3-y-2/b, y =2).
35,y'tgy =2y'2, 71)=a+/2, y'(1) =2

(Javob: Y =arcl% (2 ~ 2x)> Y =n/T).
\2
36. 2W = A> < 0) =L (liivoft~r = +1 3= )

3.7.3y"--y2=Y , 34°9=U y'(0)=1
(Qavob:x =xIn(I +V/2)x In---—-= g

1+nly2+1
38/ =-1/2/), /0)=1/2, y (0)=n/2

(Javob.y =~ f +V~
3.%Y"=1~Y'r- -40)'0, /(0)

(Javob: x = +1luey +-4ey -1 4

2
310, Y =Yy, y(0)=2/3, >(0)=1

(Javob:Y = *+2=3112" ¥ =2/3>
3N, 2jy'=/2+l, 7(0)=2, ¥(0)=1

X+2V
(Javob:y = +1)

312. Y*=2_—y 0)=2,Y (0)=2

(W= :* =2sin* +2-)
313. / =1//.>'0)=1Y(0)=0.iJmob:x _

770

, 14, »-'-271=0,y(0)=1,/(0) =2.

1
Javob:y — =
( Y= L <7=1)
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315. /=Y + /2>(0)=0,/(0)=1.
(Javob: x =In—---—- .,y —0))

y + 2 y,2=0, v(0)=0, Y(0)=1
3.16. 1-

(Javob: X +1
317. y'O-+y)=5Y'2¥(°) =0,/(0) =1

(Javob: —--1m y =0.)
4 41 +vy)

318. yVy +3)=~2y'2=0,90) =0,Y(0) =3.
(Javod;y = (e* -1), y =0.)

3.19. 4y*+y~(0) =1,/(0)=0.

(Javob:x =2\n™y +1+*)(y +])2—4 9

3.20. V 2=(y-1)=/,40)=2,Y(0) =2.
(Javob:y =1+

321. 1+~ =1}~AX0) =1,Y(0)=0.
(Javob:x =Iny +yj(y™-1).)

322, Y'"+YY'1l=%« X °) =1 Y(0)=2.
(Javob:y =\V6x+1, y =1)
323. 3y"-/2=0, F0)=1 Y(0)=2

(Javob: Y ~e2X N~ =1)
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324, YY'~Y =¥ In7,7(0) =1Y(0) = 1m

(Javob: x = Inlny + ~In2>+1.)

3.25. > Y)Y *@1+Iny)y2=0,y(0)=1,770) = &

1
(Javob: x = — ~—------ 1L, 7=1)
1-1n7
3.26. >"(1+y>=" A0)=2,7'(0) = 2.

(Javob: Y ~ 2e* N =2)

3.27. N =N T"4y>y(ty=-/(0)=2-
(Javob:y ~(x +1)2, 7 =1)

328. | =1/(1+Y'Tp Y(0)=0, Y(0)=0.

(Javob: x = 2arctg-Je’ —1.)
3.29. 77" -2jy'lInv =7'2, v(0)=1, v'(0)=1.

(Javob: Y ~ e XY =1)
330. y’*Ny, *0)-/(0)-a

4. Quyidagi tenglamalami integrallang.

—dy —— dx =0.
4.1, X N~ (Javob:y /x —C.)
xdy —ydx n
2 2
42. m +4 (Javob: arclgyx ly) —C.)

4j (2x—>abcs- (2y—x —Ddy.

(Javob: N +y2-Xy +X -y= C-)

xdlx +ydy +YX 2D

4.4, X 4>
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(Javob:------ '— +arctg—+ C.)
2

4.5. -1
n*2-y 2y yl*2-y 2

(Javob:A ™ 2-y2-x =C)
2X(1—ey) dx +

- -dy - 0. ey -
(Javob: =C)
1+x*“
2n . - 3x2 x2 1
2 pgr — RX 4y=0. 28 T=C)
4.7, (Javob: Y n

48 (1- e"y)dx +exly(1- x/y)(ly = 0.

(7avob:x + "eX V= C*»
49 x(2x2+ /) +A~2+2/)Y =0.

(Javob:x*+ x2¥Y2+ Y4 ~ C))
410 (3x2+6n72)c&; + (6x2.y+ 4>3)h’= 0.

(Javob:N +3x2Y2+Y4=CH
4.11.

P e
Jx2+y2 n Y
(Javob: yjx2+y 1 YInjxyl H— —C.)
Y
3N 2]
dx 4° x3sec2>’+zﬂ>3+ ~ dy=0.
4.12.

(Javob: x™Mgy +y 4+ )_(; =C)



2 2
ox + X +y dx -——'—)—?—Tf\edy.
413. v XYy Xy
(Javob: x2 H-----—=C.)
Y x
in2 ( sin?x”
SINEX e % dx+1 \dy = 0.
414. VY
X2+y2 sin2x .
(Javob: k2 - C)
y

415  ("x2—=2jc? —y)dx 4 (2v—x + 3y ?)dy = 0.
(Javob:x3 +y3“ - *Y+¥y2=C>
Xiix + ydy ~xdx —ydy
4.16.
(Javob: X—+ -Jx2+y2=C)
4 (3x +>3)Ix+(x3+3xy2)*j=0.

(Javob: xy(x2+y 2)=C.)
418  y(n2+ Y2+ a2)dy+x(x2—y2~a2)dx = 0.

(Javob: (x| +¥2)2+2n2("2—x2) = C.)

4.19. rsm’\ +j;smx +Ls jecosy - cosx - —|dy = 0.
Y
(Javob:ﬂ y —006x —¢c0s>'=C.)
I H " H f
+
420, ESMUCCOS X iy dy=o0.
C0S "yXx cos" yx ,

(Javob: tgxy—eosx —cosy —C.)

421, (8x2—ycosxy +y)dx + (x —xce>sxy)dy = 0.
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{Javob:x3-sinxy +jcy"C.)

[12x' - exly --)<:&+ 116y + -~ e xly \dy —O.

4.22. V Y] \ r Yy
(Javob: 3x4+8y2-e xly = C))
4.23.
o4 2XYySVXX2y +4 dx+ — sin x2y]\dy =0
2Jxy 24xy )

(Javob: -Jfy’~cosx2y +4x=C.)
424 n + (3XVIn3-3)dy = 0.

Layob:YYA Y =CA
4.25.

-+3x°y’" dx+ 1xwy 6- -—t----siny dy = 0.
KX -y N4 y X-y
(Javob: Injx - v|+xy 1= C.)
n
( 2+yoosxy/lak+\C-L x + cosxy - 0.
426. "X y W2

(Javob: sm xy — Y - C)

y
" 2 7?
4.27. vy

(Javob: arcsinxy —x2 = C.)
4.28 +28x6)c6c+ (4x5 3—3y 2)dy = 0.

—2X * + A = 0

(Javob:x"Y4 ~Y 3+4x? = C?>
429 (2xe*+y + 2)dx + (2yex+ - 3)dy = 0.

(Javob:iX ¥ +2x-3y =C)
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4J0 (3>7;cos 3x + 7)dx + (3y 2sin3x —2y)dy =0.

(Javob:Y3sm 3x-v2+7* +C.)

5. Agar y ning ixtiyoriy nuqtasidagi burchak koeffitsiyenti,
shu nugtaning k marta kattalashtirilgan ordinatasiga teng ekanligi
ma’lum Dbo‘lsa, A(x0 yQ r.uqgtadan o‘tuvchi egri chiziq
tenglamasini yozing.

5.1. A(0,2), k=3. (Javob:y=-2eX.

5.2. A(0,5), k=7. (Javob:y=5e73.

5.3. A(-1,3), k=2. (Javob: y=3e 2.

5.4. A(-2,4), k=6. (Javob:y=4etxH2).

5.5. A(-2,1), k=5. (Javob: y=-e 5¢H0).

5.6. A(3,-2), k=4. (Javob: y=-2e4D).

Ixtiyoriy nuqtasidagi urinmaning burchak koeffitsiyenti, shu
nugtani koordinata boshi biian tutashtiruvchi to‘g‘ri chizigning
burchak koeffitsiyentidan n marta katta ekanligi ma’lum bo‘lsa,
A(xnyn) nugtadan o‘tuvchi egri chizig tenglamasini yozing,

5.7. A(2,5), n=8.(Javob:y =5xs!256

5.8. A(3,1), n=3/2.(Javob:y=~x%x /(3"

5.9. A(-6,4), n=9.(Javob:y=~xd| 1664.

5.10. Af-8,-2), n=3.(Javob:yr=-x,/256.

Egri chizigning ixtiyoriy nugtasiga o‘tkazilgan normalning
ordinata o'gidan ajratgan kesmasiningmng uzunligi shu nugtadan
koordinata boshigacha bo‘lgan masofaga tengligima’lum bo‘lsa,
A(xo,y0) nugtadan o'tuvchi egri chizig tenglamasini yozing.

5.11. A(0,4), (Javob: y=-x216+4).

5.12. A(0,-8), (Javob: y=x232-8.

5.13. .4(0,1), (Javob: y=-x24+1.

5.14. A(0,-3), (Javob: y=x212-3.

A(xo,yo) nugtadan o‘tuvchi va guyidagi xossaga ega boigan
to‘g‘ri chiziq tenglamasini tuzing: koordinata boshidan egri
chizigning urinmasiga o‘tkazilgan perpendikulyarning uzunligi,
urinish nugtasining absissasiga teng.

5.15. A(2,3), (Javob: (x-13/4)2+u =169/16).

5.16. A(-4,1), (Javob: (x+17/8)2+u2=289/64).

5.17. A(1,2), (Javob: (x-2,5)2+u2=6,25).
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5.18. A(-2,-2), (Javob: (x+2)2+un2=4).

5.19.A(4,-3), (Javob: (x-25/8)2+12=615/64).

5.20. A(5,0), (Javob: (x-2,5)2+12=6,25.

A(x0,Y0) nugtadan o‘tuvchi va quyidagi xossaga ega bo‘lgan
egri chiziq tenglamasini tuzing.

Egri chizigning ixtiyoriy nugtasining urinmasinmg Ou o0 ‘qdan
ajratgan kesmasi, urinish nugtasi absissasining kvadratiga teng.

5.21. A(4,1), (Javob: y -~17x/4-x\

5.22. A(-2,5), (Javob: y=-9x/2-x2.

5.23. A(3,~2), (Javob: y=7x/3-x3.

5.24. A(-2,-4), (Javob:Y-4X-X2.

5.25. A(3,0), (Javob: y~3x-xf).

5.26. A(2,8), (Javob: y-6x-x3.

Egri chiziqga urinmaning ordinata o‘gidan ajratgan kesmasi,
urinish nugtasining koordinatalari yig‘indisining yarmiga teng
ekanligi ma’lum bo‘lsa, A(xo, Yo) nugtadan o‘tuvchi egri chiziq
tenglamasini yozing.

-y fx-x)
5.27. A(9,4), (Javob:y~ 3
5.28.A(4,10), (Javob:y=7 -Jx - X)
5.29. A(18,-2), (Javob:y=44x - Xx)
5.30. A(l,-7), (Javob:y--6 Jx —X)
Namunaviy variantlar yechimi

1 Differensial tenglamaning xususiy yechimini toping v

hosil gilingan funksiyaning x=-3 dagi giymatini verguldan keyin
ikki xonagacha aniglikda hisoblang:
y"U(x+2/=1,y(-D=1/12, y(-1)=-1/4.

