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So‘zboshi
Qo'lingizdagi ushbu kitob, “Oliy matematikadan individual 

lOpthiriqlar" nomli o‘quv qoMlanmalar majmuasining ikkinchi qismi 
bo'tlb. u oliy o‘quv yurtlarining muhandis-texnik mutaxassislari 
Uchun moMjallangan 380—450 soatlik dastur asosida yozilgan. 
Sliuningdck, mazkur majmuadan, oliy matematika fanini o‘qitish 
UcllUi) ujrutilgan soatlar anchagina kam bo‘lgan boshqa yo‘nalishdagi 
mutuxussislar tayyorlaydigan oliy o‘quv yurtlarining talabalari ham 
I'oyUttlunishlari mumkin. (Buning uchun taqdim etilayotgan 
malcriullardan keraklilarini tanlab olinishi lozim).

Tuvsiya etilayotgan ushbu o ‘quv qo‘llanma, auditoriyada amaliy 
rtWNhg'ulotlar va mustaqil (nazorat) ishlami o‘tkazish uchun hamda 
oily muteinatikaning barcha bo‘limlari bo‘yicha individual uy 
topjthiriqlarini bajarish uchun mo'ljallangan.

0 ‘quv majmuaning ikkinchi qismida kompleks sonlar, aniqmas 
Vtt anlq integrallar, ko‘p o‘zgaruvchili funksiyalar va differensial 
longlumalarga bag‘ishlangan mavzular bo‘yicha materiallar 
keltirilgan.

Kitobning ikkinchi qismi tuzilishi ham uning birinchi qismiga 
nynan o‘xsha‘sh ko‘rinishda yozilgan. Boblar, paragraflar va 
rMtnlaming raqamlanishi birinchi qismga mos ravishda davom 
ettlrilgan.

Kitobning yaxshilanishi borasidagi bebaho ko‘rsatma va 
mMlahatlarini ayamaganliklari uchun mualliflar jamoasi, mazkur 
majmuaning taqrizchilari bo‘lgan Moskva energetika instituti, FA 
muxbir a’zosi, fizika-matematika fanlari doktori, professor S.I. 
Poxojayev rahbarligidagi “Oliy matematika” kafedrasining 
jiunoasiga, Minsk radiotexnika institutining “Oliy matematika” 
kafedrasining mudiri, fizika-matematika fanlari doktori, professor 
L.A. Cherkasga hamda shu kafedraning dotsentlari, fizika- 
matematika fanlari nomzodlari L.A. Kuznetsov, P.A. Shmelyov, 
A.A. Karpuklarga, o‘zlarining minnatdorchiliklarini bildiradilar.

Kitob borasidagi barcha fikr-mulohazalaringizni quyidagi 
manzilga yuborishlaringizni iltimos qilamiz: 2.20048, Minsk, 
Masherov shohko‘chasi, 11, “Высшая школа” nashriyoti.

0 ‘zbek tilidagi taijimasi bo‘yicha Toshkent, Universitet 
ko'chasi 2: tel: 246-83-62 Mualliflar.
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USLUBIY TAVSIYALAR
Tavsiya etilayotgan qo‘Ilanmaning shakli, undan foydalanish 

uslubi, talabaning ko‘nikma va bilitnlarini baholash mezonlarini 
tavsiflab chiqamiz.

Oliy matematika kursi bo‘yicha barcha m a’lumotlar boblarga 
taqsimlangan bo‘lib, ulaming bar birida masala va misollami 
yechish uchun zarur bo‘ladigan nazariy bilimlar (asosiy ta’riflar, 
tushunchalar, teoremalar va formulalar) keltirilgan.

Ushbu m a’lumotlar yechilgan mashqlar yordamida 
mustahkamlanadi. (Misollar yechishning boshlanishi -  ► va oxiri
-  4  belgilar yordamida berilgan.) So‘ngra auditoriya mashg‘ulot 
(AT) va o‘tkazilayotgan mashg‘ulotlarda 10—15 minutga 
mo‘ljallangan mustaqil (kichik-nazoratli) ishlar uchun javoblari 
bilan birgalikda masala va misollar tanlab olingan. Va nihoyat 30 
variantdan iborat haftalik individual uy topshiriqlari (IUT), 
namunaviy misollar yechimi bilan birgalikda berilgan. IUT 
m a’lum qismining javoblari ham keltirilgan. Har bobning 
nihoyasida amaliy ahamiyatga molik, darajasi yuqori 
qiyinchilikka ega bo'lgan qo‘shimcha topshiriqlar joylashtirilgan.

Ilovada rauhim mavzular bo‘yicba bir va ikki soatga 
mo'ljallangan (har biri 30 variantlik) nazorat ishlari keltirilgan.

AT topshiriqlarining raqamlanishi uzluksiz bo‘lgan ikki 
sondan iborat: birinchi-qismi bobni aniqlasa, ikkinchisi ushbu 
bobdagi AU tartib raqamini belgilaydi. Masalan AT 9.1 shifri 
ikkinchi bobga tegishli birinchi topshiriqni aniqlaydi. 
Qo'llanmaning ikkinchi qismida 26 AT va 12 IUT berilgan.

IUT uchun ham boblar bo ‘yicha raqamlash kiritilgan. 
Masalan IUT 9.2 belgisi beshinchi bobdagi ikkinchi IUT 
ekanligini ta’kidlaydi. Har bir IUT ning ichida esa quyidagicha 
raqamlash kiritilgan: birinchi son topshiriqdagi masalaning tartib 
raqamiga tegishli bo‘Isa, ikkinchisi variantning tartib raqamini 
aniqlaydi. Shunday qilib, IUT 9.2:16 shifri talabaning IUT 5.2 
dan 16 variantdagi topshiriqlarini bajarishini belgilab, ushbu 
variantda 1.16, 2.16, 3.16, 4.16 masalalar borligini ta’kidlaydi. 
IUT bo‘yicha variantlami tanlab olishda oldingi topshiriqdan 
keyingisiga o ‘tganida tasodifiy yoki boshqa usulda almashtirish



ueulini qo'llash mumkin. Bundan tashqari, ixtiyoriy talabaga IUT 
fetriliehida bir xil turdagi masalalami har xil variantlardan olish 
BHimkin. Masalan, IUT -3.1;1.2;2.4;3.6 shifri talaba IUT -3.1 dan 
birinchi masalani 1 -  variantdan, ikkinchisini 4 -  variantdan, 
UChinchisini 6 -  variantdan yechishini ta ’kidlaydi. Bu 
ku’riniHhdagi kombinatsion usul 30 ta variantdan keng qamrovli 
ko'p variantlar hosil qilishni ta ’minlaydi.

IUT lami ba’zi oliy texnika o ‘quv yurtlari (Belorussiya 
qihhloq xo‘jaligini mexanizatsiyalash instituti, Belorussiya 
politcxnika instituti, Uzoq sharq politexnika instituti v.b.) ning 
0‘quv jarayonida qoTlanilishi, IUT ni har bir haftalik auditoriya 
topshiriqlaridan keyin alohida har safar berishning o ‘miga, ikki 
Imfluda bir marta, ikki haftalik auditoriya mashg‘ulotlari 
mazmuniga mos ravishda berish maqsadga muvofiq ekanligini 
ko‘rsatdi. Ushbu qoTlanmaga muvofiq talabalar bilan ishlashni 
tashkil etish bo ‘yicha umumiy tavsiyalami beramiz.

1. Oliy o‘quv yurtlarining 25 talik guruhlari uchun har 
haftada ikkita auditoriya mashg‘ulotlari, talabalar erkin 
qatnashadigan maslahat darslari rejalashtiriladi va haftalik IUT 
beriladi. Ushbu tadbirlami samarali tashkil etish maqsadida, 
talabalar bilimini, xato va kamchiliklarini aniqlash va tuzatish 
yo'llarini ko‘rsatgan holda, tizimli baholash uchun kafedra 
tomonidan oldindan tayyorlangan professor-o‘qituvchilarga IUT 
ning javoblar vaxaqasi va yechimlar majmuasi beriladi (talabalar 
mustasno). Javoblar varaqasi har bir topshiriqlar uchun 
tayyorlansa, yechimlar majmuasi faqat yechish usulini, amallar 
ketma-ketligi va hisoblashlardagi ko‘nikmalaming to‘g ‘riligini 
tekshirish uchun zarur boTgan muhim boTgan masala va 
variantlarga ishlab chiqiladi. Kafedra tomonidan yechimlar 
varaqasi qaysi IUT lar uchun zarurligini belgilanadi. Yechimlar 
varaqasi (bitta variant bitta varaqda joylashadi) talabalar 
tomonidan bajarilgan topshiriqlar bajarilishida o ‘z o ‘zini nazorat 
qilish uchun, talabalar o ‘rtasida o ‘zaro nazorat tashkil etishda 
ishlatiladi. Lekin ko‘pchilik hollarda yechimlar varaqasi 
yordamida o ‘ qituvchi usulning to ‘g ‘riligini tekshirsa, talabalar 
o ‘ziniug hisob-kitoblari to ‘g ‘riligini nazoratdan o‘tkazishi



mumkin. Ushbu usullar 25 talabaning IUT larini 15-20 minut 
davomida tekshirib baholash imkonini beradi.

2. Oliy o ‘quv yurtlarining 15 talik guruhlarida esa har 
haftada ikkita auditoriya mashg‘ulctlari, guruhlar dars jadvalida 
mustaqil tayyorlanish uchun, o‘qituvchi nazorati ostida haftalik 
yuklamaga kiritilgan ikki soatlik maslahat darslari rejalashtiriladi. 
Dars jarayonini ushbu taxlitda tashkil etish (Belorussiya qishloq 
xo‘jaligini mexanizatsiyalash instituti), talabalaming mustaqil va 
ijodiy ishlashlari hamda bilim sifatini o ‘qituvchilar tomonidan 
tezkor ravishda nazorat qilish darajasi sezilarli tarzda oshishi 
kuzatiladi. Yuqorida tavsiya etilgan usullar bu yerda ham o'zining 
samarasini beradi. Lekin, ushbu guruhlarda AT va IUT lami 
tekshirish tezlashadi va topshiriqlarni bajarishda nazariy 
bilimlami nazorat qilish imkoni oshadi, o‘zlashtirmovchi 
talabalardan mavjud qarzdorliklami kamaytirish imkoniyati paydo 
bo‘ladi. Shuningdek, yana IUT, mustaqil va nazorat ishiari 
bo‘yicha baholar jamlamasi yordamida o‘quv jarayonini 
boshqarish, nazorat qilish, talabalar olgan bilimlari sifatini 
baholash imkoni ham paydo boTadi.

Yuqorida aytilgan tadbirlami amalga oshirish natijasida 
semestr mobaynida o ‘rganilgan bilimlar boVicha an’anaviy 
semestr (yillik) imtihonlardan voz kechish, hamda talabalar 
ko‘nikmalari va bilimlarini baholash bo‘yicha blokli-siklik 
(modulli-siklik) deb ataluvchi usuldan foydalanish mumkin 
bo‘ladi. Ushbu usulning mohiyati quyidagilardan iborat: Fanning 
semestrdagi (yillik) yuklamasi 3-5 ta blok (modul) larga bo‘linadi 
va ulaming har biri bo‘yicha AT, IUT bajarilib, sikl yakunida esa 
ikki soatlik yozma nazorat o ‘tkazilib, bu yerda 2-3 ta nazariy 
savollar, 5-6 ta masala va misolllar beriladi. AT, IUT va yakuniy 
nazorat ballarinmg yig‘indisi talabalaming har bir blok (modul) 
va semestr (o‘quv yilida) hamma bloklar (modullar) bo‘yicha 
olgan bilimlarini ham alohida obektiv baholash imkonini beradi. 
Shunga o‘xshasb usul Belorussiya qishloq xo‘jaligini 
mexanizatsiyalash institutida tadbiq qilingan.

Fikrimiz yakunida, ushbu qo‘llanma o‘rtacha imkoniyatli 
talabalarga m o‘ljallanganligini va bu yerdagi bilimlami egallash
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oliy matematika fanidan qoniqarli va yaxshi ko‘mkmalarga ega 
bo'li*hlarini ta’minlashini ta ’kidlashimiz mumkin. Iqtidorli va 
A'lO b»hoga o'quvchi talabalar uchun esa, rag‘batlantirishning 
ehoru-tadbirlarini e’tiborga olgan holda alohida murakkab 
tOpHhiriqlar (ta’limda individual yondashuv) tayyorlanishi zarur. 
MftNiilun, bu lalabalarga, o ‘z ichiga ushbu qo‘llanmadagi yuqori 
Hlurekkablikka ega masalalar va nazariy mashqlar (ushbu maqsad 
Uehtl/i, xususan, har bir bob oxiridagi qo‘shimcha topshiriqlar 
mo'ljallangan) butun semestr uchun ishlab chiqilishi lozim. 
0 ‘qituvchi ushbu topshiriqlami semestr boshida berib, ulaming 
bajurilish ketma-ketligini belgilab (o‘zining shaxsiy nazoratida), 
tululnilarga oliy matematikadan ma’ruza va amaliyot darslarida 
etkiii qatnashishga ruxsat berishi mumkin va bamma topsliiriqlar 
muvaffaqiyatli bajarilgandan so‘ng sessiyada a ’lo baho qo‘yiladi
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7. KOMPLEKS SONLAR VA ULAR USTIDA AMALLAR

7.1. ASOSIY TUSHUNCHALAR. KOMPLEKS SONLAR 
USTIDA AMALLAR

Kompleks son deb, z  = x  + iy  turdagi songa aytiladi. Bu 
yerda, x  va у  lar haqiqiv sonlar i =  л/—1  esa, mavhum birlikdir, 
ya’ni, kvadrati -1 ga teng boTgan son yoki z 2 +  1 =  0 
tenglamaning ildizidir. Odatda, x  ni kompleks sonning haqiqiy 
qismi, у  ni esa, uning mavhum qismi deb yuritiladi. Ular uchun 
quyidagi belgilashlar kiritilgan: x  =  Rez  va y=  Im z.  Agar у  =  0 
unga z  =  x  E R agar x  = 0 bo‘Isa, z =  iy  ni sof mavhum son

Geometrik nuqtai nazardan 
qaralganda, har qanday z =  x  +  
iy  kompleks songa tekislikning 
biror M ( x ,y ) nuqtasi (yoki OM 
vektor) mos keladi va aksincha, 
tekislikning har qanday M (x ,y )  
nuqtasiga z  — x  + iy  kompleks 
son mos keladi. Umuman, 
kompleks sonlar to‘plami bilan 
Oxy  tekislikdagi nuqtalar orasida 
o ‘zaro bir qiymatli moslik 
o ‘matilganki, Oxy  tekislikni 
kompleks tekisligi deb yuritiladi 
va uni z kabi belgilanadi (7.1- 
rasm).

Barcha kompleks sonlar 
to‘plamini С harfi bilan belgilanadi. Har doim, R с  С ekanligini 
ta’kidlaymiz. Barcha z  = x  haqiqiy sonlarga mos keladigan 
nuqtalar Ox o ‘qida joylashadi, shu boisdan, Ox o ‘qini kompleks 
sonlar tekisligidagi haqiqiy o ‘q deb yuritiladi. Barcha z =  iy  
mavhum sonlarga mos nuqtalar Oy о‘qida joylashadi va kompleks 
sonlar tekisligining mavhum o‘qi deb ataladi.

Agar ikkita kompleks sonlammg haqiqiy va mavhum qismlari 
o‘zaro teng bo‘lsalar, ulami o ‘zaro teng kompleks sonlar deb 
yuritiladi.
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g ж х + iy  va 7. = x — iy  turdagi sonlar o‘zaro tutashgan 
(boi'langun) kompleks sonlar deb ataladi (7.1-rasm).

Agarda, zx = xx + iyx ; z2 — x2 + iy2 ikki kompleks sonlar 
Ьа'Ый, illar ustidagi arifmetik amallar quyidagicha bajariladi:

/, + x2 = (x a + iy ,)+ (x2 + iy2) = (x1 + x2)+ t()^  + y 2), 
jj, -  z2 = (x , + iy i)- (x 2 + iy 2) = (* ! -  x2)+ i(y 1 -  y 2),

=-■ (xj + iy i)(x2 4- iyz) = (Xix2 ~ y iy 2)+ j(yix2 + y2xa),
_  xi+ iyt _  ZiZ2 _  x2 +У1 У2 +  - ^гУ1 ~^1У2

z2 x2 + iy2 z22J  xf+yf *|+y|
(oxirgi amal z2 Ф 0 bo‘lsagina o‘rin li bo‘ladi). Yuqorida 

bnjarilgan amallar natijasida, urnuman yana kompleks sonlar hosil 
bo'ludi Shuningdek, kompleks sonlar ustidagi mazkur amallar, 
haqiqiy sonlar ustidagi arifinetik amallarga o‘xshash barcha 
KONsalarga egadir, ya’ni, qo‘shish va ko‘paytirish amallari 
k<»mmutativ va assotsiativdir, hamda ular distributivlik xossasiga 
Cga bo‘lib, ular uchun teskari amallar bo‘lgan ayirish va bo‘lish 
(nolga bo‘lishdan tashqari) amallari ham mavjuddir.

1-misol. zx = 2 + 3 i , z2 — 3 — Ai va z3 = 1 + i kompleks
Z  j 7  у

donlar berilgan. z = —— — — - ni topilsin.Z1+Z3
► Ketma-ket hisoblaymiz:

Zi + = (2 + 3 ') + (1 + 1)  — 3 + Ai, 
zxz2 -  (2 + 3 i)(3  -  4i) = (6 + 12) + i(9  -  8) = 18 + i, 

zf = (3 — 4 i)2 = 9 -  2Ai -  16 = -7  -  24t, 
zx + ггг2 + z f = 2 + 3£ + 18 + i —.7 — 24i = 13 — 20 i.

13—20i (1 3 - 2 0 i)(3 - 4 i) (39—8 0 )+ i(—6Q—52)U  holda: z = -----= —-------- — = --------------=
3+4l (3 + 4 l)(3 - 4 l) 2b

41 . 112 .----- I — . 4
25 25

Berilgan z — x + iy kompleks sonning moduli deb, r  = 
\0M\ = л/zz songa aytiladi. OM vektorning Ox o‘qning musbat 
yo‘nalishi bilan tashkil etgan ф burchagi ni kompleks sonning 
argumenti deb ataladi va cp = Argz  kabi belgilanadi.

Har qanday kompleks son uchun quyidagilam i yozish 
mumkin (7.1 rasmga qaralsin):

x = rcos(p, у  — rsinq), 
X . у cos<p = ~,sinq) — (7 j )

r  = yjx2
9



Bu yerda, kompleks son argumentining bosh qiymati 
(p = argz  uchun quyidagi shartlar o‘rin li bo‘ladi: -n<argz<n yoki 
0<argz<2n.

Har qanday z — x + iy  kompleks sonning trigonometrik 
shakli deb,

z = r(cosq> + isin<p) (7.2)
ifodaga aytiladi. Agar Eyler formulasi deb ataluvchi el(p = 

coscp + isin<p ni inobatga olinsa, (7.2) dan kompleks sonning 
ko‘rsatkichli shakli deb ataluvchi

z = r e i<p (7.3)
ni hosil bo‘ladi.
Yuqorida keltirilgan (7.2) bilan (7.3) formulalami kompleks 

sonlami ko‘paytirish va ularning darajasini oshirishda qo‘llash 
maqsadga muvofiqdir.

Agar zx = r1(cos(pl  4- isincpi), z2 — r2(cos(p2 + isin<p2) 
ifodalar berilgan bo‘Isa, u holda quyidagilar o‘rin li bo‘ladi: 

zaz2 = r ^ c o s ^  + (p2) + lsin((p1+<p2)') =
— = — (cosC ^  — <p2) + isin((p1 — q>2) )  = ~ e l 4̂>1~‘P2̂

zn = r n(cosn<p + isinncp) = r nemtp (7.4)
(7.4) formulani M uavr formulasi deb ataladi.
Agar (7.2) kabi berilgan kompleks sondan и-darajali (n> 1, 

n e Z ) ildiz chiqarish lozim bo‘Isa, ushbu ildizning n ta qiymatini 
beruvchi quyidagi formuladan foydalaniladi:

n r  n r (  tp+2nk . . (p+2iTk\zk = Vz = \Jr I cos1—̂ ---1- ism — -— J  =
y ^ e i{<p+2nk)/n jrfc _  О, П  — 1 )  ( 7 .5 )

VF- arifmetik ildiz deb tushuniladi.
2-misol. (1 + i ) 12 hisoblansin.
► (7.1) formuladan foydalanib, z = 1 + i ning trigonometrik 

yoki kc‘rsatkichli shakllami yozib olamiz: r  = yfl + 1 = 
л/2, costp = ^=, sincp = -j=, <p = J

z = л/2 (cos — + isin —̂  = yfle711̂
M uavr formulasiga binoan,
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64(cos37r + +i.sin3n') = —64.̂ 1
3-misoI. z6 + 1 — 0 tenglamaning ildizlari topilsin.
► Berilgan tenglamani z6 = —1 yoki z = V —1 kabi yozib 

olish mumkin. (7.3) formulaga binoan, -1 ning trigonometrik 
shakli -1 = 1- ( cosn + isirnt)  kabi yoziladi. (7.3) formulaga 
ko‘ra, qaralayotgan tenglamaning ildizlarini

Zfe = = i  ( cos-+- ~ +  is in — ^ j  = е^ +2пкУп,Ьи
yerda к = 0,5

dan foydalanib aniqlaymiz. к ga ketma-ket 0,1, ..., 5, 
qiymatlami berib z6 + 1 = 0 tenglamaning barcha mumkin 
bo‘lgan 6 ta ildizlarini topamiz:

n n л/З 1 zel 
z0 = cos 7  + is in -  = -  + -£ = ев ,

6 6 2 2 
7Г Я  . .

z, = cos — + is in  — = i = em/ ,
2 2
5 5 л/З 1 -sm' 

z2 = cos-n  + is in - n  = — — + i-  = e 6 ,6 6 2 2
7 7 V3 1 ZZEi ~57r*

z, = cos-n  + is in —n = — -—  — i = e 6 = e 6 ,
6 6 2 2
3 3 Зтп 3m

z4 = cos-n  + is in - n  = —i — e 2 = e 2 ,
11 . . . 11 V3 1 . — ; —Zr = cos — n + isin — n = ----- 1 = e 6 = e ь ,*4

й 6 6 2 2
4-misol. z3 — 1 + i\/3 — 0 tenglamaning ildizlari topilsin.
► z3 = 1 — iv3  = 2(co s- — is in ^) bo‘iganligi uchun (7.5)

3/_ 3 /— , -̂+2rrk ^+2я7е
formulaga binoan, zk — yz  = V 2 (co s ™ ----is in — —̂ ) ni
yoza olamiz (&= 0,2).

Demak, berilgan tenglamaning ildizlari quyidagicha bo‘ladi:
z0=\f2(cos^-  is in ^ ), zx — 42 ( cos — — isin^ )<

3/77/ гзгг . . 13яЛ z2 = v 2 fco s— —  is in — j. A

z12 = (л/2) 2 ^cos ^12 ■ ^  + isin ^12 ■ j  = \^2^е3т =

n



AT- 7.1
1. Agar z-l = 2 + 3i , z2 = 3 + 2i , z3 = 5 — 2i bo‘lsa, 

(z1 + 2z2)z 3 hisoblansin. (Javob: 54+19Q.
2. zx = 3 + 5i, z2 = 3 — 4 i, z3 = 1 — 2i kompleks sonlar

berilgan. z — <'7'1+Z?''>Z2 nj yom topilsin. (Javob: — + — t).
z3 5 S

3. zx = 2 — 2г , z2 = — 1 4- г , z3_ — i va z4 = —4 larni 
trigonometrik va ko‘rsatkichli shakllarda ifodalansin.

4. z8 — 1 = 0 tenglamaning ildizlari topilsin. (Javob:
„  V2 , л/2 . . л/2 . л/2 . -

z 0 — 1, Z i  — —  +  +  —  I, z2 — I ,  Z 3 — — —  +  —  I ,  Z4 — — 1,  z5 —

_ _ л / 2 _ л / 2 .___________________________  ^
2 2 l , Z e  ~  l ' Z y  ~  2  2

Mustaqil ish
1. 1. Agar zx = 4 + 5 i, z2 = 1 + i , z3 = 7 — 9i bo‘lsa,

z = ~ г— ifodaning qiymati topilsin. (Javob: 40— 32£). 
z2

2. Zj = л/З + i , z2 = — 1 + л/3£ va z3 = — - laming
trigonometrik va ko‘rsatkichli shakllari keltirilgan.

2. 1. Agar zx = 4 + 8£, z2 = 1 — i , z3 = 9 + 13£ bo‘Isa, 
(zi+zzz3) п-п  ̂qiymati topilsin. (Javob: 7+19i).

Zz2. z2 — i = 0 tenglama yechilsin. (Javob: 

±|(1 + %2
3. 1. Agar Zj = 2 — i, z2 = — 1 + 2£, z3 = 8 -f 12i bo‘lsa,

(z14z2+z3) tQp jjsjn ( j avob: 2+2i).
z2
2. zx = 2/(1 + i), z2 = —л/3 — i kompleks son 

trigonometrik va ko‘rsatkiehli shakllarda ifodalansin.

7.2. 7- bobga qo‘shimcha mashqlar
1. Quyidagi kompleks sonlar ko‘rsatkichli shaklda 

ifodalansin
a) z — —\fl2 — 2i , b) z — —cos^ + is in ^ , (Javob: a)

4е7” ‘/б, b) e6” /,).
12



( а\2п ■2cos-j e ina. (n £
N ,a  6 R).

3. Y ig ‘indi topilsin Zk=o e ■<p- (Javob: — —.)
4. n ning qanday butun qiymatlarida quyidagi tenglik 

o‘rinli bo‘ladi?
(1 + Qn = ( i  _  ( j avob-. n = 4k, к £ Z .)
5. Eyler formulasidan foydalanib
cosx + coslx  + cos3x 4----h cosnx yig 'indi hisoblansin.
(Javob: (s in  cos x ) sin |.)
6. Ayniyat isbotlansin

x 5 — 1 = (x — 1 )(ж 2 — 2xcos72° + T )(x2 — 2xcosl44° + 1). 
z = x + iy  nuqtalarda ko‘rsatilgan shartlami 

qanoatlantiruvchi sohalami (z) kompleks tekisligida topilsin va 
ular tasvirlansin.

7. \z — zt \ < 4, bu yerda: zx = 3 — S i . (Javob: markazi 
zx nuqtada bo‘lib, radiusi R=4 bo‘lgan ochiq doira.)

8. |z + z j > 6, bu yerda: zx = 1 — i. (Javob: markazi —zx 
nuqtada bo‘lib, radiusi R=6 bo‘lgan doiraning tashqarisi.)

9. 1 < \z — i\ < 3. (Javob: markazi z = i nuqtada bo‘lib. 
radiuslari rt — 1 va r2 = 3 bo‘lgan aylanalar orasidagi halqa.)

10. 0 < |z + ij < 1 . (Javob: radiusi i?= l doiraning z = 
—i nuqtadagi markazini chiqarib tashlangan ichki qismi.)

11. 0 < Re(3iz) < 2 . (Javob: у  = 0,y = to‘g‘ri 
chiziqlar orasidagi gorizontal tasma.)

12. Re Q ) > a, a = const, a £ R . (Javob: agar a = 0 
bo‘Isa, u holda x > 0, ya’ni, chegarasiz o‘ng yarim tekislik; agar
a > 0 yoki a < 0 bo‘Isa, u holda, (x — 2c) + У 2 — ~̂/q.a 2

aylananing ichki va tashqi qismlari nuqtalarini hosil qilam iz.)
2—al13. Re = 0, bu yerda a = const, a £ R (Javob: z — ai 

nuqta.)
14. Im (iz )  < 2 (Javob: x — 2 to‘g‘ri chiziqdan chapda 

joylashgan yarim tekislik.)



8, ANIQMAS INTEGRAL 

8.1. BOSHLANG‘ICH FUNKSIYA VA ANIQMAS 
INTEGRAL

Faraz qilaylik, (a ; b) o raliqda/(x ) funksiya berilgan bo‘lsin. 
Agar shu oraliqning barcha nuqtalarida F '(x )  = f ix )  kabi tenglik 
o‘rin li bo‘ladigan bo‘lsa, u holda, F (x )  funksiyani / (x ) 
funksiyaning (a ; b) oraliqdagi boshlang ‘ich funksiyasi deb 
yuritiladi. Berilgan f (x )  funksiyaning har qanday ikkita 
boshlang4 ich funksiyalari bir-biridan ixtiyoriy о‘zgarmas son 
bilan farq qiladi.

Agar С ixtiyoriy о‘zgarmas son bo‘lganda, (a ; b) oraliqda 
berilgan / (x ) funksiyaning F (x )  + С kabi barcha boshlang‘ich 
funksiyalari to‘plamini f ( x )  funksiyaning aniqmas itegrali deb 
ataladi va u quyidagicha yoziladi:

/ f (x )d x  = F (x ) + C.
Integrallashning asosiy qoidalarini keltiramiz:
1) f f ' ( x )d x  = f  d f(x )  = f i x ) + C,
2) d j  f (x )d x  = d (F (x ) + C) = f(x )d x ;
3) / I/ O ) ± ?>(x)]dx = / / (x )d x  ± / <p(x)dx;
4) / a/ (x )d x  = a / f (x )d x  (a  = const);
5) / f (x )d x  — F {x )  + С bo‘lib , a va b (афО) lar o‘zgarmas 

sonlar bo‘lganda, har doim quyidagi munosabat o‘rin li bo‘ladi:
/ f (a x  + b)dx = ~ F {ax  + b) + C;

6) agar / f (x )d x  — F ix )  + С bo iib , u= (pix) , ixtiyoriy 
differensiallanuvchi funksiya bo‘Isa, u holda:

J/ (u )d u  = F iu )  + C.
Integrallash natijasining to‘g‘rilig in i tekshirish uchun, 

topilgan boshlang‘ich funksiyaning hosilasi hisoblanadi, 
ya’n i:(F (x ) + C)' — f (x ) .

Aniqmas integralning ta’rifiga ko‘ra, integrallashning asosiy 
qoidalari va asosiy elementar funksiyalar hosilalar jadvaliga 
asoslanib, asosiy aniqmas integrallaming jadvalini tuzish 
mumkin:

n a+1
1) / u ad.u = + С (а  Ф  —1);

14



3) / audu = 4- С;
7 J lna

4) / eudu = eu 4- C;
5) / sin udu = — cos и 4- С;
6) / cos udu ~  sin и 4- С]
7) / ^ ^  = ; a rc tS~  + C = ~ la r c c tg ^ +  С (а Щ ;
8) J ~T~1 — ~~ln |~~| 4- С = --- In  M  4- C;

/ J  a2-u2 2 a  ! u - a I ______  2a ш + al

9) I  t 4 t t  = 1“  + V « 2 ± И  + С (a# ));yti ±cr I I
10) f-f=== = arcsin-  + С = -arccos-  4- С (a>0);' J  Va2-uz a a '
11) / ~~T~ = u + C;

7 J COSZM ^

12) / - r|-  = -c£# и + С;'  J  sinzu a
du

2 ) f ^  = ln\u\+C;

13) f ~  = ln 
J  sm u

14) f - * L  = ln 
J  cos и

tg\\+ C = ln |-^ j -  ctg u| 4 C;

(̂| + !)|=Н^+*Н + С;
15) / shudu = chu  + C;
16) / с/i udu = shu  + C;
17) J  —7 - = th и + С;J  ch.zu
18) f ~  -  -ctfc u 4- C.17 sh2u
Yuqorida keltirilgan munosabatlar integrallar jadvali deb 

ataladi.
Eslatib o'tam izki, keltirilgan jadvaldagi и barfi, erkli 

o‘zgaruvchi ham bo‘lishi yoki uzluksiz differensiallanuvchi 
u=(p(pc)  funksiya ham bo‘lishi mumkin.

Quyida, aniqmas integrallami hisoblashga doir ayrim 
m isollam i keltiramiz:

1-misol. / [Ax3 — 2 Vx2 4- ~  4- 1  ̂dx hisoblansin.

► f  ^4x3 — 24x? 4- — ̂4 1̂  dx — 4 f  x3dx — 2 f  х* dx +
S

2 f  x~3 dx ■ f  4- f  dx — 4 — 2 4 - 2 — ■ 4 x 4  С = x4 —
___ 3

- Vxs —~  + x + C.ffl A5 x 2

15



2-miso(. f - ~ - - - - d x  hisoblansin.
J X2{ l +X 2)

^  r l + 2 x 2 , f  ( l + X 2)+X2 , с 1+X2

x 2( l + x 2) J x 2( i + x z) J x 2{ \  + x 2)
с %z i r d x  r d x  1 , ^ „

3-misol. /  3xe 2xd x  hisoblansin.
► /  3x e 2xd x  =  / (3e 2Y d x  = - - - -  - + С .0 -4

J ln (3 e 2)
4-misol. / (2x — 7) 9dx hisoblansin.