> Berilgan tenglamaning umumiy yechimini topam

(811.5ga garang, 1 xildagi tenglama):

1 f dx i me
(J+2)2 Y 1(x+2Y  4(x+2)4 1
Y= (et 7+ C.)dX = oo + CIx + C2

T A(x+2) 1 12(x + 2)3



Boshlang‘ich  shartlardan ~ foydalanib, C/ va C2
larninggiymatlarinianiglaymiz:
y(-1)= 1/12-C,+C2=1/12, C,- C2=0,
y'(-I)=-1/4+Ci=-W Ci=0, C2=0.
Boshlang‘ich shartlami ganoatlantiruvchi, dastlabki
tenglamalaming xususiy yechimi quyidagi ko‘rinishda boMadi:
y=1/(12(x+2)3
y(x) funksiyaning x=-3 dagi giymatini hisoblaymiz.

y(-3) (35 ” 0,08 <
2. Tartibi  pasaytirilish  mumkin bo‘lgan differensi
tenglamaning umumiy yechimini toping.
y'(ex+1)+ y=0.

> Berilgan tenglaraa Il xildagi tenglamadir. (811.5. 2-misol

garang).
Shuning uchun y'=z(x) almashtirish bajaramiz. U holday -

dz
dx
— (er+1)+z=0, — (er+1)=-z,
OIX( ) dx( )
dz dx rdz r dx
yA —ex+ 71 J z ex+1.

va (f+l=t o‘zgaruvchilami almashtirish vo‘li bilan
quyidagini topamiz.
Inbl = In (ex+l)-In extIn C
Oxirgi ifodani potensirlab, dastlabki tenglamaning umumiy
yechimini topamiz:

z=Cj Ax = Ci(x-e3+C2 vy = Clfr—2-dx =
ex e
Crx —e~X)+ Q2 M
3. y(h=1,y "(1Y-, boshlang‘ich shartlar

ganoatlantiruvchi, tartibi pasayuvehi, y3 y — differensial
tenglamaning yechimini toping.
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> Berilgan tenglama LU tip~a tegishlidir. (811.5. 2-misolg
garang). Shuning uchun, y =p(y) almashtirish yordarnida
tenglamaning tartibini pasaytiramiz. U holda,

Y”-pd—P-
ay
Bundan,
d . —
ypP =i pop =- ¥
dy /
d 2 1
1 pap =] & P c
y" 2 2y2
P*~T +2C"> =+\\+ 2C
Yy P \y ? {
dy ® +2CY dx=+— Y&
dx y ’ 41+2CY
x=+x1-=)X = +C*=-l0 (1 +2CY) ™i(l+Cj),
Vi+2c y 4C

x=+ " -\+CcY +c2

ya’ni, dastlabki tenglamaning umiuniy yechimini hosil gildik.
Endi boshlang‘ich shartlardan foydalanib, C- va C2 laming
giymatlarini aniglaymiz. x=1, y=1 va y'=0 da quyidagiga ega
bolamiz.

1=4— MI+2C, +C2,0=+JT+2Q
bundan, 1+2C;=0, Cj=-1/2, C2=I.
Natijada, dastlabki yechim quyidagi ko ‘rinishga ega bo ‘ladi:
X=+"N~y2+1

Geometrik nuqtai nazardan bu yechim (x-V/W /I

aylananing o‘ng yoki chap tomonining yarmini tasvirlaydi. M
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4. Tenglamani integrallang.
(-—--y 3+ A)dx+(~—-3xy2dy=0.
X ty

Quyidagi belgilashlami Kiritamiz:
P(x,y)=1/x-y3+4,  Q(x,e)=-1ly-3xy2 (11.26) tenglamaga
garang.

P 2
U holda, d— =3y , @ = -3y
dy dx

a = — bo‘lganligidan, berilgan ter.glama to‘la differensial
y
tenglamadir. Uning umumiy integrali (11.24) forrnuladan topiladi:
f(~->3+4)dx+T (-— 3x,y1l) dy=Co0

i X n

Quyidagiga ega bo‘lamiz:

In \X\-IN\XO\-Xy3+Xx Q) 3+4x-4x0-h\y\+In\yo\-xy 3+xg yl =CO0,

In\—|-xv3+4x=C,

y
bu yerda,
C-Cg+In |— 1+4x0- x0yI.
Yo
5. Agar koordinata o‘glari bilan hamda egri chizignin

ixtiyoriy nuqgtasiga o‘tkazilgan urinma va urinish nuqtasining
koordinatasi bilan chegaralangan trapetsiyaning yuzi o'zgarmas
son bo‘lib, 3 ga teng ekanligi ma’lum bo‘lsa, (11.3-rasmga
garang) A(2,2) nuqgtadan o'tuvchi egri chizigning tenglamasini
yozing.

» Quyidagiga ega bo‘lamiz:
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, M

S pmco” oc\

IMCj=y, |DO=
+ DB[+ BO = £D£\ + \MC\ = £\nll] + >
OC|=x, £ DB|=-|BM|tga=—BM|y =xy’.

v |

\

a
Nr \

11.3-rasm

bu yerda, agar y'= tga< 0bo‘lsa, (x<x1, 11.3-rasmga garang)
|DB| oldiga “+” belgisi go‘yiladi, agar y'= tga> 0, bo‘lsa, (x>xx)
oldiga  belgisi qo‘yiladi.

Shuning uchun ikkala holda ham \DO\~xy +u. Shularni
e’tiborga olib, quyidagilami topamiz:

X = 3,—1x.'y.+ Xy =3,

X% +2xu=6,y — y - ——og O.

Birinchi tartibli chizigli tenglamani hosil qildik. Buni

yechamiz:

2u9 6
u~U&’ y' = u'9+ U&l Vllg + Ugl""'-_-:_ Ji



d3 29 d<9  2dx
3 X ’ i9 X
2 J— Iwi9j = 21njc,i9 = x2

Topilgan i9 = X2 ifodani (1) tenglamaga qo‘yamiz: u'=—
X

M=-

U holda>'-w j9—  +C)x2=—+ Cx2
X X

Egri chizig A(2,2) nugtadan o‘tganligi uchun, 2-2/2+4C,
C=l/4. lzlanayotgan egri chizigq tenglamasi quyidagicha bo‘ladi,

2 -2
=—+— 0<x<x0=sl6
x 4

Ushbu chiziqg 11.3rrasmda tasvirlangan bo‘lib, x, = 1/4 da
minimumga ega bo‘ladi.-4

11.3. Individual uy vazifalari

Differensial tenglamaning umumiy yechimini toping.
.a)y"+4u=0; b)y"-10y'+25u-0; v) y"+3y" +2y=0.
. @) y"'-y'-2y=0; b) y"'+9y=0; v) y"+4y" +4y=0.
.a)y"-4y'=0; b)y""-4y'+J3y=0; v) y"-3y" +3y=0.
.a)y"-by'+6y=0; b) y"+3y'=0; v) y"+2y" +5y=0.
La)y''-2y'+10y=0; b) y"+y'-2y=0; v)y'-2y=0.
. @) y"-4y=0; b) y"'y"+2y'+17y=0; v) y"-y' -12y=0.
La)y" +y6y=0; b) y"+9y'=0; v)y 4y'+20y=0.
.a)y"'-49y=0; b)y"-4y'+5y=0; v) y"+2y"'-3y=0.
.a)y "+ 7y=0; b)y"-5y'+4y=0; v)y"+16y=0.

10. a) y"-6yH8y=0; b) y"+4y'+5y=0; v)y"+5y'=0.

11.a)y"-8y'+3y=0; b)y"-3y=0; v) y"-2y'+10y=0.

12. a) y"+4y'+20y=0; b)y"-3y'-16y=0; v)y"-16y=0.
1.13. a) 9y"+6y'+y=0; b)y"-4y"'-21ly-0; v) y"+y=0.
1.14. a) 2y" +3y'+y=0; b) y"+4y'+8y=0; v)y" -6y'+9y=0.

O© 00 ~NOoO Ol WwN B
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1.15. a) y"-10y'+21y=0; b)y"-2y'+2y-~0; v)y" +4y'=0.

1.16. a)y"+6y'=0; b) y"+10y'+29y=0; v) y"-8y'+7y=0.

1.17. a) y"+25y=0; B y" 16y' \9y=0; \) y"+2y'+2y=0.

1.18. a) y"'-3y'=0; BHy"-7y'-8y=0; v)y'"+4y'+13y=0.

1.19. a) y"'-3y'-4y=0; b)y"+6y'+13y=0; v)y"+2y'=0.

1.20. a) y"+25y’=0; b) y"-10y'+!6y=0; v) y"-8y'+16y=0.

1.21. a)y =3y'-18y=0; b)y"-6y'=0; v)y"'+2y'+5y=0.

1.22.a) y"-6y'+13y=0; BHy'-2y'-15y=0; v) y"'-8y'=0.

1.23. @) y"+2y'+y=0; Hy"+6y'+25y=0; v) y"-4y'=0.

1.24. a) y"+10y'=0; BHy"-6y'+8y=0; v) 4y"+4y'+y=0.

1.25. a) y"+5y=0; b) 9y"-6y'+y=0; v) y"'+6y'+8y=0.

1.26. a)y"+6y'+10y=0; b)y'-4y'+4y=0; v) y"'-5y'+4y=0.

1.27. a) y'ry=0; b) 4y"+8y"'-5y=0; v) y "~6y'+10y=0.

1.28. a) n+8y'+25y=0; BHy"+9y'=0; v) 9y +3y=2y-<).

1.29. a) 6y"+7y'-3y=0; b)y'H16y=0; v) 4y"-4y'+y=0.

1.30. a) 9y "26y'+y=0; b)y"+12y'+37y=0; v) y*"-2y'=0.

2.2.1.y"+y'~ 2x-1. (Javob: y=Cj+C 2e~x+x2-3X)

2.2. y"-2y'+ by =10excosx. (Javob: y=e*(C]Cos 2x + C>
sin2x) + e xc0s2x).

2.3. y"-2y' -8y =12sin2x-36cos2x. (Javob: y=CJle2+C2e4x
+3c052X).

2.4.y"- 12y’ +36y =14e6x (Javob: y=C, ebtx+C2e 6+ 7x2e6).

2.5.y"-y" +2y =(34-12x)ex (Javob: y-C j™ + CTex+ (4—2x)eN.

2.6.y"-6y" +10y =51ex (Javoh:y=e3(C/cosx+C~sinx)+3ex.

2.7. y"+y=2cos X-(4x+4)sin x.(Javob: y=C]JCosx + C2sinx
+(X2+2X)C0SX).

2.8. y"+6y"' +10y =74e3x (Javob: y=e3x+(Cicos x+C? sin
X)+2e3).

2.9. y"-3y'+2y =3cos x+19sin x.(Javob: y=C;ex+C>e2x+6 cos
X + sin x).

2.10. y"+6y'+9y - (48x+8)eK. (Javob: y=C;e X +C2e
3x+(3x-1)e*).

2.11.  y7+5y'=72e2x. (Javob:y =C/+C2e Bx+3eX).

2.12. y"-5u'-6y =3cos x+19sin x. (Javob: y=C]éx
+C2e6xt+c0s X -2 sin X).
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2.13. y"~8u'+12y =36x-96x2 + 16x-2. (Javob: y—Cien
+Clkbx+ 3Xx-Xx3.
2.14. y"-8n'+25y =18e5x (Javob:y=e -4x(C, cos 3x + CXin

X)+"NeH

2.15.  y"-9n'+20y =126e2x (Javob: y=C, edx+ S2e5x+3e2

2.16. y"+36y =36+66x-36x3. (Javob: y=C]Cos 6x+CXin 6x
—x3+2x+1).

2.17. 'y "+y =-4c0$ x+2 sinx-36x3 (Javoh: y=Ci cos x+Cxin
X + x(cos x -2sin x).).