► / ( 2 x  -  7)9d x  = - f ( 2 x  -  7)9 ■ 2dx =  ° +  С =JV  у 2 J 4  2 10

± ( 2 x ~ 7 ) 10 + + C ,4
5-misol. /  cos(7x — 3) dx  hisoblansin.
► /  cos(7x — 3) d x  =  ~ /  cos(7x — 3) d (7x  — 3) =  

i s i n ( 7 x - 3 )  +  C. <

6-misol. /  dx hisoblansin.J l+x2
t - j ^ ^ d x  =  S - Z ~ i x  -  =  ± fJ 1+x2 J 1+x2 J 1+x2 2 J l+*‘

— J  a rc tg x d (a r c tg x )  = - l n ( l  +  x 2) ~ ~ a r c t g 2x  + C.A
7-misol. /  c tg 3 x d x  hisoblansin.
► / c tg 3 x d x  =  f ^ d x  = i  = 1 =

J s i n 3 x  3 J s i n 3 x  3 - s i n 3 x

j in |s in 3 x | + C.<
Yuqorida keltirilgan 4-7  misollardagi integrallarni hisoblash 

jarayonida 5-qoidani qo‘llash maqsadida integral belgisi ostida 
qatnashgan ayrim ko‘paytuvchilami differensial belgisi ostiga 
kiritilib, undan keyin esa, kerakli jadval integralidan foydalanildi. 
Bu xildagi almashtirishlami differensial belgisi ostiga kiritish 
usuli deb yuritiladi. Masalan, differensialluvchi boMgan har 
qanday f ( x )  funksiya uchun

deb yozish mumkin.
8-misol. f  -sm-2* dx  hisoblansin.J 4+517!^
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2sinx~ f  S i n2x , r  2s i n x c o s x
* 4+sin2x  4-+sin2x  ”  J 4 + sin 2x

[4+i<n*x) _  _  Jn ^  _J_ s jn 2x j -)- C,

4 + *<Г,2дг ,  x+ 29-misol. f  ——— - d x  hisoblansin.

d(s inx)  =

X2+4X+S

►J
x+ 2  

x 2+ 4 x + 5

AT-8.1
Ko‘rsatilgan integrallarni hisoblang va integrallash natijasini 

differensiallab tekshiring.
1. J (5 x 7 — 3 v x 3 +

)dx.

2. f-
COS2X

c o s /  x s in 2 x
3. f  (3 sin AC +

■dx

9+X2
)dx.2* 32x -

4. J V (5x + 3) 3

7. f ( e - 3 * - _ l _ .
, 2v  ,  3X+2
S ' ----- sin- x co sx )d x .

8. J tg3xdx.
n r Varcsinx-x .
s * i - 7 ^ ~ d x - 
10. f ^ d x .

■dx.
V (x3+7)*-

6. J (sin7x — e 3~Zx +

11.
12.

V 9-X 4*3*
V9~9*
X -3

I - dx.

t M 2 4x
) dx.

Mustaqil yechish uchun topshiriqlar
Aniqmas integrallarni hisoblang va integrallash natijasini 

differensial'lab tekshiring.
1. a) j (3x -  Vx̂ " +  2 sin x  -  3)dx; b) J (sin 3x +

________________  .  ezx
XV1 +  x 2)dx; c)j - ^ i d x -

2. J ( x ’ + ф  +  2 *)<ta b) I  ( x 2
X + l -dx.

x 2+ 2 x - 3
3. ay / (x~2 +  7x6 -  —=)dx; /V

........................................ 2 V x y  '  '

j  ~  cos? x s in x ) dx) c) f  c t g i 3x — 2)dx.



8.2 F U N K S IY A L A R N IB E V O S IT A  IN T E G R A LLA S H
Ko ‘plab funksiyalaming aniqmas integrallarini topish 

masalasida, ulami jadval integral!aridan biriga keltirish usulidan 
foydalaniladi. Uning uchun esa, integrallanuvchi funksiyalar 
ustida algebraik ayniy almashtirishlar bajariladi yoki ayrim 
ko‘paytuvchilam i differensial belgisi ostiga kiritish yo‘li 
tanlaniladi.

1-misol. /  tg3xdx hisoblansin.
* j t g 3xdx = t )tg x d x  = j - ^ t g x d x -  

1 tgxdx = / tgxd(tgx) —  f  = &  + /  ̂  .
^ tg2x + in jcosx| + C.M

2-misol. f dx hisoblasin.J x+5
► / —  dx = f x+~— dx = j  dx — j  —  dx = x —

J  x+5 J  x+5 J  J  x+5

2 / = x “  “ 2/nl* + 5| +
3-misol. Г -~т———  hisoblansin.

J  x 2 - 4 x + 8
^  r  &  __ <■ dx __ r dx __

x2-4x+8  ̂ X 2—4X+4+4 J  (x -2 )2+4 
r d(x-2) 1 . X-2 , „  .
J —г— = - a rc tg ----h с . <J  4+(x—2)z 2 "  2

/ sinmxcosnxdx, f  sinmxsinnxdx, f  cosmxcosnxdx kabi 
integrallami hisoblashda, mos ravishda quyidagi formulalardan 
foydalaniladi:

1
sinmxcosnx = — [sin(m  + n ) x + sin(m  — n ) x],

1
sinmxsinnx = — [cos(m  — n ) x — cos (m  + n ) x],

1
cosmxcosnx = — [cos(m  — n ) x 4- cos (m  + n ) x].

4-misol. J cos(2x — 1 ) cos(3x + 5) dx hisoblansin.
► / cos(2x — 1) cos(3x + 5) dx = - J  (cos(x  + 6) +

cos(5x + 4 ))dx  — —\ f  cos(x + 6) d(x + 6) + ^  / cos(5 x +
4 )d (5x  + 4) = is in (x  + 6)  + + — sin(5x + 4) + C. A

18



/ cosmxsinnxdx (m, n G Z) kabi ko‘rinishdagi integrallami 
hisoblashda quyidagi holiam i ko‘rib o‘tamiz:

1) тп va n sonlaridan biri toq son bo isin , masalan, 
m=2k+l bo is in . U  holda:

f  cosmxsinnxdx -- J cos2k xsinnxcosxdx — J (1 — 
sin2x )k sinnxd(sinx).

Bu esa, darajali funksiyalaming integrallaridir.
2) m va n sonlarining har ikkalasi ham juft sonlar

1 СГ ■ ... 1, 1  .  7 1-COS2X т  1+C0S2X , , .bo Ism. Bu holda, sin x = ------ va cos x = ------ kabi
2 2

formulalar orqali, trigonometrik funksiyalaming darajalari 
pasaytiriladi.

5-misol. / cos7xsin3xdx hisoblansin.
► f  cos7 xsin3 xdx = f  cos7 xsin2 x sinxdx =

— f  cos7x (1 — cos2x)d(cosx) == — / cos7xd(cosx )  + 
f cos9x d(cosx) = — - cos8x + — cos10x + C. <.

J 4 y  8 10
6-misol. / cos23xdx hisoblansin.
w  f  i  Г  1  +  C O S 6 X  ,► J cos^Sxdx — J  — -— dx =

= dx + ~ / cosbxdx = ^x + ~ /  cos6x d (6x ) =~x -f
— sinbx + C. -4 
12

7-misol. f — hisoblansin.J 5-4ЛГ-ЛГ'2
Mazkur integralni hisoblash uchun kasr maxrajidagi kvadrat 

uchhaddan to ia  kvadrat ajratamiz. Natijada:
► f dx — f  dx =

3 5—4x—x z  ̂ 9—(x 2+4x +4)

= f  - r r %  = — ln + С = - in 1— 1 + C .MJ  32-(x+ 2)z 2-3 |x+2—3| 6 Ix - l l
/ ЛГ̂ '+’l——  dx hisoblansin.

X2+4
K o ‘phadni ko‘phadga boiish qoidasidan foydalanib, integral 

belgisi ostidagi funksiyaning suratini maxrajiga h o i ami z. 
Natijada, integrallanuvchi funksiya butun darajali ko‘phad bilan 
to‘g‘ri ratsional kasming yig‘indisi ko‘rinishida ifodalanadi. 
Kerakli almashtirish]ami bajarib, quyidagini hosil qilamiz.



= f ( x 3 ~ 4 х  + T T r r )dx  = f ( x 3 -  4 x )d x  +
1 6 X + 1 ,

Хг+4 x 2+4 '

8 / S + + /  1Х г +4
С. <

Х 2+4
dx — 2 х 2 +  8 1п(х2 +  4) + - a r c tg

АТ-8.2
Berilgan aniqmas integrallarni hisoblang.
1 . f ( e 2x + e 2x)dx.
2. f  Ml -  7x 3x 2dx.
3. c - 3 dx.

J  cos2 3x  • sin2 3 xdx.
■ x 2—9f  —

- X7+9
dx.

dx

7.

9.

10 - j г ■J x 2—6x+7

11. / — dx.
J c h 23x

x 2+ 6 x + l 3
dx

4.
f  cos3 2x  sin4 2xdx.  

□ .
6. f  c t g 32xdx.

□ .
8. J sin 7x • 

sin 9 xdx.
□.

2 a  f
J

X 2 +  X  +  1 

X +  1
•dx.

Mustaqil yechish uchun topshiriqlar
Aniqmas integrallarni hisoblang.

1 . a) /  ——- dx; £>J Г cos 2x ■ s in  lOxdx;y J cosx '  J
cj j  t g 27xdx.
2.

c)

3.

c)

a) f -x 2+2x+5  
r3x+2 ,
f - r — dx.

dx; b) f  s in (7 x  — 1) sin  5xdx;

х г + 1

a) f  ?Y~~dx; b) /  s in 3 ( I  — 3x)dx;

J — V x .J *+i
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8.3. KVADRAT IJCHHAD QATNASHGAN 
F UNKSIYALARNI INTEGRALLASH

J - £ Z 2 - d x  (8.1 )* X*-tbx+c
kubi integralni hisoblash lozim bo‘Isin.
Aytaylik, АФ0 bo‘lsin. Integral belgisi ostida ba’zi ayniy 

«llfnttNhtirishlami bajarib. quyidagini hosil qilamiz.

f . - t * * * - d x  = + {B 1
J Jtz + bx-fc 2 J x 2+bx+C 2 J x z +b x +c  v

t )  / ~2 ~Z—  " “ ln \*2 + bx  +  c\ + +(B  — —) f  dx —|l '  J x 2 + b x + c  2 1 4 2 x 2+ b x + c
Oxirgi ifodadagi integralni hisoblash uchun x 2 + bx + с dan

t) ĵ2
(O'la kvadrat ajratamiz, ya’ni: x 2 +  bx  4- с = (x  +  ~)2 +  с — —.

Nalijada, с — - -  ning ishorasiga qarab, j  —r“ 7 kabi jadval 
Integrallarining biriga kelamiz.

/ 3X~?
—---------dx  hisoblansin.
x 2+ 4 x + 1 3

^  г З .г -2  , 3 г 2 X + 4 - 4 - -  з .  2x + 4  ,

x 2+4x+1'3 *  _  2 ^  x 2+ 4 x + 1 3  *  _  2 J x 2+ 4 x + 1 3  X

8 /  — ——  =
(x + 2 )2+9

=  ^Zn|x2 +  4x +  1 3 1 — 8 • ^ a r c t g — ' +

2-raisoL Г —5ж 7 dx  hisoblansin.
J x 2- 8 x +7

^  f  ~Y~ ~ ~  d x  = U ^ ^ d x  =J x 2- 8 x + 7  2 J x 2- 8 x + 7

I /  "Z"a 8 d x  + 13 f  —— —------ - = - l n \ x 2 -  8x  + 7J +2 ^ X2- 8 x + 7  j  x 2- 2 - 4 x + 1 6 - 9  2 1

1 3 1 T — , 2 =  ? M * 2 -  8X +  7| +  13 — In l ^ - ^ l  + +C =J ( x —4J2—9 2 1 1 2-3 l x - 4 + з !

+ C. <~ ln \x 2 — 8x + 7 1 +  — fn I—
2 6 j x - i

Eslatm a. Agar (8.1) integraldagi kvadrat uch hadning 
ko'rinishi a x 2 + bx + с (аф0) kabi bo‘ladigan bo‘lsa, u holda u 
integralni hisoblashda a koeffitsientni qavsdan tashqariga 

,2 , u v  , „  _  v 2 ■ ■ b ■ c -chiqariladi, ya’ni: x 2 + bx + с — a (x 2 + + - x  +

3-misoJ. f  — -----dx  hisoblansin.
J  —2 x z + 1 2 x —1 0  

^  г  4 X - 3  , 1  r  4 x —3  ,► J — ----------- a x - -  —  —-------- dx  =
- 2 x 2 +  1 2 x ~ 1 0  2 J X2 —6X+5
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г2дг — 6 + 6 — 2 j  f  2x — 6 j  9 f  dx 
J x 2 — 6x + 5 u X ~ ~ J  x 2 - 6 x  + 5 d X ~ 2 j  ( T - 3 ) 2 - 4 ~

=  —1п|л:2 — 6x +  S| +  - - In I—* 3| +  C.
1 1 2 4  \ 2 - x + 3 \

f  jax*+E~x+c *ca*5’ inte8raUarni hisoblashda ham yuqorida 
bayon etilgan usuldan foydalaniladi, ammo bu yerda, 
yuqoridagidan boshqacharoq jadval integrallari hosil bo‘ladi. 
Agar АФ0 bo‘lsa,

^ (Ax+B)dx  _ A p ax+ b-b+—̂ - jd x  _ д r d(ax2+bx+c) ^
J \ lax2+bx+c 2a J -Jax2+bx+c 2a ^ Vctx2+bx+c

+ ( в  — —) /  -■ ***---- =  - V a x 2 + bx +  с + (В — —) /  ,-------------------
V 2 a / J J a x 2+bx+c a v 2a I , . ь л2 , b

d x

_ Ja(x+̂ 2+(c^
ni hosil qilamiz. U holda, oxirgi integral yoki,

=  b | u  +  Vu2 ± q 2| +  C

yoki,
r du . и , „J , , , = arcsin -  + С J -Jq2-U2 q

integrallaming biriga keltiriladi.
4-misol. Г . ■̂x~1 dx hisoblansin.

V*2-4*+8

► /  ■■■ 3x=L=- dx =  -  J =
-Jx2—4x +6 2 y/x2—4x+8

3 <• 2x—4 , _ r dx
2 ^ V*2- 4 x+8 *  J V (»-2)2+4 ~

= 3Vx2 — 4x + 8 — 5Zn|x — 2 +  i/(x  — 2)2 +  4j + C.-4

5-misol. f  -?===== d x  hisoblansin.J V-X2+2x+3

> j - - T 5 dx  =J л/ - х 2+2х +3
r —2X+2+——2 - _ 2 x + 2  , r  rfx

—2 J 7 -- 2 = dx -  —2 J -7==—  =  dx ~  [

—4л/—x 2 +  2x +  3 — arcsin  —  +  C. -4
2

endi

/  / X+B (8-2) J  (x 2+px+qf)fe
ko‘rinishdagi integralni qaraymiz, bu yerda, k>0 butun son 

bo‘lib,p2 — 4q < 0 dir.
Agarda, ЛД) va bo‘ladigan bo‘lsa, aynan (8.1) holga 

o‘xshash ayniy almashtirishlardan foydalanib,
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А г (2x + p ) d x  _  A ( x 2+ p x + q ) k+1 ^

2 ^ (x 2+ p x + q ) k 2 -fc+ 1  
ni ajratib olamiz. Natijada, (8.2) kabi integralni integrallash, 

Quyidagi integralni integrallashga keltiriladi:
r d x  _ r d x  _ r d u  „

J  ( x 2+ p x + q ) k ~  ' f , P ^ , * q - P2]k ~  J ( u 2+a2) k ‘

Bu yerda: и = x  +  a2 =  (4q — p 2 >  0) deb
belgilash kiritilgan.

0 ‘z navbatida, (8.3) ko‘rinishidagi integrallarni hisoblash 
uchun maxrajning darajasini pasaytirishga asoslangan quyidagi 
rckurrent formuladan foydalaniladi:

f .-..‘ft—  = ______ -______ + _**=!_ f ___ ____ (8 .4 )
J (u2+ a2)fe 2a2(fc-l)(u 2+ a2)fc_1 2a2(fc-l)*^ (u2+a2)fc_1

6-misol. f  —, 3y+5-", dx hisoblansin.
J  (х 2+ 2 х + 5 )2

 ̂ г 3 jt+ 5  7 3 г 2дг+2—2 + 1 0 /3  . 3 r d ( x 2 + 2ЛГ+5)► J — ------- —ax  =  -  J — ------- 7̂-й х  =  -  j  ------- -7 +
J ( x ^ + 2 x + 5 ) 2 2 J (x 2+2x + 5)2 2 '  ( x 2+2 x +5 ) 2

2 f ___ — (q ____о ____ I-
( ( x + l ) 2+ 4 )2 ‘ * '  2 x 2+2x +S ' \ 8 ( ( x + l ) 2+4)

1 f  d x  \  3 1 i 1 X+1 , i 1 ^  * +1 , n  ^- J  — -------— | — ---------;------------- 1------- -------------- 1— \—  UTCtCj---------b C.
9 J 4 + O c+ l)2/  2 x 2+2x+5  4 x 2+ 2 x + 5  8 a  2

Bu yerdagi (8.4) kabi yozuv, keyingi hisoblashlarga o‘tishda

(8.4) formuladan foydalanganlik belgisini anglatadi. (Bu xildagi 
qisqa va qulay yozuvdan bundan keyin ham foydalanamiz).

AT-8.3

>• / 5^ 55- Vavob: ;“rrt»£r + c>
2- /  —7-—— dx {Javob: -  ln\x2 + x  + 11 — ~  arctg  ^ 7 -̂ +

J x 2+ x + l  2 1 1 V3 a  Vs
C)

3. /  * "— dx. (Javob: - ln \x2 — 8x + 7| + — ln I---I +
J x 2- 8 x + 7  '  2 1 1 6 I x - l l

C))

4_ f x + —-dx {Javob:--—— + - in |x 2 +  2x +  2| —J x2+2x+2 ' 2 2 1 1
—9 arctg(x  — 1) +  C)

23



5. Г -  - — dx. (Javob: 3л/х2 — 6x  +  18 +
J 4 x 2- 6x+ is_______ ___

5in|x — 3 + +Vx2 — 6x + 18 j + C)
6. f -8.дг--1-... dx. (Javob: -8л/5 +  2x — x 2 — 3arcsin — ■ +

J tJ s + 2 x - x 2 V6

C)
7- / 7T ~ ~ — (Javob:-— - - - -  +  - a r c t q  —  + C)

J (x 2+2x +10)2 x 2+2x +10  54 3 ’

8. J ^ - ^ L dx. (Javob: 2Zn|x + л/4 + x 2| — Зл/4 +  x 2 + C)

8.4. 0 £ZGARUVCHEVI ALMASHTIRISH YOKI 0 ‘RNIGA 
QO‘YISH USULIDA INTEGRALLASH

A garx  =  <p(t) funksiya uzluksiz differensiallanuvchi bo ‘lsa, 
u holda, berilgan / / ( x ) d x  integralda har doim yangi t 
o‘zgaruvchiga nisbatan integralga kelish mumkin bo‘ladi, ya’ni:

0 ‘ng tomondagi integralni hisoblab, natijada eski x 
o ‘zgaruvchiga qaytsak, berilgan integral hisoblangan bo‘ladi.

Aniqmas integrallarni bu usulda integrallashga о ‘zgaruvchini 
almashtirishyoki о ‘rniga qo ‘yish usuli deb yuritiladi.

Bu yerda, shuni ta’kidlash kerakki, x =  <p(t) almashtirish 
kiritilayotganda, (p(t) bilan / ( x )  fimksiyalar orasida o'zaro bir 
qiymatli moslik bo‘lishi va <p(t) funksiya o'zgaruvchi x ning 
barcha qiymatlarini qabul qilishi lozim.

1 -misol. J  хл/х — ld x  hisoblansin.
► t =  л/х — 1 almashtirish kiritarniz, u holda, x  — t 2 4- 1 va 

dx — 2 d t
Natijada,

Mustaqil yechish uchun topshiriqlar
Aniqmas integrallarni hisoblang.

3. a J J —;--------dx; b) j - = = = d x .
J J  7v2_i_H.v4-Q / j  a / v 2 HV-I-9Q2x 2+ 4 x +9 Vx2 + 10X+29

/  f ( x ) d x  = f  f[(p(t)] ■ (p '( t)d t  (8.5)
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J хл/х — ld x  =  J (t2 + 1) ■ t ■ 2 td t  =  2 J (t4 + t 2') d t  =  

- t s + - t 3 + С = =  -  (я — I ) 2 +  -  (x — 1)1 +  C-4s 3 5 v J з v '

2-misol. I * ■ У— dx  hisoblansin.J X2
► Bu yerda, x  =  a • t g t  (— -  <  t  <  - )  almashtirishdan

foydaianamiz. dx =  - £ ^ b o £lganligi uchun, (8.5) formulaga
binoan quyidagini hosil qilamiz:

r \lx2+a.2 , r Ja2tg2t+a2 adt rJl+tg2tj ---- -— ax  - I - —-—--------- — =  —— a t = —
J x 2 a z t g 2 t  c o s 2 t  s i n z t

/ 1 7, r cosz t + s i n z t  , r  c o s t , r 1 ь--------—dt =  j -------——dt  = Г — —dt + j ---- d t  = =costsin2t J cost sin21 J sin2t J cost
---- — + In \ tg t  + — + С — — ^ 1+t'g f +  ln \ tg t  +sint I cost tgt 1 ^

+•^/1 +  t$ 2t |  +  С =  — ~~~ X +  +  V a2 +  X2 j +  C.-<

3-misol. J л]а2 — x 2d x  hisoblansin.
► Bu yerda, x — asin t  almashtirishdan foydaianamiz. 

d x  — acostd t (—^ < t < ^ v a  — a < x < a )  ga ko‘ra, 
quyidagini yoza olamiz:

f  ■\fa2~-  x 2d x  — J V a2 — a 2s in 21 acos td t  =

a2 f  cos2t d t  == a2 f ± ^ - d t  = - t  + — sin2 t + С =  - t  +
J  J 2 2 4 2

— sin tco s t  + C.2
jr --------------- jg—

Agar t  = a r c s in - v a  cost = л/ l  — s m zt  =  

ekanligini inobatga olsak, natijada,

f  Va2 —x 2dx  — — a r c s i n - + - -  1 — ^ г +  С -J 2 a 2 a-\l a2

- a r c s i n  -  +  +  - v 'a 2 — x 2 +  C. *42 a 2
hosil bo‘ladi.
Ayrim funksiyalami integrallashda, ko‘pincha, x  — (pit) 

almashtirish emas, balki, t  =  <p(x) almashtirshdan foyaalanisli 
maqsadga muvofiq bo‘ladi.

4-misol. j  Ml +  s inx  cosxdx  integrallansin.
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► Yechish: 1 +  s inx  =  t  kabi almashtirish kiritamiz. U 
holda, cosxdx ==  d t  bo‘lganligi uchun,

3 t3
4

1
J V l +  sinxcosxdx = J t 3 d t  = —  + C =

3 У(1 +  s inx)4 + C.<

5-misol. /  e x ■ x 2dx  hisoblansin.
► Yechish: — x 3 — t  deb olsak, —3x 2dx  =  dt  yoki x 2dx  =

— j  bo‘ladi. Natijada,

f  е~*ъx zd x  = f  e t ( —“ ) d t  = —^ e t + С =  —^ e ~ x? +  С 
hosil bo‘ladi. M
6-raisol. f  -—  ̂ _ : hisoblansin.

J (x+l)V x2+2x+10

► Bu yerda, t  = —̂  almashtirish kiritish maqsadga muvofiq

boiadi. U holda, x  = |  — 1 va  dx  = — ̂ 7 bo‘ladi. Natijada esa, 
quyidagini yozamiz:

~y i dt  r at  dt-  -  f ~ \ ~ I
0 c + l ) V x 2+ 2 x + 1 0  J  i f o L . i J l + s J L . i J + j o  t V t - 2 + 9  7 V 9 t2 + 1

= —  ItiI3t + V9t2 + 11 + С = —  In —— I- j----- — + 1  + C.'M
3 ' 1 3 x+l  y j [ x + i y

Eslatma. Aniqmas integrallarni o ‘miga qo‘yish 
(o‘zgaruvchini almashtirish usuli) usulidan foydalanish jarayonida 
qo‘yidagicha sxemani qo‘llash tavsiya etiladi. Bu sxemaning 
qo‘llanishini yuqoridagi 3-misolni yechish jarayoni uchun bayon 
etamiz:

 ̂ r /—5------2j  x — asint► \ а г -  x l dx  = , I =
I dx = acostdt I

/  Va2 — a2s in21 acostdt  = a 2 / |c o s t | costdt —
=  a 2 f cos2td t  =  a 2 f 1- -052t d t =  — f d t + — Г cos2tdt = =  

^ J  2 2 J  2 J 
a 2 n  2 q(2
— t  H—  s£n2t + С =  — t + — sintcost + С —
2 4 2 2

t  =  a r c s in -  , s in t  = x / a
a

cost  =  V 1  — s in 2t =  д/ l  — x 2/ a 2

a  . x  ,=  — arcsin  -  +
2 a

+ — x /1 — —r +  C =  — arcsin  -  +  -  Va2 — x 2 +  C.-*
"  \  a 2 2 a  2
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Bundan keyin ham barcha oraliqdagi hisoblasblami yozish 
Uchun ulami vertikal chiziqlar orasiga joylashtiramiz.

AT-8.4
1. f  - ~ ^ = -  (Javob: 2(л]х~+3 — ln \ l  +  \ jx  +  3 |)  +  C.)

2. J x ^ /(5 x 2 — 3) 7 dx. (Javob: — SyJ(5x 2 — 3) 12 +  C.)
______ 24

3. f - ^ ^ . V a v o b : ̂ x2Vs2+a2
■ j l + l n x4. Г--------dx. (Javob: 2 \f i  + In x  — In Inx  +

J X In X
21п\л/1 + 1 п х - 1 \  + С.)

5. J ■ (Javob: 2\/x — 4 V* + 4 ( l  +  V-*:) +  С.)
,  г d x  /  т i i x+?.+2-Jxz + x + l  , ,6. (Javob: —In ------------------- 1- C.)

'  xV x2+ x + l  v x  ’
X

C.)
7. л/144 — x zdx. (Javob: 72arcsin  — +  -V l4 4  — л:2 +

v 12 2

8. /  —4 =  (Javob: С -
J x- V x 2+9 v 9x

p2x у —
9. /  -= =  dx. (Javob: -  (ex — 2 ) ^ е х +  1 +  С.)J Ve*+1 v з v '  '
10. f - ^ = .  (Javob: In — =  + С.)

J XV1+X2 U 'W i - l  'l+V x2+ l
Mustaqil yechish uchun topshiriqlar

1. а ) /  x 3V4 — 3x4dx ;b)/  (Javob: a) —

-̂y/C4 ~  Зх4) 3 +  С) b) -V x 3 — x +  4Vx -  4 !n (l +  V* ) 8 +  C.)

2. a) f  з X dx; b ) f (Javob:
’  J  \ 9 —2 x 3 Хл/4- x 2 K

a) -  J VC9 -  2x 3)2 +  C; b) - i / n  — | + C.)

3* a)/ V l +  cos2 x sin 2 x dx; b)J - dx. (Javob: 

a)—~л/(1 + cos2 x ) 8 +  C; b) С — —  arcsin x.)

8.5. BO‘LAKLAB INTEGRALLASH
Bo‘laklab integrallash usuli deb ataluvchi usul, quyidagi

/  u d v  =  u v  — f  vdu  (8.6)
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formulaga asoslangan. Bu yerdagi, u (x )  bilan v (x )  lar 
uzluksiz differensiallanuvchi funksiyalardir. Ushbu (8.6) formula, 
bo‘laklab integrallash formulasi deb yuritiladi. (8.6) tenglikning 
o‘ng tomonidagi integral, chap tomondagisiga nisbatan soddaroq 
integrallanadigan hollarda ushbu formulani qo‘llash maqsadga 
muvofiqdir. Shuningdek, ayrim hollarda, (8.6) formulani bir 
necha marta qo‘llash kerak bo‘ladi.

B o‘laklab integrallash usulini,
x ks in a x ,x kc o s a x ,x ke ax, x n lnkx , x kchax, x kshax,

a,Px cosax, a^xs in a x ,a rcs in x ,  a rc tg x  (n, к  lar butun 
musbat sonlar bo‘lib, a,(] £  R) va boshqa xildagi funksiyalami 
integrallash uchun qo‘llash tavsiya qilinadi.

1-m isol. f  x e ~ 2xd x  hisoblansin.
► Bo‘laklab integrallash usulidan foydaianamiz. и = x  va 

dv  = =  e~2xd x  deb olsak, du  = dx  va v  = j  e~2x dx  —
— ~e~2x +  S (har doim С =  0 deb hisoblash mumkin). U holda,
(8.6) formulaga binoan quyidagini hosil qilamiz:

j  xe  2xd x  = x  ( — 2x)  — / (■-j 2x

- e  2x + C. A
4

) d x  = —~ xe  Lx -

2-misol. f ( x 2 + 2x)cos2xdx hisoblansin.

► /( x 2 + 2x)cos2xdx =
и = x2 + 2x, du = (2x + 2)dx, 

dv = cos2xdx,
i? = f  cos2xdx — -  sin2x

3 2
и = x  4 1 ,du — dx,

dv = sin2xdx,= - ( x 2 + 2x)sin2x — f ( x  + i)sin2xdx =
v — — -  cos2x

l l l 2 = -  (x 2 + 2x)sin2x + (x + 1 ) -  cos2x — j  -  cos2xdx -~
— i  (x 2 +  2x')sin2x +   ̂(x +  l )cos2x +~sin2x +  C. -4

3-misol. /  xarctgxdx hisoblansin
u = arctgx, du —

► /  xarctgxdx =

1 f x 2dx x z ^ 1 r x z + l - l  , x 1 . 1 , 1 ; dx—  I ----- = — arctqx —  I -----7- dx = — arctqx —  j dx + - I ----- =■j J l+X*- 9 J  7 J 1Д.Т-2 9 ^  9 U r ^

d x
l+xJ

dv = xdx, v = —
2

= — arctgx  —

l+x
~ a r c t g x  — j x  + ^arctgx + C.M
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I IS

J

dv ezxdx, v = - e 2x
2

-  a2x
u = cosx, du — —sinxdx,

dv = e2xdx,v = - c 2x 
2

2x •— -e  sinx — 
2

1 2x ■= -e  sinx —
2

4-misol. /  e2xsinxdx hisoblansin.
и = sinx, du = cosxdx,

► /  e2x sinxdx

— - Гe2x cosxdx —2 ■
— ~ ^ e 2xcosx — f  ~e2x sinxdx) = ^ e Zxsinx ~ ^ e 2xcosx + 

+ -  i e2x sinxdx.
4-'

Oxirgi integralni chap tarafga o'tkazsak
-  f  e2x sinxdx =  - e Zxsinx — ~e2xcosx + -C.
4 - 2 4 4

Natijada,
f e2x sinxdx = - e 2xsinx — - e 2xcosx + C.-^
J 3 3

5-misol. /  x 2ln2xdx hisoblansin. 
и = ln2x, du = 2 Inx ■ -  dx,

► /  x 2 In2 xdx —
dv = x l dx, v = —

.1
л:

r 3

f —dx -  ~ l n 2x ---- - f x2lnxdx = =J v з з

* i 2 == — In x —
3

dx

"з"

и = lnx,du = —, 
dv = x zdx, и =  x 3/3

x3l  \  x3 _ 2 .
dx — — In x ----x*lnx +

3 x ) 3  9
+ - f x2dx — - x 3ln2x —~x3lnx + —x 3 + C. ^

9- 3 9 27

AT-8.5
Aniqmas integrallarni hisoblang.
1 . J x cos 3xdx. (Javob: sin 3x +  ^cos Зх +  C.)

2. f  arccos xdx . (Javob: x  arccos x — л/ l  — x 2 +  C.)
3. / (x 2 — 2x +  5)e~x dx. (Javob: —e~x (x 2 +  5) + C.)
4. /  In2 xdx. (Javob: x ln 2 x — 2x In x  + 2x + C.)
5 Г — 7̂— dx. (Javob: — :-----1- In \ tg  -\ + C.)

J  s i n 2 .r v s in  x  1 2 1 '

J x 3e~x2dx. (Javob: — ̂ e~x2( x 2 + 1) +  C.)

J  e ^ d x .  (Javob: 2 е хг (л/х — l )  +  C.) 
f  sin(ln x)dx. (Javob: |  (sin In x — cos In x) 4- С.)
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Mustaqil yechish uchun topshiriqlar
Aniqmas integrallarni hisoblang.
1 . a) f " d x ;  h ) f  xe~7 dx-, c ) f  x  arcsin xdx.
2. a)J xellx~1dx-,b) { ln(l + x2dx); c) J x co s^ |+  l )  dx.
3. a) f l n ( x  — 3)dx; b) fxcos(2x  — l)dx; c) f  x ■ 23xdx.

8.6. RATSIONAL FUNKSIYALARM INTEGRALLASH
Ratsional funksiya deb, ikkita ko‘phadning nisbatini 

ifodalaydigan funksiyaga aytiladi, ya’ni:
R (x ) — Qm(x) -  boXm+b1xm~1 + _bm ^  

J PnW a0xn+a1xn~1+ _an vL’' ' '
bu yerda, m va n lar butun musbat sonlardir: bt, aj € R (i =

0, m ; j  =  0, n).
Agar m<n bo‘lsa, R(x) ni to‘g‘ri kasr, aksincha, m>n 

bo‘lganda esa, uni noto‘g‘ri kasr deb yuritiladi.
Har qanday noto‘g‘ri kasming suratidagi ko'phadni 

maxrajidagi ko‘phadga bo‘lib, uni biron bir ko‘phad bilan to‘g ‘ri 
kasming yig‘indisi shaklida ifodalash mumkin bo‘ladi, ya’ni: 

<2*00 „  , , <?;(*)
Pn(x) Mn~m[X) + Pn(x)

bu yerda, Mn_m (x)  va Qi(x) lar ko‘phadlardir; esa, 
to ‘g ‘ri kasr (/<«).