2.18. y"+2y'-24y =6cos 3x-33 sin 3x.(Javob: y-Cie'&x+C2
edx+sin 3Xx).

2.19. y"+6y'+13y =-75 sin 2x.(Javob: y=e'3(C] cos2x+C2
sin2x)+4c0s2x- -3sin2x).

2.20. y"+5y'=39c0s3x-105sin3x. (Javob: y= (Ci +C2e X+
4c0s3x+5sin3x).

2.21. y"~dy'+29y~104 sinb5x.

(Javob: y=e2{C] cos5x+C2Sin5x)+ 5c0s5x+sin5x).

2.22. V"-4y'+5y=(24sinx+8cosx)e~2

(Javob: y=e2X(C] cosx+CXinx)+ C9+e 2(cos x+sin x).).

2.23. y"+16y=8cos 4x. (Javob: u=C] cos 4x+Cxin 4x+x
sin 4x).

2.24.y""+9y~9x4+12x"~27. (Javob: Q cos 3x~ C&in 3x+x"3).

2.25.  y"-12y'+40y=2e6x (Javob: y=e6¢C, cos 2x+CxXin

2X)+-e®.
2

2.26. y"+4y'=ex(24cos 2x+2sin 2x).(Javob: C]+C2e4+2ex
sin2x).

2.27. y"+2y'+y=6ex.(Javob: y=Ci+ex+C2xed+2ex+3x2~
V.

2.28. y7+2y'+37y=37x2-33x+74. (Javob:  y—ex(Cicos
6x+C&in 6x)+x~-x+2).

2.29. 6y"-y'-v=3e2 (Javob:y=Ciex2+C2 x/3-¢ .

2.30. 2y"+7y'+3y=222sin3x. (Javob: y=(CjeX +C2 e
X[2+7c0s3x+5sin3x).
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3.3.1.y"- 8y" + 17y = 10e2(Javob: y=e4(CiCos+CSin x)+212x)

3.2.y"+y'-6y= (6x+1)e3x(Javob: y=C'i e 3x+C2e2 ! fx-1)e3x)

3.3.y"- 7y' + 12y = 3edx(Javob: y= C/  +Cr edx+3xe4x)

3.4. y"- 2y'N6 + 12y = 24x2;(Javob: y= C/ +Cr
3x2+311.

3.5.y"- 6y' + 34y = 18 cos 5x 160 sin 5x;

(Javob: y=e3x(Cicos 5x+C2sin 5x)+2 cos 5x.)

3.6.y"- 2y'= (4x+4)e2¢(Javobh: y= C/ e (x2+x)e)

3.7.jI't 2y'+y= 4x3 +24x2+22x-4;(Javob: v= C/el! b
4x%2X.)

3.8.y > 4y’~ 8-16x;(Javob: y~ C/ +Cr 2Xr-X.)

3.9.y"-2y'+y= 4dex(Javob: y - Cj ex+C2ex+2x2ex)

3.10. y"-8y'+ 20y = 16 sin 2x-c0s 2X;

(Javob: y=e4(Cjcos 2x+C2sin 2x)+sin 2x.)

3.11.  y"- 6y' + 13y = 34e3sin 2x;

(Javob: y~e3{Cjcos 2x+C2sin 2x)+2—3¢c0s 2x.)

3.12.  y"+ 2y'-3y = (12x2+6x-4)ex;(Javob: y=Cje3x+C2
ext+(x3x)ex)

3.13.>™"'+ 4y' + 4y = 6e2(Javobi:y=Cie2x+C2xe2x+3x22-6x)

3.14.  v"+ 3y' =10-6x; (Javob: y~C/+C2e<IX-x24x.)

3.15.  y"+ 10y”+25y =40+52x-240x2-200x3; (Javob: y=Cje
5x+C2e 5x-8x3+4X.)

3.16. y"+ 4y'+20y =4cos 4x-52 sin 4x;

(Javob: y=e 2¢Cicos 4x+C2sin 4x)+3 cos 4x-sin 4x.)

3.17. y"+ 4y'+by =5x2-32x+5;(Javob: y~e2(Cjcosx+C?
Sinx) +x2-8x+7.)

3.18. y"+ 2y'+y = (12x-10)ex;(Javob: y~Cs ex+C2 xe
x+(2x3-5x9 e x)

3.19. y"-4y = (-2x-10)e2¢(Javob: y-CjCos 2x+C2 sin
2X+(3x2+x)e)

3.20. y"+ 6y'+9y = 72e3x(Javob: y=C, e x+C2x e 3x+2e3X)

3.21. y"+ 16y = 80e2¢(Javob: y=C,cos 4x +C.2 sin
4x+4e2)

3.22. y"+ 4y' = 15e?;(Javob: y=C]+C2e4dx+3ex)

3.23. y"+ y'-2y = 9cos x-7 sin x; (Javob: y=C<e'"x +C2
eJ+3sin x-2cos X.)
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3.24. y"+ 2y'+y = (18x+8)ex(Javob: y=Cj ex +C2xe"*+
. (3%, +4x1) e x)

3.25.  y"-14y'+49y = 144 sin 7x;(Javob: y=CreX +C2xe7x+
2 c0os 7X.)

3.26. y"+9y-10 e3x(Javob: y=C; cos 3x+C2sin 3x +eX)

3.27. 4y"-4y'+y =-25 cos x;(Javob: y —€ i™2 +C2ex2 x+3
CoSX + 4sinXx.)

3.28. 3y "~Hy'-2y =6 cos 2x+38 sin X 2X;

(Javob: y=Ciexh +C2xex2 +cos 2x -2sin 2Xx.)

3.29. y"+4y'+29y =26ex(Javob: y=e2 (Cicos 5x +CxXin
5x)+ex)

3.30. 4y"+3y'-y =11 cos x-7sinx;

(Javob: y=e 2 (C;ex4 +C2ex +2 sin X - COSX.)

4. Boshlang‘ich shartlami ganoatlantiruvchi differensial
tenglamaning xususiy yechimini toping.

4.1.y"-2y'+y=-12cos 2x-9 sin 2, y(0)=2, y'(0)~0.

(Jayob: y=-2ex-4xex+,3sin 2x.)

4.2.y"-6y+9y= 9X2 39x+65, y(0)=-I, y'(0)=1.

(Javob: y=-6eJ5-22xe3x+x2~3x+5.)

4.3.y "+2y'+2y= 2x2+8x+6, y(0)=I, y'(0)=4.

(Javob: y=e x(cos x+3sin x) /%+2x.)

4.4.y"-6y'+25y= 9sindx-24 cos 4x, y(0)=2, y '(())=-2.

(Javob: y=e X(2cos 4x-3sin 4x)+sin 4x.)

4.5.y"-14y'+53y= 53x3-42x2+59x-14, y(0)=0, y'(0) =7.

(Javob: y=3e 7sin 2x+x3+Xx.)

4.6.y"+6y= e "(cos 4x-8 sin 4x), y(0)=0, y'(0)=5.

(Javob: y=sin 4x-cos 4x + excos 4x.)

4.1.y"-4y'+20y= 16xe2 y(0)=L y'(0)=2.

(Javob: y=e 2(cos 4x-1/4 sin 4x) +xeZ)

4.8.y"-12y'+36y= 32 cos 2x+24 sin 2x. y(0)=2, y (0)=4.

(Javob: y=e 6x-2xebx+cos 2Xx.)

4.9.y "+y=x34x2+7x-10, y(0)=2, y'(0) =3.

(Javob: y=4cos x+2 sin x+x3-4x2+x-2.)

4.10.y"-y=(14-16x)exy(0)=0}y"(0)=-I.

(Javob: y=ex-e'x+(4x2~3x)ex)

4.My"+8y'+16y=16x216x+66, y(0)=3, y'(0)=0.
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(Javob: y--2e~4¢6xedx+Xxr 2x+5.)
4.12.y"+10y'+34y=-9e3y(0)=0, y'(0)=6.
(Javob:y=e Bq{cos 3x +2sin 3x)-e5x)
4.13.y"-6y"'+25y= (32x~12)sin x-36x cos3x, y(0)=4, y'(0)=0.
(Javob: y=e 34cos 4x -3 sin 4x)+2x sin 3Xx.)
4.14.y"+25y= e* (cos5x-10sin 5x), y(0)=3, y'(0)=-4.
(Javob: y=2cos 5x - sin 5x+excos 5x.)
4.15.y"+2y'+5y= -8e xsin 2x, y(0)=2, y'(0)=6.
(Javob: y = e x(2cos 2x +3 sin 2x)+2xe Xco0s 2X.)
4.16.y"-10y'+25y= e 5 y(0)=I, y'(0)=0.

(Javob: y= 3e5x-2xe5xt+ X2 X)

AY1ly"+yr12y= (16x+22)edx y(0)=3, y'(0)=5.
(Javob: y~ eX+edx+ (2x+i)ed)

4.18. y"-2y'+5y= 5x2+6x -12, y(0)~0, y ’(0)=2.
(Javob: y —ex (2 cos 2x-sin 2x)+x +2x-2.)
4.19.y"+8y'+16y= 16x3+24x2-10x+8,y(0)=1, y'(0)=3.
(Javob: y=4xe 4x+x2-x+1.)

4.20. y"-2y'+3y= 36excos 6x, y(0)=0, y'(0)=6.
(Javob: y=exin 6x+3xexsin 6x.)

4.21.y"-8y'= 16+48x2 128x\y(0)=-1, y'(0)=14.
(Javob: y=2e8¢3+4x4-2X.)
4.22.y"+12y'+36=72x318, y(0)=-I, y*'(0)=0.
(Javob: y=cos 6x+8 sin 6x+2x3~2x.)
4.23.y"+3y'=(40x+58)e2 y(0)=0, y (0)=2.
(Javob: y=4e3x7+(4x+3)e)
4.24.y"-9y"'+18y=26 cosx-8 sinx, y(0)=0, y'(0)=2.
(Javob:y=2e6¢3e3xsin X+c0s X.)

4.25. y"+8y'=18x+60x2-32x3  y(0)=5, y'(0)=2.
(Javob: y~3+2e8x4+3xs.)

4.26.y"-3y'+2y=-sin x-7 cos x, y(0)-2, y '(0)=7.
(Javob:y -e x+2e2¢-cos x+2 sin X.)

4.27.y "+2y'=6x2+2x+J, y(0)=2,y'(0)=2.

(Javob: y=3-e2x+x3x2)

4.28.y"+16y=32e4 y(0)=2,y'(0)=2.

(Javob: y=cos 4x+sin 4x+e4x)

4.29.y "+5y+6y=52 sin 2x, y(0)=-2,y '(0)=-2.
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(Javob: y=2e'2+e'35c0s 2x+sin 2x.)

4.30.y"-4y=8e2 y(0)=1, y*(0)=-8.

(Javob:y=3e 12e2x+2xe2x)

5. I (x) ftmksiyaning ko‘rinishi bo'yicha chizigli bir jinsli
bo‘Imagan differensial tenglamaning y* xususiy yechimning
tuzilishini aniglang va yozing.

5.1. 2y~ 7y" + 3y=f(x); a)f(x)=(2x+1)e3 b)f(x)=cos3x.

52, 3"~ 7y' + 2y—f(x); a) f(x)=3xe2¢ b) f(x)=sin 2x -
3C0S2X.

5.3. 2y"+y'-y=f(x); a)f(x)=(x?~5)e'x; b) f(x)=x sin x.

5.4.2y"- 9y'+ 4y=f(x); a)f(x)=- 2edx b)f(x)=excos 4x.

5.5. 2y"+49y=f(x); a) f(x)= x*+4x; b)f(x)= 3sin 7x.

5.6. 3y”+10y'+3y=f(x); a)f(x)=e3x b)f(x)= 2 cos 3x-sin 3x.

5.7.y"-3y+2y=f(x); a)f(x)-x+2e?; b)f(x)= 3cos 4x.

5.8.y"-4y'+4y~f(x); a)f(x)-=sin2x+2exb)f(x)= xr~4.
5.9ey"-y'+y=f(x); a)f(x)=excosx; b)f(x)= 7x+2.
5.10-y""-3y—f(x); a) f(x)=2x2 5x; b)f(x)~ exin 2x.

5.11.y "+3y'-4y=f(x); a)f(x)=3xe4 b)f(x)= xsinx.

5.12.y"+36y=f(x); a)f(x)=4xex b)f(x)= 2 sin 6x.

5.13.y"-6y'+9y=f(x); a)f(x)=(x-2)e3x b)f(x)= 4 cosx.

5.14. 4y"-5y'+y=f(x); a)f(x)=(4x+2)e"; b)f(x)= exin 3x.

5.15. 4y"+7y=2y=f(x); a)f(x)=3e 2 b)f(x)= (x-1) cos 2x.

5.16.y"-y>6y= f(x); a)f(x)=2xe,x; b)f(x)= 9cosx-sinx.

5.17.y"~l6y~-f(x); a)f(x)=-3e4x b)f(x)= cosx-4sinx.
5.18.y"-4y=f(x); a) f(x)=(x-2)eh; b) f(x)= 3cos 4x.

5.19.y"-2y+2y=f(x); a)f(x)=(2x-3)edx b)f(x)~ e"'sin x.

5.20. 5y"-6y'+y=f(x); a) f(x) =x""ex b)f(x)= cosx -sin x.

5.21. 5y"+9y'-2y~ f(x); a) f(xj=x32X b) f(x)= 2sin 2x~
3C0S2X.

5.22.y "-2yl15y= f(x); a) f(x)=4xe3x; b)f(x)= x sin 5x.

5.23.y"-3y-f(x); ajf(x)=2x3-4x; b)f(x)= 2e'x cosx.

5.24.y ~7y'+12y=f(x); aj f(x) =xeX+2ex;b) f(x) = 3xsin2x.

5.25.y"+9y=f(x); a)f(x)=X" +4x-3; b)f(x)= xedsinx.

5.26.y"-4y'+5y=f(x); a)f(x)=-2xex b)f(x)= xcos2x —sin2x.
5.27.y"+3y"+2y=f(x); a) f(x)=(3x-7)ex; b)f(x)= cosx —3sinx.
5.28.y""-8y'+16y=f(x); a)f(x)--2xedx b)f(x)= cos 4x + 2sin 4x.
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5.29. y"+y'-2y=f(x); a)f(x)=(2x-1)e x; b)f(x) = 3xcos 2x.
5.30.y"+3y"-4y=f(x); a) f(x)=6xex; b)f(x)=xXin 2x.

Namunaviy variant yechimi.

Differensial tenglamalaming umumiy yechimlarini toping.

1 a; 4y"~lly'+6y=0; b) 4y"-4y"'+y=0; v) y"-2y"'+37y=0;

Berilgan har bir tenglama uchun xarakteristik tenglama
tuzamiz va uni yechamiz. Xarakteristik tenglamaning olingan
ildizlarining ko‘rinishiga garab, differensial tenglamaning
umumiy yechimini yozamiz (11.48 formulaga va § 11.6 dagi 5-
misolga garang).

a) 4N2111+6=0, H =3/4, 2~=2 ildizlar har xil va
hagigiydir, shuning uchun tenglamaning umumiy yechimi
quyidagicha bo‘ladiy=C 1e3¢4+C 282

b) 4A22~4A+1 =0, Al=A, ~ 1/ 2-ildizlar bir-biriga teng va
haqigiydir, bundan kelib chigadiki, tenglamaning umumiy
yechimi quyidagicha bo‘ladi.

y=C " [2+C2xe*2

v) A22 A+37 =0, =X, = 1+ 6i - ildizlar go‘shma
kompleksdir, shuning uchun tenglamaning umumiy yechimi
quyidagicha bo ‘ladi.

y = <)C/cos6x+C-25in6x).

2.y"- 3y'-4y=6Xex;

> A 23 /1—4 =0 xarakteristik tenglamasi A \=4,/1 = —
ildizlarga ega. Bundan kelib chigadiki, bir jinsli tenglamaning
umumiy yechimi quyidagi formula bilan aniglanadi.

y - Cedt+C2x

Tenglamaning o‘ng tomonida joylashgan f(x)=6xex fimksiya
bo‘yicha xususiy yechim tuzilishini yozib olamiz ((11.50)
formulaga garang).

y =(Ax+B)e~x-X

Bu vyerda, z=a+ib=-1 xarakteristik tenglamaning ildizi
bo‘lganligidan (Ax + Bx)e~xifodani x ga ko‘paytirdik. A va V
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koeffitsiyentlami  noma’lum  koeffitsiyentlar  usuli  bilan
aniglaymiz. Buning uchun quyidagilaroi tuzamiz.

y * = (2 Ajc+ B X —(six2+ Bx)c X

2Ae~x+(Ax2+ Bx)e'x- 2(2Ax + B)e~x;

y *', y*" lar uchun topilgan ifodalami berilgan tenglamaga
go‘yib, uning ikkala tomonini e xga bo‘lib, x2, x va x°lar oldidagi
koeffitsiyentlarini tenglashtiramiz va A va V lami topish uchun
sistema hosil gilamiz. Shunday qilib, yugorida bayon
gilinganlarga mos ravishda quyidagilarga ega boMamiz:

2A+Ax2+Bx-4Ax-2B-6Ax-3B+3Ax2+3Bx-4Axz~4Bx ~6x,

A+ 3A-4A =0 ]
B-4A -6A-3B-4B = 6}
X 2A-2B - 3B =0
Bu gerdaA 5 B=- 7=
U holdaj/= ~(~*2+ e~X

Berilgan, bir jinsli bo‘Imagan tenglamaning umumiy yechimi
quyidagi formuladan aniglanadi.

y=y+y =Ciedx+ Cje x—(5—x2 +Ex) e~X.A

3. y"+y'=bx+cos2x.

» Tenglamaning J12+A =0 xarakteristik tenglamasining
ildizlarini topamiz. J1, = Q Jl, =—1. Bundan kelib chigadiki, bir
jinsli tenglamaga mos keluvchi umumiy yechim quyidagi
ko‘rinishga ega bo‘ladi.

y=C}+C2 x

Tenglamaning o‘ng tomonidan turgan f(x)=5x+co0s2x
funksiya, fj(x)=5x va f2(x)=cos2x fimksiyalaming yig‘indisidan
iborat. Ularga quyidagi 2ta xususiy yechim mos keladi:

y \ =Ax2+B, y * =A/Cos 2x+B/sin 2X,

ya’ni,y*=y* +y2 Quyidagilami topamiz.

y*'=2 Ax+B-2Aisin2x+2Bicos 2x, y* =2A-4A;cos 2Xx-4Bj
sin2x.

y*' vay*" lar uchun olingan ifodalami dastlabki tenglamaga
go‘yamiz va A, B, AbBi koeffitsiyentlami hisoblaymiz.
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2A-4AiC0s2x-4B]sin2x+2Ax+B-
2Aisin2x+2Bicos2x=5x+c0s2X,
x1 2A=S )
X°\2A+B =Q
cos2x\ —4A- + 2Br =1] 10Bt —1, j
sin2x\ -2A1-4B1=q)'A1=-2Bj
bundan A=5/2, B=-5, A}=-1/5, B;=1/10.
Shunday qiiib, dastlabki tenglamaning xususiy yechimi
quyidagi ko ‘rinishga ega bo‘ladi:

y*=—x" 5x-—C0Ss2 X H—=sin2.x
2 5 10
uning umumiy yechimi esa quyidagicha bo‘ladi

5 ,.1 1.
y=y+y*=Ci+C2 X+ — jov 5X— C0S2X H--—-sin2x.A
2 5 10

4. Berilgan boshlang‘ich shartlami ganoatlantiruvchi,

differensial tenglamaning xususiy yechimini toping.
y "+16y=(34x+13)ex y(0)=-1, y'(0)=5.

A2 +16=0 xarakteristik tenglama A i2 x4r mavhum
yechimlarga ega. Bir jinsli tenglamaga mos keluvchi umumiy
yechimi quyidagi formula bilan aniglanadi.

y=Ci cos 4x+C2sin 4x,

Uning xususiy yechimi esa quyidagi ko ‘rinishda bo‘ladi.

y*=(Ax+B)ex

Quyidagilarni tuzamiz:

7* =Aex-(Ax+B)ex y*""=-2Aex+(Ax+B)ex

y*" vay*" laming ifodalarini dastlabki tenglamaga qo‘yamiz.

- 2A+Ax+B+16Ax+16B=34x+13, hosil gilingan ayniyatdan
A-2, B--1 lami tuzamiz. U holda

y*=(2x+1)ex

bo‘ladi va dastlabki tenglamaning umumiy yechimi quyidagi

ko‘rinishda bo‘ladi
y=C]Cos 4x+CXin 4x+(2x+1)ex

y(0)=-1, y'(0)=5 boshlang‘ich shartlardan foydalanib, Cj va
C2 laming qiymatlarini hisoblash uchun quyidagi sistemani
tuzamiz.

y(0)=-1=Cj+I

330



y '(0)=5=4C2+2-1
bundan C/—2, C2=i. C; va C2laming giymatlarini umumiy
yechimga qo‘yib, dastlabki tenglamaning xususiy yechimini
topamiz.
y=sin 4x-2cos 4x+(2x+1)ex. N
5. f(x) funksiya ko‘rinishi bo‘yicha y ™9y—(x) chizigli
jinsli bo‘lmagan differensial tenglamaning y* xususiy yechimini
aniglang va ko'rinishini yozing
a)f(x)=(5-x)e3x b)f(x)=xsin 2x.
» A2-9=0, tenglamaning yechimlari n1,= -3, X2=3 lardir.
a) f(x)E(5-x)eX bo‘lganligidan, uning xususiy yechimi
quyidagi ko'rinishida bo“ladi.
y*=(Ax+B)e3x=(Ax2+Bx)e3x
Bu yerda, z=a+ib-3 va k=l bo‘lganligidan x ko‘paytuvchi
hosil bo‘ladi.
b) f(x)=xsin 2x bo‘lganligi uchun xususiy yechim
quyidagicha bo‘ladi:
y*=(Ajx+Bi)cos 2x +(AX+B32sin 2x. ]l

114 -1UT

1. Chizigli bir jinsli differensial tenglamaning xususiy

yechimini toping.

1.1. y"-7vt'+6y'=0, y(0)=0, /(OHO, y "(0)=30.(Javob: y
Bex+ebx)

1.2./-9ym=0, y(0)=I, y (0)=-1, y"(0)=0, y " (OH), f(0)=Q.

(Javob:y=I-x.)

13.y "-y"-0,y(0)—9,/(0)=0, y"(0)=-1.(Javob: y=1+x-ex)

\A.y'U /=0, y(0)=0,y (0)—2, y"(0)=4. (Javob: y=e 2¢l.)

1.5. y"'+yf=0, y(0)=0, y (0)=I, y"(0)=I.(Javob: y=I-cos x-
sin x.)