Masalan, ~*+2 x - \  ko‘rinishidagi ratsional funksiya, noto‘g‘ri 
kasrdir. Ko‘phadni ko ‘phadga bo‘lish qoidasidan fbydalanib, 
suratni maxrajga bo‘lsak, quyidagini hosil qilamiz:

x 4 + 4 _ - 3 3 *  + 1 4
=  x 2 -  3x  +  10 +

x  + 3x  — 1 x 2 + 3x — 1
Ma’iumki, ko‘phadni osongina integrallash mumkin, shu 

boisdan, har qanday ratsional funksiyani integrallash, to‘g‘ri 
kasrni integrallashga keltiriladi. Bundan buyon, m<n shartni 
qanoatlantiruvchi R(x)  funksiyalami integrallash masalasini 
o‘rganamiz.

Eng sodda kasr funksiya deb, quyida keltirilgan 4 xildagi kasr 
funksiyalaming biriga aytiladi:

И J L  • 2) ■ A •
' x -a  ’ ^  (x-a)* ’
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Mx+N .. Mx+N
3> ---------- ' 4 i --------------

'  x 2+px+q  ’  (x 2+p x+ q)k
bu yerdagi A ,a ,M ,  N, p, q lar ixtiyoriy sonlar bo‘lib, к  esa 

(k>2), butun son hamda p 2~4q<0.
Birinchi va ikkichi xildagi eng sodda kasrlami integrallash 

bevosita integrallash yo‘li bilan amalga oshiriladi, ya’ni:
J  = A ln jx  — a\ + C,
J x - a

f 7— zvdx = A ( ( x  -  a)~kd (x  — a) =  ------ ---------- 4  C.
3 (x - a ) k 3 4 J v '

Shuningdek, uchinehi va to'rtinchi xildagi eng sodda 
kasrlami integrallash usullari esa, §8.4 da qaralgan edi.

Demak, har qanday eng sodda kasmi integrallash, elementar 
funksiyalar orqali amalga oshirilar ekan.

M a’lumki, koeffitsientlari haqiqiy sonlardan iborat bo‘lgan 
har qanday Pn (x)  kabi ko‘phadni haqiqiy sonlar sobasida 
quyidagicha ifodalash mumkin bo‘lar edi:

PnO ) =  a 0(x -  a x) fci ... (x -  ap) ke ■
■ ( x 2 4  ргх  4  q ... ( x 2 4  psx  4  qsy*  (8.8) 

bu yerda: a u (ti...., aplar Pn (x)  ko‘pxadning mos ravishda k\, 
кг, . /ср karrali haqiqiy ildizlari bo iib , py 2 — 4qy <  0 (y =  1 , s')

kt + k2 +  ... 4fep 4  2 t i  4  2t2 4' ... 4  2 ts =  t i , .

(k u k 2, — itp  lar m anfiybo‘lmagan butun
sonlardir). U holda, quyidagi teorema o‘rinlidir:

Teorema (to‘g ‘ri kasrni eng sodda kasrlar yigHndisiga 
yoyish).

Maxraji (8.8) kabi ко 'rinishda tasvirlanadigan har qanday
(8.7) to ‘g  ‘ri ratsional kasrni har doim yuqorida keltirilgan 1—4 
xildagi eng sodda kasrlarning yig ‘indisi shaklida yoyish mumkin 
bo ‘ladi. Xususan, (8.8) ifodadagi har bir k, karrali ar ildiz 
(r =  1 ,/?) ((x — ocT) kr ko'paytmaga) ga, yoyilmada qicyidagicha 
ко ‘rinishda bo ‘Igan kr kasrlar y ig ‘indisi mos keladi:

+ ^ + -  + 7 ^ Г г («•«)x - a r ( x - a r) 2 ( x - a r ) k -
Pn (x ) ko'phadning har bir ty karrali ju f t  o'zaro qo'shma 

bo ‘Igan kompleks ildizlar
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( {х2 + рух + I?y) ty ko 'p a y tu vch ila rg a ) ga esa, quyidagicha ty 
dona elementar kasrlarningyig‘indisi mos keladi:

MiX+Nt [ M2x+N2 __ | Mty)rH-.Vty “"8 10")
x z +pYx+qY (х^+РуХ+ЦуУ (x 2+pYx+qYy y  ’

Yuqorida keltirilgan yoyilmalardagi A, M, N  laming 
qiymatlarini aniqlash uchun ko‘pincha noma’lum koeffitsientlar 
usulidan foydalaniladi.

Mazkur usulning mohiyati quyidagichadir:
Berilgan to ‘g‘ri ratsional kasr R (x)  ni (8.9) va (8.10) kabi eng 

sodda kasrlarning yig‘indisi ko‘rinishida yozib olamiz. U esa, o 'z 
navbatida ayniyatdir. Shuning uchun, barcha kasrlarni urnumiy 
maxrajga keltirsak, suratda ( n - 1 ) darajali Q n-i(x)  kabi ko‘phad 
hosil bo‘ladiki, u esa, o ‘z navbatida (8.7) ning suratidagi 
Qm (x)  ko‘phadga aynan teng bo ladi. Ushbu ko‘phadlar oldidagi 
koeffitsientlami x  ning darajalariga nisbatan tenglashtirib, A, M, N  
(indekslari bilan) noma’lum koeffitsientlarga nisbatan n 
noma’lumli n ta algebraik tenglamalar sistemasini hosil qilamiz.

Hisoblash ishlarini soddalashtirish maqsadida ayrim hollarda 
quyidagi mulohazadan foydalanish ham mumkin, ya’ni, 
Qm (x ) bilan Qn~i*(x) ko‘phadlar ayniy teng bo‘lganliklari 
sababli, x  ning har qanday sonli qiymatlarida ham ulaming 
qiymatlari o‘zaro teng bo‘ladi. .т ga muayyan qiymatlari berib, 
noma’lum koeffitsientlami aniqlash uchun tenglamalar 
sistemasini hosil qilamiz. Mazkur usulni odatda, xususiy 
qiymatlar usuli deb yuritiladi. Agarda, * laming qiymatlari 
maxrajning haqiqiy ildizlari bilan bir xil bo‘ladigan bo‘Isa, bitta 
noma’lum koeffitsientga nisbatan tenglamaga ega bo‘lamiz.

1 -misol. f - ■ ■ 2хч 3—- d x  hisoblansin.
J x ( x -  1)(лг-2)

► (8.9) formulaga binoan, quyidagini yozamiz: 
f  (2x — 3)dx с (А В С \

J x ( x - l ) ( x - 2 )  = J { x + ^ T  + ^ 2 ) dx (1)
Agarda, mazkur yoyilmadagi kasrlarda umumiy maxrajga 

keltirilsa, u umumiy maxraj integral lanuvchi funksiyaning 
maxraji bilan bir xil bo‘lib, ( 1 ) formulaning chap va o‘ng 
tomonlaridagi integral ostidagi ifodalaming ham suratlari aynan 
bir xil bo‘ladi, ya’ni:

2x — 3 =  A (x  — 1)(л: — 2) +  B x (x  — 2) +  C x(x — 1) (2)
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Mazkur ayniy teuglikning har ikkala tomonida x  ning bir xil 
darajalari oldidagi koeffitsientlami tenglashtirib quyidagi 
tenglamalar sistemasini hosil qilamiz:

x 2 0 = A  + B +  C ' 
x 1 2 =  - З А  - 2 B - C  
x° - 3  =  2A

va uni yechib, A=-3/2, B= 1, 0=1/2 lami topamiz.
Endi, yoyilmadagi koeffitsientlami xususiy qiymatlar usuli 

yordamida aniqlaymiz. Shu maqsadda, (2) ifodadagi x  ning 
o ‘miga maxrajning ildizlari bo‘lgan a L =  0, a 2 = 1 , v a  a 3 =  2 
xususiy qiymatlami qo‘yamiz. Natijada, -3=2A, -1 =-B, 1=2C lar 
yoki ulardanу4=-3/2, B= I, C= 1/2 lami topamiz.

Ushbu topilgan qiymatlami keltirib, (1) tenglikka qo‘ysak,

/  i(x  -  2 ,dX = /  ( T 2‘+ 7 = 1 + 7 = 2  )  ■dX =

=  —^ln \x \  +  ln \x  — 1| + ^ ln \x  — 2 | +  C*
ni hosil qilamiz (bu yerda, C*, integrallashdagi ixtiyoriy 

o ‘zgarmasdir). <
2-misol. f  -— ------- - hisoblansin.

J ( x - l) ( x + i) 2
► To‘g‘ ri kasmi eng sodda kasrlarning yig‘indisi ko‘rinishida 

ifodalash haqidagi teoremaga ko‘ra, quyidagini yozamiz:
r xdx __ r /  Л В ■ C \ ,

^  C r ~ l ) ( j t+ 1 ) 2 J \ j t —1 (X + l ) 2 X + l ) a *
Umumiy maxrajga keltirilgandan so‘ng,

* x  = A {x + l ) 2 + B { x - l )  + C{x2 - l ) ( l )
ni hosil qilamiz.
Agar x  =  1 va x  — — 1 deb olsak, 4A =  1 va —2В =  —1 ni 

va A — 1 /4  , В — 1(2  larni topamiz. Uchinchi noma’lum С 
koeffitsientni aniqlash maqsadida ( 1 ) tenglikdagi x 2 ning oldidagi 
koeffitsientlami tenglashtirib, О=Л+С ni va undan, С = — 1 /4  ni 
topamiz. Natijada,
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J xdx
(x -  l ) (x  +  l ) 2

1/4

■ / ;

7 ;
Г —1/4  1 , , 1 1  1

+  I -------d x  =  - /n jx  -  1 | -------------------- ln\x +  1|
)  x +  1 4 ' 2 x + 1 4

x - 1  
, 1/ 2

X +  1
1  1

■+C*2 x + 1
1

+ C* = -Zn 4
ni hosil qilamiz. -4
3-misol. f -— ~ ~ —- hisoblansin3 (x—l)(x2+l)
► Yuqorida keltirilgan (8.9) bilan (8.10) formulalarga binoan 

integral ishorasi ostidagi ratsional kasrni eng sodda kasrlarning 
yig‘indisiga keltiramiz.

r xdxI
(x - l ) ( x 2+ l)

f (_d_ +  Mx+N\  dx  — f  ^(*2 + l)+ (M x+ A Q (x -l) ,
3 V x -l x 2+ l /  _   ̂ ( x - l ) ( x z + l)

Bundan esa, x  =  Л(л:2 4-1) +  (M x + N )(x  — 1) ni hosil 
qilamiz.

Ushbu tenglikda x  =  1 deb olsak, l=2A yoki /4=1/2 ni

- - I  dan esa, M - —H2 bilan JV= 1/2 lami topamiz.• x  ̂topamiz. n
x u

U holda:
л .rdx

A-

J (x—l)(x * + l)  J \ac x 2+ l )  2 4

^ a rc tg x  + С M

4-misol. I ( x ) =  f * —- d x  hisoblansin.
v 1 3 x 3+Zx2+Sx

► Integrallanuvchi funksiya noto‘g‘ri ratsional kasr
bo‘lganligidan, suratni maxrajga bo‘lib, uning butun qismi bilan
to‘g‘ri kasr qismlarini ajratib olamiz:

x 4+ 3 x 2- 5  „  , 2 x 2+ 1 0 x —5= X  — 2 +
x 3+2x?+Sx x 3 + 2 x 2 + 5 x

Endi. (8.9) va (8.10) formulalarga binoan,
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, W » / U - Z)d *  + j ^ ^ d x  = lS 3 £  +

[A , Mx+N \  ,- + —----  ax
x x 2+2x +S/

ni hosil qilamiz.
Oxirgi integral ostidagi ifodada umumiy maxraj topib, 

fonglikning chap va o‘ng tomonlaridagi suratlami tenglashtirsak, 
2x2 + lOx — 5 = A (x 2 + 2x + 5) + M x2 + Nx ni hosil 

qilamiz.
Bu yerda, x ning darajalariga qarab ular oldidagi 

koeffitsientlami tenglashtirib, quyidagiga ega bo'lamiz:
2 = A + M  )

10 = 2A + N\
- 5  = 5,4 >

Mazkur sistemani yechib, A=— I, M=3, N~\2 lam i topamiz. U  
bolda:

l{x ) = ~ —  + / (- -  + -f +12 ) dx = ^ ^ - ln \ x \  +2 J  \ X х г+2х+5J  2 1 1
3 f  2X+2+6 jx - 2 ?  ■ 3 с (2x+2)dx , 0  f  dx
2 ^ X 2+2x+5 2 ' 2^ x2+2x+5 ^  (x +1)2+4

-* ---- ln\x\ + т;1п\х2 + 2x + 51 + - arctg + C. A
2 2 2

AT-8.6

1. J  * 4 — dx. (Javob\ ln ~ -2\ + C.)
J  x 2-5x+6 v \x-3\- ’

_ /-жэ+л:4- 8  , , , , x 3 дг2 . , |х20 - 2) 5| , „  .2- J —T T ~  ax• (Javob: — +  — +  4 + In —-- -- + C.J  * 3-4x 3 2 I (*+2) 3 I 7

3. / -- -1 d*. (Javob: x + -+  I n + C.)
J  v л: \X\ '

. r  xz-2x+3 i . , т. i  , , Л х - г Х х - з )  , _  ,
4- d z -<Лто4: + in ----- FT ' + C >
_  Г {2x2~3x-3)dx  ,  , , ,./(x2-2x+5) 3
5* (Javob: In'— +

I  arctg ~  + C.)

6’ -f (Javob: \ a rct9 x + \ In | ~ |  + C.)
7. / 7—~7TTm— ~2 • (Javob: ~ y ~ -  — - ln\x + 11 +J (x + l)(x 2 + l )2 2 1 '

■j/n( 1 + x 2) -f C.)
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Mustaqil yechish uchun topshiriqlar
,  r dx . , p 4 dx

(x-lXx+2)(x+3 ) '   ̂ J  x(.e2+4) ‘

(Javob: ь)± 1п  + С ■ b) in5f r  + C'■)(x+2)4 ’ "  ’ “ |x|
_ .. Г 2x2+41x-91 j U4 r dX

J  ( x - l ) ( 2 +3) (x - 4) X ’ -I x (x+ l)2 '

(Javob: a) In (x ^ (* 4) + C; b) —  + In —  J + С .)
v '  (x+3) 7 J  x+ l x+ l I ’
~ л r dx , , r 13 dx
3- a) j ^ I7 T ;b ) Jx(x2- l )  J  x(x2+6x+13)

(Javob: a) In ----1 + C; b) I n . + Sarctg —  + C.)
\x\ Уя^+бх+ХЗ 2

8.7. AYRIMIRRATSIONAL FUNKSIYALARNI 
INTEGRALLASH

Har qanday irratsional funksiya uchun elementar funksiyalar 
orqali ifodalanadigan boshlang4 ich fiinksiyani topish har doim 
ham mumkin bo‘lavermaydi.

Quyida, ayrim irratsional funksiyalaming integrallarini qarab 
o‘tamizki, ular o‘z navbatida biron bir o‘miga qo‘yish usuli orqali 
yangi o‘zgaruvchiga nisbatan ratsional funksiyalami 
integrallashga keltiriladi.

Quyidagi f  R(x, J  dx kabi integralni
qaraylik.

Bu  yerda: R- ratsional funksiya bo‘lib, a, b, c, d lar ixtiyoriy 
sonlar, r,, st ( i = 1 , у )  lar esa, butun musbat sonlar.

Mazkur integralni - um almashtirish orqali yangi
o‘zgaruvchi и ga nisbatan ratsional fiinksiyani integrallashga 
keltiriladi. Bu yerda, m =EKUK (si,$2 ,...,s7) dir.

/  l i
Xususan, f  R  I x ,xsi, . . . , x sy J dx kabi integral x=um 

V /
almashtirish orqali ratsionallashtiriladi.

1-misol. f i ^ X- hisoblansin.
J  Vx*+4

► Bu yerda, EKUK(2,4)=4 bo‘]ganligi uchun x=u 
almashtirish kiritiladi, ya’ni:
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= 4/

— ~ln\u3 + 4| + С =

= - V x 3 — ~ ln \ V x 3 + 4j + C.
(chunki, u = Ух  edi). M
2-misol. f + hisoblansin.J Vx+i+vx+i
► Bu yerda, E K U K  (2,3,6)=6 boiganlig i uchun
/■ V x + l dx _ \ X  +  1 =  U 6 \ _  r u-6u5du _  ^  л u4du _
) vx+I+V^+i \dx = 6u5dv\  ̂ u3+u2 '" J  u+l

= 6 f (u 3 — ii2 + u — 1 + du = - it4 — 2u3 + 3u2 —
-  \ u + l /  2

6 u + +6in|u + l|  + С = — */(x + l )2 — 2 Ух + 1 + 3Vx + 1 —
6Vx + 1 + +6in{V3T+T + 1 | +

Eslatm a: V ax2 + bx + с ga nisbatan ratsional bo‘lgan ayrim 
irratsionalliklam i integrallash §8.3 va §8.4 larda bayon etilgan 
edi. . P (x̂ dxQuyidagi ko‘rinishdagi integralni qaraylik J , n. Г  =.

Bu integralni har doim quyidagicha yoyish mumkin bo‘lar 
ekan:

/  т Ш Ь  = <?«-*'M  ■Va* 2 + + c + / v s f e .  (8 1  ‘>
Bu yerda, A E R hamda QK_x (x ) esa, koeffitsientlari 

nomaium boigan (и- l) darajali ko‘phad bo iib , uning 
koeffitsientlarini aniqlash uchun (8.11 ) ni differetsiallab 
yuboriladi. Natijada hosil boigan ayniyatdan, ham Qn- i (x) ning 
koeffitsientlari, ham I. ni aniqlanadi.

I 2
3-misol, f ——  dx hisoblansin.

Vx2+4
► (8.11 ) formulaga binoan,
J  ? ~ ~ r d x  = (A x 3 + fix 2 + Cx + D )Vx2 + 4 + Я /  
ni yozib olamiz.
Oxirgi tenglikni differensiallab, quyidagini hosil qilamiz

(■ л/xdx _  г x2dx _  J X  =  и *  I
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X2 
X1
х °

V" +4 H A x * + B x 2 + Cx  + D ^  + J = {  1)
Tenglikning har ikkala tomonini Vx2 + 4 ga ko‘paytirsak, u 

holda:
x4 + 4x2 = (3Ax2 + 2 Bx  + C )(x 2 + 4)

+ (Л х3 + B x 2 + Cx + D) • x + A 
Noma’lum koeffitsientlar usulini qo‘llab, quyidagi 

tenglamalar sistemasini aniqlaymiz, ya’ni: 
x4 1 = 3 A + A  > 
x3 0 = 2 B + B

4 = 12Л + С + В
0 = 4B + D
0 = 4C + Я ,

Bu  sistemani yechib, 4̂=1/4, 5=0, C=l/2, D=0 va ?*,=—2 lam i 
topamiz.

Natijada,
/■ x4 + 4x2 x3 + 2x <—---  I r—---
i . dx = -------J x 2 + 4 — 2fn jx + y x 2 + 4 + С
J V^T4 4 '
ni hosil qilamiz.
Differensial binom deb ataluvchi ifodaning integrali, 

/  xm(a  + +bxn) pdx ni (bu yerda, a va b lar noldan farqli 
bo‘lgan o‘zgarmas sonlar bo‘lib, m, n, p lar esa, ratsional 
sonlardir) integrallash uchun uni Chebishev almashtirishlari 
yordamida ratsional funksiyalaming integrallariga keltiriladi. 
Quyidagi uch hoLni qaraymiz:

1) agar p  butun son bo‘ladigan bo‘Isa, yuqorida ко‘rib 
o‘tilgan eng sodda irratsional funksiyalami integrallash holiga 
kelinadi;

2) agar (m  + l)/ n  butun son bo‘ladigan bo‘lsa,
у

a + bxn = us,p = - ,s > 0 kabi almashtirishqo‘llaniladi:
S

3) agar — — I- p butun son bo‘ladigan bo‘lsa, a + bxn — 
usxn kabi almashtirish kiritiladi.

dx 
x 7^ll+x*

= (3Ах2 + 2Вх + Ол/х2Т 4  4-

4-misol. f hisoblansin.J y7,/ij.v4
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► Bu yerda, m = —7,n — 4,p = —1/2 bo‘lganligi uchun, 
+ p = = —------ — —2 butun sondir. Shu boisdan,n r  2 2 ’

yuqorida qaralgan 3-holdan foydalanamiz:
I4 x 4

r  dx

X 7yj 1+X4

u2x4

X =  (u 2 

(u2 -

V  1+X4

- i r ;
dx = —~ (u 2 — 1 )~5/4udu 

=  J (u 2 — 1)4 ■ U-1 ■ (u 2 — 1)3 ^“ 2)  (U2 ~  l ) _4wdu

= — ~ f (u 2 — 1) du -  — ~u3 + -и + С = |u 2J K '  6 2 I
= (— + - t )  V fT x 7 + c. ^V 6x6 3z2/

AT-8.7
Aniqmas integrallami hisoblang.
1 .

2.

3. /

—— 7=. {Javob: - InW bx  4 4| + C.)

/*# £ = ■  (^ avo b ^ V F + H ^  + H in j^ V F - ll + C.)Ух^-Ух
dx

_____  ,,---=. (Javob* (-у/ Зх + 4 -  2V3.r + 4 +
л/ЗЖ+4+2 V3X+4 V 3 V2

44- Ц У З зГ+ 4  4  2 1 )) + С.)

4.

5.

6.

dx
(./avob: 4 (iV *  + 7 7 x 4  49ta|Vx -  7| 4  C.)y[x-7%[x '

[*  (Javob: In [■—l l- 'p - f j + 2arctg j:
1̂ i+ x  x  IV l+ x+ Vl—*1 1+x

f  x 5 V (1  + x 3y-dx, (Javob: ~ У  ( 1 + x 3) 8 -  i  У (1 + х 3) 5 + С.)

4  С.)

Mustaqil yechish uchun topshiriqlar
Aniqmas integrallam i hisoblang.
1 . a)/ dx; b ) J - % L .VF+ l 4x̂ +2
(Javo 6: a) ± (V F  -  ln (V F  + l ) )  + C; b)

2

+ C.)
. f VF- 3V£,  14f a) j- y = - d x - , b ) J 4xdx

(.Javob. Vx® — --- 4  C; b)3 Vx 4-1 -  4(x -f 1) + C.)
V 6?+1)2'+V*+1+1 '

3- а) / т г ё ^ ь>.Ь
13

4xdx
\fx +\fx ‘ V (3 x - 8 )2-2 V 3I--8+4 '
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(Javob: a) 6 + \lx — ln ( l  + V x ) + C. ̂  ;
,.ч1з/тг:--;PCT , 8 ,0__ «л , „4b )i V (3 x  -  W  + 1 (3x -  8) + C.)

8.8. TRIGONOMETRIK IFODALARNI 
INTEGRALLASH

f  R(cosx ; sinx)dx  (8.12)
integralni qaraymiz. Bu yerda, R ratsional funksiya. Bu 

xildagi integralni integrallash, universal almashtirish deb 
ataluvchi tg - = и kabi almashtirish yordamida yangi и 
o‘zgaruvchiga nisbatan ratsional fiinksiyani integrallashga 
keltiriladi. Bu  yerda,

1 — u 2 2 и 2 du
cosx = ------ , sinx = ------ , dx = ------ (8.13)

1 + u2 1 + u 2 1 + u z
belgilashlar inobatga olinadi (§8.6 ga qaralsin).
1-misol. f --- —--- hisoblansin.

J  l+sinx+cosx
► tg^ = и deb olib, (8.13) lardan foydalansak, quyidagiga 

ega bo‘lamiz:
Г--- £ --- = = J ^ L  = ln\t +u\ + С =—

J  l+sinx+cosx 11  i u 1+11
1+u2 1+U2

ln\l + tgZ\ + C.<
Agarda, R (—cosx,— sinx) = R(cosx,sinx) kabi ayniyat 

o‘rin li bo‘Isa, integral belgisi ostidagi funksiyani ratsional 
ko‘rinishga keltirish uchun nisbatan soddaroq boigan tgx = и 
almashtirishni qoilash mumkin. Bu yerda esa,

и 1 du 
sinx — . ----- ,cosx — __ __ _ , dx = ---- - (8.14)

y r+ 1?  y r+ T ?  1 + u2
kabi ifodalar inobatga olinadi.
2-misol. f  — hisoblansin.

J  3+sm2x
► tgx — и deb olib, (8.14) lardan foydalanamiz:

du
c dx r  TmT? r du 1 , 2u t ~I ----— = j - 1+u2 — --- - = —TL-arctq~p. + С
J  3+sin x J  2 ; 3+4u ‘ 2V3 a  л/3

1+u*
—7= arctg  + С.. A2V3 \'3

3-misol. / tgs2xdx ni hisoblang.
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► Bu integralni hisoblash uchun tg2x = и almashtirish
kiritamiz. U  holda, x = ^arctgu va dx — larni inobatga
olib, quyidagiga ega boiam iz:

f tg s2xdx — - f  u 5—̂ —rdu = - f ( и 3 — u H— du -- —3 a ZJ l+M2 2 \ 1+W 8
-u2 + + - ln (l +гг2) + С = - tg 42x - - t g 22x + ^ 1п(1  + tg 22x) + C.<4
4 4 8 4 4 c

/ f(cosx)si.nxdx va f  f(sinx)cosxdx  kabi integrallami 
hisoblash uchun mos ravishda cosx = t va sinx = t 
almashtirishlardan foydalanish maqsadga muvofiqdir.

4-misol. f dx hisoblansin.
► cosx = t deb olamiz, u holda:

f ^ - d x  -  f ^ ^ s i n x d x  = f —  f-d rt -  -  f — + f —J coŝ x - j coŝ x smxax - j t* 1 at) _
= -t~3 ~ - + C  = - - - 3--- — +  C.M

3 t  3 cosax  cosx
» . , x r cos2xdx , • 1 ,5-misol. 1= T7=========== hisoblansin.

J  y (2+ 3sin2xY
► 2 -f 3sip.2x = t 3 deb olsak, cos2x = - t2dt boiadi. U  holda:2

I = - f ^  = - f d t  = - t + C =  - 3J  (2 + 3sin2x) + C. ̂2 J уТб 2 2 2 v v y

AT- 8.8
Berilgan aniqmas integrallar hisoblansin.

1. I

2. I
3. I

4. I

5. I
6. /
7. /
8. ;

dx .(Javob:- in
3 + 5 co sx  4

+ C.)
dx , 1 . \!3 tg  x---;----- T-. Uavob: -?= arctq— =— h S.)

3 s in 2 x+5 co s2 x  v V I S  д VI 7

dx ( T U I  \tsl~5------ . (Javob: in I—i—
8 —4 s in x + 7  co sx

+ C.)
1 3

+ C.)

-.(Javob: - ~ lnу 4 ,/-» ‘3s in 2 x+3 s in x  cos я +cos2 jc V13

11 13
7*43  —\f%

+ c.)-tgx+3-\T3

2t,gx+3+V3

v 8 2 96 '
cos4x + s in 4 x , , 1 ,  l l+ t f lx j  1 . ,— ----- —  dx. (Javob: - I n ---- + - sm x cos x + C.)
cos x —sin  x 4 |1-(до:| 2

---d* . . (Javob: ln\tgx\----^ — I- C.)
cos ж sin^ x  2 s i r  x
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M ustaqil yechish uchun topshiriqlar
I .  a ) / 3̂ = d x ;  b ) / — £ — .y/cos4x 4—5 sin#

{Javob: a)~cos %  л: -  3 cos'Vs x + С; b) - fnl 1 -*V " j + С )
5 з |ztg|-i| '

7  .,ч  Г c° s 2 x  r  s in  xdx
2'
(Javofo : a)^V3 + 4 sin 2x + C; b) —^  + x + C.)

4 i+tsy
3. a) r « ^ L = .; b) [ si- xdx.

yJ(3+2COS3X) 2 l+COS2 *

Uavoir, a )iV T + T co s3 x  + C; b)42arctg -  x + C.)

8.9. 8- BOBGA DOIR INDIVIDUAL UY TOPSHIRIQLARI 
IUT-8.1

Aniqmas integrallam i hisoblang (1—5 topshiriqlarda 
integrallash natijasini differensiallab tekshiring).

1 .
1 1  j  3+Vs*-2x djc> 1.12. f  (xVx -  ~  +  l )  dx.

i .2. J -—~~^——dx. 1.13. f (x2 - ^ - 3 ) d x .

*•3. J ^ | | ^ d x . 1.14. f 3̂ L ~ 2/ 5+3dx.
t  л г  2 V x —x ^ + 3  , - Л / х
1-4. J 3̂ — dx. 1.15. / ( —  + 2x3 — 4)dx.
1 e f Vx-2x+5 (  r'&~3x*+2 ,U5-J— ^ — dx. 1.16. J ------- ------dx.
1.6. f l x3r ^ + 4 dx 1.17. / (2x3 -  3VF + l)dx.

1 .7 ./ r W - JW + 3)d x . 1 .18 ./ Н ^ й х .
\ X  l

' 1 .19./ 2 ^ * .
VX 0 4 3>—y

9 S r -  i  i n  Г 3 X * - \ X *  +  1 ,

1.9. J  —  - dx. f  ^  ~ dx-

1 .10. / -2- ~ f +4dx. 1 2 L ^ "  + 4)
r Т ^ - 5ж2+з 1-22. f ~ 2x +б dx.

1 .11 . J  -  3 dx.
1.23. / & ^ d x
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1.24. j ( V x - H l + 2 )d x .

1.25. f  (У х  -  ~  + 2)  dx.

1.26. J - dx.

1.28. / (  

1.29. I  (

„
>/X3,—vx

”  + б ) dx.
* 7 \

1.30. f ^ . - 1 / р  + 2)d x .

dx
Vl+x" 

dx

dx

2 .1 . J  VTT"xdx.
2.2. / V l + xdx.
2.3. / ^/(1 + x )2dx.
2.4. Г ■J -1

2.5. J

2.6. / 37= .J V2+X
2.7. / (1  — 4x7)dx.
2.8. / (1  + 4x )sdx.
2.9. J(1  -  3x)4dx.
2.10. /  V T T 3 x dx. 

/ V5 — 4x dx.
r da:
J  T

J 
/

 ̂’V2-5z_
/ V3 — 2x dx.

2.11.
2.12.
2.13.

2.14.

2.15.
2.16.

V5+3x
dx

7(1-4Ж)5 ' 
dx

V (3 - 4 X )2 ‘
dx

J V l + 3xdx. 
f  H i  + 3x dx.

h  ^
dx

2.17
2.18
2.19. , ______

V (3 - x )s

2.20. / 3̂ = .J УЗ+х
2.21

2.22 
2.23

dx
(2+*)3 ■

J  V5~^~2xdx.
j  V5 — 4x dx.

2.24.
J  V (6 - 5 x )2dx.
2.25. f  4 T ~ S x dx.
2.26. / V4 — 2x dx.
2.27. / V3 — 4x dx.
2.28. / V'3 + 2x dx.
2.29.

f  V (3  + 5x)3dx.
2.30. f  (2 - xYdx.

3.2. /

3.3. j

3-x
dx

3x+9
dx

2—3x"

dx
3

3.4. f —J 1—4x
3.5.

J  2+3x
3.6. f- ^ L .

2—5x

dx
3x-2‘

dx
3.7. /

3.8. /
# 2x+3

3.9. / — .
J  3x—4
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J

3.10.
r  dxI ____
J  4-3x"
3.11.

r  dx 
' 3X+4
3.12.

r  dx 
4X-2'

3.13.
dx 

5-3x'
3.14.

dx 
4—7x"
3.15.

dx 
5x-3"

3.16.
dx 

3—2x'

J

/

4.1. J  sin(2 — 3x) dx.
4.2. / sin(3 — 2x) dx.
4.3. / sin (5 — 3x) dx.
4.4. /  cos(2 + 3x) dx.
4.5. /  cos(3 + 2x) dx.
4.6. J  sin(4  — 2x) dx.
4.7. /  cos(5 — 2x) dx.
4.8. /  cos(7x + 3) dx.
4.9. / s in (8x — 3) dx.
4.10. / sin(3 + 4x) dx.
4.11. JT sin(3 — 4x) dx.
4.12. / cos(4x + 3) dx.
4.13. / cos(3 — 4x) dx.
4.14. / cos (2 + 5x) dx.
4.15. /  cos(3x + 5) dx.

3.17.
c dxi --—
'  5+3x
3.18.

r  dx i -- -
’ 3—5x"
3.19.

f  djr 
> 5+4x"
3.20.

! 6-3*
3.21.

dx
f

f

6+5X
3.22.

dx

f

1-7Х
3.23.

dx
l+6x

4.

3.24.
r dx
' 2 + 7x'
3.25.

r dx 
’ 7-3x'
3.26.

dxJ
I

5-2x
3.27.

dx 
2x+7~

3.28.
г dx

2x+9
3.29.

dx 
lx - 3 '

3.30.
dx 

6x+ l

J

I

4.16. J sin(4x + 3) dx.
4.17. / sin(5 - 3x) dx.
4.18. / sin(3x + 6) dx.
4.19. / cos(5x — 8) dx.
4.20. / cos(3x — 7) dx.
4.21. j cos(5x — 6)  dx.
4.22. / sin(7x + 1 )  dx.
4.23. J cos(7x + 3) dx.
4.24. / sin(7  - 4x) dx.
4.25. / cos(3x — 7) dx.
4.26. J  s iri(8x — 5) dx,
4.27. f cos(8x — 4) dx.
4.28. / sin(9x — 1 ) dx.
4.29. / cos(10.* — 3) dx.
4.30. f  sin(9x + 7) dx.
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\'9х2 + з' 
dx

9х2+3' 
dx

л/9х2- з‘
dx

J  9x2-3
5.2 ./ - d* ̂ л/
5.3. /
5.4./

5.5. /-

5.6. J

5 .7./

5.8. /

5.9./

5.10. / - _ — .
J  V3—5x2

5.11. J t jS U1 V5x2+3

5.1

dx
7X2-4' 

id x
J lx 2̂ '

dx
5x2+ 3 ' 

dx
Sx2 -3 ‘ 

dx

5.12.

5.13.
5.14.

5.15.

5.16.

5.17.

5.18.

5.19.

5.20.

5.21.

л/ф^х2' 
• V5 dx
V3-4X2'

dx
\2 x 2-9 

■ dx

5.
dx

I
2x 2+7

dx

/

v'3x2+ l’
dx

3x2 + 2 '
V2dx

V7-2X2 ‘ 
j- Vl4dx.

J  2x2—7" 
г dx
■* 8x2+9 " 

dx
3x2- 2 'J

5.22.

5.23.
5.24.

5.25.

5.26.

5.27.

5.28.
5.29.

5.30.

dx
J  4x2+3"

/
V 4x2 + 3‘ 

dx
V3-4xr

Г
■' V9-8x2'

/ “  
;

/

4x2- 3 ‘ 
dx

8x2 —9 '
dx

4x2+7 
<• 2dx

•* 4+3xz ' 
г 2 dx
■I V4x2 —З'

6.1 . / 

6.2./

6.3. /
6 .4 ./

6.5./

6.6./

2 xdx
V5-4x2'

xdx
V5-3x*
Sxdx

4x2 + 1 
4xdx

V3-4X2 
2 xdx

V8x 2-9
4xdx

V4x 2+3
6.7. / — *

6.8./

6 .9 ./

6.10.

>/9-8x2
л/Зах

\/3x 2-2  
2 xdx

\l2xi -2 
r 2 xdx
J  J 7 - 7 r ?

6.11.
6.12.
6.13.

6.14.

6.15.

6.16.
6.17.

6.18.

6.19.

6.20.

/
6.

xdx
2x2—7 ' 
xdx

3x2+8' 
2xdx

f 3x2-7 
r 2xdx
J  лЯV2x2+5 
г xdx
■I 4T~
I

J:

V7~3x^ 
xdx

2x2+ 9 ' 
5 xdx

y/3—5x2'
xdx

>J 3x2+3 
Sxdx

V5x2+3-
xdx

3x2—6 '

6.21.

6.22.
6.23.

6.24.

6.25.

6.26.

6.27.

6.28.

6.29.

6.30.

r xdx
 ̂ Sx2+1 ' 
/• 5xdx
' 5x2- 3 ' 

xdx
/ 2X2—7 ' 
r 9xdx

V l—9x2' 
3 xdx

9x2+2' 
5xdx

л/7х2 —l" 
3 xdx

V9x2 + S' 
г 2xdx

J  5x2- 3 ‘ 
r xdx

/
3X2- 2 ' 
7xdx

7x 2+1'
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/ :

/

7.1.
dx

'Л х 2-3
7.2. f
7.3.
dx

yl2̂ Sxr

7.5. f -  *

dx
2xz—5 '

dx

7.6.
dx

^  y/Sx2+ l

7.7. /
7.8.
dx

2x 2+ 3 '

dx 
2xz+9’

V9-2xz‘
7.9.
dx 

V 9x2+2‘
7.10.

/  "

/

5x2—4 '
7.11.

dx 
3x2- 7 '

/

/

7.12.
dx

3x 2+7‘
7.13.

dx

7.

bx1—! '
7.14.

dx
7x2+6'

7.15.
dx 

\iT-3x2 ’
7.16.

г dx 
' 6*2+ i'
7.17.

r dx 
'JSx i - l

7.18.
dx

3x2- S '
7.19.

dx
V2-3x2

7.20.

J- 7 ^ ?-J  V8-3X2
7.21.

dx
\'3x2+BI

3x2—2 '

8.1. J e2x~7dx
8.2. J e 3+5xdx
8.3. Г e2~3xdx
8.4. J e2*+1dx
8.5. /  e7*~2dx

,5x-7 dx8.6. / 1
8.7. /  e5*+7dx
8.8. /  e 7~2xdx
8.9. J  e3-4X dx.

8.
8.10.

J e 1(1*+2dx.
8.11.

/  e 2x~10dx. 
8 . 12.

/ e4*+3dx.
8.13.

/  e 4*+5dx.

8.14.
/ e6x_1dx

8.15.
/  e s~2xdx.

8.16.
/  e4-3*dx.

8.17.
/  e 3~5xdx.
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8.18. 8 .2 2 . 8.27.
/ ei ~/ixdx. / e2~6xdx. J  e 7 +3*d;t.

8.19. 8.23. 8 28.
J  e2 -5‘rdx. |  e2~4*cbc. f e2x+3dx.

8 .2 0 . 8.24. 8.29.
J  e6jc-4 dx. f  e3~6xdx. f  e8x+1dx.

8 .2 1 . 8.25. 8.30.
J  eBx+1dx. / eA~Sxdx. J  e4~7xdx.

8.26. / e 5"*dx.

9.
9.1. J "

dx
(2х+1)у/п2(2*+1) '
з/

dx
9.2. /J x-l
9.3. /

9.4. J
( l- x )  sjln2( l- x )  

dx

9.5. / /TI-^~x)dx.

9.6. /

9.7 . / 3VlnP * +1) dx_
3 3x+1

9.8. Г ----~ ----.
3 (X+ t)/nz(X + l)

9.9. J  dx(jr-t-i) 7 ln(r+i ) ‘
9.10. \ У 1п (x+r) dx. 

X+19 1,
J  X + l

9.12. J  'Jtif'-xtV) dx
J  x + l

9.14. / ________
3 (х+1)У1п2(x+ l)

9.15. f J ln7(x+1) dx.3 x+l

9.16.

9.17.
9.18

9.19

9.20

9.21 

9 22 

9 23 

924

9.25

9.26

9.27 

9 28 

929 

9.30.

dx
f  (X+2)jln(X+2) '

/ —J^rr^dX i

I t

f

3 X t 1
dx

(x—3)ln4{x—3)
dx

(jt+5)in3(x+s; ‘ 
ln2(x-3)

x-S ■dx.

J  X + 4  
ln r,(x - 7) ,-----dx.x - l  
yJln*(X+3)

X + 3
dx.

£—b 
dx

f ;  

f :
№  <z=*ldx.

J  Y —4

f :  

f

I  

f  

I  

I

(x+ 3)ln*(x+ 3 )' 
tnsfx -8) .— -— -dx. at—8
/ГпНх+б)

x+6
dx

dx.

(x —4 )lns(x—4) 
ln6(x+9 ) \------ dx.Х+9 
ln (  3x+5)

3x+S dx.
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10.1. J sin42xcos2xdx.
10.2 . f ^ p - d x .J  sin3 2x
103 . S ~ d x .J  cos33x
10.4. f ^ L d x .y/COSX

10.5. f ^ f d x .
cos5x

10.6. /  cos7 2xsin2xdx.
10.7. f  cosx ax

•* o»ti

10.8. /

Ю.9. / ______
VCOS.r+3 

10.10. / sinxdx

10.

sinx+2 
cosx ах
3-s inx '
sinxdx

Vcosx+l"
cosxdx

10.11 . /  ________ .
yj (sinx—4)3

10.12. f ~ d x .cos23x
10.13. f  ̂ ^ r d x .

VcosSx
10.14. J ~ d x .J  sm J 4x
10.15.

/ sin35xcos5xdx.
10.16.

/  Vcos2xsin2xdx.

10.17.

10.18. f * P £ - d x .
\cos2 4x

10.19.
I sin35xcos5xdx.
" Ю .20. f- g js ^ d x .

J  v s in 35x r sinSx ,
10.21. / — - — ax.

J  cos45x
10.22.

/ y/cos7xsin7xdx.
10.23.

/ sin63xcos3xdx.
10.24. f ^ - d x .

J  sm 76x
10.25.

/ y/cos32xsin2xdx.

/ Vcos3 2xsin2xdx.
10.26.

/ 5in48xcos8xdx.
10.27.

/ sm 54xco54xdx.
10.28. j j p ^ d x .

Vcos4x

10.29. f ^ ^ L d x .
\cos42x

10.30. f ^ d x .
J  sm*6x

yjtg3x ̂
cos2x 

dx
11.1. / x~“- rfx.
11 .2./

COS гху/гд3х '
11 .3 ./- dx

sin2xctg4x '
1 M  (C t£ 2 x a x  

s in2 2x

11.5. f t3Hx
cos24x

dx.

1 1 .

11,6 . j y & * d x .cos25x

11.7. j ’J ^ d x .
SL7lzX

11 .8. / —
sin2xctg3x

11.9. / dr
cos23rt^43x ’ 

•JctgVx
1 1 .10. f ^ ^ d x .

07 VI ̂  V
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11. 11.

11.12.

11.13.

11.14.

11.15.

11.16.

11.17.

11.18.

11.19.

11.20. 
11.21.

Г -̂ — dx.
J  cos2lx  

c tg s6x

S ^ d x .J  sm*3x

f isin 2 bx 
^/tgs4x 
cos24x

dx.

dx.

Г- ^ d x .sin23x
dx

cos24Xyjtg4x' 
dx

sinz3xctg33 x '

f & t r d z .
J COS2 bx

f - dx •I C Is in2xctg3x '

s W * -J  cmZitv 

/
sin24x
ctg s4x
sin2 4x

dx.

J  Г + 9Х2 
,  «  _  г Varcsinx ,12.2. J и—  ̂ dx.

12.3. /

12.4. /

V l - x 2 
arccos23x

Vl-9x2
a rcc tg 22x

1+4X2

dx.

dx.

V l- 9 x 2 
dx12.6. f- ,

J  ( l  + x2)arctg3x
I2#7> j  « W >xdx

12.8. /

12.9. f

12.10. / 
12.11. /

V l-9 x j 
у a rc tg 2 x

l+ x 2
a rcs in s2x

dx.

Vi—4xz dx.
dx

V l— x J arcs in*x  " 
arccos32x
V 1 —4x2 ■dx.

11.22.
11.23.

11.24. 

1125. 

11.26.

11.27.

11.28.

11.29.

11.30.

i ^ d x .
J COS27x

S ^ P ^ d x .cos23x

sin2Sx

/ dx
sin2x y/ctg4x ' 

r dx
7os2x ^ Jtg2x ' 
tg 62x

COS22x 
■Jctg^x

dx.

dx.
■Jctg2 x
s in2x

t a 74x
dx.

cos23x
dx.

12

12.12.
12.13.

12.14.

12.15.

12.16.

12.17.

12.18.

12.19.
12.20. 
12.21. 

12 22.

ra rcctg^3 x
J  l+ 9x2

/ arccos4x ,-7=r=dx.
V l- I6x2

/ iarcsin4x ,dx.
V l- * 2 

f  a rcs in3 2x .
J  ~F==r- dx.
S~

V 1-4Х2 
ах

( L+x2)a rc tg 7x '

J  1+4X1 
г  arccos1,3x ,

dx
г я е * .J \+x‘
I  

I
(1 +x2)y ja rc tq x ' 

dx
(.1 +x2)a rc tg 5x ' 
arccos7 xdx
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/

12.23. /

12.24. /

12.25. /
12.26.

dx

\Jarccos2x
V l- 4 x 2 

arcctg* Sx
l+2Sx2 

arcsin2 5x
V l-2 5 x 2

da:.

da:.

da:.

V l- 2 5 x 2arcsinSx '

12.27. / ~ £l? x dx,
J  1 + 9X2 
r  a r c c o s 2 7x ,

п ж  1 Ж З Г
12.29. j  Л iv Z

12.30. /
l+x2 

arcctg'l 8x
1+64.Г2 dx.

13.
13.1. /

13.2./

13.3. /
13.4. /
13.5. /
13.6. /
13.7./
13.8. /
13.9. /
13.10.
13.11.
13.12.
13.13.
13.14.
13.15.
13.16.

xdx
g3XZ+4 '
xdx 

е*2+з ’ 
x2dx

ecosx sinxdx. 
e2x3~1x2dx.
stnx J
7 ^ dx-
e7x2+2xdx.
a 3-X7xdx.
,4x 2+5xdx.

dxf - ___V l“ X2earcsinx
/  eSx2~3xdx.
/ ег~4х2 xdx. 
f  e3xZ+4xdx. 
j  esinx+1cosxdx. 
/ e4~x2xdx.

13.17.
13.18.
13.19.
13.20.
13.21.
13.22.
13.23.
13.24.
13.25.
13.26.
13.27.

13.28.

13.29.
13.30.

/ e3cosx+2 sinxdx. 
j  e4smx-i cosxdx.

j V  
J V

4-3X2

/ ecos2x sin2xdx. 
f  ex~6x"xdx.
/ ex3+1a:2da:.

C a rc tg x
I --j-dx.J  l+x-2
/ e3x3x2dx.
f  x4dx 
J exs+i ш

,Sx2 3xdx. 
^~2xZxdx. 

/ e4~3x“xdx

xdx
,x2- i ' 
xdx

J
f m

/ e4-5x .̂rdar.

t.qx. ■dx.

14.1. /  ~ ^ —dx.
J  7x +4

1 4 .3 ./ ^ -  A t.J 5x2+ l

14.
14.4. f - ^ L d x .J VXi +4
14.5. / 2~ ~ d x .

J  2 x 2 + 7

14.6. f  - ^ —dx.
J  3 x 2 + l
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14.10. f ^ L L d x .  14.23. J - ^ r d x .J  3x2+ l J  S—2x2
14.11. J ^ r d x .  14.24. f ^ = d x .J  5-2x2 J  Ч1-Х2
14.12. f  ——r dx. 14.25. J ^ L d x .

J  l- 3 x 2 J  V*2+9
14.13. f lZ p - d x . 14.26. f ^ d x .J  5x2+2 ■ J  x2-S
14.14. f ^ r - d x .  14.27. J ^ z d x ,

J 4X2+1 J Q-4X2

14.15. j ^ ^ d x .  14.28. J - ^ - d x .
J  l- 4 x ‘ J  7x 2+3

14.16. f ^ - id x .  14.29. f- ^ ± Ld x .
J  A-x2 J  yl2x2- l

14.17. r - ~ d x .  14.30. f - j ^ d x .x 2+9 J  V4—9x2
14.18. f - ^ L d x .

J  V 5x 2+1
14.19. JJ VSxZ+Z

Nam unaviy varian t yechim i
Aniqmas integrallami hisoblang (1-5 topshiriqlarda 

integrallash natijasini differensiallab tekshiring).
, r 3-2x4+Mx^ ,
1 .  57=---dx.

J  \ГХ

► Integral ostidagi funksiya suratini maxrajiga bo‘lamiz va
integrallash usulining ikkinchi va uchinchi qoidalarini qo'llaym iz.
Aniqmas integrallar jadvalini qo‘llasak:

f  3 -  2x4 + V x 2 r _ i r is r j_
J ----- — -----dx = 3 j  x 4dx ~ 2  J  X4 dx + J  x i2 dx =

8 19 12 17 4/—  8 4/—  12 12 ,---
= 4x3/4---rx 4 н-- x i2 + C = 4Vx3 ----+ —  V* 17 + C.1У 17 19 v 17 v

Hosil bo‘lgan natijani tekshiramiz:
(4 * ! -  + i V 7/12 + C)'=4- -x ~1,/4 -  ^  ■ ^ x T  +19 17 '  4 19 4



► = f ( 4 -  8 * r2/5dx = - ^ ( 4  - 8*)i + С =W _ j n " OX; ' и л - ~ ^ '
= - “ 5V (4 - 8 x ) 3 + C.

Hosil bo‘lgan natijani tekshiramiz:
( _ ± ( 4  _  8x)!  + C)  = _ ± i (4 _  8x )_l ( —8) = (4 -  8x)~2/5 -4

3. r-d*J t6-7x
f  d x  1

*  1 б ^ = ~ 1п16- 7х' + с-
Hosil bo‘lgan natijani tekshiramiz:
(- - ln \ 6 - 7 x \  + c) = ■ (- 7 ) = — . 4V 7 1 1 / 7 6—7л: v 7 6-7x
4. / cos(2 — 5x) dx.

► oS(2 - 5 r )d x  = - I Sin (2 - 5 l) + C.

Hosil bo‘lgan natijani tekshiramiz:
(—-sin(2 — 5х) + С )' = —-cos(2 — 5*) ■ (—5) = cos(2 — 5x). -4

5. 5 J j = = .

► = 2dx = ^ n |2 x - V 4 ^ 3 | + C

Hosil bo‘lgan natijani tekshiramiz:
/ 2+— ^—  \

( f  1п|2дг + V to ^ 3 |  + с Щ ^ Щ  =

3 2(V4x2-3+2x) _  3 .
2 (2х +^4х 2-3)^4х 2-3 V43C2—з"

- г 7zdx6. j  — Г ~.

► = |3x2 +4| + C. ^
J  3x2+4 6 j  3x 2+4 6 1 1

7 f dx
■ J  V 6 -5 *2 ■

► / — —  = -p / —  = -$=arcsin^- + С.ШША

8./ e5~4xdx.
► J  e5~4xdx = — es~4xd(5 — Ax) = — ̂ es~4x + C. *4

3 x+ 2
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-
f 7̂TnHx + 2)
' dx

x + 2
г з 7 ю

— I 1п7(х + 2)d(ln(x + 2)) = —  In~7 (x + 2) + С =

- ~  \flnw {x  + 2) + c. ^
„ _ г cos3xdx
10. j  s.

Vsin3x-4-
► f J —'3xdx — I  J  fsin3x — 4) _ s ■ 3cos3jc£for — - f (sin3x —

*■ Vsin3x—4 3 4 3

—4) sd(sin3x — 4) ---- ([sin3x — 4)s + С = — ^/(stn3x — 4)4 + C.

и .  f— ^ L L
~ s m l A x ^ c t g z A x  

f  dx 1 f  _2 / 4 \► I --- ---;-----  = —- I Cto 34x I -- . dx =
■/ s in24rx\jctg24x 4 J  V sin~4x J

4 J  ~ ~c/ v~~a  4 ~ ~ c' ■" 4

12.

i  f  ctg *4xd(c.tg4x) — — ̂ ctgzAx + С = — ~\Jctg4x + C. ■<
ir c c tg 5;
1т4ж2

f  Ja r c c tg s2x I f  - f  2 \
► — -----г-—  dx = -  -  arcc tg з2х i -  ----—— ax =

J 1 +  4 x 2 2 J V 1 +  4 x 2/1 Г I  1 3  8
= — -  I arcctg?-2xd\arctg2x) = -  a rcc tg *2 x  + С =

2  j  2  8

= — ~  У  arcctg8 2x + C.
13. / e3cosx+2 sinxdx. 

f  e3cosx+2sinxdx — ~ ~ f  e3cosx+2d(3cosx + 2) =
„ i e 3cos*+2 +  + c _ ^

3 14. j ^ d x .
J 6 x 2- 4

, г 3xdx , „  „  /■ dx 1 г 12xd3c , dx = j —--- f 1 0  j —-— = - J —r-- hJ  Л-и2_И. J  — Л. A ^ Л '\ '2 _АJ  6x2—4 J  бд:2—4 бд:2—4 4 бдг2—4
10 r dx
V6  ̂ (V6x)2-22

= -Znj6x2 — 4| + —-r= in 22л/б IV6x+2

IUT-8.2
Aniqmas integrallami hisoblang

1

1.1. / ^ ~ d x . (Javob: V2 a r c t g — - ln|x2 + 2| + C.)
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n; 
I w

c.)

y/2x2 + 1 + C.)

.8. / ^==y dx. (Javob: arcsin-j= — V 2 — x2 + C.)

.9. / {Javob: ^ln\2x2 + 1| + л/2a rc tду/2x + C.) 

.10. / - *-s*—dx. (Javob: - arctg  5x - — In |1 4- 25хг| + C.)

.2. / ̂ = ~dx . (Javob: 3arcsinx + 5 V l — x 2 + C.)

.3. Ĵ p==dac. (Javob: 8 ln\x + \lx2 — l|  — 13Vx2 — 1 +

•4- f * E dx- V ™ ob:\ ln ̂  + f z prrl+ c->
.5. J -p===̂ dx. (Javob: —л/2 — x2 — 2arcsin^=+ C.)

.6. f  J  --\dx. (Javob: -a rcs in lx  + -V T  — 4x2 + C.)
J  Vl- 4 x 7 v 2 4 7

.7. f  3 =5 =  dx. (Javob: — In \л/2х + л/2х2 + l ) j  -

.11. f ̂ r^-dx. (Javob:-ln\3x2 -  4| -  — in +C.)J  3xz—4 v 3 ' 4
\/3x-21
V3*+2|

.12. f  -^-~^dx. (Javob: ^ ln\9xz + 7\ — ~=arctg^j= + C.)

.13. j  ̂ == dx. (Javob: — arcsin + л/4 — Зх2 + C.) 

.14. / 4- dx. (Javob: 2arcsin2x + - V l — 4x2 -I- С .)J  V1-4X2 v 1 ’

•15- J" zT ^ dx' (Javob: a rct& 7f  ~  \ Ы 2  + x2\ + c.)
.16. / 1+3:>r dx. (Javob: ~ln\2x + Vl + 4x~2| + -Vl + 4x2 + С.)

J  J l+4xz 2 1 1 4
,17. f %■=*= dx. (Javob: 5arcsinx + 4V T —~x2 + C.)V 1 —X
.18. / j= = d x .  (Javob: 5V* 2 -  3 -  bijx + Vx2 -  3) + С.)

.19. / (Javob: — In  |“ ~| — ~ in|4x2 — 1| + C.)

.20. f - ^ d j t .  (Javob: -- Zn|3 -  2x2| + Д= In I^ M Il + C.)J 3~2дг2 4 ' 2\/6 1V2X+V3I

.21. / ^ = dx. (Javob: —V 9 — x2 + Aarcsin- + С.)J v̂ -x2 4 з '

.22. / Щ-^-dx. (Javob: ln\x2 — 5 j-- in 1— =̂1 + C.)
J  x 2-5  v 1 1 2л/5 lar+VSI

.23. J  ~ dx. (Javob: 7Vx2 — 1 — 2 in|x 4- Vx2 — lj + C.)

.24. / -^==dx. (Javob: ln\x + л/х2 -f l|  +Зл/х2"+ Т + С.)
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1.25. f - dx. (Javob: - ln\x2 + 7j — ■— arctg  — + C.)
J  xz+7 2 V ' V7

1.26. f ^ ^ d x .  (Javob: 3 arctgx ~ ^ ln \ l + x2 \ + С.)
1+X *■

1.27. f b~l\ dx. (Javob: ^=arctgyj3x — -ln\l + 3x2| + С.)
J l+3x^ v3 3

1.28. f-^ Ld x . (Javob: Зл/х2 + 4 +7 Ы х + VxM- 4l + C.)J V̂ Z+4 * _ _____
1.29. f  - ^ L d x ,  (Javob: -V~3xz -  4 --^fn|V3x + V3xz -  4| + C)

л/Здг2—4 3 v3
1.30. J  4=Ldx. (Javob: Бл1х2 — 6 + injx + Vx2 — б| + C.)

2.
2 i  j  —- n——- rfx. (Javob: —~ln\l + 3cos2x| + C.)

J  1+3 cos 2x 6

2.2. J  j ^ d x .  (Javob: — ̂ in jl — x4| + С.)

2.3. f dx. (Javob: - ln\3 -  cos3x\ + C.)
J  :-i-cos3x 3

2.4. (Javob: ^ln\2ex + 3\ + С.)

2.5. f s" )2* dx. (Javob: —in|cos2 x — 4| + С.)
J  cos2x-4 v

2.6. f ( J a v o f e :  -  --in14 -  3ex\ + C.)
4 -Зе* 3

2.7. f  — з dx. (Javob: — “ Zn|7 — 5x3| + C.)

2.8. f sin-a— dx. (Javob: -ln\3 sin2x +4| + C.)
J 3 sin2x +4 v з

2.9. f (Javob: г-1п\5 + e2x\ + C.) .

2.10. / dx. (Javob: - ln\7 + 2x4| + C.)

2.11. f — 1— dx. (Javob: ln\2xl  — 5x + 17| + C.)
J 2 x 2 - 5 x + 1 7

2.12. J  dx, (Javob: ~^fn|2x4 — 5| + C.)
2.13. Г 60.53- -dx. (Javob: -^Jsin3x — 2 + C.)

J  Vsm 3x-2 4 3 ______________
2.14. f -= S= = dx. (Javob: —2 v 'l + cos2 x + C.)

 ̂ v l+ co szx
2.15. / - -n— -dx. (.Javob: — -Zn|l + 3cosx| + C.)

1 I 3 С О 5 % 3
2.16. f -s— dx. (Javob: -  ln\A -  sin2x| + C.)

J  4—sin2x v

2.17. / (Javob: ~ln\e3x -  5| + C.)
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2.18. f  7*3x3 dx. {Javob:  ̂ln\7 + Зх3| + С.)

2.19. / ~2+2 x dx' ( J av°b ' ~ ln \x2 + 2x| + C.)

2 Ж  i i S m - {Javob: + c -)
2.21. J ~ £ ~ ~ d x . {Javob: ln\x3 + x — 10| + C.) 

2'22' $ 3 ^ 7  dx- (Javob: ^  ln \3x6 ~  71 + C.)
2.23. f  ^ ——dx. (Javob: ~Vx5 + 3 + С.)

2.24. J  ̂ = = = dx. (Javob: л/2х 3 — 4x + C.)

2.25. / dx. (Javob: — —л/5 — s in lx  + C.)J  V S-sm 7дс v 7

2.26. f ■—-n-4x dx. (Javob: -  - у! cosAx + 3 -r C.)J  >/COS4x+3 v 2 7

2.27. / dx.  {Javob: ln\Ax3 + x 5| + C.)

2.28. / ( J avo6: - W l -  e2* + C.)

2.29. / , 51112* rfx. (Javob: 2V6 — cos2_x + C.)J V6-C0Ŝ  ̂ 7
2.30. Г -= t̂— dx. (Javob: -V5x2 - 4  + C.)J v5x2—4 5 7

3.
3.1. / dx. {Javob: — —  ~ln\x2 + 1| + arctgx + C.)

3.2. f  ̂ ~-dx. (Javob: — + x — 6 Zn j 1 — xj + C.)

3.3. J^ ^ d x . {Javob: *— + ^Zn|x2 — l j  + In + C.)

3.4. — -dx. (Javob: -x3 — x2 + x — Zn|2x + 1] + С.)dx. (Javob: -.2X+1 v 3

3.5, J  ~~dx. {Javob: ^x4 + 2x2 + 8 /njx2 — 4| — j-~| + C.)

3.6. J dx. (Javob: ^x3 — 2x — arctgx  + C.)

3-7' ^ ^ 7 Idx- (•/iav6,z>; I * 3 “  “  ^ Znl2* + li + c-)
3.8. / -̂ —^dx. {Javob: ~  ~ * 3 — ~ ^ |1  — x 3| + C.)

3.9. / — — dx. (Javob: x — yfSarctg + C.)
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3.10. J  ' ' dx (Javob-. x 3 + x l  + ^ ln\2x  — 1| + C.)
з

3.11. f ■—— dx. (Javob\ — + 3x + —p In 1— =̂1 + C.)
J  x 2-3  v 3 2V 3 U + V 3 I ’

3.12. J  * 2+’* dx. (Javob\ ~ +  2 ln\x2 + 1| + C.)

3.13. f  x x̂ X̂ 6 dx. (Javob: x — | ln\x2 — 4| + arctg |  + C.)
3.14. dx. (Javob\ ^x2 + 9x — 28In \x + 3| +C.)

3.15. J  dx. (Javob: --x2 +  ̂ln\x2 — 1 | + C.)

3.16. J  ~ ~ d x .  (Javob: ^x3 — x 4- 2arctgx  + С.)
- y4_Ту2_-l уЗ

3.17. J  -— —-dx. {Javob: ~—  Зх + 2arctgx  + С.)

3.18. J  (/avo6: — + 4x 4- - in — I +C.)
J  X 2-4 v 3 2 ЛГ+21 7

3.19. / dx. (Javob’. ^ ^x*- 4  25x — 128/n\x 4 5| + C.)

3.20. f  ̂ -^dx. (Javob: ^x2 — ^ln\x2 + 1| -j- arctgx + С.)

3.21. f ~ ~ ~  dx. (Javob: — ̂ x3 4- 2x — arctgx  4- С.)
3.22. f  -~-~dx. (Javob: ^x 3 + 2x2 4 8x + 13Zn|x — 2| + C.)

3.23. J  2x +S dx. (Javob: Zx + 3arctgx + C.)
3.24. / * J 23+*z+1 dx. (Javob: >— + U n\x2 4  2| + ±=arctg C.) 

• x2+x , , T , x33.25. f- ^ ^ d x . (Javob: — ——  3x — 6ln\x — 2| + C.)

3.26. j^ ~ - d x .  (Javob: x2 + 14x + lO Sin jx  -- 7| + C.)

3.27. / dx. (Javob: | x3 + x2 + 2x 4- Sln\x — 1| + C.)

3.28. J  dx. (Javob: -  ̂ - + Ах — Щ arctg  |  + (7.)

3.29. J ^ ~ d x .  (Javob: + 3x + 13?n|x — 3| + C.)

3.30. f  j ^ d x .  (Javob: x + V2 In | ~ ~ |  + С.)

4.
4.1. f  5т 2,(1  — x) dx. (Javob: ^x 4- ^ s in 2 (l — x) + С.)
4.2. J  sm3( l  — x) dx. (Javob: cos(l — x) —-cos3( l  — x) 4 C.)
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4.3. /(1 — 2sin^)2dx. {Javob\ Зх + 20cos|— Ssin^-+ С.)
4.4. J  cos3 5x sinSx dx. {Javob: — ̂  cos4 5х + C.)
4.5. f  cos3( l  — x) dx. {Javob: — s in ( 1 — x') + ^ s in 3{ 1 — x ) + С.)
4.6. / (3 — sin2x)2dx. {Javob :— x + 3cos2x — ~sin4x + С.)2 8
4.7. J  sin2 — dx. {Javob: -x — -sin3x + С.)

2 2 6

4.8. f(cosx + 3) 2dx. {Javob: — x + bsinx + -sin2x + C.)
4.9. f  cos3(x + 3)dx. {Javob: s in {x  + 3) —~sin3{x + 3) + C.)

. -2 Ax j  , , . 5 4.r 5 г? Ax . гл \sin — dx. {Javob: —  cos---—  c o s ---V С.)
5 v 4 5 12 5

(1 — cosx)2dx. (Javob: ~x ~  2sinx +-sin2x  + C.)
sin2(2x — 1) dx. {Javob: - — ~sin(4x  — 2) + C.)

2 8

sin3 6x dx. {Javob: — cos 6x H— cos3 bx + C.)
V 6 18 J

sin2 0,5л:dx. {Javob: | - - s in x  + С.)

sin2 ( f  + l )  dx. (Javob: ^ ~ ~ si n (x + 2) + С.)
cos2 2xdx. (Javob:  ̂+ ^sin4x + C.)
(1 + 2cos-)2dx. (Javob: 3x + 8sin- + 2sinx + C.) 

2 2oc lcos2 3xdx. (Javob: - + — sin6x + C.) 
sin4 2x dx. (Javob: -x — -sin4x + — sin8x + С.)v 8 8 64 J
sin2 3x dx. (Javob: -----sin6x + C.)v 2 12 ’

(1 — cos3x)2dx. {Javob: ~x ~  ~sin3x + — sinbx + C.) 

cos2 — dx. (Javob: - + - sin — + С.)
5 v 2 8 5 '

sin3 5xdx. (Javob: -  -cos 5x + — cos3 5x + С.) 
sin4 x dx. (Javob: -x — ~sin2x + — sin4x + C.)

v 8 4 32 ’
3 1 1cos4 xdx. {Javob: -x + -sin2x H— sin4x + C.)

v 8 4 32 '
cos3 4xdx. (Javob: -sin 4 x --- sin3 4x + C.)

v 4 12 '
X Jcos2 7xdx. (Javob: - H— sin l4x  + C.)v 2̂  28 '

( s inx  — 5) 2dx. {Javob: — x — -s in2 x  + 10cosx + С .)

4.10.

4.11.
4.12.

4.13.

4.14.

4.15.

4.16.
4.17.
4.18.
4.19.
4.20.
4.21.
4.22.
4.23.
4.24.

4.25.

4.26.
4.27.
4.28.
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4.29. J  sin3 4x dx. (Javob: — - cos 4x + cos3 4x + C.)

4.30. J  sin2 ^  dx. (Javob: |  — ~sin ~  + C.)

5
5.1. J  tg2xdx. (Javob: tgx — x + C.)
5.2. / ctg3(x — 6 ) dx. (Javob-. —̂ ctg2(x — 6 ) — Zn|sin(x — 6 )| + C.)

5.3. f  tg43xdx. (Javob: ^ tg 33x — ^tg3x + x + C.)