16. y"/=0, y(0)=0, Z(0j=2, y"(0)=4.(Javob: y=-4+e
x+3ex)

1.7.yIV+2y "-2y-y=0, y(0)=0, Z(0)=2, y"'(0)=0, y "' (0)=8.

(Javob: y=2ex4xe %~4x2 x-2ex)

1.8.y mry"'-5y'+3y=0, y(0)=0, Z(0)=I, y"(0)=-14.

(Javob: y=ex3xe*-e )
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1.9.y ™y"=0, y(0)=0, y'(0)=1, y*'(0)=-1.
(Javob: y= 1-ex)
1.10. vy "-5y™+8y'-4y=0,y(0)=1,y’(0) -1,yn0) O.

(Javob: y= - ex+ -e 1x-~ xe2x.
2 2 8

1.11. A /'+3y"+2y'~0, y (OH), yL, =0. y"(0)=2.
(Javob: y= 12ex*r ‘X)
1.12. y T™3y"+3y'+y=0, y(0)=-1, y'(0)- (), y"(0)=1.
(Javob: y=-rx(1+x).)
1.13. y 12y"+9y'-18y=0,y(0)~-2&5,y L} =0,yn0)=0.
(Javob: y =— il 2X ---}-Ocos 2X 4—--1-§sin 2X).

13 13
1.14. ~T+9y'=0,y(0)4), y'(0)=9, y"(0)=-18.
(Javob: y=-2+2 cos 3x +3sin 3x.)
1.15.  wv"-13y"+i2y'----0. v(0)=0,y(0)=I, y"(0)=133
(Javob: y=10-11(?+el2i
1.16. y'v-5y"+4y=0, y(0)--2,y'(0)1. y"(0)-2, y "™(0)™0.

(Javob: y~ —e Kk—e~x+—elT+ —e~"1)
3 12 4

1.17. )™-10yw9y=0, y(0)=0, y'(0)=0, y (0)=8, y "L =24.
(Javob: y=-2ekre~x+e3X)

1.18. v'"~y"+y'-y=0.y(0)=0, y'(0)=I,y" (0)=0.

(Javob: y=sin x.)

1.19. y"-3y"+3y'-y=0, y(G)=0, y'(0)=0, y**(0)=4.
(Javob: y=2x2e\)

1.20. y my"+4y>-4y=0, y(0)~-I, y*'(0)=0, y**(0)=-6.
(Javob: y=-2ex+cos 2x+sin 2x.)

1.21.  y?v-2y+y"=0, y(0)=0, y'(0)=0, y"(0)=I, y'*(0)=2.
(Javob:y=I-extxc\)

122, y*vy=0,y(())=0,y'(0)=0,y (0)-0, y f*(0)=-4.
(Javob: y=e x+2sin x.)

1.23. [/ v-16y=0,y(0)=0, y (0)=0, y"(0)=0, y n{0)=-8.

(Javob:y= —e2x———eX H— sin2x.)
4 4 2
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1.24. 'y "™+y"-4y'-4=0, y(0)=0, y'(O¥YN1 ¥'<0)~11

(Javob: y~e 2+3e~2¢4ex)

1.25. y"'+y"+9y’+18y=0y(0)--=1-¥"(*' y!

(Javob: y=cos 3x-sin 3x.) BT -N

126. /-/+p >& =0, y((»= Y (I Y ()= Y <°)-°
y y(0)=27.

3
(Javob: y-1+2x+—x" —e Ji \~xex)

1.27. y T2y"+y4 18y=0, y(0)=0,y1°"2'yY °)=-3-
(Javob: y=1-ex+xex)

1.28. y Fy"-y'+y=0,y(0)--1.yL -AY (0)
(Javob:y=-4e+ 7xex+3e\) T™n.
1.29. yDASy"+4y 0,y(0)=1yWl "y (°) ~P'y (°)—!6
(Javob:y-2 sin 2x + cos X.)
[K/"+10>"+9y=0,y(0)=1,y"(OH3,y(0) -9>Y (°)

Javob: \- cos 3x™sin3x.) ... . ..

2. Differensial tenglamalar sistemas'olJ 1 3¥c In®
a) yugori differensial tenglamaga b ’,;t)nsh ¥° h bl,an;

b) xarakteristik tenglama yordamida-

X - 2x+y, jx=Cres +Cz

\ —Bx+4y. (Javob:y =3Cr65—(32e')
2.1.YY
=X-y |x - Qer +2Cf
:_4X; (Javob: = _ 2Ce3 +2C2%"
22 1> y:
T X=C.e"+2
V =-x +8j,
y —X+y (Javeb y Qe ""CZEG/)

2.3.
x=Ce +C,e(



:X~y,
o5 =-4xa-dy.
- —2x+y,
26 - -3x+2y.
=6x-Yy,
27, CHTY
= 2x4-y,
8. =—-6Xx—by.
29.
2.10.
\X’'=-x-2Yy,
Ly = 3x4-4>>’
|X'=—=2X%,
211. Y -»
2.12.
X' = 4x4-2>’,
'=4x 4-6Y."
2.13.
fx'=Bx-3y,
=2X4 Yy
[X"' = 3x4-y,
[>-'= X 4-3y.*

2.14.

. (Javob

. (Javob

(Jav

Jx=C4Ces
. C-4C25
\Tx=Ce' -rC2~
“\y = BOe*—Cré-~*

\x=C.eI4C,e5
ob1l 2

[y = HOe*- CXx5

fx=C 4C%x~

. (Javob A

\y =-2Cx-bC-'

(Javob :»

(Javoé6 :

x=Ceg' +C.e'
2

(Javobl

y=Ce*-3C,e~'

x = Oe' 4 Cxe2

? )
y=-Ce —C2

X =C 4 C2-2

[x=C,eZ4C,e8
\y=-C*+2C/*

x=Cx 4Cz

y=2C/*+ EI.CZBZI.')

(Javob X~ Cf +CF
(y=-Ce 4+Cz

N=-C>' +CZ.)

)



2.15.

Co x=C,e" +C227
X' =2x+ 3y, (Javob:
[>a = 5x +/ly. ' .y=—€,le~' -tgcée?’\
2.16.
X' =x+2y, . Xx=Cr!+CZ2n
o (Javob: 1 7)
1i/ =3;t+6j". :_2 C1_+3C2\/'
'=5x+4v, fx=Ce+ C /
X' XTav (Javob-AX 1e 2
017 Y FAXFOY. b =-C,e'+C29
2.18.
J X=X +2y, x=C,el+Cx3
. , d (Javob:[
[y"=4x+3y. X v- -C,e' +2C<3
2.19.
\x' =x+4y, x=C>"+1>3
| (Javob
F=X+y. ... =--C,e-4-C 23,
d d y 2 1e 2 2 )
2.20.
. \=C /“+CZb
Jx'-3x-2y,
(Javob:m
{>'=2x+3sy. y=—C.e4d-2C2T
2 1 2
2.21.
IV =x+4y, x=Ce""+CZu
. (Javob: ]
Jy' —2x+3y. y=--C le-, +C22
2.22.
X' = 7x+3>" x=C/YycC/

. (Javob: .
{v'=x+5v. >=-Cep4+-C /)
1 3 2
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\X'=4x-y, \x = Cle3>+ CZeaI

(Javob :\
293 ly '=-x +4y. ly = Cle3,-C 2es,
2.24.
X = 2X + 8y X = C1+C2ebl
' ' (Javob:e
\y' =x+4y. y —--C, +—C2
4 2
2.25.
x'= 5+ 8 x = C,e-' + C29
R {Javob : 3 4 1p
[y:3X+3y. 7=~" 6 +/7Cx
2.26.
Jx'=3x+y, iX =Ce +C2
(Javob: ' 2
[y'=8x+y. {y=~4C" +2C23
2.27.
(X'- X-5y X=CeN+C2x2
’ {Javob : .
\y'=-x-3y. v:tf,e'At+é—6,e't
2.28.
X'= 5x + 2] X = C,e £+ Clelt
. W {Javob:
[iy' = x —oy.
2.29.
X' —6x + 3 x~C /Yy C/

' {Javob: g
[y'=-8x-5.y, y=—/:;C,e 2?_@”69/)
2.30.
|x'=4x-8y, x=Ce4,+C /'

{Javob :
\y' =-8x+4>’ [y —C.e C2
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3. Differensial tenglamani ixtiyoriy 0°‘zgarmasni
variatsiyalash usuli bilan yeching.

31 y ”.y: EX+1
1 1
(Javob vy - (--EZ(- h—n(ex+1) +ex) - + (—|n--?-)-(---he2)ex.)
2 2 2 e*+1
1
3.2. vV H4y= C0S2X

{Javob: —(— In|cos 2x|+ C2) cos 2x + (—x + C2) sin 2x.)

2X
3.3. y"'-4y+5y"

COSX
(Javob:y = (Incos x|+ Q)e2t cos x + (x + C2)e2''sin 2x.)
\
sinx
3.4. yr ! = C0S2X
(Javob:y =-—C, +(In Ilcosx] +C,)cosx+ (x-tgx + C.)sinx.)
cos
1

3.5. y"'+9y C0S3X

1
(Javob:y —(—3 X+ C])cos3x + (9—|anin3x| + C2)sin3x.)

Xe +

3.6. yU+2y+y xe'

(Javob:y = Cx x+ C,xe X+Zex- 4—ex— xe x+ xe xInx.)

3.7. yU+2y’+2y cosx

(Javob:v = (In cosxj + C,)e xcosx +(x +C2)e xsinx.)
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3.8. y'-2y'+2y = sin“*
X 1 .
{Javob:y - (In(rtg 5 + C\)e' cosx + (-——--- FC2)e sinXx.)
2 sinx
3.9.y"+2y'+2y =e xctgx.

{Javob:y - Ce~xcosx + C2 xsinx+e"'sinx-In dg(x/ 2)J.)
3.10. y"-2y'+2y --ex/sinx.

{Javob:y - (- +)excosx + (InjsinX\ + C2)exsinx.)

3.11.  y 2y'+y =eXx2

{Javob:y = (Hnx+ClJel+(—1/ x + C2)xer.

3.12.

{Javob:™ =g cosx + C2sinx - cosx Mn\tg(x 12 + K / 4)J).

3.13. y"+4y =ctg 2xm
Javob \y - C xcos 2x + C2sin 2x + -"sin 2x mn \tgx\.).

3.14. y"+y=ctgx

Javob:y = C, cosx + C2sinx +sinx Mnjgx(x/ 2)j.).
3.15.  _y"2y+y =edx.

Javob:y = {—x+ C *+ (Inx + C2)xex).

3.16. ['+2/+Y =e%

Javob:>= (—x+ Cx)e x+ (Inx + C2)xe x).

3.17. y"+y'=l/cos x.

Javob:y = (Injoosx\ + C,) COSx + (x + C2) sinx).
3.18.  y"+y =l/sinx.

Javob:y =(-x +C,)cosx + (In|sinx| + C2) sinx).
3.19.  y"+4y =l/sin 2x.
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3.20. y"+4y =tg 2x.
Javoby =C, cos 2x mC2sin 2x --iln tg(x + I) COS 2X).

3.21.  y"+4y'+4y = e 24x3.

Javob \y —Cx+ C2x +1/ (2x))x 2%).

3.22. y"-4y'+4y = e 2x3

Javob:y - Clex+C2x e x+ e/ 2X).

3.23. y"+2y'+y = VjcTT

Javofc. == (- ESV(x+|7 +2Nj(x+\F +Qe" +(2<j(x+\f +C)xeX).
3.24. y"+y = -ctgfx.

Javob :y-C xcosx + C2sinx +cosx mMngg(x /2)| +2.)
3.25.  y"-y'=gcos(ex).