5.4. f  tg2lxdx. (Javob: - tg lx  — x + C.)
5.5. f tg sxdx. (Javob: -tg^x — - tg 2x — ln\cosx\ + С,)

4 2

5.6. J  xtg2x2dx. (Javob:  ̂tgx2 — ^x2 + С.)

5.7. J  ctg3 xdx. (Javob: ctg2 x — ln\sinx\ + C.)
5.8. J  tg 21 dx. (Javob: 2tg^ — x + C.)

5.9. J  tg31 dx. (Javob: tg21 + 2 i n Jcos |  + C.)

5.10. J  tg 24xdx. (Javob: ^tg4x — x + C.)
5.11. / ctg3xdx. (Javob: —^ctg2 x — ln\sinx\ + С.)

5.12. / ctg25xdx. (Javob: —^ctg5x — x + C.)

5.13. f  tg 3^dx. (Javob: \ tg 2~ + 3ln |cos|j + С.)
5.14. /(1 — tg2x)2 dx. (Javob: ln\cos2x\ + ^tg2x + С.)
5.15. f  tg s2xdx. (Javob\ ^ ig 42x — ^ tg z2x — ^ln\cosx\ + С.)
5.16. j (2 x  + tg 27x) dx. (Javob: x 2 + ^tg7x — x + C.)

5.17. J  tg 4 у  dx. (Javob: ^tg3^- ~ ^ t g ? j  + x + C.)
5.18. J (tg2x + ctg2x) 2 dx. (Javob: ^tg2x — ^ctg2x -1- C.)
5.19. f (  1 — ctgx)2 dx. (Javob: — 2ln\sinx\ — ctgx + C.)
5.20. f  ctg33xdx. (Javob: ctg2 3x — ^-/n|sin3x| + C.)

5.21. J  c tg4xdx. (Javob: ~ ^ c tg 3x + ctgx + x + C.)
5.22. f  tg 21 dx. (Javob: 6 tg |  — x + C.)
5.23. / £#4(дс — 6)dx. (Javob\ ^ tg 3(x  — 6 ) — — 6 ) + x + C.)
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5.24. f  tg34x dx. (Javob:  ̂tg2 Ax +  ̂ln\cos4x\ + С.)

5.25. f  tg4 ̂  dx. (Javob:  ̂tg 3  ̂— 4tg ̂  + x + C.)
5.26. / tg4(x  + 5)dx, (Javob: ^tg 3(x  + 5) — tg (x  + 5) + x + C.)

5.27. J  tg 3(x — 3) dx. (Javob: ^ tg 2(x — 3) + Zn|cos(x — 3)j + C.)

5.28. f  t.g2( 5x + 1) dx. (Javob: ^tg(5x  + 1) — x + С.)
5.29. f  tg 2~ d x . (Javob: * tg — x + С.)
5.30. f  tgs4xdx. (Javob: -^tg*4x — ̂ tg24x + ^ln\l + tg24x\ + C.)

6
Г 1 16.1. J  sin3x cosx dx. (Javob: — -cos4x -  -cos2x + C.)

6.2. f  sin52x cos2x dx. (Javob: ^ sin62x + С.)
6.3. J  sin23x cos3x dx. (Javob: ^sin3Зх + C.)

6.4. f  cos35x sinSx dx. (Javob: — ̂  cos45x + С .)

6.5. f sin- cos- dx. (Javob: -  -cos — — 2cos- + C.)
2 4 v 3 4 4 '

6.6. f cosx sin9x dx. (Javob: — — cosltix  — ~cos8x + С.) 
J  20  16 J

6.7. f  sin42x cos2x dx. (Javob: — sins2x + С.)
6.8. f sin- cos— dx. (Javob: —~cos2x +-cosx  + C.)

J  2 2 K 4 2
6.9. f  cos5x sinx dx. (Javob: —~cos6x + C.)
6.10. Г cos 2x cos 3x dx. (Javob: — sin 5x + -s in x  + С.)

J  v 10 2 '
6.11. f  sin 5x s in lx  dx. ( Ja v o b :- s in 2 x --- sin 12x + C.)J  4 4 24 ’
6.12. / sin 4x cos 2x dx. (Javob: — — cosbx — - cos2x + С.)
6.13. f  cos3 4x sin 4x dx. (Javob: — ̂  cos4 4x + C.)
6.14 f  cos 3 2x sin 2x dx. (Javob:  ̂cos 2 2x + C.)
6.15. f cos x sin 9x dx. (Javob: — -cos Юзе — -cosSx + СЛ J  4 20 16

Г 1 16.16. J  sin 4x cos 2x dx. (Javob: — 7 cos6x — - cos2x + C.)
2 4

6.17. f  sin 3x cos 2зс dx. (Javob: — — cos 5x — - cos jc + C.)

6.18. f  sin 3 Ix  coslx  dx. (Javob: 7x + C.)
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6.19. Г Я1П;~— dx. {Javob: - cos 2 x + С.)
J  C O S 3 x 2 7

6.20. f cos — dx. (Javob:---- \---1- С.)
J  s in 47.x 6s in 3 2x

6.21. f cos 2x cos 5x dx. (Javob: - sin Зх H—  sin 7x + C.)
6 1 4

6.22. / s in 2 2x cos xdx. (Javob: -sin3 x — ~sins x + C.)
6.23. f^ p - d x . (Javob:--- ~  + C.)

•' s in *x  v 3s in 3 x 1 16.24. f s in  2x sin3x dx. ( Ja v o b :- s in x --- sin 5x +C.)J 2 10

6.25. f s in  x cos3 x dx. (Javob: — c-—~  + C.)v 4

6.26. j  s in  5x cosx dx. (Javob: —~cos6x  — ^cos4x + C.)
6.27. f  s in  x cos 4x dx. (Javob: — — cos 5л: + - cos Зх + C.)

X 16.28. / cos 3x cosxdx. (Javob: - sin 2x + -sin 4x + C.)

6.29. J  co s4 2xsin 2x dx. (Javob: — — cos5 2x + С.)
1 16.30. / cos Ix  cos Sx dx. (Javob: -sin 2x + — sin 12x + C.)

7
7.1. f — — — . (Javob: -p= arctg  + C.)

J 4x 2— Sx +4 '  4/ 3 9 ^ 4/39 7

7.2. f — — — . (Javob: ~  arctg + C.)J Xz-4X+W v V6 a V6 7

7.3. f — -----. (Javob; -L= In I—---^ 1  + С.)
J 2x2 —  7x+l  V \/41 | 4 * —7 + V 4 1 I

7.4. . (Javob:-In  — I + C.)
J 2X2+ X ~ 6 V 7  2ЛГ+41 '

7.5. f — — ---. (Javob: -7 =  arctg  7̂^  + C.)
J 5x 2+ 2 x +7  V V 3 4  «  л /34  7

7.6. / z 2 ̂ x + i' ( Jav°b : arctg (2x — 1) + C.)

7.7. f -----£2----- . (Javob: -7== In + С.)
J 2л:2 — l l J f + 2  v V l0 5  l4 .r —1 1 + V T 0 5 I

7.8. f — — — . (Javob: -^= arctg^J- + С.)
J 2xz+ X + 2  V л /15  "  V IS  '

7.9. J --------------. (,/avo6; - U n  +  С.)
J 3х2-12х+3  v 6V 3  l x - 2 + V 3 l

7.10. f —— —  (Javob: - In
J 2 X2 + 3 X  3

7.11. Г — —-— . (Javob: In
J  x2 — Sx+6

*+3/2
x—3
x-2
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7.12. j  -— ^ — -. (Javob:-- ^  urctg + C.
J  2x-3-4x2 v V u  a  V IT

_  - .  Г dx , r , 1 , 3x-9 , „  ,7.13. f  ———— . (Javob: — In
J  3x 2-8x -3 v 10

7.14. J — (Javob:— - In
J Ъ-2х-х2 v

3 X + 1
X - 2

X + 4

+ C.)

I + c.)8—2X—X 2

7.15. / — . (Javob:— In j— I + С.)
J  5x-x:2-6 v U-21 '

7.16. f  —r ~ -- • (Javob: -4= arctg + C.)
J  x 2+4;t+25 4 л/21 a  V H  '

dx 1 x-27.17, / ———----. (Javob: —p= arctg ~=  + C.)
J  2xJ -8x+30 v 2лДТ "  V l l  '

1 Ж  + c-) 
7Л,- / з г ^ -С/ато4;5аги»2Т 1 + С'>
7.20. J  —~ — . (Javob: - in  I— —I + C.)

J  2x2—3x—2 v 5 12зс+1 1 '

7.21. / —5—7— ■ (Javob: —7= In \~ —-\-j + C.)J  2xz—6x + l v 2v'7 I2X-3+V7I 7

7'22' J '5 5 ^ 5- V « v o b :± :a r c tg ^ +  С.)

7.23. j  — . {Javob: ~ I n  |2j *7 V-| + C.)
J  x 2 + 7 x + ll v V5 \2x+7+y[b\ '

7.24. f  — —— . (Javob: In I— I + C.)J  2x 2-3x +1 v (2 x - l|  '
7-25' f  e 2 d"— 7̂- (Javob: — arctg  —  + C.)J  5х2-10ж+25 v 10 a  2 J

7.26. / —^ — . (Javob: 4= In |2*+3~ ffi + c .)
J  2x2+6x+3 v 2л/3 I2JC+3+V3I '

7.27. / — . (Javob: - in  I—  + C.)X —бх+в 2 I v_21 7

7-29- f  т^ткгб- (Jayab: h  a rc t«  w + c >
7.30. |  ^ -- . (Javob: ~  in  |H ± 52pl + C

J  3xz+5*+ l 4 V l3  l6x+5+Vl3|

8

8.1. f 7 1 ^  7. (Javob: arcsin  + C.)
J  V4+8x-x2 V20 7

2 -x --- 1- ,•
3

8.2. / Д  . -  (Javob: 4= in
J  V3x2-4x+ l v V3

8.3. j -r- ^  (Javob: -j=arcsin^^- + С .)
J  v2-3 x-2 x2 v V2 5 7



8 A  f  vp S ^ s ' (Javob: ln \x + 3 + Vx2 + 6x + 8| + C.) 
8 5- f  Ш Ш Ы -  (Л ™ Ь : j= a r c s in ^  + C.)

8-6 / v ir fe p -  i- arc5 in ^  + C )
8.7. f  ~r- dX -. (Javob: -^ a rcs in ^ P1 + С.)J  \2 —2x—3x2 '  V3 V7

8-8- J" V T & f-  (Ja v o i; arcsin  ̂  + c.)

8.9. f

dx
\-x-
d* . {Javob: ~щ In x - l  + ^jx2 -2x + -

V 5ж2-10г+4

8.10. J  {Javob: arcsin  + C.)

8.11. f —~x (Javob: - In
J  \4x2—8x+3 v 2

+ C.)

8.12. /  
8.13. /

x — 1 + |x2 — 2x + -

a* ■. (Javob: arcsin^-— + C.)

+ C.)

Vl+23c-x2

-r = = = . (Javob: - In
л/4х2-х+4 4 2 8 \

8Л4; ( Jav°b : arcsin  ~=Д + C.)

8.15. J

8.16. J

8.17. /

7======, (Javob: - Inv4x2+2x+4 2
dx

+  -  +  / X 2 +  - X  +  1 4 2

+ C.)

+ C.)

(Javob: -j= arcs in - —  + C.) VЗДГ+2- 2ЛГ2 v V * 5

da: (Javob: -rzlnlx — 2 + lx2 — 4x + -
v‘2 ■ - f + C.)V2x2-8x+l"

818‘ -f VF ^ e - (/яга6- /n j*  “  f  + Vx2 -  5 Т Т б | + С.) 
8Л9- т Й р -  (л,мо* ; j i a rcsin ~  + С.)

8.20. / (Javob: -̂ =ln x -  - + lx 2 -  -x + -\'2x2—x+3 V2 4 у  2 2
„  r dx , , . 1 . 4X-J-1 . ,

+ C.)

8.21. f -y  * (Javob: -= arcsin  + С.)
J  v2 —x—2x2 K yj2 V 17 '

8’22- 7Р 'т1 - г  ln \x + \ + Vx2 + 3x — l|  + C.)

/

/TV 1 I T
-J

8.24. / r  ,---
J  V3x2-x+5

\S-7x-3 x2

dx . (Javob: \ l n  x — -+  jx2 — -x + -
v V3 4 \  3 3 + C.)
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dx , * , ■ x + l
7<

r T 7 ■ ‘
_______________ . f I П \ )П П Ш П Г / ’ C I M  -

y4 —3x—x 2

8.28. f  , dx —. {Javob: In \x + - + л/л:2 + 5x + l j  + C.)
J  V;>C2 + 5x+ l v I 2 \ '

8.25. / -j 1_x_x2- {Javob: arcsin -щ - + С.)

8,26‘ / уп-гх-х*' (Javoh: arcsin ~ jf+  C.) 
8-27- f  j v S L  (Javob: a r c s i n ^  + C.)

8.29. f  j ; _ x2. (Javob: arcsin  + С.)

8.30. J -f=2dX (Javob: ln\x + 2 + л/х2 + Ax +"T| + С.)
л/лГ2+4х-И

9.1. J  — — dx. {Javob: -ln\2x2 + Зх — 4| H—j=Zri I--*■* + C.)
J  2jc2+3*-4 4 4 4л/41 I42+3+V41I 7

9ш2ш f ' 3x*tx-ndx- (Javob: ~ ln \3x2 + X + 1 \ +  arctg  ~  + C.)
9.3. \^i_2x\b {Javob: ”  Zti|Злг2 — 2x + 6| — ^== arctg + С.)

9 4‘ J" t f w s 1 (■/'wo6- ; N 2 * 2 + x + 5| - ^ = a rc t5 ^  + C.) 

9.5. / * + 5  dx. (Javob : - ln\x2 + x — 2| + - In  ĵ -̂ | + С .)x +ЛГ“ 2 2 2 |л:-Ь2| 7
9.6. / — — dx. (Javob:— ln\Sx2 — 3x + 2| — arcto 10* 3 + C.)

J  5xA-3x+2  v 10 1 1 5л/31 e  V31

9.7. f  — — dx. {Javob: - ln\2x2 — 6x — 8 | + — In 1— 1 + C.)
J  2x2- 6 x - 8  v 4 1 1 20 \x+ l\  _  ’

9.8. J — — dx. (Javob:-ln\2x2 — Ix  + 1| + ~ = ln  \*x 7 V'l l | + C.)
J  2x 2—7x +1 4 1 1 4-*/41 |4ж—7+л/41| '

9.9. f —y ~~"— dx. {Javob: - Znj2x2 — 5л: + 2| + — In  1̂ — 1̂ + C.)
J  2 xz-5x+ 2  v 4 1 1 12 12a:—1 1 ’

9.10. / 4ж2̂ 4у+5 dx- {Javob:  ̂Zn|4;c2 — 4x + 5| +  ̂arctg  + C.) 

9-11- ^ 2x^+x+idx- (Ja vo b :l ln \2x2 + x  + l\ + ^ a r c t g ~  + C.)
9.12. / — — dx. Javob: - ln\3x2 — 2x — 3| 4— г—=ln 4 . c.)

J  3x —2x~3 6 3 v l0  1зж-1+т/То[

9.13. J  — 4* ' 8—  d x . ( Ja v o b :  - ln \ 4 x 2 +  6 x  — 131 4—j= z ln  +  c.)J 4д:3+6д:-13 v Z 2V6I |4x+3+y61|_ 7
9.14. J --5x' ’ dx. (Javob:-ln\x2 — 4x + 1| +-̂ 7 = Zn 1̂— + С.)

J  х 2- 4 д:+ 1 v 2 1 1 2%/з lx - 2 + V 3 l y

9.15. f  2x***x+r ■ (Javob: ~ln\2x2 + 2x + 5| —̂ a r c t g + C.)
9.16. f —j———ax. (./avofe. -Zn|xz — 5x + 4| — - In  \̂ -̂ \ + C.)

J  * z - 5 r+ 4  v 2 1 1 6 I x - l l   ̂ '

9.17. j  - 2-x- 1— dx. (Javob:-ln\2x2 ■+ 8л: — 6| — — In \x+2 + C.)
J  2x +8X—6 2 1 1 4i/7 l*+ 2+ V7| '

9.18. / —j——--dx. (Javob: — - in|4x2 + 16x — 121 + —7= In |x+2 v3| + C.)
J  4х2 + 16ж-12 v 8 1 1 2^7 U+2+V7I ■*

9.19. f — —dx. (Javob :-ln\3x2 — 6x — 9| + — ln 1̂—̂1 + C.)
J  3x 2- 6 x - 9  v 3 1 1 12 \x+ l\ '
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9.20. Г 2х■ 1— dx, (Javob : — ~ln\2x2 — x — 3] + — In  \2x 3| + С.)- З+л:—2x2 % 2 ' ' 10 |2х+2| '
9.21. f —у--— dx, (Javob: - ln\3x2 + x — 1| — ~ : l n' :«2+x-i v 6 6V13
9.22. J  (Javob: \ ln\x2 -A x  -  2 \ + ^ ln

9.23. /
Xb-4.T-2 2*-5

\х-2~Щ 
2V6“ ‘ lx-2+т/бj +C.)

2я2+л:--'
2*+3

dx. (Javob: - ln\2x2 + x — 4| + ~гт=5 /n *4x+1 Ш  + С )4>/зГ" |4* + 1+7!5| ;
9.24. г
9.25. J
9.26. J
9.27./ 3 r _ 2

- dx. (Javob: - ln\3x2 + 2x — 7| H— j= ln |3.v+l-V̂ 2|

4̂ +2x-3 
x+2

dx. (Javob: - in|4x2 + 2x — 3|
61/22

VT3
+ C.)

In

3 ,-dx. (Javob:-ln\x > 11 ,— <.,4
x2+5x- 1 4 2 1 1 2V29 I2a:+S+V79

9.28. / —r—-— dx. (Javob: -ln\4x2 + 3x — 1| — — In I—— I + C.)

+ 5x — 1 i

-v-'_.r+r d-̂ - (Javob: jln\3x2 — x + 51 + ^~=arct5 7̂=̂- + С )
19

Sx+l+v̂ l
|1 ^ 1  + C.)
!4.т+1-»-л/131 7 
6x-l

In |2*+5-V29||| + C.)

9.29. /
4x2+3x~l2x+l 40 |4X+4|

3 Sx+ldx, (Javob:-ln\5x2 + 2x — 101 + a rc tg “7=f + C.)
39' io*-i

' 5лЯ39а 5 */T5a + C')
5*2+2д:+10

9.30. J  *— dx. (Javob: -~1п\5х^ — x + 7|10 VI39

10
10.1 . 1

- 4V 3 In 

1 0 .2 . f

~ v 2 in

10.3. /

;=ёг . .13 -dx (Javob: - V3x2 — 3x — 16 -
3x2-3x-16 3

16 + C.)

. ,— . * — dx. (Javob: - v'2x2 — 4x — 1 —
• 1/2хг-4д:-1 4 2

X -- 1 + lx2 — 2x ■M 2 __________
Г ‘ — dx (Javob: -V3x2 — x + 5 —V3x2-x+5 ?

+ C.)

г in6V5
10.4. / ____ .J Vl+X-Зд;2

10.5. N  2xtS

X — -  +  j x 2 — -  +  -  6 -\j 3 3
Zx+l

+ C.)

4х2+8ж+9
dx. (Javob: ;;V T  + x -  3x2 + —=- arcsin ~д~  + C.) 

dx. (Javob: -V4x2 + 8x + 9 +

x + 1 + lx2 + 2x + -1 + C.)
V *

+ -ln
2

10.6. f 2л dx. (Javob: - 2V1 + x -J vl+x-x2
10.7. f -~L-— dx, (Javob: 2 V l — x f x 2 -

2 -- 9arcs in——  + C.)Vs '

-7 jx — |  + Vx2 — x 4- l| + C.)
10.8. /

2З.г+4 dx. (Javob: 3Vx2 + 6x + 13 ■/г2+61+13______
5 injx + 3 + Vx2 + 6x + 13j + C.)

10.9. i - ----; dx. (Javob: -V2x2 — 5x + 1 +2j‘-3jt+1 v 2
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-Ц=!п4у2

10.1(1
+  C.)

. J
Sx+2

Vx'+3x-4dx. (Javob: 5Vx2 + 3x — 4 —
- ^ n |z + i+ V x 2 + 3x-4| + C.)
10.11. /- dx. (Javob: - V2x2 — x + 7 —

+ C.)I S  . 1 1 . I X 7—pin X---h |X------
4л/2 4 У  2 2

10 .1 2 . Гт=Р^= = dx. (Javob: 2\!x2 — 3z + 4 +
J  Vx 2-3a:+4 v

+2 In |лс — ̂  + Vx2 — 3x + 4| + C.)
10.13. j" ̂ ===dx. (Javob: —4V2 + x — x2 + Zarcsin~ j~  + C-'l
10.14. / 5:c 3— dx (Javob: -л/2х2 + 4x — 5 —J \/7v?+4r-i; 4 2

—4л/2 In
\ 2 x ? -fr4 x —5  

X  +  1  +  

3x+2

2 + 2x — - 
2 + +C.)

V4+2X-X2dx. (Javob: —Зл/4 + 2x — x2 + 5arcsin^j=- + C.)10.15. f
10.16. Г *■ 7 — dx (Javob: -л/Зх2 — 2x + 1 ■

_ J  V3x2-2:t+ l v 3

+ C.)1 , 2 2 , 1 x — -+ |x2 --x + -20 ,-- ptn
3V3

10.17. f-T=2L =dx. (Javob: —V3 — 6x — xz + 2arcs in^ : + C.)
J  у /3 - в х - х 2 4 ______________________ v l 2  7

10.18. f ■ -dx. (Javob: --л/Зх2 + x — 5 +
J  У З х г + х - 5  3

+ -Цг1п x+ -+  Ix7 + - + С.)
3V3 6 \  3 2 '

10.19. J-=^===dx. (Javob: 7л/х2 — 5x + 1 + 
+ —Zn Ix - - + Vx2 — 5x + l| + C.)
10.20. / X —8

65 .---Zn
16

V4x2+x—5
<2x. {Javob: - л/4дс2 H- x — 5 —

* +s +J *2 + -* -- 
4 4

4-

+ C.)
10.21. f 1= = = d x . (Javob: —3V2 + 3x — x2 H— a r c s i n 4* C.)J V2+3x-r̂  2 V17 '

x-6

2x-3
Vx+1

10 .2 2 . = dx. {Javob: —V3 — 2x - x2 — 7arcsin —  -f C.)
J  V 3 - 2 x - *2 v 2

10.23. f 7 == dx. (JavoZ?: V 2x2 — x + 6 +- VZa*—X+6

J f- i  + J * 2- | + 3| + c-)
x —910.24. f - ^ L  == dx. (Javob: —л/4" + 2x — x2 — 8arcsin ’—J- + C.)J i/4+2x-x2  ̂ vs

- _ _ __ l v i 7  .....................................—10.25. J  . .J  Vx2 t S*-4_________
+2 Zn |x + 1 + л/х2 + 5x — 4| + C.)

dx. (Javob: 2Vx2 + 5x — 4 +
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10.26. | 3?  4 — dx. (Javob:-л/2х2 — 6x + 1+
3 V2x2-6 x + l 2

4 -~= In lx — - 4 1\t2x2 — 6x + l| + C.)1 2  1
10.27. f 7  " “J л/'
4--pinVs

, , =  dx. (Javob: - V3x2 4- 9x — 4 4-
V3xz+9;r-4 x 3

* + i  +Jx2 4- 3x — ■

10.28. J 4Z+3 
V 2x 2—x +S

+ C.)

dx. (Javob: 2V2x2 — x 4- 5 4-

+2V2 ta --4 lx2 - 
4 -\| 2 2

10.29, J Зх-7
Vдс2-5лг+1

+ C.)

dx. (Javob: 3Vx2 — 5x + 1 +
+ -fo 1л: — - 4- Vx2 — 5x + l| 4- C.)2 1 2  I
10.30. r 7x—l, ,---- dx. (Javob: — 7 v2 — 3x — xz — — arcsin ■ ■— + C.)

 ̂ v 2 —3x-x2 2 V17 '

Nam unaviy variant yechim i
Aniqmas integrallami hisoblang.

dx.
Ax 2+5

f 3 — 7x 
► I —-5— -dx J 4x2 + 5 = 3 [ ---- —----2 — 7 f

r ? v ’i2 4 . f , / c V  J
d(2x)

(2x)2 + (>/5)
3 1 A 2* ___arct5_ _

xdx 
4x2 4- 5

-ta|4x2 + 5| 4- С. 0Ш^

3e

е зх(2-е~ахУ

► u = 2 - " _3л 
~?x dx va

e almashtirishdan foydalansak. u holda du =

cix
(2-с>“ —  I  [ 3S~ xdx -ln\2 — e_3*| + C.-*l

J —-—  dx.J v2il
► Integral ostida turgan funksiyaning suratini maxrajiga 

bo‘lib noto‘g‘ri kasming butun qismini ajratib olamiz. Natijada 
algebraik yig ‘indini integrallashga kelamiz:

j- зх 4x ^  —. (  f Зх3 — 3x — j —\ dx = -x4 — -x 2 — -ln\x2 4- 1| 4 C.A
J  x 2+ l V  x2 + l j  4 2 2 1 1
4. J cos3(7x 4- 2)dx,
► cos2(7x + 2) = 1 -  sin?(7x 4- 2) trigonometrik ayniyatdan 

foydalansak,
/  cos3(7x + 2)dx = f  cos2 (7x 4- 2)cos(Jx + 2)dx =
= / (1  — sin2(7x 4- 2))cos(7x + 2)dx = /  cos(7x + 2)dx —
— /  sin2(7x + 2) cos(7x *- 2)dx = ~sin(7x 4- 2) —
— sin2( 7x + 2) d(sin(7x 4- 2 )) = ^sin(7x + 2) — ■̂ •sin3(7x + 2) 4- C.
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5. f  ctg45xdx.
► ctg2Sx = — - l  ekanligiclan foydalanib integralni 

almashtiramiz
f  ctg45xdx = f  ctg25x (~ r j—— l )  dx —

= f ctc/25x-r4— dx — f cta25xdx = — -  f ctq25x ( ------) dx —J  a  s in2 Sx  J  »  5 J «  V sm z S x J

— f (— -̂-- l )  dx = — — ctg35x + -ctgSx + x + C. <
J  \ s in2 Sx )  15 5 a

6 . f sin-xsin-xdx J 2 2
► ( sin-xsin-xdx = - ((cos2x — cos5x)dx = -sin2x — -sinSx + C.<I

2 2 2 - 4 10
7  f  dx

J  6x2-3x+2 '
► Integral ostidagi funksiya maxrajida to‘la kvadrat 

ajratamiz, u holda
dx _  1 r dx _  1 r  dx _  4V3 a r c t  ^ / 4_  | r  _

6x2-3x+2 б '  x 2- jX + lj? ,  6 (x  I 6v^  V l3 / (4 V 5 )

2^3 . (4x—1)л/3

J

— arctg— =---(-C .-43V13 a V13
8. f-^zL-dx

J  2 -Sx - x 2
► Integral ostidagi funksiyaning suratida maxrajdagi 

funksiya hosilasiga teng qo'shiluvchi ajratib integralni ikkiga 
ajratamiz

j _ 3 x - 6 =  -ZX + 4-SKS = _ 3  f  - г х -S { x _ 3  Q J 1« . =
J  2~5x-x2 2 J  2—Sir—X2 2 J  2 - S x - *2 2 J  2 -5x-x2

= _|,„|2 _  s , _ + =

= -|,n,2 - + f  .

*  - 1 1»'2 - 5* - 1+я » 1"  I S t S S I I +c *
= - | („|2- 5 ,- ,‘ |+^ 4 S S S K «
9 r dx

J  -JSxz+2x-7
► Integral ostidagi flmksiya maxrajida to‘la kvadrat 

ajratamiz, u holda
r dx __ 1 dx _  1 r ______ d!(a:dH/5) _
J V5x2+2x-7 “  VS J lx2+lx_7/5 ~ V5 ■’ v̂ + 1/5)2-7/5-1/25

+ C.<«+ 1/5+ /лг2 + |л: — 7/5
V

= ^ln_
10 . 2X— ~dx.

J v l - 4 x - 3 x *
► Integral ostidagi funksiyaning suratida maxrajdagi ildiz

tagida turgan funksiya hosilasiga teng qo'shiluvchi ajratib
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berilgan integralni ikkita integral yig ‘indisi ko‘rinishida 
ifodalaymiz:

r 2x—7 , 1 г —6z+21—4+4 ,J dx = —- I -ax =
J  y j l—4x—3x2 3 J  V l- 4 * —Зл:2

1 r  -6x -4  j  25 г tfx: ax ---F -! 3д/3 J3 J  V l- 4 x - 3 x 2

= - - V l -  4x - 3x2 ~ ^ = f
3 Зу/З 3

V V 3

2 /~i--A---o"~2 25 ' *+2/3 ,= — V I — 4x — ---= arcsin— — V С —
3 Зл/З л/7/З

■x—x cI
dx

:f) - n r

= —-V l — 4x — 3x2 — =arcsin^¥- + С . <
Зл/З V7

IUT-8.3
Aniqmas integrallami hisoblang.

r V l - x2 (  l1.1. I ------ dx . I Javob: — In
J  x V 2

1
V l — jc2 — 1
V l — x2 + 1

Vx2 ■1.2. f 

1 3 .

-dx. (javob: Vx 1 4 2 — 1 — arccos- + С x )
+ 4

dx . ijavob: л/4 + x2 + in
2 — л/4 + x2

1.4. f
J

J  x
V T ^ j ( '  , „ W ( 1 - * 2)3--- j—  ax . I Javob: С — —--------

2 + V4 + xz
+ C.

1 .5 .J V4 — x2 dx . ('javob: 2arcsin—+ — л/4 — x2 + C.')

f Vx2 
1. 7. I ---

+ 4
-dx л Javob: In

■l
ч

1.8. 

1.9.
x“

dx

, ( /

\
f/fi

----  3
2 + 9 + — In

3 — Vx2 + 9
3 + Vx2 + 9

x + V4 + x2 V4 — x2

x — V4 + x2 X

+ C 

+ C.

V4 —x2
dx . Javob: С —

\ 12
_________t avnh:

-y/(l + X2)3 v

1 V(4~

- = i= +c .1 VT+ ^ /
Г Vx2 + 4 / 

L 1 0 j ^3 d*-U
' Vx2 + 4 / 1 J (4  + x2)3

-j—  dx . [ Javob: С —12

1.11. fV (4-x2)3 
j x6 dx . [ Javob: С — 

\
1 -y/(4-— x2) 5

20 x5
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1 .1 3 .

1 .1 4 .

1 .1 5 .

1 .1 6 .

1 .1 7 .

1 .1 8 .

1 .1 9 .

1.20.

1.21.

1.22.

1 .2 3 .

1 .2 4 .

1 .2 5 .

1 .2 6 .

1 .2 7 .

1 .2 8 .

1 .2 9 .

1 .3 0 .

1.12. f dx i / X 1 X 3 \_________ I Javnh:— —— + С . 1
j  V ( l + X 2) 5 V V l T ?  3^/(1 +x2)3 j

J ------ dx . (javob: л/х 2 — 9 — 3arccos — +  С  . ^

f ~r~~~--- • (javob: С — р= ^= Л
J V (* 2 -  l ) 3 v l  J

j  x3s/9 — x2dx . (javob: (9 — x2) 5 — 3-̂ (9 — x2)3 + C. j  

f  dx I  x л/х2 -  1 \
i  x24 (x 2 - l )3 ' [JaV° b C Vx2 _ t ж • J
f dx (  Vx2 — 1 \

— ==== . [Javob:-- ---+C.
J  x2\x2 — 1 \ x J
f  л/х2 — 9 / 1 л/х2 — 9 + x л/х2 — 9 \I --- т— dx . Iavob: — ln -------------I- С .
J  * 2 V 2 Vx2 — 9 — x * )

I
dx I  1 1 л/х2 — 1-- =  , \ Javob:-arccos— -- —-=-- 1- С

x3Vx2- l  V 2 x 2x
f V 9 - x 2 (  1 V(9 - x 2)3 \
J  ' i/aWb: C “  --- ' j
Г dx f  л/х2 + 9 \
I --- --- . I Javob: С ---- ----. I
J  х Ч х 2 +9 \ 9x )
j  x2V l — x2dx . (javob:—arcsinx — —xyj 1 — x2( l  — 2x2) + С . j

J  x3-Jl — x2dx . [javob:—у/ (1 — x2) 5 — (1 — x2)3 + С . j
Г л/(4 — x2) 3dx (  x л/4 —x2 1л/(4 — x2)3
I ----- г---- . | Javob: arcsin— A--------- —-----5---- 1- СJ  x4 у  2 x 3  x3

C dx f x \I —  . I Javob :— ■ + С . I
J  V(4 + x2)3 v 4л/4 + х2 )

л/х2 + 9 / 1 J (9  + x2)3Г л/х2 +9 I
J - F — 'H -dx. Javob: С —27 r3

dx / x \: + C.f  dx (
I —  . /avob:-
J  J ( 9  + x2Y  V <V(9 + x2) 3 V 9л/9 + х2 '
г x2dx / 9 x 1 /-----  \
I - ■ ■■ ■. (javob: —arcsinx----xy 9 — x2 + С . |

J  — ^2 V 2 3 2 /
Г л/16 - x 2 / 1 x3 \
I ----:-- dx . I Javob: С — =  . j
J  x-1 \ 48V16-X2 /

/

V 48-y/lfT
л/16—X 2 / X X \--- --- dx . IJavob : С - arcs in---- ■ ■ ■■ + С .

* 2 V 4 л/16 — x2 /
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2.3. J

2.4./

2.5./

2.6. /

2.7. J

2.8./
2.9./
2.10. 
2.11. 
2.12.
2.13.

2.14.

2.15.

2.16.

2.17.

2.18.

2.19.

2.20. 
2.21. 

2.22.

2.23.

2.24.

2.25.

2.1. /

2.2./

dx ( , , l . l  l V1+x2. Javob: L — = ln ----V -fi Ix+ i ;(x+l)\H+x 
dx

(x+l'i'jx2

dx
(ar+l)Vx2-

^ ■ ( JaVOb:j ^ +C-) 
- (javob: +

2-j2(x-hl) ■)

—==5 . {javob: С — In

w ffp  • (Jav0b
g -  . (;aVObxxx̂

1+Vl-x2

1+Vl+AT:

dx

С — In

С — arcsin ̂ . ) 

. |Javob: С — In

■)

■)

x\'x2+x+l
. [javob: СxVxz-x+l V

l 1 Vx2+x+l| 
2 x

• In
dx

l+Vx2-x+l
■)

xVx2+x 
dx

= . (javob:C — arcs in ^ r.'j
===== . (javob: С — arcsin—̂ . J

dx ( , , „ , 1 . 1 . Vl+x =  . {Javob: С
ку/х^ х

xVl+x-x
dx

■ In i +i +.
—~  . [javob .C — 7=a r c s i n )*-Лгг+х-2 vr л/2 3x /
--- ; f* . (javob: С — 4= In(x+l)Vx2-x+l V л/3
7--  f* . (javob: С —— In(x+l)Vx2-r-l \ л/з

. (javob: С — In

■)

1 1 , Vx2—x+l
x+l 2 ' V3(x+1)
1 -- +2

Vx2—x—1
x+l x+l

(x+l)Vx2+x+l dx
Vx2+x+l|-- + ■x+l 2 X+l

(x+l)Vx2+x 
dx

=  . (javob: C -  arcsin

(javob: a r c s i n ^ ^  + C .)
1

■)

(x+OVl+z-x
7—  % — ■ (javob: С — 1=In(a:-1)Vj:2+x+1 V5

. {javob: С — In

l Vx2+jr+l| 
x-l 2 V3(x-1)

(x-1)Vjt2-a:+1 
dx

_  ̂ - |. х̂2~х+1 
x - l 2 x-l

(x-l)Vx2+x-
dx

= . (javob: С —In 1 _f_ x̂2+x-l 
x-l 2 x-l 3-x \

(x-l)Vx:
dx == . (Javob : С — In

Vs(x-i) '/
1 _ l Vi+x-x5

x-l
1

x-l

(x+l)Vl-x-x2
dx

1 Vl-x-x̂  
X+l 2 X+l

(x-l)Vl-x-x2
== = . (javob: С — InxVl-x-x2 V

. (yavob: С — arcsin ^  . j

■)

•)

•)

•)

2 _  1 + Vi-x-x2 
2 x ■)
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2.26. f —т = =  . (javob:C —-arcsin^-Z: .)
J  x\lx2+x-3 V 3 W 3  J

2.27. /-— f* . (javob: С — =̂ arcsin Л
J  (,х+ 1 У хг+х-2  V  -Д 3 (x + l) У

2.28. }  -, -dX . (javob-. С -  4= In I- -  -  +J xva:2—Зх+2 V |i 4
•Jx2- Зх+2 \

2x ')
2.29. / ----. (javob: C - ± ln  I— + - + Vz~* *1 .)

J  (х+1)л/2-х-х2 V V *  |x+ l 4 x + 1 j /

2.30. J , , . (javob: С -  In I- -  - + ■
J  x\/1-3x-2x2 У  \x 2

■\/1-Зл:-2х2

3.1. / ^  ' ( J av°b'- tgx ln\cosx\ + — X + С .)
3.2. / cos(lnx)dx . (javob:^(sin(lnx) + cos(lnx)) 4- С .)
3 .3 .f^ fd x . (javob: С — — .)
3.4. / ln(x + 2)dx . (Javob:xln(x  + 2) — x + 2 ln(x + 2) + С .)
3.5. / ̂  dx ■ (Javob: С — ctgxln\cos x\ — x . )
3.6. J  ln<-lnx-1 dx . (Javob-.lnx ln (lnx) — Inx + С .)
3.7. / In2xdx . (]avob: xln2x — 2x Inx + 2x + С .)
3.8. f^j=-dx. (javob:2\fx Inx —4л/х + С .)
3.9. / x In^-^-dx . (javob: — — x --ln^—̂- + С Л

J  1+x V  2 1+x 2 1+x_______ /
3.10. / ln(x + V l + x2)dx . (javob: x ln(x + V l + x2) — V l + x2 + C.)
3.11. / ln(x + 4)dx . (Javob: x ln(x + 4) — x + 4 ln(x + 4) + C.)

_ 3.12. / x dx . (]avob:\ll + x2 ln(x + V l + x2) — x + C.)

3.13. J  ^  dx . (Javob: С — x — ctgx — ctgx ln(sin x) .)
3.14. J  x2 ln(x + 1 )dx . (javob: ^ ln (x  + 1) — -I-  ̂+ ̂ ln(x + 1) + С . j
3.15. J  lnxln(lnx'> dx ^javob-.^ln2 x ln (lnx) — -In2 x + С
3.16. / ln(x2 + l)dx . (Javob: x ln (x2 + 1) — 2x + 2arctgx + С .)
3.17. J dx . (javob: С — ̂  .)J x V 2.x2 bx2 )
3.18. / Jx ln 2xdx . (javob: ^^fx^ln2x — |V x 3 Inx -t-^Vx3 + C.)
3.19. / In j^ d x  . (javob: x — ln(xz — 1) + С . J
3.20. f  (x2 — x + 1) Inx dx .(javob: ( y  — y  + xj/nx-  — ;e + ^-)
3.21. / Jx ln x d x  . (javob: ^Vx7 Inx — ̂ V i7 + C.)
3.22. / ln(-sl™x̂  dx . (Javob:tgxln(sinx) — x + С.)J coszx
3.23. f  x ln (x2 + 1 )dx . (javob: у ln(x2 + 1) - у  + ^п (х 2 + 1) + С.)
3.24. / x ln2xdx . (javob: —у?ялг + у+С.^
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3.25. / x2 Inx dx .(javob-. ^ In x  — ~ +  C-)
3.26. / x ln(x + 1) dx . (javob-. у /n(x + 1) — + |  — ^ln(x + 1) + C.

3.27. / sin(lnx)dx . (javob: | ( sin(lnx ) — cos(lnx)) + C.)
3.28. /(x2 — 4) sin 5xdx . (javob-. -^x sin 5x — x 21 cos 5x + C.)
3.29. / x in(x + 5) dx . (Javob: jc Zn(x + 5) — x + 5 ln(x + 5) + C.)
3.30. / In j^ d x  . (javob-. x ~  2 ln\A — x2| + C. )

4
4.1. J VI — xarccos\fxdx . (javob-.  ̂Vx3 — ̂  л/x — ̂ ,/(1 — x'parccosyfx +
4.2./ V I — xarcsin-Jxdx. (javob-. ^Vx — ̂ Vx3 — ̂ д/(1 — x)3arcs£nVx +
4.3. / x arctglxdx . (javob: у arctglx  — ̂  + ^arctg2x + C.'j
4.4. / dx . (javob: 2Vx + 1 arcsinx + 4V1 — x + С.)
4.5. / dx _ (javob: 4Vl — x — 2Vl — xarcsinx + C.)

4.6. / arr̂ f *  dx . (javob: 2yfx — 2v'l — xarcsin-fx + C.)
4.7. / dx . (javob: V l + x2arctgx — ln\x + V l +x2| + C .)
4.8. / ^7==j-dx . (javob: x — V l — x2arcsinx + C.)
4.9. / x arctgxdx . (javob: у  arctgx ~~  + ~ arctgx + C.)
4.10. / x arcctgxdx . (javob: у arcctgx + ~ + ̂ arcctgx + C.)
4.11. / * â ccospL dx . (javob: С — - — -V l — 4x2arccos2x.) ̂ Vl-4*2 V 2 4 . /
4.12. / arccos2xdx . (javob: arccos2x — jV l  — 4x2 + С . J
4.13. / arctgxdx . (javob: xarctgx — ^ ln (l + xz) + С .)

4.14. /2^==^dx . Qavob: С — 2Vx — 2Vl — xarccos^x.)
4.15. / xaJ f ^ xdx . (javob: С — x — V l — x2arccosx.)
4.16. / dx . (javob: С — 4V1 + x — 2Vl — xarccosx.)
4.17. / arcctglxdx . (javob: x arcctg2x + ̂ ln (l + 4x2) + С .)
4.18. / * aJ^ ^ X-dx . (javob: V l + x2arcctgx + ln|x + V l + x2| + С .)
4.19. / arcsin2xdx . (javob: x arcsin2x + jV l — 4x2 + С
4.20. / * dx . (javob: ^x — ̂ V l — Ax2arcsin2x + С .)
4.21. / dx . (javob: 2V1 + xarccosx — 4Vl — x + С .)
4.22. / x2arctgxdx . (javob: у arctgx ~ ~ x 2 +^ln(x2 + 1) + С
4.23. / x arctg2xdx . (Javob: ^-arctg2x + ̂  + ^arctg 2x + С .J
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4.24. J  arctg(x + 5)dx . (javob: x arctg(x + 5) — i  ln\x2 + lOx + 26| + 
+5arctg(x + 5) + С . j

4.25. J x2arcctgxdx . (javob: ^-arcctgx +-(— ^ln(x2 + 1) + С
4.26. J x arcctg2xdx . (/avob: — arctg2x + - arctg2 x  — x arctgx  +

+ ̂ in(x2 + 1) + С .)
4.27. f x2 cos-dx . (javob:3x2 s in -+ 18xcos-—54s in -+ СJ з V з з з 1
4.28. J' ж arcctg2xdx .(lavob: ^-arcctg2x +^arcctg2x + x arcctgx +

+ ̂  Jn(x2 + 1) + С .)
4.29. / x2 sin 2x dx . (javob: |  sin 2x — у  cos 2x + ̂ cos 2x + С Л
4.30. / (x2 + 4)e2* dx . (javob:  ̂(x2 + 4)e2x +^xe2x + \e2x + С .)

5
5.1. f  x2 cos 2x dx . (javob: у  sm2x + |cos 2x — ̂  sin 2x + С .)
5.2. / x sin2xdx . (javob: у  — - ŝin 2x — ̂ cos 2x + С . j
5.3. / ж sinx cos x d x . (javob: ^sin2x - y cos 2x + С
5.4. / x2 (sin 2x — 3)dx. (javob: |  sin 2x — у  cos 2x + ̂  cos 2x — x3 + С. j
5.5. / x2(sinx + l)dx  . (javob: 2xsinx — x2 cosx + 2 cosx + у  + С .)
5.6. f (x 2 + x)e~xdx . (Javob: С — (x2 + 3x + 3)e~x .)
5.7. J(x 2 + x)exdx . (Javob: (x2 — x + l ) e x + С .)
5.8. / (x2 — x + 1 )e~xdx . (Javob: С — (x2 + x + 2)e~x .)
5.9. f (x 2 — x + l ) e xdx . (Javob: (x2 — 3x + 4)ex + С .)
5.10. / x ctg2xdx . (javob: ln\sinx\ — x ctgx — у  + С . j
5.11. J  x2e~xdx . (Javob: С — (x2 + 2x + 2)e_3C.)
5.12. / . (Javob: ln\sinx\ — x ctgx + С .)
5.13. f . (Javob:x tgx + ln\cosx{ + С .)

5.14. / x tg2xdx . (javob: x tgx + (n|cos x| — у  + С .)
5.15. J ( x 2 + 2~)e~xdx . (Javob: С — (x2 + 2x + 4')e~x .)/ y2 у  ̂ '
5.16. f x2 sin2xdx. [javob: :-----sin2x + -cos2x +-sin 2x + С . )J  V  6 4 4 8 /
5.17. f x 2(cos2x + 3) dx. (javob: x3+^-sin2x+ ̂ cos2x— ̂ sin2x + С .'j
5.18. f (x 2 + 2)e~xdx . (Javob: (x2 — 2x + 4)ex + С .)
5.19. f (x 3 + 3) sin xdx . (Javob: 2 xsinx — (x2 + 1) cosx + С .)
5.20. f (x z — 3) cos x dx . (Javob: (x2 — 4) sinx + 2x cos x + С .)
5.21. f (x 2 + l)e~xdx . (Javob: С — (x2 + 2x + 3~)e~x .)
5.22. f (x 2 — 1 )exdx . (Javob: (x — l ) 2ex + С .)
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5.23. Гх 2 cos2xdx . (javob-. — + — sin 2x + -cos 2x -  -sin 2x + С Л  
J V 6 4 4 8 J

5.24. f (x 2 + x) sin xdx. (Javob: (2x + 1) sinx — (x2 + x — 2) cosx + С .)
5.25. f (x 2 +x) cos xdx . (Javob: (x2 + x — 1) sinx + (2x + 1) cosx + С .)
5.26. f (x 2 + i ) e xdx . (Javob: (x2 — 2x + 3)ex + С .)
5.27. f (x 2 — 1 ~}e~xdx . (Javob: С — (x + l ) 2e~x .)
5.28. / x sin2xdx . (javob: — — 2x — i cos 2x + С .)
5.29. farcsin9xdx . (javob: x arcsin 9x +  ̂л/1 — 81x2 + С

5.30. / x arctg 2x dx . (javob: у  arctg2x — |  + ̂ arctg 2x + С .)

6
6.1 . /(x  + 1 )е2;с dx . 6.18. f (x  — 8) s in x  dx .
6.2. f (x  — 2 )ex d x . 6.19. f ( x  + 4) cos 3x dx .
6.3. f ( x  — 7) cos 2x dx . 6.20. f ( x  + 8) sin 3x dx .
6.4. f  (x  1) cos Sx dx . 6.21. f (x  + 6) cos 4x dx .
6.5. Д х  + 2)  cos 3x dx . 6.22. J  (jc -  6)  sin - dx .
6.6. f ( x - 2 )  cos Ax dx . 623 f (x + 1 )co s27x d x ,

' 6.24. / (x  + 2) sm i  dx .
6.8. J (x  -  3) cos x dx . . x 2
6.9. J (x  + 4)  s in 2x dx . J x s i n - d x .
6.10. / x sin 3x dx . 6.26. / (x  + 4) cos - dx .
6.11. f ( x  + 5) s in x  dx . 6 2 J  j (x + 1 )s in i dxm
6.12. f ( x  — 5) cosx dx . \
6.13. j ( x  + 9 )s in x  dx. 6'28- i ( x  + 2 )c o s - d x .
6.14. f ( x  + 7) sin 2x dx . 6.29. / (x  + 3) sin ̂  dx .
6.15. J (x  + 4) sin 3x dx . 6.30. f  (x — 9) s in - d x  .
6.16. f ( x  + 3) sin  5x dx . 2
6.17. J (x  — 4 ) cos 2x d x .

7
7.1. / Zn(x — 5) dx . 7.12. f x 2e3xdx.
7.2. f  arctg2x dx . 7.13. / x cos(x + 4) dx .
7.3. J  x 2e~x dx . 7.14. J  x cos(x — 2) dx .
7.4. f ( x  + l)e ~ 4x dx . 7.15. f  x cos(x + 3) dx .
7.5. f  x 2e~2x dx . 7.16. / xe*+2 dx .
7.6. / a rc tg 3x dx . 7.17. f  xe~lx dx .
7.7. f  x cos 8x dx . 7.18. / a rc s in lx  dx .
7.8. / arctgAx dx . 7.19. J  x sin(x + 7) dx .
7.9. / arcsinSx dx . 7.20. f  x cos(x — 4) dx .
7.10. f (x  + i )e ~ x dx . 7.21. / x sin(x + 4) dx .
7.11. j  x arctgx dx . 7.22. J  x cos(x + 9) d x .
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7.23. f(x  + 3)e~x dx .
7.24. J  arccos x dx.
7.25. / (x2 — 3)ex dx.
7.26. / xe~4x dx.

8.1. / arctg2x dx.
8.2. J  x cos 6x dx.
8.3. f  arsiriix dx.
8.4. f  arccos2x dx.
8.5. / arctg8x dx .
8.6. / x sin(x — 2) dx.
8.7. f  arsin8x dx.
8.8. f  x sin(x + 3) dx.
8.9. f  x cos(x + 4) dx .
8.10. / arccos?x dx .
8.11. fx  cos(x — 7) dx.
8.12. fx  sin(x — 5) dx.
8.13. f(x  — 4)exdx .
8.14. J  xe~6x dx .
8.15. / arctglx dx .
8.16. / arsinSx dx.
8.17. / ln(x — 7) dx .

7.27. J  x cos(x + 7) dx
7.28. fx e ~ Sx d x .
7.29. f x e x+3 d x .
7.30. f  x cos(2 — x) dx.

8.18. f  x cos(x + 6) dx
8.19. f  arctg  ~ dx .
8.20. f  ln (x  + 8) d x .
8.21. f  arctg  |  dx .
8.22. f  ln (x  + 12 ) dx .
8.23. f arcsin - dx .

5
8.24. f  ln(2x — 1 ) d x .
8.25. / ln(2x  + 3) dx .
8.26. f arccos - dx . J s
8.27. / arctg  - dx .
8.28. [  arcsin - dx .7
8.29. f  arctgbx d x .
8.30. Г arccos- d x .

J  3

Nam unaviy varian t yechim i
Aniqmas integrallam i hisoblang.

1 . f x 2V l6 — x2d x .
^  J  x 2 j l 6 -- x^dx — 1 X ~  ^ ~  ^ C0S tĈ t

= 64 J

2. / 

►/

sint = x/4,t = arcsin x/4 

J  16sin2ty/l6 — 16sin2t4 cos tdt = 256 J  sin2tcos2tdt = 

sin2 2tdt = 32 J(1  — cos 4t)dt = 32t — 8 sin4t + С ;

dx
= 32arcsin--- (8 — x2)V l6 — x2 + C. <

4 4

*Vx2+5*+l 

dx
x>/xz+Sx+l

1  ̂ 1 X = t  =t x
dx = -j-;dt

dt =-f dt
V t2+5t+l

In |t + — + Vt2 + St + 1 j -f- С —
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= - In - + - + -- + - + 1
л: 2 jc х

3. j {x  — 7) sin 5xdx.

► / (x — 7) sin 5xd.r =

+  C. -4

и =  x — 7,du =  dx,
dv = sinSxdx,v = —-cos5x

7) cos 5x + + - J  cos 5x dx — —^(x — 7) cos 5x +- ^  sin Sx + C. <
4. / arccos4xa'x.

, . , 4-dx

»Jarcco,s4xdx = u = arcco.s4x, du =
V l —16x2

dv = dx, v = x
-■ x arccosAx + 4 Г — = x arccos'ix — -Wl — 16x2 + (?.•<

J  V l- 1 6 * 2 4
5. / xex~7dx.

f
J Xxex 7dx = 

= хел~' — e
6 r  x a rc tq x  ,

• H l 7 = r dx

| u — x,du dx j 
i dv = ex~7 ,v  — e*~7| 

x~7 + С.Л

► J

Vi+x2

x arctgx
Jl+x4

dx

dx =
и = arctgx, du = ■

dv = -v-—v, v ~ \ 1 + x 'VT+P'’

— J ex 1dx =

— V l + x2arctgx —

— J  - Vl + x2arctgx -  /n|x + Vl +■ x2| + C. <
7» f (x 2 — 4x + 3)e~2xdx.

и = x2 -  4x + 3 ,du -  (2jc - 4)dx,|
л i =► j ( x 2 — 4x + 3)e 2xdx - dv = e 2xdx,v = —~e~2x 
2

= " ( ( * 2 ~ 4x + 3)e 2*) + /,(x - 2)e 2xdx = 
и = x — 2, du = dx,

dv — e~2tdx,u = — ~e"2x — (.x2 ~ 4x + 3)e~2x —

- - 0  -  2)e-2?- - -e~2x + С. M
2 У 4

>* V 4-1

fn2{x+i)

и = ln(ln(x + 1 )), du = ---------(iH )ln(rtl)
dt> ■-= ~~~~  dx,v = h n \ x  + 1)

, InCx+ l) , 
ln(ln(x + 1)) - j f  x+i &* -

- ,n *̂— ./.n (ln (x + 1)) — - lr 2(x + 1) + C.-4

11



IUT-8.4
Aniqmas integrallami hisoblang 

1 .
dx. (Javob: 6 ln\x + 3| -  ln\x + 1| +

2 ln\x + 5| + +C.)
1,2< f  Z ^ X x^-2x+3) dx' V avob: 3 ln \x — 3| — 4 ln\x -  2\ +

+ in|x + l j  + C.

f  cT^ (x 2~x-i2) dx-(Javoh: 2 ln \x “  11 +5 ln\x -  4| -  
—7ln\x + 3| + C,)

_ 7 у ^ 4 - Я у ^ + Q r ^  —  7

1,4> dx-(Javob :x2 + Sln\x + 3| + in|л: + 2j +
+гп|дг - 1 | + c.)

1-5‘  ̂\̂ +6̂ +5KxT3)dX- V aV0b: ~ S ln\X + 5I + 6 Znl* + 3I - 
—ln\x + 1 | + C.)

L6 - I 2£ ^ S ^ dx- ^  * 2 + * + 2 b il* + II +
4 Zn|x -  2 | + +3 Zn \x -  3| + С .)

t  -  Г 2 *4+8л:3-45д:-61 , . 7
*-7- •’ ~(^ 1)(»2+5ж+6) dx- (/avob: * “  8 N *  “ 11 + 5 ln|* + 3 

+ln \x +- 2| + C.)

з гп|яг + +i| - з Zn \x + з| + с.)

1,9‘ f  (xTlXx*+x-2) dX' C/al70b: 3ln\X + II -I" ln\x ~ !| +
+2 In \x + 2\ + C.)

11 0 ‘ f lx-4)(xt+L-3) dx- U avob:4  ln \x -  1| -  7 ln\x + 3| + 
+3 In \x — 4| + C .)

1#11‘ of-3X^~x-2) dx- U avob ' 2 ln\x “  2| + 3 ln\x -  3j -  
—2 In |x + l j  + C.)

3 ln\x -  3| + +3 In \x + 1| + C.)

1ЛЗ- / u-i*xi l t x+h)dx-(Javob: ln\x + 2\- In\x -  1 | + 
+3 In \x + 3| + C .)

1.12. / 2 x 4- 7 x 3+3.»:+2C

(x - 2 X x 2 - 2 x - 3 )
dx. Qavob: x 2 + x — 4 Zn|x -  2| +

dx. (Javob: 18ln\x + 3| — Zn|x -  1 |
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1Л5- I ~ j - 26j r x_2dx- (Javob: ln\x -  1| + 3 ln\x + 1| -  
—4 Iyi\x  ■+■ 2 1 + С

1Л6- u avob-3ln[x + +2 Zni*+3> -
- In  \x + 5| + С.)

1Л7# i  ---~ ~ d x .(jav> ob :4 ln\x  — 1| — 7 fn|* + 3| +
-t-5 In  \x — 4| + C.)

1Л8' ^ ^^ -з)(1+ 2 ) (Ja vo b : x2 -  ln\x -  1| + ln\x + 2\ -  
—2 ln\x + 3| + C.)

1 1 П  Г 2%4 + 17х3+40Х2+37.х+36 , , ,  r ?  .
l  i9 > / - « ■ (7evo*: a:2 -  X + 3fa|x + 1| +

+3 ?n|x + 3| -  3 In  \x + 5| + C.)

1 2 0 - -f (^+Зх+2){х-1) dX ' V aV ° b: /П*Х ~  ! !  -  3 /П1Х + H  +
+8 /п |x + 21 + C.)

1‘21* ^ Ĉ IiKx+2) d3C' ^ avoZ,: 3* Z ~ 12лг + ln\x “  !| ~
-3 in|x + 1| + 32 In \x + 2\ + С .)

1 J2 ' J" C/aP0b: 2te|* + 31 _  3 /n|* + 11 +
+3 In \x + 5j + C.)

L23* f  (7^sx\\7 )Z vdx- QaV° b: 61ф  + 31 "  2 Zn|x + 11 ~
- 2 ln \x  + 5[ + C . )

. /■ 2ж4-5дг3-15лг2+40̂ -70 , , . . . .  „ ,
1 *24’ J  ~  2;2x_3)(r-4) -<**■ (/ew ft: *  -  x + 4 mix -  1| -  

—/?i|x + 3| + 2 fri |x — 4] + С .)
r 2x4-7 x 3+2x2+13 . ,

1*2э* J ~( ~̂-5̂ +6)U+l) O avob-X + X  + 2 ln\x+  1| +
+/n|* -  2j + In |x — 3j + C.)

« ^ г —2lK^+3l+24 , 7 1 ^ 9  . - , .
1 / ;ж2.ж-2Кж+1) ax■ (/a^ob: Зх2 -  12л: + 2 -  1 | -  

—3 Zn|x + 1| + 10 In  \x + 2| + C.)

1-27. (Ja vo b :x 2 + x  + Mn\x  -  1| +
+ Zn|x + 3| — 2 In \x — 4| + C.)

1,28‘ ^ (^ - L ^ ) i b r , dx' ( J avob: 2 ln\x “  2| + 3 Jn|x -  3| + 
+2/n|.r + l|  + C.)

1‘29’ J  (/avoi: 3x2 ~ 12* + ln\x “  I I “
—3 ln\x + 1\ + 2 ln  \x + 2\ + C.)
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L 3 °- / dx- U avob- 20Zn|x + 3| -  ln\x -  1| -
— 16ln\x + 2\ + С .)

2
2.1. / dx, (Javob: x + i  — in\x\ + 2 ln\x — 1| + C.)

2.2. f  -—2J_ / ~  * dx. (Javob: x + ln\x\ + ̂  - 2 ln\x — 1| + C.)

2-3- ^ dx- U avob: 2 ln\x ~  I I  -^17 + ln\x + 1| + C.)
2.4. f -̂ ~ x2 dx. (javo b -Л — 3 ln\x\ + 3 ln\x — 1| + C.)
2.5. f —J , +^1* 3 dx. (Javob: 2хг — 3 ln\x\ — ln\x + lj — ~  + C.)
2.6. J  ~ -^dx . (Javob: ln\x + 1 | — ln\x\ -  ̂+ C.)

2 ‘7, f r 2 - 2 » + i ) e » + i ) C/«^ofo: 3 — 1| - ^ y  +  Zn|x +  l j  +  C.)

2.8. J ~~2'_2*, — dx. (Javob :-  — 3 Znjxj + Zn|x — 1| + C.)

2 .9 . ^ - '- 'z X !f c  (/avob:Znjx| + Zn|x -  1| + —̂ • + C .)
2.10.-/ *X ~dx. (javob: 2x2 — 2 ln\x\ — 2ln\x + 1|-- - + C. )

2.11. /— 4x ildx. (Javob: x2 4- ln\x\ — ln\x — 1| + —̂  + C.) 
2-12‘ -^1^717dx‘ Oavob: ln\x + 1| -  2Zn|x| -  ^  + C.)

2.13. i  X l ^ dx. (Javob: 2x — Zn|x| ~ — ln\x + 1| + C.)

2.14. / -— — -dx. (Javob: x + —  + 2 in\x — lj -  ln\x + lj + C. )— 1.) x—1

2-15‘ f  7^T ^ T~dx- ( J avob: 2 ?nM  + 7̂ 7 _  ln \x + 1 ! + c .)
216- $ xi-2x?+xdx- (Javob: 2 ln\x\ -  2 ln\x -  1| - ~  + C .)

2X1 • / S S S )  dx‘Cfawb: 2x2 ~ ЫМ ~ 3 Ых  + 11 “  ITT + C‘}
2-18. J  (X2_^ (X+1) dx- (Javob: ln\x -  1| -  ln\x + 1| -  ~  + C.)
2.19. / (Javob: ln\x + 1| - Zn|x| - i  + C.)
2.20. / - — 1 dx. Qavob: x — Zn|xj — ^ — 2 ln\x — 1| + C. )

2-21‘ f  £ -2 * 4 *  d* ' ^ ai;ofo: ~ lnM  ~ lnlx ~ V ~ ~  + c -)
2.22. / 2C dx. (javo b : 2x + Zn|x| -  ^ — Zn|x + lj + C .)
2 ’ 2 3 -  $ rf* '  (Javob: x - l n \ x - l \ - ^  +  2 ln\x +  l j  +  C. )
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2.24. f  ~ ~ d x .  (Javob: 2 ln\x\ + ln\x + 1| + ̂  + C.)
2-25- / 'уз **-x+idx' УауоЪ' ln\x + !| -  ln\x ~ 1 | - ^ 7 + C.)

2.27. / dx. (Javob: 2 ln \ x + l\ -  ln\x\ -  \ + C. )
2.28. / ~ i%x2 - (Javo b -Л — ln\x\ + In |x — 1| + C. )

2'29, (Javob: ln\x\ + ln\x -  11 -  ^  + C.)

2*30* / ~ Tt+*I 1 dx. (Javob: 2x + ln\x\ + i+  2 fri|x + 1| + C.)

—Znjx  ̂+ 2x + 5 j -  arctg  —---- )- C. )

3.2. f  —(36*gB dx. (Javob: 2 ln\x + 2 \ ~ ^ ln \x 2 -  2x + 4| -  

- b arct( l f  + c ;)
w dx-(lavoh:ln x̂ + ~ \ ln^ 2 ~ 4x + 13l -

— arctg  —— VC. )

3-4- / rX i X Z ^ dx- V a v o b -3 fnl* -  ^  ~ l2ln ^ 2 + 2x + 5| -  
—2 arctg  —  + C.)

3-5, Uavob: ln\x2 + 6x + 13l “  ln\x + II +
, 1 , *+3 „ . •+ -arc tg  —  + L .)

3.6.
J 2 dx. (Javob: 2 ln\x -  1 | ---i  in|x2 + x + 1| + ^ a r c t g ^ ~  +
C .)

3 J - ^ 2) ( J - 2x+io )dx- V avob: 2ln\x + 2 \-  - ln\x2 -  2x +
101 + 2 arctg-—  + C .)

Ш  ^ )(9X L i 3) d*- a ^ o b :iin |x z -4*4-131 -
, x -- 2 

—in|x + 11 + 2 arctg  —---- Ь C.)

3.9. / ~ ~ d x . (Javob: ln\x2 — 2x + 4| — 2 ln\x + 2| +

2.26. f- Z L - '™ -
(x z~ x )(x ~ l) dx. (Javob: 2 ln\x\ + ln\x — lj + + C.)

3
3.1. / dx. (Javob: 2 ln\x — 1| — 

x + 1

+i arct3 xi=-+c-)
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3 .10 . Г —4* +зх+17— ^ (Javob: 3 1п\х — 1 | +
J  (x —l ) ( x z+2x+ 5) и  ' 1

1 3 х  + 1  
+ -Zn|x2 + 2дс + 5| -  - a r c tg — ---- h С .)

3 1 1 ‘ O i l *2 dx. Qavob: 1п\х\ - ± -
1 , 1 л:

-  -ln\x2 + +4| -  - a r c tg -  + С .)

3.12. Г — -— 7-—-—— dx. Qavob: 3 ln\x + Z\ — ln\x2 — 2x +J (ж+2)(ж2-2г+10) V i l l
+ 1 0 1 + arctg  + C .)

3.13. / 4V +fi 12 dx' (Jav°b'--̂ ln\x2 ~ 2-t + 4| - 2 Zn|x +
+2 | - ^ a r c t g ^  +C. )

3.14. / ^у *̂4.t+13) dx' (favo^: 3 fo|je + 1| — ln\x2 — 4x + 131 — 
—arctg  + C.)

3.15. / 9* dx. Qavob: ln\x2 + a: + 11 — 2 ln\x — 1| —
—4y/3 arctg  + C. )

3.16.
/ ^  djc. Qavob: 2 ln\x + 2| — Zn|x2 — 2x + +4| — V3 arctg  + C .)

317, ( J a v °b '~ ln \x 2 - 2 x  + 10| -  in|* + 2| +

+ ̂ arctg^- + C.)
3.18. f ----* * 23----cfoc. Qavob: 3 Zn|x + 1| — ln\x2 + 6x +J  (лг+1)(ж2+6л:+13) v  I I I

+1 3 1 —5 arctg  + £■)
3.19. / — ** ’l 7*+7— dx. Qavob: 2 ln\x — 1| + -arctg  + C .)

J (x—1')(x2+2x+5)  v  ' '  2 a  2 '

3.20. / , 19*~* ~~U . (fa:. Qavob: ln\x2 -  4x + 131 -  3 £n|x +J  0с+1Х*2-4х +13)
+1| + 3 a rc t# ^ p  + C.)

3.21. Г--- 4х, - --- dx. Qavob: 3ln\x + 2\+-ln\x2 — 2x +J (x+2)(jc —2Г+10) U 1 1 2 1
+10 | + V c t 5 ^  +C. )

3.22. f ----- ^------dx. Qavob: ln\x + 1| — -ln\x2 + 6x +
J  (х+1)(ж2+6л:+13) v  2

+131 — arctg  +C . )

3.23. f — 2x +*x+—— dx.Qavob:ln\x + 1| + -ln\x2 - 4x +J  (x+l)(x2—4x+13) u  I I 2 I

+131 + 3 arctg  + C .)
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3'24- f (x+i Uavob: ln'x + !| ~ H * *  + 6* +
13| + ̂ arctg^~- + C.)

3.25. / 4* 3 Q̂fl° dx. (Javob: 2 ln\x + 2| + Zn|x2 - 2x + 4| +X +o
+V3 arctg ̂ =- + C.)