Javob:y = C]+ C2ex—co0s(ec).)

3.26. y"-y’=e2X-sm(ex).

Javob:y —C, + Cex—sin("'),)

3.27. y"+y=t~x,

. . ) XN
Javob:v=Cjcosx+ C2sinx+sinx mn -2)

3.28.  y"+y =2/sinX.
Javob:y = C}cosx + C2sinx +2 cosx mMnjctg(x/ 2)j- 2).

g*
3.29. j"+3'+ 5= sin2x

J 1
Javob :y - +C,)e* cos2x + ( - in|sin2x]j + C2)e xsin2x.)
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1

3.30. y"+9y= co0s3x

1
Javob:y = (g—ln|

cos3xJ + C,)cos3x + (§+ C2)sin3x.)

4. Quyidagi masalalami yeching:

4.1. Quyidagi xossaga ega bo‘lgan egri chiziq tenglamasini
yozing: Egri chizigga urinma, urinish nugtasidan abssissa o‘giga
tushirilgan perpendikulyar va abssissa o‘qi bilan chegaralangan
uchburchakning yuzi o‘zgarmas kattalik bo‘lib b2ga teng.

(Javob:y=2b2(C~")).

4.2. Egri chizigga ixtiyoriy urinmaning abssissa o‘gi bilan
kesishish nuqgtasi, urinish nugtasi va koordinata boshidan bir xil
uzoglikda ekanligi ma’lum bo‘lsa, egri chizig tenglamasini
yozing.

(Javob:y=C(x2+y3).

4.3. Quyidagi xossaga ega bo‘lgan egri chizig tenglamasini
yozing: koordinata o‘glari, egri chizigga urinma va urinish
nugtasidan abssissa o0‘giga tushirilgan perpendikulyar bilan
chegaralangan trapetsiyaning yuzi o‘zgarmas kattalik bo'lib, 3a2
ga teng.

(Javob:y=Cx2+2adx")

4.4, Quyidagi xossaga ega bo‘lgan egri chiziq tenglamasini
yozing: urinma, abssissa o0‘gi va koordinata boshidan urinish
nugtasigacha bo‘lgan kesma bilan chegaralangan uchburchakning
yuzi a2ga teng bo‘lgan o‘zgarmas kattalikdir. (Javob:x-a2y+Cy).

4.5, |Ixtiyoriy urinmadan koordinata boshigacha bo‘lgan
masofa, urinish nuqtasining abssissasiga tengligi ma’lum bo‘lsa,
egri chizig tenglamasini yozing. (Javob:Cx=x2+y2)

4.6. Quyidagi xossaga ega bo‘lgan egri chiziq tenglamasini
yozing:

ixtiyoriy urinmaning abssissa o‘gi bilan kesishish nuqtasi,
urinish nugtasining abssissasidan ikki marta kichik bo‘lgan
abssissasiga ega.

(Javob:y=Cx3.
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4.7. Urinma, urinish nugtasidan abssissa o‘giga tushirilgan
perpendikulyar va abssissa o‘gi  bilan chegaralangan
uchburchakning katetlari yig‘indisi o0°‘zgarmas kattalik bo‘lib, agar
teng bo‘lgan xossaga ega egri chizig tenglamasini yozing: (Javob;
+x C+alnv—y(0<y<a)).

4.8. Ixtiyoriy urinmasining abssissa o‘gi bilan kesishish
nugtasi, urinish nugtasi abssissasining 2/3 gismiga teng abssissaga
ega bo‘lgan egri chiziq tenglamasini yozing. (Javob:y=Cx9

4.9. Quyidagi xossaga ega bo‘lgan egri chizig tenglamasini
yozing:

Egri chizigning ixtiryoriy nuqgtasidan otkazilgan urinma va
normalning abssissa o‘gidan ajratgan kesmaning uzunligi 2 3 ga
teng.

(Javob:x=C+l-In(1+ -Je2—y 2) + -J(e2—y 2).)

4.10. A(2,4) nugtadan o‘tuvchi va quyidagi xossaga ega
bo‘lgan egri chizig tenglamasini yozing: Egri chizigning ixtiyoriy
nugtasiga o‘tkazilgan urinmaning abssissa o‘gidan ajratgan
kesmasining uzunligi, urinish nuqtasi abssissaning kubiga teng.

(Javob:y=25/3 xbl x2 —1)

4.11. A(l,5) nugtadan o'tuvchi va quyidagi xossaga ega
bo'lgan egri chiziq tenglamasini tuzing: ixtiyoriy urinmaning
ordinata o‘gidan ajratgan kesmasining uzunligi, urinish nugtasi
abssissasining uchlangani ga teng.

(Javob:y~3xInx+5x.)

4.12. A(l,2) nugtadan o‘tuvchi va quyidagi xossaga ega
boigan egri chiziq tenglamasini tuzing: ixtiyoriy nugtasining
ordinatasining shu nugta abssissasiga nisbati, izlanayotgan egri
chizigga shu nuqtada o'tkazilgan urinmaning burchak
koeffitsiyentiga proporsional. Proporsionallik koeffltsiyenti 3 ga
teng. (Javob:y2=8x.)

4.13. Ixtiyoriy nugtasidagi urinmaning burchak
koeffltsiyenti, urinish  nugtasi  ordinatasining  kvadratiga
proporsional ekanligi ma’lum bo‘lsa, A(2.-1) nugtadan o‘tuvchi
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egri chizig tenglamasini tuzing. Proporsionallik koeffitsiyenti 6 ga
teng. (Javob.y =e&12)

4.14.  Ixtiyoriy nugtasidagi urinmaning burchak
koeffitsiyentining urinish nuqtasi koordinatalarining yig‘indisiga
ko ‘paytmasi, shu nuqgta ordinatasining ikkilanganiga teng ekanligi
ma’lum boMsa, A (1,2) nugtadan o'tuvchi egri chizig tenglamasini
yozing. (Javob:y=2(y-xf.)

4.15. Ixtiyoriy nuqtasiga urinmaning burchak
koeffitsiyenti, shu nuqta ordinatasining uchlangar.iga teng
ekanligi ma’lum bo‘lsa, A(0,-2) nugtadan o‘tuvchi egri chiziq
tenglamasini yozing. (Javob:y--2e”.)

4.16. Quyidagi xossaga ega bo‘lgan egri chiziq
tenglamasini yozing:

Urinmaga koordinata boshidan tushirilgan
perpendikulyarning uzunligi urinish nugtasi absissasiga teng.
(Javob:y2=Cx-x2)

4.17. Biror nugtasiga urinmaning burchak koeffitsiyenti,
shu nugtani koordinata boshi bilan tutasbtiruvchi to‘glyi
chizigning burchak koeffitsiyentidan n marta katta boflgan
X0ssaga ega egri chiziq tenglamasini yozing. (Javob:y-Cxr)

4.18. Quyidagi xossaga ega bo‘lgan egri chiziq
tenglamasini tuzing:

Egri chizigga urinmaning koordinata o‘glari bilan
chegaralangan kesmasi, urinish nuqgtasida teng ikkiga bo‘linadi.
(Javob:xy=C)

4.19. Egri chizigning biror nuqgtasiga o‘tkazilgan
normalning ordinata o‘gidan ajratgan kesmasining uzunligi, shu
nugtadan koordinata boshigacha bo‘lgan masofaga teng degan
X0ssaga ega egri chiziq tenglamasini tuzing.

(Javob:y=" (Cx2- ™))

4.20. Egri chizigning biror nugtasining abssissasining shu
nugtaga o‘tkazilgan normalning OU o‘gidan ajratgan kesmasi
uzunligiga ko‘paytmasi shu nuqtadan koordinata boshigacha
bo‘lgan masofa kvadratining ikkilanganiga teng bo‘ladigan egri
chizig tenglamasi tuzilsin.
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(Javob:xr+y2=Cx4.)

4.21. Qu o‘gi, urinish nugtasining radius vektori va
urinmasidan tashkil topgan teng yonli uchburchak uchun egri
chiziq tenglamasini tuzing.

(Javob:x2+y2=Cy, y2=C22Cx, xy=C"

4.22. A(2,0) nugtadan o'tuvchi va quyidagi xossaga ega
bo‘lgan egri chizig tenglamasini tuzing: Urinish nugtasi va Ou
0°‘gi orasidagi urinmaning kesmasi, 0 ‘zgarmas kattalik bo‘lib, 2 ga

teng. [Javob:ty-yj4 —x2 + In(— )
2+ nix—x2

4.23. Barcha urinmalari koordinata boshidan o‘tuvchi egri
chiziq tenglamasini yozing. (Javob:y=Cx.)

4.24. liar Dbir urinmasi, urinish nuqtasi abssissasining
ikkilanganiga teng abssissali nugtada u~1 to‘g‘ri chizigrii kesib
0 ‘tuvchi egri chiziq tenglamasini yozing. (Javob:y=C/x+l.)

4.25. Quyidagi xossaga ega bo‘lgan egri chiziq
tenglamasini tuzing: Agar ixtiyoriy nugtasidan koordinata o‘glari
bilan kesishguncha, ularga parallel to‘g‘ri chiziglar o‘tkazilsa, u
holda hosil bo‘lgan to‘g‘ri to‘rtburchak yuzi egri chiziq biian ikki
gismga ajraladi va ulardan birining yuzasi ikkinchisining
yuzasidan ikki marta katta bo‘ladi.(Javob.y—Cx2)

4.26. Agar egri chizigga urinmaning Ou o‘gidan ajralgan
kesmasi uzunligi bo‘yicha wurinish nuqtasi koordinatalari

yig‘indisining — ga teng. bo‘lsa, egri chiziq tenglamasini toping.
n

(Javob:y-C-x(m}n-x.)

4.27. M(x,u) nugtadagi normalining Ox o‘gidan ajratgan
kesmasiuing uzunligi uVx ga teng bo‘lgan egri chiziq
tenglamasini yozing.

(Javob: y—x a/2In(C /X))

4.28. Urinmasining Ou o‘gidan ajratgan kesmasining
uzunligi, urinish nuqtasi abssissasining kvadratiga teng bo‘lgan
egri chizig tenglamasini yozing.

(Javob.y—Cx-x2)
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4.29. M(x,u) nugtadagi normalining Ou o‘gidan ajratgan
kesmasining uzunligi x2u ga teng bo‘lgan egri chizig
tenglamasini yozing,

(Javob: C=x2(2y ) +Iny.)

4.30. Egri chiziq, ordinatasi 2 ga teng nugtada Ou o‘giga
45° ostida og‘gan. Uning ixtiyoriy urinmasi abssissa o °‘gidan,
uzunligi bo‘yicha urinish nuqtasi ordinatasining kvadratiga teng
kesma ajratadi. Berilgan egri chiziq tenglamasini yozing,

(Javob :x=(5-y)y.)

Namunaviy variantniyechish.

1 Chizigli bir jinsli differensial tenglamaning Xxususiy
yechimini toping.

yM-y-0, y(0)=5, y (0)=3, y*(0)"y" (0)=0.

Xarakteristik tenglamasini tuzamiz va uni yechamiz:

Ju-1=0, (N2- 1) (X2+1)=0, i, =1, =1, 1 4=4%i.

Berilgan tenglamaning umumiy yechimi quyidagi ko‘rinishda
bo‘ladi.

y-Ciex+C2ex+C2006x + C4sin X.

Quyidagilarni topamiz:

y '=-Cjex+C2exC3in x+C4cos X,

y"' =Ciex+C2?-C}Sin x-C4sin X,

y C iextC26xC3Sinx-C4cos X.