3’26‘ f  (x-i)0c^ 2x+T )dx- V avob' 2 ln\x ~ II + ln\x2 + 2x + 5| +
+ -■ arctg + С.)

3.27. f  ЪХУ _\+Л dx. Qavob: 2 ln\x -  1 | + ± Zn|;tz + x +
+ 1| + ^ arct£ f~  + C.)

3.28.
f-^-d x . (Javob:2ln\x -  1 | -  ln\x2 + x +  +1\ +2л/3 a rc tg ’̂ -  + x i уз
с .)

3,29< J  T)dx- (Javob:3 ln\x+  1 | + ln\x2 + 6x + 13| -
~~  arc tg—  +C.)

3-30- $Tx+S - l x: i0)dx- Vavob■ ln\x + 2! - \ ln\*2 ~ 2* +
101 + ̂ a r c t g ^  + C.)

4.
4 ,1~ х«!зх*—4 2 ~  1| +  + 1| -^ п |д :2 + 4 j +

+C.)
4.2. / dx (Javob: ^ln\x + 1| — x2 —^ln\x — 1| +

i arctgx + +C.)

4‘3, dx (Javob: x + ~arctgx + Un\x2 + 4| -
\a rc tg x-+  +C.)

4'4, (Javob: \ ln\% ~  г \ ~ \ ln \x + l\  -  \arctg^  + C.)
4-5- f  ~ r~-2-dx (Javob: 2ln\xl + — — -ln\xz + 4| — -arctg- + C.)

X*+4X* "  2x 2 4 a  2

4’6’ h l-i)i7xz+vdx (Javoh: ln^ z + 4I - 7-1 + l arct9-- + C )
J-X +Х \_X 3 dx ( J avojr  _  I  _  щ x _  + щ х  + ц  ^

4'8' ^ ^ 73x^ i dx (Javob--Jn \x + l \  - ^ l n \ x - l \  +^ l n \ x 2 + 4| +
+ \ ar d g ^ +  C . )
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4.9. / * 4 * * dx {Javob: /п|х| — - — -ln\x — 1| +^ln\x + 1| + +C.)
X  —X  x  2 2

4.10. Г 7--;■*■■■■ 7̂'> !-0— -dx (Javob\-ln\x2 + 4| — ln\x — 1| —
J  ( x - l ) ( x 3- x 2+ 4 x-4 ) v 2 ' ' 1

^ + + a r c t g ^  + C.)
4.11. / ■■ ~ -~ i dx (Javob\ ln\x\ — — — — ln\x2 +4| — ~arctg^ +

X  Ч"4-дг 2x  2 4 2+c.)
4.12. / " ■ (Javob: ln\x\ +^ + ln\x — 1| — faj* + 1| + C.)

4.13. / (Jav°b:^ln\x2 + 1| + arctgx —^ln\xz + 4| +

+c°  * г  г ,  34.14. f  2x 2X *X dx (Javob:^ln\x + 1| — ^ln\x — 1| — x2 —
— ̂  arctgx + C.)

415' S dx (■faVob'■X + \arct9x - J arct9 !  + C-)
4.16. / * у4~у ~ dx (Javob: ln\x — 1| —^ln\x + 1| + +^ln\x2 +

1 |-- ^arctgx + C.)
4.17. / ( Javob: inl*l + ̂  + l<*rctgZ+C.)

4Л8> / (x-ik^ +4)d* (/a™b:in|x - i! - ^ ~ \ ln\x2 + 4I “
arctg  ̂  + +C. j

4.19. / * dx (Javob: j/n|x — 1| -b^njx 4- l|+arct#~ + C.)
4.20. f ^ - ^ d x  (javob: ln\x ~  1 \~ ~ ~  /n|x + 1 | + C. j
4.21. f —Щ—̂ -dx (.Javob:-ln\x + 1 | — -ln\x — 1 | + ln\x2 +

J  x * + 3 x z - 4  4 2  2

+41 + iarcttf| + C.)
4.22. — dx /n|x - 1 | + ̂  - \ln\x2 + 4|+ C.)
4.23. f  x4* ^ 2+4 dx (Javob: j  arctg ~ ~ ~  arctgx + C.)
4.24. f ^ ^ j d x  (Javob: ln\x2 + 4\ -  2 ln\x\ -  ± arctg ~ +

+c.) l+4[
4.25. f  * ~ ~ ~ ~ dx (javob: ln\x - 1 | + ^ln\x + 1 | -^/n|x2 + 1 | -

— ̂  arctgx + C. ̂

2 4.26. f ZxX BM s - dx <Javoh: lnlx2 + 91 “  l arct9 l+  c-)
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4.27. (Javob:-Jn\x2 + 9j + ln\x2 + 1| - 
arctgx + -i-C.)

4.28. J —— f — dx (Javob:-ln\x — 1| — -ln\x + 1| — x2 +
1 X 4  4

+ ln\x2 + 1| + ^arctgx + C.)

4’29' f Xx*+sx̂ +4 dx Uavoh-~ln\x2 + 4| + jarctg^-^arctgx  + 
~\~C. )

4.30. J  ------------ 7  (Javob:-- ---- arctg - + C.)
J (:X ~ 1 ) ( x 3 - X 2 + 4 x - 4 )  4 x - 1  2 a  2 J

5.
5.1. / (Javob: 2л/х + 3 — 4mJV* + 3 + 2j + C.)
5.2. J -%==■ (Javob: ^д/Ос+3)3 — Ьл[х + 3 + С.)

5.3. / ( Javob : \уЦх-Ъ)s - 4%/(z-3JT + 18VF^3 + + C.)\Х—л
5.4. J  (Javob: -3J(x+ 4 )3 - 2(x+4) + 2V i' + 4 - 

-4/njV* +~4+2| + C.)
5.5. J  *g |. (Javob: -?4 & + W  -  у  V ^ + IF  + + 9 V (^ W  - 

54VxTT + C.)
5.6. f —?=== cte (Javob: 2л]х + 2 + ~  In |-p==- 1̂ + С.)

" X yX+ 2  4 _____Y2  IVJC+2+V2I 7

5.7. f 7 - ^ = .  (Javob: -4= in j ^ ^ I j  + C.)
(x+ l)v*+4 V3 lv'FT4+V3l

5.8. / ^2-d.x. (Javob: 2л/х + 2 + V5/n |V=  ̂ + C.)
'  Ж-3 IVx+2+Vsl 7

5.9. f  (Javob: 2'jx — 6t’njV^+3| + C.)

5.10. J  _ f’T ■ (Javob: — arctg !^+ C.)
J  V*(.T+3J 4 V3

5.11. / с/х. (Javob: ^Vx3 — x + 4л/х — 4hijVx+l| + C.)
5.12. |  (Javob: \y[{x-\y + l4 x ^ 1  + C.)

5.13. / (Javob: 2л[х + In ĵ =~j + C.)
5.14. / “ =̂=~ (Javob: 2\,x + 5 — 6/njVx + 5+31 + C.)
5.15. J  — (Javob: 2л/х — 1 — 2Znjl+vx — ij + C.)
5.16. / - 1̂— (Javob: 2arctgyrx — 7 + C.)
5.17. (Javob: 2л/x — 1 + 2arctg^lx — 1 + C.)
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5.18. /  ^= - (Javob:\y j ( x - i y  + - J(x - 7 Y  + +2^(x-7')3 + 
2л/х^7 + C.)

5.19. J  ^  (Javob: \ J ( x - 4) 5 + -J(x-A-)3 + 2 + +C.)
V JC—4 5 3

5.20. J  ^^-dx. (Javob: 2\/x + 4 — 2arctg^x + 4 + C.)
5.21. f  ~  (Javob: ?j/ (x + 2 )7 - |V(x+2) 5 + + 2 y [0 r tW  ~  

2yjx T  2 + C.)
5.22. / (Javob: 2\[x — 2^T\Qarctg + C.)

5.23. / —— . (Javob: In l ^ i  + C.)
J V J ( x - l )  v I V x + l l

5.24. / (/avofe: 2 4 x ^ 2 -  21п\1+Ух~^2\ + C.)

5.25. / — =. (Уаюй: X a r c tg  + C.)

5.26. / ^=| (Javob.- Z-^ (x-2 )s + ̂ ( x - i y  + Q Ĵx -  2 + +C.)

5.27. /  ~ J =dx. (Javob: 2\Jx — 2 — \f2arctgJ~~  + C.)

5.28. / (Ja vo b :- J(x + 6 )7 + ̂ V(x+ 6 )5 + +8л/(л:+6 )3 +
y X + S  7 5

1вл[х + 6 + С.)
5.29. / (ЛюА ; 2л/'^: : : 6 - б/п^^б+З) + С.)
5.30. / 2+̂ == (Javob: 2л/х~8 - 4Zn|Vx - 8 + 21 + С.)

6.1. / Щ —-dx. (Javob: 3\Jx + 1 — “ V C^+l)2 + 

бУх + 1  3Zn|Vx + 1+11 - 6arctg Vx + l" + C.)
6.2. / -^=^-dx. (Javob: x +^\fx* — 2л/х — 4Ух + +2Zn|V*+l| +

4 агсЬдУх + С.)
Зт]( x + \ ) Z +  6yJX + l J "  /  6  6 /7

6:У(х+1 ) S + C.)
6.3. / ^ -J ^ -dx. (Javob: *- ~  (*+1) +

6.4. / f==̂~—- dx. (Javob: x + - Vx2 + 2л/х + 6 V* + C-)V*S 2
6.5. / ** dx. (Javob: - Vx* + 6arctgVx + C.)xfi+vxj 2
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6.6. f  dx. (Javob:  ̂(2x+l) + ̂  ̂ /(2x+l)s + С.)

6.7. / (Javob: 6- У О ^ Т У  -  (x-1) + f  -

-~\!Jx^A¥ + 2Vx- 1 -  ъ\[х^\ + e X f ^ i  - 6in|6V^=T+i| + c.)
6.8. / V 3 ' ‘ r^ :dx. (Javob: x — 1 — — У (x—l ) s + 123J ( x —l ) 2 +

2 V-t—l + v - f ~ l  5

+96V* —~1 - 384VFr T + 768in |Vx~-̂ ~l+21 + C.)
6.9. / s~ g g=- (^voft; 5 V ^+ 3 )7 ~ (*+3) + 7 V fr+ W  ~ 

-\\j(x+ f)i  + 2V F + 3  - зУ^+ з + б У * Т з  - 6in|V3T+3+i| + c.)

6.10. / 3^=— ==. (Javob: ̂  ̂ (x—I ) 2 ~ 2Vx — 1 + 3 Vx — 1 — 
—6%[x — 1 + 6Zn| Vx — l+ l| + C.)

6.11. / -Щ Ц . (Javpb: i  V(x+3)7 - | v ^ W  + 2V?+ 3 - 
—бУх + 3 — arctgVx + 3 + C.)

6.12. f  ~r-^ l dx. (Javob-. x + - Vx5 — - Vx2 — 2Vx + 3'Vx +jx+Tlx -5 2
+6%fx — ̂ n ] Vx+l| — 6 arctg \Гх + С.)

6.13. / з~=г—~==. (Javob: - У(х+3)2 — 2Vx + 3 + 3 Vx~+ 3 —
V x + 3 + Л + э Г  2

6yx + 3 + +6bi| Vx+l5+l| + C.)
r i j  f  -r +1 +  V ( х + : О г + vx-l-1 i t ,  i0.14. J ----- 7—t—— — dx. (Javob:

J  f x + i ) ( i +  V F + i )  ^

~ V (x+2)2 + barctg Vx + 1 + C.)
6.15. / -^j=^yjzdx. (Javob:  ̂‘Vx2 — 3 Vx — 6Vx + 3in| Vx+l| + 

+6 arctg\fx + C.)

6Л6- J’ v d $ ^ f e ldx' (Javob; i  ̂ 3x+1) - i  V O i+ lF  +
2^/(3x+l)2 — -4V3x + 1 + 12V3F+ 1 - 48vr3x + 1 +
96Zn(V3x + l+2{ + C.)

6.17. / у  - =?- — (Javob : - \[2x + 1 + 3 V2x + 1 +
v' ( 2 x + l ) 2 —V 2 x + 1  v 2

+3ZnjV2x+T-l| + C.)
6.18. f  3~x0—dx. (Javob: - vx7 + - Vx5 + - Vx2 + 4л/х +\X— л/х—1 7 5 2

93V J + +30V* + Ц1П -f e 1"4'!- + 24inlVx—Vx—l! + C.)
v 5  2 W - 1 4 - V 5  1 1
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6.19. / (Javob: -  \ V P  -  х -  ± V P  - 2 ^ - 4 ^ -  
4ln\l-Vx\ + +С.)

6.20. / УШ+i+i
V3xTi-3V3x+i dx. (Javob: - \](3x+l)2 + -л/Зх + 1 +

2v3x"TT + +4V3x + 1 + 4ln\V3x + 1—1| + C.)
6.21. / (Javob: iVx  + 246V* + 24in 2X-4\'x2 ! VVar+2 + C.)

6.22. / dx. (Javob: -x* + 6 x<s — 6 arctgVx + C.)xfl+Vacj 2
6.23. / sfxdx

7-^p-
yfxdx

(Javob: 2л[х + 6 %fx + 3 In VJ+i + C.)

6.24. / ^ = .  (Javob: 4 x  -  - Vx + —  arctg'V^c + C.)
3x+ J x '  3 3 9
■Jxdx6.25. / (Javob: 3 In Vi-i

V5+1 6 6rT _  £ Vx5 - 2Vx - 6Vx +—  vx
7

+c.)
6.26. / A —̂ prdx. (Javob: -Ух2 — Vx + Zn| Vx+l| + C.)1+ \fXj 4

^ dX (Javob:6.27. / 4r_ (Javob: - V P  — x + - Vx3 - 2л/х + 4 Vx - 
1+V3T v s з

-4In|V*+l| + C.)
6.28. / Узх+1-l

3V3x+T+V5z+Tdx. (Javob: - (3x+l) —  ̂V(3x+1)5 +
^7(Зх+1)2--- л̂/Зх + 1 + 2V3x + 1 - 46V3x + 1 +
4Zn|V33c T T + l| +C.)

6.29. / ■■ (Javob: \  Vx + ̂  Vx 4- ^4x—3/x2 -In
2%rx--l
2 \/зс+1

3

+ C.)

6Vx+T + +3Zn|Vx + 1+lj + 6 arctgVx + 1 + C.)

7.

7.1. / dx

7.2. /
7.3. /

7.4./

5+2smx+3cosx 
dx

— (Javob: — arctg ( +  С.) sx v VI V '/з /

5-4si??j:+2cos%
dx. (Javob: 2 tg - + 3Zn |f,g2 - + lj — Aarctg3 s i n x - 2 c o s x  

1+COSX

----- — ----- . ( J a v o b :  -  In
S+3cosx-5sinx 3

t q - 4
+  C .)
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7.5. / - dtj  с

7..6. f
Scosx+lGsinx 

dx

. (Javob: ( — =̂) In j—f—~-~4 V 5̂ 5/ tgi_2+v5 +■ C .)

3+2cosx—sinx (Javob: arctg j + C.)

7-7- f d>h;-iJavoh: \arcty (2t̂ f) + *■)
7.8. J

7-9- f  7  
7Л0. J

8 —4sin 3 T + 7 co sx  

dx

(Javob: In |~—f— +  C.)

(Javob:—  In
3 -r 5 c o s x  v 4

£St-2 + C.)
. (Javob: - In j2tĝ -f-3j + C.)

7.11. / ———. (Javob: - arctg ) + C.)J S+4sinx  ̂ 3 a \ 3 J

7-12- / ^ h : - (Javob'- i b arcta ®  + c-}
7.13. J

7.14. f

7.15. f

7.16. f

-- —---. (Javob: - In3sinx—4cosx 5 (.97+2
+ C.)

-- —-- . (Javob: -== in
7 sin x~ 3 cosx  V58

3t^+7-VS8j

3tff|+7+V58|

--- —--- . (Javob: —7= In2+4sinx+3cosx у 21

-- —-- . (Javob: — -In4cosx+3smx 5

t£—4-V 21
tgj-4+V2l

+ C.)

+ C.)

+ C.)

7.17. J

7.18. /
7.19. f

2—sinx+3 cosx dx. {Javob: 3x — tg- — In jtg2“ l-lj + C.)
7.18. / ---—---. {Javob: *7= arctg f—~=-- I 4- C.)

J  5 ts in x + 3 c o sx  4 V15 a  \  V l5  j  }

1 +COSX 
dx

dx

7.20. J

7.21. /
7.22. J

7.23. /

4str?j:+3co5X+5 
7+б5ШЛГ—5 COSX 

1+cosx 
dx

. (Javob: С — -

3+cosx+sinx
6sinx+cosx

1+COSX
dx

3cosx-4sinx 

dx

dx. (Javob: 12tg ^  + bln jtg 2j + l j  — 5x + С .)
2 / 2 t o - + l \

(Javob:-= a r c t g + C.)
— dz. (Javob: 6in jtg2-+l| — tg - + x + C.)

. {Javob: С — ~ln
2

. x  1 ^7-7

7.24. f ———. (Javob: - arctg ( — ]•’ 5+3COSX 2 \ 2 / + C.)

7.25. f -- —-- . (Javob: —U= In
4 s in x -6 cosx  2V13

3 t f l |+ 2 - V i3 |

3 £ fl|+ 2 W T f|
+  C .)
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7.26. / ----—----, (Javob:-ln\5tg-+3\ + С.)
3+ 5sinx+ 3cosx v 5 I 2 I 7

7.27. J  -- —-- . (Javob: - arctg (-7 ? I + C.)
J  co sx —3 s in x  '  3 a  \  V3 /

7.28. J ----—--- . (Javob: -hi j^ I^ j + C.)4~4-sinx+3cosx 3 j tg— 1|

7.29. J  -- ^ -- . (Javob: 4= in K + 3~ ^ ! + C.)
3SITIX- COSX V lO  Jt0 -+ 3 + vT o |

7.30. J ---. (Javob: ±  In 1 - ф ^
О  — / ' n n v j  v  - /£ 1  i C f  л ___I ■( J__1/12—3cosx+sinx v ' Vs |5t^-+l+V6 + C.)

88.1. / --r—-̂---- . (Javob:— In I— -I + C.)
B s in ^ x - ie s in x c o s x  16 1 tg x  I

8.2. J ---—----- . (Javob:-In I-——i + C.)
16s£nzx —8 stnxcosx  8 I 2 tg x  I

8-3- J" 1ТЖ - V w ^ a r c t g  l- f  + C.)

8 A  J" (Луо6: ^1^2*+2| + |a r c tS (- f ) + C.)
8.5. / -- 2~~~— 2~• (Javob: —pz arctg + C.)

1 3cos2x + ls in 2x  2л/з a  \  ЫЗ /  ’

5.6 . / ~ ~*г~ (Javob: ^ln\tg4x—1| + C.)
8.7. / —-----— (Javob :-^ ln  l^ - ^ j + C.)

4 s in ^ x —Scos^x  4 v5  u t^ x - f v S I

8 .8 . / -- ẑ~~~— I-- (Javob: -p= arctg ( ' ‘У ) + C.)
J  7cos2x + 2 s in l x  4 V l4  а  V V7 /  '

8.9. / . dx. (Javob: arctg (tg2x) + C.)J sm^+cos4* j
8.10. / — ——. (Javob: — + in|t̂ x| + C.)

J  co sx s in 3*  v 2 tg 2x 1 ®  1 '

81L $ (Javob: j= a rc tg (j2 tg x ) + C.)

8.12. / — —----. (Javob: - In l-^-l + C.)
4?sinzx+ 8 s in xco sx  8 \tgx+2\

8.13. J  (Javob: ~ arctg(2tg2x) + C.)
8.14. f —-----—-----г-. (Javob: arctg (tgx—2) + C.)

sm ^ x -^ sm x co sx + Scos^ x

815- '  \c'os*£*in4 v ™ > b :±  arctg ( ^ )  + C.)
8.16. j' — . (Javob:— In I-1—!!■—j + C.)

J  3cos2x —2 4 2V 2 11—V2t<jxl 7

817- -f у««к--я“ в »  P i 1) + «
8.18. / — —-— (./avob. A = ln  |^ Ц 1 | + C.)J Es(7i2x-3coszx 4 2V1S IV5ti7X+V3l 7__
8.19. J  — --- —---- —. (Javob: —= In + C.)

я п ^ х + З я т т д а л 'л г - а и 2*  y i 3  )2 t£ x + 3 + v i3 J
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8.20. J  - p ^ d x .  (Javob: i arctg + C.)J sin^x+4cos4x 4 2 a \  2 J J

8.21. / -- y ~ --" (Javob: ~ a r c t g  (—j=~) + C.)J  7cos2x + 16sin2x 4 4V7 a  V V7 / 7

8-22- j  (Лто6: i arc^  Р т г )  + c-)

8‘24* f  (/avo^ f ^ 2* + 4) -  ̂ rc te  (- f ) + c.)

8-25- / г ф г -  ^ атоЬ: ш агл* ( ^ ¥ )  + c->
8.26. f  Y ~ ~ d x .  (Javob: ~arctg (\f2 tgx ) + C.)
8.27. J --r--—--- —. (Javob: arctg (2 tgx—l )  + C.)

J 2 s in 2x - s i n 2 x + c o s 2x  K a  K a  /

8.28. f  6_2 *0's2x- (J av°b •' ~arctg(2tgx) + С.) 
e.29. f 2~ (Javob: ^ln\tg2x + 3| + C.)

8-30' Ш п^-cosix dx- (Javob: \ }8 Х + ^arctg (y j3 tgx ) + C.)

9.1. fcos43arsin2 3xdx. (Javob :— x —— sinl2;t + — sin36x 4- C.)
16 192 144 '

9.2. f  \lsinAxcoszxdx. (Javob: - У з т 9х — — У  sin19x + C.)
J  '  4  19

9.3. / cos3xsinBxdx. (Javob: ^sin9x — i-sm11* + C.)
9.4. j" cos4xsin3xdx. (Javob: -cos7x — ~cos5x + C.)

7 S

9.5. J —  dx (Javob: С — 3- - — -4 sinFx .)\/sin4x vsinx s
9.6. Г Vsirv*2xcos32xdx. (Javob: — Vsin82x — — Vsinw 2x + C.)J  v 16  3 6  '

9.7. J 37==== dx. (Javob: 3 У sinx — -Vsin7x + С.)Vsiisin2*

9.8. Г 3’Vn * • dx. (Javob: 3 (W = r) + -Усоз5х + C.)
• jcos^x \Vcosx J 5 >

9 9 f  Щ х о х ' ^ Ь : -L -----i - + C .)
J  cos4-*: cosJ *  cosx

9.10. f  sin5xcos4xdx. (Javob: -cos7x —~cossx --cos9x + C.)

9.11. / 57“*”* cto- (Javob: — Vcos12x — - %lcos2x + C.)Jnnŝ r. 12 2
3 3/---- i-i—  3 3 /9.12. / У cos2 xsin3 xdx. (Javob: — Усовых — - Vcos^x + C.) 

9ЛЗ. f  Vsin2xcos3xdx. (Javob:  ̂Vsinhc — ̂  Vsin^x + C.)
5 5 f TcTo  ̂ 5 /9.14. / \rcos^2xsin32xdx. (Javob: — \!cos1H2x---VcosB2x + С.)

4 36 16

9.15. J  c5°;^ -  ■ (Javob: - Vsin2x — — Уsin12x + C.)ysm3x 2 12
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9.16. J  sin22xcosA2xdx. (Javob : — x --— s i n 8 x  +  — s i n 3 4л: + С.)
J  1fi 1 2 8  /

9.17. J  y t~ ~ ~  dx - (Javob : - %fcoŝ x — 3 \fcosx + С .)
•Jcos2x 7

9.18. J  Vcos4xsin3xdx. (Javob: ~  Vcos19x — | Vcos9x + C.)
9.19. J  sia42xcosz2xdx. (Javob : — x --—sinQx — - sin3 Ax + C.)

" v 16 128  96

9.20. J y-~- Ax dx. (Javob: - ysin2x — — Vsiri72x + C.)
V s in 2 2X 2 14

9.21. f ,s';l dx. (Javob: — л/cos72x — - Vcos2x + C.)
у/cos2 2x 14 2

9.22. / sin*xcos3xdx. (Javob:-sinsx — ~sin7x + C.)
9.23. f sin2xcos4xdx. (Javob: —x — -~sin4x + —sin32x + C’.)

v 16  6 4  4 6  7

9.24. f sin*xcos2xdx. (Javob: —x — —sin4x — —sin32x + C.)J  v 16  64  4 8  '

9.25. / sin3xcosBxdx. (Javob: —cos11* — cos9x + С,)
9.26. Г ¥ !p d x .  (Javob: -±- + C.) ’
9.27. / sin5* \[cos3xdx. (Javob: - Vcos18x — - 4cos8x -J  9 8

— Vcos28x + C.)
•70 ^

9.28. J  sin4xcos5xdx. {Javob: ^sinsx -■ ^sin7x + ~sin9x + C.)
JL 5 
28

9.28. f sin4xcossxdx. (Javob:
9.29. ( sin43xcos23xdx. (Javob: —x ---—sin l2x-- —sin36x + C.)

J 4 16 192 144

9.30. j  —  dx. (Javob: 3 J?__4- - \!cos5x + C.).
't! cos4x ' Vcosz s

Nam unaviy variant yechim i
Aniqmas integrallam i hisoblang.

1 /■ 7X-X2~4 ,1. J -— — ---- - ад:.
J  (x + lX *  5я+6)

► Integral ostidagi funksiya ratsional kasrdan iborat. Uning 
maxrajini ko‘paytuvchilarga ajratamiz: (x + l)(x  — 2 )(x  — 3) .
(8.9) formulaga asosan maxrajdagi har bir (x—a ) ko'paytuvchiga

Abitta qo‘shiluvchi mos keladi. Shuning uchun bizning 
holimizda

7x-X2--4 7x -X2-4 А В , С-j---------------------h .

(r+ l) (x z-5x+6) (л:+1)(х-2)(л:-3) x+1 x—2 x—3
Oxirgi tenglikning o‘ng tomonini umumiy maxrajga keltirib 

va kasrlaming suratlarini tenglashtirib topsak,
7x  — x 2 — 4 =  A ( x —2 ) ( x —3) + B ( x +  l ) ( x —3) + C (x + l)(x —2)
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ayniyatni hosil qilamiz. A,V,S koffitsientlarni xususiy 
qiymatlar usuli bilan topamiz (§8.6 ni qarang):

x= -I
x=2
x=3

-12=12A,
6=-SV,

8=4S,

Bu yerdan .4=-/, V=—2, S=2. Topilgan koeffitsientlami 
integral ostidagi fimksiyaning eng sodda kasrlarga yoyilmasiga 
qo‘yib integrallasak

/ — 2 g = * — d x - S  ( -  —  - - -  +  — ) d x - - l n \ x + l \  +J  (x + 1)(x 2-5X+ 6) j  v x +1 x —2 x - 3 y 1 1

2ln\x—3 j---2ln\x—2\ + C* =ln | + C* ni hosil
qilamiz.

Bu  yerda C’ - integrallash doimiysi. A
~ r lS x —x2—l l  ,2. J 7--ГГ-;---rdx.(x—i)(x2+x—2y

r 15x-xz-ll J  _ r 15x-x2-11 j  _(8.9)_ Г f a . В ,
 ̂-(x-l)(x2+x-z) X -I (x-1)2(x+2) X  ̂ x-l сx—1)2

— )dx=s*6=
x+2'

lSx  — x2 — ll= A (x—i)(x+2) + B ( x+2) + C(x—I ) 2, 
x—l  3=3 V, V=l,

= x=~2 -45=9S, S=-5. = 
x2 —1=A+S, A=4 

=f f—  + — —)dx = -5ln\x+2\ + 4̂ тг|jc—11--— + C*.J  S r - l  O c - l ) 2 x+2 1 1  1 1  x-1

Shuni ta’kidlash lozimki, koeffitsientlam i topish uchun 
xususiy qiymatlar usuli va noma’lum koeffitsientlar usuli 
qo‘llanildi. (§ 8.6 ni qarang). -4

, ,  ч f  X 4- 8 x 3 + 23X2-43x +27 ,3 . I(x ) = J  — -— — -------— dx.'  J  J  (X-2)(xz-2x+5)
► Integral ostidagi funksiya noto‘g‘ri kasr boiganligi uchun 

kasming suratini maxrajiga bo‘lib, uni butun ko‘phad va to 'g 'ri 
kasrlar yig ‘indisi shaklida ifodalash mumkin:

Kx)= f  (X - 4  + J "  - i -  4« + ;  ( £  +
-) dx =
5/-2x+S/
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—2х2 + Зх — 13 = А(хг—2х+Б) + (Вх+С)(х-2),
= х=2-15=5А,А=-3, =

X2-2=A+V, V=l. 
х —13=5A—2S, S=-l

= -—  4x + f (—  + :- ■■— )dx = ---Ax — 3ln\x—2 j +2 J  x~2 x2—2 x W  2 1 '
^ln\x2—2x+S\ + C*.<

. r  2x 3- 5 x 2+8x -22 ,4. J — --------- dx.
x *+9x 2+20

 ̂ r  2x 3- S x 2+Bx - 22 , г 2х3- Ь х г + Ш - 2 2  , r  ,A * + B  Cx+D . ,^ J  --1-- 5----dx= --~dx= I I—;-- h -)С1ДГ =*  +9x2+20 j  (x 2+4)(* +5) v x 2+4 x z+5y
2x3 — 5x2 + 8л: - 22 “  (Ax+B)(x2+5) + (Cx+D)(x2+4), 

x3 2=^+5,
- x2 - J=  V+D, V=-2, = 

л: Л=5^+-/5, S=2, 
x -22=5V+4D, D=-3

f  (~T~ + ̂ ~)dx=-arctg (| ) + b (|z2+5|) - — arctg + c\ <
5 . J ^ L = d x .

J З - л / Х - 2

► f *+1 V x - 2  - t x - 2  = t2 =
3-v*-2 д. _  t2 + 2  dx = 2tdt

-- -2/ l£!±!l£££ = _2/ ( t2 + 3t + 12 + dt -

=-2 ^ t3+^t2+12t+36Zn(|t-3|)) + С =
= - 1л/(x - 2  У  -  3(x - 2) - 24л[зГ--2 -  721п\л[х^2-3j + С. ^

i  r  4VX-2+ % 'x -2  ,О. J ~ = -3—= dx.
л / х ^ + 2 У х ^ 2

^ f 4 Vz= 2+ fV x-2  , m = E K U K (2,3,6) = 6, x — 2 = t6, __
V5=2+23VS=2 * x = t6 + 2, dx = 6t5dt

= f (« 3-0«sq  =6f i£ g dt=
J  t 3+ 2 tz t+2 

=(5/ (4t5 - 8t4 + 15t3 - 30t2 + 60t - 120 + ̂ )d f =
=6(240Zn(|t+2|) + —  -  ^  ^  - 10ts + 30t2 - 120t) + C=

=40—2) -  j  У  (x-2)5 + у  \i (x-2)2 - 60л/х~—~2 -  720 V ^ 2  +
+180Vx^r2 + 1440Zn|V^2+2j + С. M

7- J dx
3stnx-2cosa:+l
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► f ____ ^  t = ta b sinx = l ^ ‘cosx = ^ '  =
- 3sinx-2cosx+l , 2 dt _

dx  =  — ^7 . *  — 2 arctgt

„9 Г ___________rft__________ — o f  ^ ____ ___ 2 г d t  _  2 r  d t
 ̂ 6 t- 2 + 2 t2 + l i - t 2 3 t2+ 6 t—1 3 t 2+ 2 t- i  ~~ 3 ■* ( t + i ) Z _ l

V3t5|+V3-22 v3  , t+ 1-2/,/3 , _  1 ,=-- in ----- 1̂ + С = —= /п
3 4 lt+ l+ 2/-/3 l 2V3

8. I dx
V3ts|+V3+2

2sin2x-sin2x+3cos2x'
dx _JS. 14) _► J 2jin2af—sm2jcH-3cos2̂

t2 2 1— p‘ v  — ____t — tgx,sin*x = — -,cos * —
-  a  1 + t2 '  i + t 2 ' =

t , d t  sm .t cos x -  — - dx = — - 
1 + t2 1+ t2

_ r  d t  1 f  d t l r  d t  1 /  2 \  ( t ~ \
2 t ^ 2 t + 3  ~ 2 J

2 V 2/ 4 v 2 '
1 ( 2 t g x - l \= - _  a r c t g

cos34x

+ с =

+ C. <4
„ r cos-43: ,9. j s7===dx.

ysin4x
r co s34x , S i l l 4 x  —  t ,  I f  ( l —t 2) d t  1 f  , ,  _ I  2^ ,

►  J  ^ a *  =  d t  =  4 c o s 4 x d x  = ~ J  ~ W ~  = ~ J  ( t  5 -  t 5 ^  

= 7 ( ~ t s — —  t  s )  +  C =  —  V s l n 4 4 x  — —  \ f s i n ^ * 4 x  +  С. M
4 \ 4  14 /  16  56

8.10 8- boHimga doir qo‘shimcha topshiriqlar
Aniqmas integrallami hisoblang.

1. f  x2\l4 — x2dx. (Javob: - (x2—2)^4 — x2 +  2 a ? -c s i n -  +  С. )

/ —-— dxf:-- . (Javob: —j== In
(л:2+ 4)у4л;2+1 4 v l5

xyjl5+2̂ 4x2 + C.)Xy/Ts-2̂ 4X?-+1\
f  (x + l)V x2 + 2xdx. (Javob: f (x 2+3x) 3 + C.) 
f  ln (x+ 'J 1 + x2)dx. (Javob: xln^x+'Jl + x2) — s/1 + x2 + C.)
f  arccos J-^-dx. (Javob: xarccos + лfx — arctg Jx  + C.)

f  (xTT) f ^ i)2- <Javob: i S h ~ i in i*+1i +> и +* 2i + q
/п (аг+ 1 )f  - dx. (Javob: 2л!x + l(in [x+ l|—2) + C.)