Boshlang‘ich shartlardan foydalanib, C/, C2, C3 C4laming
giymatlarini topish uchun sistema tuzamiz va uni yechamiz:

Ci+ C2+C3=5n

_Ci+ 2+ = 3 2C] + 2C2= 5 |
Cr+ C2- &G3=0 -2Cr+2C2= 3]
— + Q2 — = B

bu yerdan Cj=1/2, C2=2, C3= 5/2, C4=3/2.
Berilgan tenglamaning xususiy yechimi quyidagi ko ‘rinishda
bo‘ladi.
v=-1-e "+2e"+ 205 x4 <sih x.
2 2 2

2. Quyidagi tenglamalar sistemasini 2 xil usulda yeching.
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a) yuqori tartibli differensial tenglamaga keltirish yoii
bilan;

b) xarakteristik tenglama yordamida.

X'~7x+y, x=x(t); x"= dx\dt,

y'--2x-5y, y=y(t), y-dy\dt.

Berilgan sistemaning birinchi tenglamasini differensiallab,
quyidagini hosil gilamiz, x"'=-7x"+y"

So‘ngra oxirgi tenglamaday' ni berilgan sistemadagi ikkinchi
tenglamasidagi ifodasi bilan almashtiramiz: x""—7x'-2x-5y. Oxirgi
tenglamada y ni sistemasining birinchi tenglamasidan topilgan
y~x"+7x ifoda bilan almashtiramiz. Natijada. ikkinchi tartibli
differensial tenglamani hosil gilamiz,

X"=-TX-2X-5(X"+ 7x), x "+ 12x"+37x=0.

Oxirgi tenglamani ma’lum usulda yechamiz (8 11.7ga

garang)

Je+12A4 +37 =0, \ 2=—6+736—37 =-6 +T,

x _ef)(Cicost+C:sint).

Bundan quyidagini topamiz.

x"'=-6¢e6t(Cicos t+Cxin t)+eA(-Cjsin t+C2Cos t).

x va x' lar uchun olingan ifodalami y=x"+7x ga qo‘yib,
quyidagini hosil gilamiz.

y'=-6e6t(CiCos t + C2sin t)+e'ét(-Ci sin t+C2 cos t)+7e
6'(CiCos t+Czsin t).

Shunday qilib, izlanayotgan yechimlar quyidagi funksiyalar
bo‘ladi.

x=ea(Cjcos t+C2sin t),

y =e6t(Ci(cos t-sin t)+C2(cos t+sin t)).

b) xarakteristik tenglamasini tuzamiz va uni yechamiz:

——A 1
=0, (+MNBE+N)+2=0
—2 -5 -A

J+12A+37=0, n]2=-6x1 \ 2=-6 +i,
M = —6 + i uchun quyidagi sistemani hosil gilamiz. (§ 11.7
dagi 2-misol bilan solishtiring)
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(—+6—i)a+/?=0n
—2a+ (—5+6—V)p= 0l
—(1+ia+P=0 |
-2a+(1-00 =0 J
a=1. /? =1+/ deb olib, dastlabki tenglamaning birinchi
Xususiy vecbimini topamiz.
yi=(I+i>(6Ht
Ax= —6 —i uchun
(—7+6+ta+/=0"
—2a+ (—b+6+i)?=0
(—l+ia+/?=0
—2a+ (1+i))S=0 j
a=1va@=1—ideb faraz qilib, dastlabki tenglamaning
ikkmchi xususiy yechimini hosil gilamiz.
x2=e(6i),y 2=(I-i)e (6t
Quyidagi formulalar bo‘yicha yangi fundamentall yechimlar
sistemasiga o‘tamiz.

X i=(x}+x2/2, X 2=(x1-x3/(2i),

Y 1=(Y1+¥2)/2, y 2=(yi-y3/(2i),

Eyler formulasidan foydalanib, eat™ —eat (cosflt £
isinfit), quyidagilarni topamiz

X i=e 6co$t, x 2=e@sint,

y i=eal(cost~sint), y 2=e6l(cost+sint),
Dastlabki sistemaning umumiy yechimi quyidagi ko ‘rinishga
ega bo‘ladi.

x=C;xi+C2x 2y=C,y i+C2y 2

ya’ni,

x=e6(Cicos t+CxXin t),

y =e6tCi(cos t-sin t)+C2(cos t+sin t)).

3. Differensial tenglamani ixtiyoriy 0‘zgarmasr
variatsiyalash usuli bilan yeching
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> Berilgan tenglamaga mos keluvchi bir jinsli tenglamar
yechamiz.

y~y=0, A2-1 =0, /l, =-1, A2=1

Birjinsli tenglamaning umumiy yechimi quyidagicha bo“ladi.

y=Cjex+C2Zx

C, va C2larni x ning funksiyasi deb hisoblaymiz, ya’ni,

v= C,(x)ex+C2(x)ex

quyidagi sistemadan C/(x) va C2(x) larni aniglaymiz ((11.39)
sistemaga garang).

C{(x)y, +Cj(x)y2- 0,

C:(x)y[ +C2(x)y*2 =f(x).

berilgan tenglama uchun bu sistema quyidagi ko ‘rinishga ega.
C[(x)e~x +C'2(x)ex =0,

Bu sistemadan awalC”x), C'(x), lami, keyin esa C2(x) va
C, (x) lami topamiz.
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In fjnf+c2=m'" ! scaem® L,

CXX) =-C'2(x)e2=e-2¢1(e*-1),
Cllx) = _\r__erzs; dx = t =ex,dt = exdx,
e"-1 x - Int
st mf- 1+ C = - ner- 1+ C
h -1 J r-i [ !
Shunday qilib, (11.38) formulaga asosan, dastlabki
tenglamaning umumiy yechimi quyidagicha bo‘ladi.

y=(-exIn ex—j+ C,)e x+(In &~ Ly cogex
ex

- Cje x+C2ex3-exn eX—1 o n r-li-1.

ex

4. R(1,2) nugtadan o‘tuvchi va quyidagi xossaga eg
bo‘lgan egri chizig tenglamasini tuzing.

Egri chizigning ixtiyoriy nugtasining radius-vektori, shu
nugtaga urinma va abssissa o‘gidan  tashkil topgan
uchburchakning yuzi 2 ga teng.

11.4-rasmdan ko'rinib turibdiki, =|QS| +\AB\ -- x + \AB\

. BMA uchburchakdan quyidagini hosil gilamiz.
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0 t 0]

11.4. -rasm

\BA\ ' .
"~ 1=ctg(n-a )=-ctg a, \BA = —yctg a,

dx
ComMA=0,5/a4| [MB| = 2.

Oxirgi tenglikka \OAwa \MV| lar uchun hosil gilingan
ifodalarni qo‘yib, quyidagi differensial tenglamani hosil gilamiz.
\(x~ =% Xy-y2~ =4,
(X ygy)y bxy-y2g
2dx _ Ndx x4
dy dy oy y2
ya’ni, x=x(y) funksiyaga nisbatan chizigli, 1-tartibli bo‘lgan
tenglamani hosil qildik. Bu tenglamani x=y d almashtirish
yordamida yechamiz va quyidagiga ega bo‘lamiz.
n ,du 9 4

vO+ug us_ T, m9+u( )=
Yy Y dy y y2
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d3 3 d3 dy rdS _ rdy

dy B y’ 3 y’

In[i9j = In]>7, 3=y, ATY =- 4%
| 1 i ¥

2

7

Izlanayotgan egri chiziq R(1,2) nuqtadan o tadi. Shuning
uchun 1—2C+1, C-—0. Natijada, uning tenglamasi x=2/y yoki
xy=2 bo‘ladi, ya’ni berilgan egri chiziq giperboladir.

2
=27+ =~ +cfi=oe—
7

11.9 11-bobga qo‘shimcha masalalar
1 Lokomativning tezlanishi tortisliish kuchi F ga to‘g‘ri
proporsional va poezd massasi m ga teskari proporsional.

Lokomativning boshlang‘ich tezligi i9,tortishish kuchi F=b-k. 3

, bu yerda. 3 -tezlik b, &o‘zgarmas sonlar. Agar boshlang‘ich
vaqtda t=0 da F=F0=b-k3 ubo‘lsa, lokomativning t vaqt ichidagi
tortishish kuchini aniglang.

(Javob:F=FG kim)

2. Uzunligi 1va ko‘ndalang bo‘lgan kesim yuzi S bo‘lgan
po‘latsim qiymati R gacha o‘suvchi o°‘zgarmas kuch bilan
cho‘zilmogda. Agar simning cho‘zilishi quyidagi formula bilan

aniglansa: Al =k .E/ bu yerda fc-cho‘zilish koeffitsiyenti; 10-
simning boshlang‘ich uzunligi bo‘lsa, cho‘zilish kuchining
bajargan ishini aniglang.
(Javob:A=—- P1)
IF
3. Motorli gayiq ko‘lda 3 0=20 km/s tezlik bilan
harakatlanmogda. Motori o‘chirilgandan so‘ng 40 sekund o ‘tgach
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gayigning tezligi ,90=8m/s gacha kamayadi. Motor o'chirilgandan
so‘ng 2 minutdan keyingi gayigning tezligini aniglang? (suvning
garshilik kuchi gayiq harakatining tezligiga proporsional)

(Javob: 1,28 km/soat)

4. Suv bilan to‘ldirilgan balandligi N va asosining yuza
Ci ga teng silindrik idishning asosida yuzasi C2ga teng teshik bor.
Suvning teshikdan to‘la ogib tushib ketish vaqtini aniglang. (Ogib

tushish teziigi quyidagi formula bilan aniglanadi: 3 —*2gh bu

yerda h-o‘sha vaqtdagi suv gatlami balandligi, g-erkin tushish
tezlanishi)

5. Zanjirli ko‘prik argonining uchlaridan biri R=5m
balandlikda, uning o‘rtasi esa, ko‘prikdan o'tish gismidan N=4m
balandlikda joylashgan. Ko‘prikning uzunligi 21-20m. Argonning
egilish egri chizig‘ini toping.

(Javob: y-4=x2/100.)

6. Tog" jinsining bo‘lagida 100mg uran va 14 mg uranli
go‘rg‘oshin bor. Agar uranning yarim targalish davri 4-5-109
yildan iborat va 238 g uranning to‘liq targalishida 206 g uranli
go‘rg‘oshin hosil bo‘lsa, tog* jinsining yoshini emiglang. (tog*
jinsining paydo bo‘lishi iarkibida qo‘rg‘oshin bo‘Imagan va tezda
tarqaladigan oraliq birikmalarda uran va qo‘rg‘oshin targalishi
e’tiborga olinmagan deb hisoblansin)

(Javob: 975-104il.)
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7. Raketaning massasi to‘liq yonilg“T zahirasi bilan M ga,
yonilg'isiz esa m ga teng, yonilg‘l mahsulotining tugash tezligi -
s, raketaning boshlang‘ich tezligi 0 (nolga) teng. Raketaning
og‘irlik kuchini va havoning garshiligini e’tiborga olmagan holda,
uning yonilg‘i yonib bo‘lgandan keyingi tezligini aniglang.

(Javob: C-In(M/m).)

8. Jism yer sathidan 18m balandlikdan 30m/s tezlik bilan
yugoriga vertikal holatda tashlangan. Balandlikni vaqtning
funksiyasi deb garab, jismning t vaqtdagi balandligini toping.
Jism ko ‘tarilishining eng katta balandligini aniglang.

(Javob: S=h=—%g'l’9+30f +\0%,h ckatta=63,9m.)

9. Ma’lumki, havoda jismning sovush tezligi jism va havo
temperaturalarining ayirmasiga proporsional. 20 minut davomida
jismning temperaturasi 100°C dan 60°C gacha kamayadi.
Havoning temperaturasi 20°C ga teng. Jism temperaturasining
250°C gacha kamayish vagtini aniglang.

(Javob: 1soat 20 min.)
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ILOVA

I. Nazorat ishi. “Anigmas integrallar” (2 soat)
Anigmas integarallarni toping.

- 3 dx
1.1

r sinxdx
\2. bvﬁ 2C0S X

J Jisin x cosbxdx
1.3.

1.4. Vi - 9x2

]‘-v/I +Inx &
15 ' x - OX

Aarclgx

. dx
1 6. fl+x §

dx
1.7. \Vv(l +V7)
€0S xdx
n_;
1H NA' r
r sill xdx
19 "3 12cosjc

'nH-dx.
1.10.

I 11

-dx
1.12. 4n  4x+17

dx
1.13.! 2sin x —3c0sx
n-r
114 +2X —X~.
fn2-Ixdx

115

1.16.

1.17.

1.18.
1.19.

1.20.

1.21.

1.22.

1.23.

1.24.

1.25.

1.26.

1.27.

1.28.
1.29.

1.30.
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j dx
xn1\ —In2X
dx
K u x 2+\

!W i+4-.
Jsin 5Xx ec0os xdx

X +2
dx
J3- 2x2+2x
SiN5Xx _dx
1+ cos25x

f3~2cf -dx

J cos x
r3x2+x2+ 5.x4-—1dx
a* *! +*

e dx

w,aV7T.

f.

J<+x2){arctg X-3)
—_—— -dXx.
0B *0 +&*)

e"xdx

* N _ 5

J(X2+2>)e~z*dx.

J(n  2) lnxdx.

rgr - 3*
-ax
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2.
2j Jarcsin xdx

2?*Lxln(x2+\)dx

C 8jc—11 i
2.3. JVb+2Xx-X2

5x-11
-ax
+2 +1
dx
2.5, Wsin2xcos2jc

24. J

f x 2e~x/2dx.
2.6. m

jx 2cos3nal*
2.7.

arcsin x

c/X
28 J VI+ x

rx
dx.

29. M*2

r x+2 7
ax.

210. 3* +2x+5
!ryl (4-jx2)3 i

2.11.
r 3x-4

2.12. J'I/6XJ(2:8
[ sin2jafc
2.13. J3sin x+4
X+l + X
2.14.
f xr42 e
2.15. N 4+3x2

dx
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~ N+ — X
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c X dx
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J x2c0s 6xdx.
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4.11. 5x2- x +2
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4.13. X3+xX2+4x +4
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4.15. Jcos X
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4.17.

4.18.

4.19.

4.20.

4.21.

4.22.

4.23.

4.24.

4.25.

4.26.

4.27.

4.28.

4.29.

2xdx
(x+D(x2+x 42)
dx
5-4sinx
X 2 -5x12dx.

dx
V3JE41-1

nix' Inxdx.

ax.
x -16
dx
\[x +4x
dx
4sinx+3cosx +5
xdx
2X2+2x+5

2X _dex.
(7-xy
X2 —2x41
X 42x“+ X
dx
x42x —9
dx
X4—6x34 9x2
dx

dx.

'Vx4 141

J sin(In x)dx.
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5.2. ¥sihn
C COSX
dx.
5.3. J1w=siax
j c0S3XCcoSXCEX
5.4. ]
X+2 dx.
55. x ~2x +2x
i xdx
5.6. ]
frl*
5.7. *
X 20%
5.8 ,CI/(2-X 23’
xdx
5.9. ”VI+3
5 10. [ Xs~/(1 4- X3)
j 112xdx.
5.11.
COS 2XC0S2xdX.
5.12. J
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5.14. J (
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5.15.
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5.19.

5.20.
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5.28.
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2.

Nazorat ishi.

“Differensial tenglamalar” (2 soat).
Berilgan differensial tenglamalami yeching.

1.
11.y '-y/x-1/(sin (y/x))=0.

1.2.xdy-ych”x2+y 2dX-
1.3. Xn’=X)"+y2
1.4. xdy=(x4-2y)dx.
1.5, y'+3y/x-2/xJ~0.
1-6. x dy+ydx~3(x2yJdx.
1.7.y'~4+y/x+(y/x)2
1-8. (xJryddx-xydy~ 0.
1.9. xyy=xZos Xx.

'3

—y = X

1.10. y *x
1.11. y +2xy=2xy3
1.12. xJ'+x¥+x+1=0.

1.13. y'+2y/x= X

2.
2.1.y'cos2x+y=tgx.
2.2.y'+y COS X~ COS X.

2.3. In cos ydx+x tgydy=0.
2.4.y'=tgx-tgy.
2.5.y’cosx Iny~y.

e ¥ tg ydx = ——dy.
26. x-1
t rY%x—v
2.7. .
2.8. (I +e2x)y “dy = exdx.

2.16. ydx ~(xy-x3dy.
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1.14.
1.15.
1.16.
1.17.
1.18.
1.19.
1.20.
1.21.
1.22.
1.23.
1.24.
1.25.
1.26.
1.27.
1.28.

y'+2xy= xe
Xy+y2=(2x2+xy)y\
Xy'+y=sinx
XV'iy=sin x.
xy'-y—x tg (y/x).
y'-y/x=e¥

y'+y tgx = 1/cos x.
y'cos X-y sin x =sin X.
Xy'=y+Xx evx
y'+xy*x3

X In (x/y)dy-ydx~0.
(xy exty+y2dx=-x2e* dy.
X3'~2xy+3.
dy=(y+x3dx.
(x2-1)y =xy=x3x.
1.29. y'-2xy=xe~x2
1.30. xy'-3y-x42
131. y'-y- e\

2.9.

3extg ydx = (1 + ex)sec* ydy.
2.10. YY'Ix+ey=0.
Ny Fy?—" smx

2 (X "bytycfex-f N
2.13. 1+ (I+y'Ne =0.
2.14.

215 Y+ + +x2"0.



—tV =1-

2.17. y'+ x

4 Xy _
2.18. y+x2+1 x2+1
2.19. xy'= y-ny.
2.20. (x22y3dx+2xydy=0.
2.21. X+j=xy".

3 2

222§+ * X
2.23. >"X+y-=-Xy2

3.
3.1.j"co®2x=/.
3.2.y"tgy = 2(y)2
3.3.y"x Inx=yf
3.4. (1+xy"=3.
3.5.y"+2y(y)3=0.
3.6. _y"+y'tgx=sin 2x.
3.7. y"=4 cos 2x.
3.8.yy"+y,2=0.

3.9. x§"+x3'=I.
3.10. x N 6.

3.11. y "sin4x-sin 2x.
3.12. yyntl=y*
3.13. x3y"=y"2

3.14. y'2+2yy"'=0.
3.15. y"'=2yy\
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2.24. xv'in x X
2.25. y 2+X¥'=xyy".
2.26. y=y'Iny.
2.27. (XN-XNY'+jN+xy"O.
2.28. 5

ydx = (1—ex)scc2ydy.

2.29. (I+yddx-A*dy =®
2.30. x+x y+y'(y+xy)=0.

3.16. 2xy'y"=y'2l.
3.17. 2yy"'=l+y'2
3.18. y"2=y'2+1.

3.19. xy"-y'=x2e*m

3.20. x2y"+y'2=0.

3.21. x(y"+)+y'=0.

3.22. X y"=y"+x2
-y =0

3.23. y"+x'

3.24. x2y"=4.

3.25. y"=fi~y o
3.26. y 3y ">-3=0.
3.27. xy"+2/=0.
3.28. 7+y'2+yy"=ft
3.29. \y/'=y'2
3.30. / ’'=2-y.



4
4.1.y"-5y+fy=x, y(0)=0,y (0)=1.
4.2. 4y™-8y'+5y=5 cos x, y(0)=0, y*(0)=-1/13.
4.3.y"+6y'+13y=26x-1, y(0)=0, y'(0)=1.
4.4, 2y"-y'=1+x, y(0)=0, y'(0)=1.
45.y"-4y=2-x, y(0)=11/2, y'(0)=1/4.
4.6.y"-y=co5 2x,y(0)=-1/5, y*(0)=].
4.1.y,-2y"+5y=5x24x+2, y(0)=0, yLLl =2.
4.8.y"+3y-10y=xe 21,y(0)=0, y*(0)=0.
4.9.y"-2y'=ex(x2+x-b),y(0)=2, y'(0)=2.
4.10.y "-4y'+4y=sin x,, y(0) -0,y (0)=0.
4.11.y -3y'+2y— e~2x,y(0)=1, y'(0)=0.
4.12.y "+y=-cos 3x,y&/2) =4,/ O 72) =1.
4.13.y"-y= e2x y(0)—, y'(0)=2.
4.14.y -4y~ 3e~x, y(0)=0, y'(0)=0.
4.15. y"+4y~sinx, y(0)=0, y'(0)=0.
4.16.y"-2y"'+2y=2x, y(0)=0, y'(0)=0.
4.17. 2y"+y-y=2ex,y(0)=0, y (0)=1.
4.18.y""-4y'+3y=--2e5,y(0)=3, y'(0)=9.
4N9.y"+4y=5ex,y(0)=0, y'(0)=1.
4.20.y"+6y'+8y=3x22x+1,y (0)=17/64, y'(0)=0.
4.21,y"+y=xex, y(0)=0,5, y'(0)=1.
4.22.y"-y=2(1-x), y(0)=0, y'(0)=1.
4.23.y "~y=9xe2x, y(0) =0, y'(O) =-5.
4.24.y -6y '+9y=e3x,y(0)=/,y '(0)=0.
4.25.y "+4y=x e~2x, y(0) =0, y *(0)=0.
4.26.y"-4y+5y=xe2x y(0)=-1, y (0)=0.
4.27.y "-3y*-4y=17sin x, y(0) =-4, y '(0)=0.
4.28.y"~3y'+2y=eB(b- 4x),y(0)=0, y'(0) =0.
4.29.y"+2y'+y=9e2X +x,y(0)=1, y'(0)=2.
4.30.y"+y=sin 2x, y(0)=0, y'(0)=0.
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51.y"+4y'+4y=e2*/xyY
5.2.y"+3y'+2y=l/eZ +1.
1

53.y"+4y= c0s2X

5A . y"+y=-=i=.

Vcos2jc

1

5.5.y™5y'+6y=1 +e2x’
5.6.y" +4y-ctg 2x.
5.7.y"-y=sh x.
5.8.y"-3y'+2y=2x

5.9.y"-4y'+5y= cos 1t
5.10. y"+4y=cos2x.
5.11. y"-6y+9y~-
9x2+6Xx + 2e X
X (3x—2)

5.12. y"+2y'+y="be~X +
5.13. y"+y'=tgx.

1

5.14. y"+4y= °0s2X

5.15. y"-y=ex-I"
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5.16.

5.17.
5.18.

5.19.

5.20.

5.21.
5.22.

5.23.
5.24.

5.25.

5.26.

5.27.

5.28.
5.29.

5.30.

V 6y'+9y---36" xe~*
1
y"'+y=c0s2x
y"U+4y=2 tgx.
1
yrey'= 14w
1

y"+y=sinx'

y'+2y'ty= X
y"-2y'ty=

2 + C0S3X
y'"+y=  €0S2X
y"+y=tg2x.

y 3y'+2y= 1+e\
4

y"+4y= sin2*

y'-2y'+y-~- X
1
['+y= cos3n-
y"+y=ctgx.
y "4y '+4y=e~2x1n*e
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