5. f  e^xdx. (Javob: 3e ^ (V x 2—23Jx+2) + С.)
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9. Aniq integral
9.1. Aniq integral tushunchasi. Aniq integrallami hisoblash

y=f(x) funksiya [a;b\ kesmada aniqlangan bo ‘ Ism. Ushbu 
kesmani ixtiyoriy usul bilan a=x0< X]< x2 <... x„=b nuqtalar 
orqali uzunligi A xt= x,- - xiA , i= l,n  bo'lgan bo‘lakchalarga 
bo‘laylik. Har bir bo‘lakchada bittadan , хг_?< £< x, nuqtani 
ixtiyoriy tanlaymiz (9.1-rasm). Quyidagi yig ‘indini

П

i=1
y=f(x) funksiyaning [a, b\ kesmadagi и-integral yig ‘indisi 

deyiladi. Geometrik nuqtai nazardan S„-yig‘indi 9.1-rasmda 
tasvirlangan to‘g‘ri to‘rtburchakiar yuzalarining yig ‘indisi bo‘lib, 
ularning asoslari A x, kesmalardan, balandligi esa/fc^ ga teng.

9.1- rasm

Sn integral yig ‘indining qism iy kesmalaming eng kattasi 0 ga 
intilgandagi lim iti f(x) funksiyaning x=a dan x-b gacha aniq 
integral deyiladi va ushbu ko‘rinishda belgilanadi

НттахДя.._0£?=1 /(fi)A^ = /* f(x)dx  (9.1)
Bu  yerda f(x) integral ostidagi funksiya, [a;b] -kesma 

integrallash oralig‘i, a va b sonlar integrallashning quyi va yuqori 
cbegaralari, x-integrallash o‘zgaruvchisi deyiladi.

Teorema. Agar f(x ) funksiya [a ;b ] kesmada aniqlangan, ham 
uzluksiz bo‘Isa, u [a,b] oraliqda integrallanuvchi boiad i, ya’ni 
(9.1) integral yig‘indining lim iti mavjud va u [a;b] kesmani
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boyish usuliga, qismiy kesmalardan nuqta tanlashga bog‘liq 
bo‘lmaydi.

Agar f(x)>0, x€[a;b ] bo‘Isa, aniq integrating geometrik 
ma’nosi, y^f(x) funksiyaning grafigi, x=a, x=b to‘g‘ri chiziqlar va 
Ox o‘qi bilan chegaralangan figuraning yuzini anglatadi, Bu 
figura egri chiziqli trapetsiya deyiladi. Umumiy holda, f(x) 
funksiya [a ,b ] kesmada turli ishoraga ega bo‘lsa, aniq integral Ox 
o‘qning yuqori qismida va quyi qismida joylashgan egri chiziqli 
trapetsiyalar yuzalarining ayirmasini bildiradi, Ox o‘qidan pastda 
joylashgan yuzalar minus ishorasi bilan olinadi. Masalan grafigi
9.2 rasmdagi funksiya uchun

fa f (x )d x  = - S2 + S3

В

9.2-rasm

Aniq integralning asosiy xossalarini keltirib o‘tamiz (f(x) va 
tp(jr) funksiyalami mos kesmalarda integrallanuvchi deb faraz 
qilam iz)

1) f * i f ( x) ± <p{x))dx = f(x )d x  ± /аЬ <p(x)dx;
2) ^ c f (x )d x  = с f* f (x )d x  (c = const);
3) I * f ix )d x  = - f “ f(x )dx ;

4) C f № dx = fa f (x )d x  + f(x )dx ;
5) agar\a;b] kesmada f(x)>0 va a<b bo‘lsa, u holda

C f (x )d x  > 0

6) agar (p{x) < f (x ) ,  x[a;b], a<b u holda
J ft<pO)dx < ( b f (x )  dx
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7) agar 1я=m inxe[a.b] / О ), M  = max .̂e[a;b] f (x )  va д<6 
bo‘lsau holda

m(b — a) <; f{x)dx  < M(b — a)
8) agar f(x) funksiya [a;b ]  kesmada uzluksiz bo‘Isa kamida 

bitta x=c, x< c<b nuqta topiladiki, quyidagi tenglik bajariladi
fa f(x)dx  = f(c )(b  - a)

9) agar f(x) fimksiyamiz uzluksiz va <X>(x)-f* f  (t )d t  tenglik 
o‘rin li bo'lsa u holda

Ф'СО = /СО
ya’ni aniq integraldan yuqori chegarasi x o‘zgaruvchi 

bo‘yicha hosila, integral ostidagi funksiyaning yuqori 
chegarasidagi qiymatiga teng.

10) agar F(x)~  birorta boshlang‘ich funksiya bo‘lsa, quyidagi 
tenglik o‘rinli

f* f (x )d x  = F (b ) - F(o) = F(*)|*
va bu formula Nyuton - Leybnits formulasi deyiladi. Uni F(x) 

boshlang‘ich funksiya ma’lum bo‘lgan holda x~a va x~b 
qiymatlarda hisoblash qiyinchilik tug‘dirmaydigan shartlarda 
qo‘llangan maqul.

l-m isol. Aniq integral hisoblansin
i-2 .ft 3(x — 1 ) 2dx

-)
2-misol. Hisoblang

► /г23 (х- 1 Ydx = (x -  1)3|J = (2 - l ) 3 - (1 - l ) 3 = К

Jo8(a/2x + \[x)dx
4

► /08(л/2x + Vx)dx = J 08 V2xdx + J,8 \fxdx =
8 , хз 
0

i(16 )2+ J(8 )3  = 33 i^

3-misoI. Hisoblang
J J  sin3 <p d<p
П
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► J J  sin3 <pd(p = — J 02( 1 — cos2<p)d(cos(p)  =

— cos (p + cos3<p

4-misol. Hisoblang
Г

2 2X-1
Х л + Х

dx
Integral ostidagi funksiya to‘g‘ri ratsional kasr, uni sodda 

kasrlarga ajratib olamiz
■,2x — 1 = A (x 2 + 1) + B x 2 + Cx2x-X

XJ +X
A , Bx+C

T
X X -hi

x2 0=A+B 
x1 -J=A 
x° 2=C

bundan A--1, B= l, C^2. Demak,
|-2 2xj f - r2 ( — I  -\--1— -(--=(-- 1п|лг| + - ln (l + X2) +

- 1  x3+x J 1 V  x 1 + x 2 1 + x 2 /  V 2

2 arctgx j  | - —ln2 + ^ln5 + 2arctg2 — jln 2  — 2 arctg 1 = +
2 (arctg 2 — arctg 1) и«  0.38 

Faraz qilaylik, y~f(x) funksiya [a; b] kesmada uzluksiz, 
x= f(t) funksiya o‘zining hosilasi bilan [a; /?] kesmada uzluksiz, 
monoton va q>(a) = а, <р(Д) = b tenglik o‘nnli, murakkab f(<p(t)) 
funksiya [a; /?] kesmada uzluksiz bo ‘ Ism. U  holda aniq integral 
uchun o‘zgaruvchini almashtirish formulasi o‘rinli

J* f (x )d x  = fa f(< p it))(p \t)d t (9.2)
5-misol. Hisoblang

l
8 xdx
3 V 1+x

► Quyidagi V l + x = t almashtirishni bajaramiz. U  holda 
x=^~l, dx=2tdt. x—3 bo‘lganda qiymatida t = 2 = a, x = 8 da 
t = 3 = p bo‘!adi. Yuqoridagi (9.2) formula uchun hamma 
shartlar bajarilgan. Demak,
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г 8 xdx I X r3(t2-l)ztdt „ r3- 2 _/4 3 \ r
■>з v r if = J2 !— t -----' 2 ^ - 1 ) Л  = 2 (т - £ )|2 =

2 ( 9 - 3 ) - 2 g - 2 ) =  = H ^
6-mi sol. Hisoblang 

► Integral ostida и — tg  
L̂*  j

1—Ц
1+u2

0 2 COSX+3
almashtirisbni bajarsak cosx = 

, dx = ~ ~ 7. a = tg 0 - 0, P  — tg ^  = 1 bo‘ladi. Demak,

и .1
з = Jn —  = 7f?a rczg-.f 2 j07 _ * L

Zdu

2cosx+3
_  г1_ И Е _ _  = r1^ .  _  -A-a rrCa — i =

Jo u2+s Vs ^ VS 0
(1+UZ)

~  arctg  —= «  0.38
Agar u(x) va v(0rj funksiyalar ja/Л] kesmada uzluksiz xususiy 

hosilalarga ega bo‘Isa, u holda
u (x )d v (x ) = u (x ) ■ v(x )j^  — /аЬ v (x )d u (x ) (9,3) 

it
7-misoJ. Integralni hisoblang f 2 xcosxdx

► L2 xcosxdx = I . u x
0 I dv — cosxdx v —

du — dx I

xsinx

sinx i
7Г

I =

z — f 2 sinxdx = =  -  sin -  — 0 +  cosx
~  9  ?

2 = - - Ц  
0 2

8-misol. Integralni hisoblang J x ln2xdx
— ln2x

► f t x ln2xdx =
и

dv = xdx

du — 2 Inx • - dx jX
2V  — - X

2

-x2ln 2 — fe xlnxdx = =

u =  Inx 
du =  -  dxX
dv =  xdx

1 2 V = — X 
2

■e“ —

( —■Inx \ — ff- x 2 ■ - dx)  = - e 2 — -e2 + - j?  xdx -• -x2jf  == \  2 1 -1 2 2 /  2 2 2 4 '1
т (е 2- 1 ) .^
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9.1-АТ
Aniq integral hisoblansin.

1- j ?  ( 2x2 + -p) dx (Javob  : ■-)
2. У xdx (Javob  ■

3. f  e —0 =  (Javob  : 2)Wi+in* v y
4- In —7~l*—  (Javob  : arctg- )J 0 x 2+4x +S v  w 7J

7Г

5. J \  v'cosx — cos3xdx Qavob : -)

6 J»4 Vmob: 2 - ,n2>
7. J '^ x sV l  + x2dx (Javob  '■ — )0  ̂ 105

8. jy2 V4 — x2dx (Javob  : 7r)

9. /3 -- (/avob = Z n ^ ^ )
J 1 я;Уя:2+5х+1 9 '

10. rnS- =  (Javob  : - in i 12)J 0 2x+V3x+J v  5

Mustaqil ish
Aniq integrallami hisoblang
1. a)/* (2x + dx; Ь)Д9•— ^dx f/avofc: а)27/ b)

7+2Ы2)
2. a)/49^ d y ;  b)/04^ |  (Удуоб: Ъ)1б/3-21п3)

3. a )j497̂ i ; b)/09^ = d x  (Javob:a)3/16; b) 3+4Ы2)

9.2 Xosmas integrallar
Agar у  =/fay funksiya а < x < +oo, oraliqda uzluksiz bo‘lsa, 

u holda
/ f (x )d x  — I ( P )  integral /3 ning uzluksiz funksiyasi bo‘ladi.
(9.3-rasm)

U  holda quyidagi lim it
lim^+oo f (x )d x  (9.4)
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f(x) funksiyaning [a; +00] oraliqda yuqori chegarasi cheksiz 
bo‘lgan xosmas integrali deyiladi.

/a+M/ W ^  (9.5)
У

9.3-rasm
Demak, ta’r if bo‘yicha

C ° ° f ( . x) dx =  lim^+oo f(x )dx  
Agar (9.4) lim it mavjud bo‘lsa, u holda (9.5) integral 

yaqinlashuvchi. agar (9.4) lim it mavjud bo‘lmasa, xususan 
cheksiz bo'lsa uzoqlashuvchi deyiladi.

Quyi chegarasi cheksiz bo‘lgan xosmas integrallar va yuqori. 
quyi chegarasi cheksiz bo‘lgan xosmas integrallar ham shu kabi 
aniqlanadi:

/ 1  f(x )d x  = Птл^_00 /ЛЬ f (x )  dx,
/_+Г  f(x )dx  = lim^-,-,„ f ‘ f(x )dx  + lim B^+0D f(x )d x
bu yerda —со < с < +00 . Agar f^ x\f(x)\dx  integral 

yaqinlashuvchi bo‘lsa u holda (9.5) integral absolyut 
yaqinlashuvchi deyiladi. Xosmas (9.5) integralning 
yaqinlashishini tekshirish uchun quyidagi taqqoslash belgilaridan 
foydalanish mumkin.

1-teorema. Agar barcha x > a uchun 0 < f (x )  < (p(x) 
tengsizlik o‘rin li bo‘lsa, u holda:

1) agar fa °° <p(x)dx integral yaqinlashsa f * c°f (x )d x  
integral ham yaqinlashadi shu bilan birga J +c°  f(x )d x  < 

Ja+°° <p(x)dx
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2 ) agar ^+0С f(x )d x  integral uzoqlasbsa u holda /^ °° (p(x)dx 
integral ham uzoqlashuvchi bo‘ladi. Absolyut yaqinlashuvchi 
xosmas integral yaqinlashuvchi bo‘ladi.

1-misol. Xosmas integral Ĵ ' ^  (a  > 0) berilgan. Ushbu
integral a ning qanday qiymatlarida yaqinlashuvchi, qanday 
qiymatlarida uzoqlashuvchi bo‘ladi?

► Faraz qilaylik, аф! bo‘lsin, U  holda:
r(l dx __ 1 i - a ,B  1 f n l - a  __ I  \
h  xa l - a v "

/ Г £  =
Demak, agar a>7, bo‘Isa

г  +  оо d X  _  1

•'I xa a-1
ya’ni integral yaqinlashuvchi, agar a< l, bo‘lsa

r + ca dxI — = +00 J 1 ^
ya’ni integral uzoqlashuvchi bo‘ladi.
Agar a - i,  bo‘lsa

Г+° ° -  = lim  Urn in fi = +001 *  В -*+oo " 1 x В —>+oo
ya’ni integral uzoqlashuvchi bo‘ladi.
2-misol. Xosmas integralni hisoblang

r + oo dx I -------
■'l x 2+4x+13

yoki uning uzoqlashuvchi ekanligini ko‘rsating
 ̂ r+co dx .. (-+0O dx 1 x+2

= w ^  = hmf> ^ 3 arct9 —  l i = =
ilim ^ +00 (arct.9 ̂  - a rcfg l) - ± g  - J )  =

3-misol. Xosmas integralni yaqinlashishini isbotlang.
Г+СО dx

J 1 (x 2 + l ) e *
3. 1► x > 1 qiymatda — --- - < --- — tengsizlik o‘rin li bo‘ladi va

^ (x 2+ i je x fi- rx 2)
integral

r+co dx .-/} dx  .. ,/?I, -— 7-= 11m I — r = lim n ^ a rc tq x y  =J l  (1+ x2) 1+x2 ' i

lim  (a rc tg в — a rc tq l) = - ---- = --Ч
B->+oo 2 4 4
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yaqinlashuvchi, demak 1 -teoremaga ko‘ra berilgan integral 
yaqinlashuvchi bo‘ladi.

Eslatm a. Integrallash oralig‘i cheksiz bo‘lgan xosmas 
integrallami hisoblashda quydagi tenglikdan foydalanamiz

C °°f (x )d x  = F (x ) |+“  
bu yerda FYx)=f(x) vaF(+x>) = lim  F (x )

X  —* 't'CC
Faraz qilaylik y~j(x) funksiya [a ;h ] kesmaning x=c 

nuqtasidan tashqari barcha nuqtalarida uzluksiz bo !sin. U  holda 
ta’rifga asosan:

С f(x )d x  =

lim £î o $Ca ~£x f ix )  dx + lim £2_ 0 f(x )d x  (9,6)
Bu  yerda, £г, e 2 >  0 va s nuqta ikkinchi tur uziiish nuqtasi. 

Yuqoridagi (9.6) integral uzulishga ega bo'lgan funksiyaning 
xosmas integrali deyiladi. Agar (9.6) tenglikning o‘ng tomonidagi 
lim itlar mavjud bo‘lsa, bu integral yaqinlashuvchi, agar ulardan 
kamida bittasi mavjud bo‘lmasa, integral uzoqlashuvchi deyiladi. 
Uziiish с nuqtasi s uchun c~a yoki c=b bo‘lsa, (9.6) tenglikning 
o‘ng tomonida faqat bitta lim it bo‘ladi.

a - Oj c - %  i с  4- г- Ь x

9.4-rasm
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4-misol. Xosmas integral uchun yaqinlashish va uzoqlashisb 
shartlarini aniqlang

гi  dx , , _ s

Jo ^  Vх = const > °)
► Integral ostidagi funksiya x=0 nuqtada ikkinchi tur 

uzlishga ega. Agar а  Ф 1 boisa u holda
r ld x  r l  dx .. ..-n-4-1 1
Jo ^  = hm^0+0 = llm £->0 + 0

= lim £->0+0 (  1
V-a+1 -a+1)

a+1 1 g
(t~~ ,a <  1•: 1—a
I oo , a  > 1

Agar a= l boisa Г1 = lim  1пЫ  ̂ = — lim  Ins = +oo .0 * £ ->0+0 ‘ £ £->+0
Demak, ushbu hosmas integral 0<a<l da yaqinlashuvchi a>l da 
esa uzoqlashuvchi boiadi.

5-misol. Xosmas
v r l  dx

■'0 y/i-x
integralni hisoblang
► Integral ostidagi funksiya x-1 nuqtada cheksiz uzilishga 

ega. Demak, ta’rif bo‘yicha

■ C vfe = lim£" °  “  x'J ~ dx = ^wie- .o (- 2 )(l “
1 - £

д:)2
0

= —21imc_>0(V l — l  + £ + V l — 0 ) = 2 lim £̂ 0( l  — yfe) =
2 (e > 0) ya’ni bu integral yaqinlashuvchi boiad i. 4

2-Teorema. Agar [a ;b ] kesmada x=c nuqtadan tashqar 
ibarcha nuqtalarda (p(x)>f(x)>0 tengsizlik bajarilsa, va faqat x=c 
nuqtada bu funksiyalar cheksiz uzilishga ega bo ‘Isa, a holda

1) agar
f*<p(x)dx

integral yaqinlashuvchi bo ‘Isa, 

integral ham yaqinlashuvchi bo ‘ladi.
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/a f{x )d x  
integral uzoqlashuvchi bo 'Isa,

cp(x)dx
integral ham uzoqlashuvchi bo ‘ladi.
Bu 1 va 2 tasdiqlar taqqoslash teoremalari deyiladi.
6-MisoI. Xosmas

г 1 dx 
•'0 \'x+2x3

integralning yaqinlashishini tekshiring:
► Integral ostidagi funksiya x—0 nuqtada uzilishga ega

1 1
— ----------<  —

Ух + 2x3 Ух 
va x>0 da yuqoridagi tengsizlik o‘rin li bo‘ladi. Bundan 

xosmas
■СЦ = lim- 0  fo+ê =dx = lim£_.0 = ~Hme_o (l - Ve) =

f  ( * > 0 )

integral yaqinlashuvchi va 2 teoremaning 1 tasdig‘iga ko‘ra 
berilgan xosmas integral yaqinlashuvchi bo‘ladi. M

9.2- AT
Berilgan xosmas integrallar hisoblansin.
1. j In x d x  (Javob  = 1)
2. f  x2cosxdx (Javob  • —2n)

3. J*  cos-Jxdx Qavob • —4)
4. xarctg xdx (Javob ■■ ^  — ~ )

5. f*  x2exdx Qavob : e — 2)
Xosmas integrallam i hisoblang yoki ularning 

uzoqlashuvchiekanini ko‘rsating.

6- V am b: ° ' 5>
l . f ™ x 3e~x2dx Qavob: 0,5)
8. Z+J ln:r dx Qavob'. uzoqlashuvchi)

2) agar
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9' 1)
, с2 xdx , ,  , 8 .

4х-\ ■ 3)

M ustaqil ish
1.1) Integralni hisoblang
/ xe~xdx (Javob: 1-2/e)
2) Integralni hisoblang yoki uning uzoqlashuvchi ekanligini 

ko‘rsating

l ‘  V avob: 2>
2.1) Integralni hisoblang

xsinxdx; (Javob: n )
2) Xosmas integralni hisoblang yoki uni uzoqlashuvchi 

ekanligini ko‘rsating

JTsS* </»«*“ >
3.1) Integralni hisoblang

xe3xdx; (Ja vo b :—--1)
2) Xosmas integralni hisoblang yoki uning uzoqlashuvchi 

ekanligini ko‘rsating
2 d  xf t ——; (Javo b : Uzoqlashuvchi)

9.3 Aniq integralning geometrik masalalarga tatbiqi
Yassi figuraning yuzini hisoblash. Aniq integral (f(x)>0 

x e [ a;bJ), geometrik nuqtai nazardan (9.1 §) egri chiziqli 
trapetsiyaning yuziga teng bo‘lar edi. Yassi figuraning yuzini esa 
egri chiziqli trapetsiya yuzlarining yig ‘indisi va ayirmasi sifatida 
qarash mumkin. Demak, aniq integral yordamida turli yassi 
figuralaming yuzalarini hisoblash mumkin.

1-misol. Ushbu y=x2~2x egri chiziq, x—-l, x=l to‘g‘ri 
chiziqlar va Ox o‘qi bilan chegaralangan yassi figuraning yuzini 
hisoblang.

► Dastlab berilgan chiziqlar bilan chegaralangan figurani 
chizib olamiz (9.5-rasm). Qidirilayotgan yuza 5'=|S'/j+|Si|=5/-iS2 
demak,
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(?-*a)U=e-o=«
Umumiy holda berilgan figura y=fi(x), y=f2(x) egri chiziqlar, 

x=a, x=b to‘g‘ri chiziqlar bilan chegaralangan boisa, bu yerda 
fi(x)<f2(x), x[a;b], (9.6-rasm) u holda

s = /a6(M x )- A (x ))d x  (9.7)
2-misol. Quyidagi y=3x-x2 va y=-x chiziqlar bilan 

chegaralangan figuraning yuzasini hisoblang.
► Egri chiziqlaming kesishish nuqtasini topib olamiz va 

yuzasi qidirilayotgan figuraning rasmini chizib olamiz (9.7-rasm)
у  = 3x — x2) f у  = —x 

у  = — x j  I —x = 3x — x2
Sistemani yechib: xj=0, x2~4, y,~0, y2— 4 qiymatlarga ega 

bolam iz, u holda (9.7) formulaga ko‘ra
s = f0\ 3x - x 2-  (~x))dx = fg(4x -  x2)dx = [ lx 2 - 7 ) I* =
Agar egri chiziqli trapetsiyani chegaralovchi A V  egri chiziq 

parametrik ko‘rinishda berilgan bo‘lsa x-<p(t), y~~uf(t) u holda 
uning yuzasi

S = ^ rP (t )c p \ t)d t  (9.8)
bu yerda a va fi, cp(a)-a, ц/ф)=Ь tenglamadan aniqlanadi 

(y/(i)>0, [a ;p ] kesmada), formula bilan aniqlanadi.
•  .  *Z VZ3-misol. Berilgan — + — = 1 ellips bilan chegaralangan 

yuzani hisoblang
► Ellipsning parametrik tenglamasini yozib olamiz: x=acost, 

y=bsint. Figuraning simmetrik ekanligini hisobga olib va (9.8) 
formuladan (9.9-rasm)

S = 4 f “ ydx ~  4 fn asint(—bsint)dt = 4 ab /02 sin2tdt = =
n 2 П

4ab / 02 1 C° S— dt = lab  ( t  — ^sin2t j |2 = nab A

Egri chiziq qutb koordinatalar sistemasida p=p(<p) tenglama 
bilan berilgan bo‘lsa, egri chiziqli OM]M? (9.10-rasm), egri 
chiziqning yoyi va OMt va OM2 <pj va <p2 qiymatlarga mos

s  =  1 > 2 -  2x)dx  -  ^ { x 2 -  2 x)dx  =  ( ~  -  x 2)  [ Д  ~
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keluvchi qutb radiuslari bilan chegaralangan sektoming yuzi 
ushbu fonnula bilan hisoblanadi.

s  = - Q (P ( .< P )¥ d<P (9-9)

■, v t
t...  | 5j

iЩ j
Ш ; /
I ' /
- ■ i /

*•7 ■ -*■

9.5-rasm 9.6-rasm

IS*§ m*ж.-.- 
ж  '

9.7-rasm 9.8-rasm

{
b\

\ f ,
>-.4 0. . \

[;; ;& x

V*'* '
J>>>x

♦ M.

9.9-rasm 9.10-rasm
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4-misol. (x 2 + у 2) 2 = a2(x 2 — у 2) Bem ulli lemniskatasi 
bilan chegaralangan figuraning yuzini hisoblang

► Egri chiziqning tenglamasini qutb koordinatalar 
sistemasida yozib olamiz. Tenglamada x = pcos(p,y = psincp 
almashtirish bajarsak, p2 = a2cos2<p

yoki p — a^cos2(p . Figuraning simmetrikligmi hisobga 
olsak, qidirilayotgan yuza (9.9) formula bilan hisoblanadi:

- - 1 -S = 4 ■ - f4 a2cos2<pd<p — 2a2 • -sin2(p\* = a2 A
2 2 '0 

Egri chiziq yoyining uzunligini hisoblash. Agar egri
chiziqning A B  yoyi (a:b) va y~f(x) tenglama bilan berilgan bo‘lib, 
/(xy-differensiallanuvchi funksiya bo‘lsa, и holda AB  yoyning 
uzunligi (9.12-rasm)

(9.10)
formula bilan hisoblanadi.

1 = L  J 1 + y' dx

/4

9.11 rasm

В

A S  С«... . f?
Ус\\

a о *c b x

9.12 rasm

Agar egri chiziq o‘zining parametrik tenglamalari x =
<К0>У = *K 0  lar bilan berilgan bo‘lib, x = (p it),у  = i/>(t) lar 
differensiallanuvchi funksiyalar bo‘Isa, u holda I yoyning uzunligi

(9.11)

formula bilan hisoblanadi, parametr t ning a va/У qiymatlari 
yoyning chekka nuqtalari A va В  ga mos keladi.

\
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Agar silliq  egri chiziq qutb koordinatalar sistemasida 
p  = p ((p )  tenglama bilan berilgan bo‘lsa, M ,M 2 yoyning I 
uzunligi ushbu formula bilan hisoblanadi:

Фг ________ .
l = \ J p 2+ p '2 d<i> (9.12)

Ф,
Bu yerda (p  ̂ va gy qiymatlari yoyning boshi va oxirgi 

nuqalari M , va M 2 ga mos keladi.

5 -  misol. Egri chiziq _y = —л/x3 tenglama bilan berilgan,

yoyning boshi va oxirgi nuqtalari abssissalari x] = V3 va x2 = -j8 
bo‘lsa, yoyning uzunligini toping.

► Yoyni uzunligini hisoblash uchun (9.10) formuladan 
foydalanamiz:

I = | yjl + (л/х)2 dx = J  л/l +x dx =
Л  £  -

2

л/g _  34
S  з

6-misol. Sikloidaning birinchi arkasi yoyining uzunligini 
toping

у  = a ( 1 — cos £),x = a (t  — sin t)
^  Sikloidaning hamma arkalari bir x il, birinchi arkada t 

parametr 0 dan 2 К  gacha o'zgaradi. U  holda (9.11) formulani 
qo‘llaym iz:

^  [~2 2 2 2~ 2/r 2 2
1= l у a (1-cos f) +a  sin t dt = a j ^l-2cosf + cos ? + sin t dt =

0 0
2;r

= a J  ^2(1 - cos 7) dt = 2a j  sin -- dt = —4a cos —
о о 2

2*=S0-«

7-misoI. Logarifm ik spiralning bitta aylanishda hosil 
bo‘ladigan yoyining uzunligini toping, p = e'p



► Qutb koordinatalarida yoyning uzunligini hisoblash (9.12) 
formulasidan

I n __________  2л  |9 _
I = J  + e2* dq> = J  V2 = -Л e<| = л/2(е2,г -1) « 108,16 ^

о о I ®

kelib chiqadi.
Jismlarning hajmini hisoblash. Fazoda berilgan jism  O x

o‘qidagi [ a. b ] kesmaga proeksiyalansin. Har qanday Ox 
o‘qiga perpendikulyar x E  [a, 6] nuqtadan o‘tuvchi tekislik, jism  
bilan kesishganda, yuzi S(x) ga teng figura hosil qiladi (9.13 
rasm). Bunda jismning hajmi quyidagi formula bilan hisoblanadi:

b
V  =  J S ( x ) d x  (9.13)

a

Xususan Ox o‘qi atrofida egri chiziqli aABb (9.14-rasm) 
trapetsiyani aylantirsak, ko‘ndalang kesimning yuzi: S(x) = n
( f {x ) )2 ga teng bo‘ladi. Shuning uchun egri chiziqli trapetsiyani

Ox o‘qi atrofida aylantirishdan hosil bo‘Igan jismning hajmi:
ь

Vx = /cj ( f  (x ))2 dx (9.14)
a

formula orqali ifodalanadi.

9.13-rasm
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9.14-rasm

*
Z  !

С i
..---.., * -a - ...

о. ..(t— ..—........... -... ............ .... .................. ~... ............. .....*•
*Ь \  •..-•....,... i / i  ; Ь  У

3 V  ** v :  -•---•/...~ ......
/  ~C !

^  X ......

9.15-rasxn

8-mi sol. Ushbu sirt bilan chegaralangan jismning hajmi 
hisoblansin

► Berilgan tenglama bo‘yicha ellipsoidning rasmini chizib 
olamiz (9.15-rasm). Oy 0 ‘qiga perpendikulyar va 
ixtiyoriy nuqtadan o‘tuvchi tekislikni qaraymiz. K o ‘ndalang 
kesimda:



+ •
(  1— ^ 2 r 2 ^

1, уc4I - ?V 62 VV / V /

= 1, у  = const

ya’ni, yarim  o‘qlari a, = a^j 1 - , c, = c ^ l- ~  bo‘lgan

ellipsni hosil qilamiz.
Bu  kesimlaming yuzi:

v 2
S(y)=  nax • с, = ка  • с (1 -  — ).

о
U  holda (9.13) formuladan
Г V 2 f  v 2 v 3 I*  4V = f т с  (1 - -У—) dy = 2me j  (1 - f y )  dy = 2®c (y  - — ) = -  mbc 
i  b {  b 3b i° J

9-misol. Oxj; tekislikda yotuvchi va y 2 = 4 — X, X  = 0 
chiziqlar bilan chegaralangan figurani Oy o‘qi atrofida 
aylantirishdan hosil bo‘lgan jismning hajmini hisoblang.

► Rasmdan (9.16-rasm) ko‘rinib turibdiki:

V y = ^ r j x 2i f y  =  ^  j ( 4 - y 2) 2t f y  =  2 a j ( 4 - y 2 ) 2e fy  =  2 л - f  ( 1 6 - S y 2 + y ' ) d y  =  2 ^ j 16y - - y 3 + ~  |

15

....■ ‘is?
..............................................0 j|

....p
-2 T' г  .

• .......x ■■<■4 x
v- . y\‘ -x; •>,> ЛЧ**
4 vSS4 У'*”

9.16-rasm
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Aylanish jismlarining sirtlari yuzini hisoblash
Agar v = f ix )  fimkssiya uzluksiz differensiallanuvchi 

bo‘Isa, shu egrichiziqning A B  qismi yoki 
A (a; f  (a ) ). B (b ; f  (b) ) Ox o‘qi atrofida aylanishidan hosil 
bo‘lgan sirtning yuzi:

Qx = 2 n f * f ( x ) j l  + (f '( x ) ) 2 dx 
formula orqali topiladi.

(9.15)

r& v i I-
<Sr!■/■:;../ /-7 7
/7 / h r r t i / Vi ... ... ; - - / 1
H V U X I j 7 / 1

9.17-rasm

10-misoI. y 2 — 2x + 1 parabolaning Xj — 1 va x2 —7 
abssissalar oralig‘idagi yoyini (9.17) aylantirishdan hosil bo‘lgan 
sirtning yuzasi hisoblansin.

► Rasmdan va (9.15) formuladan quyidagiga ega bo‘lamiz:

Qx ~ V2x + 1 J l  + (̂ ===) dx = 2n л/2х + 1 + 1 dx = 

2 n j\j2x  + 1 dx == = -3r(64 - 8) = —  ■<
- 2 3/2 I I  3 3

AT-9.3.

1. Ushbu y 2—9x,y — 3x chiziqlar bilan chegaralangan 
soxaning yuzasini toping ( Javob:0,5 ).

2. у  =  X 2 + 4x, у  — X  + 4 chiziqlar biian chegaralangan

soxaning yuzasini toping ( Javob: ).
6
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1 х23. Ushbu у  = — ~+x2y  У = ~  chiziqlar bilan chegaralangan

soxalaming yuzasini toping (Javob: — — — ).
2 3

2 2 44. Yopiq J  — X — X  chiziq bilan chegaralangan soxaning 
yuzasini toping (Javob: 4/3).

5. Sikloidaning birinchi arkasi у  = a (1 - cos t ) ,  

x = a (z — sin t) va Ox o‘qi bilan chegaralangan soxaning yuzasini 
hisoblang (Javob: Ik  a1).

6. Parametrik ko'rinishdagi x = 3t1,y  = 3t-t3 chiziq bilan

chegaralangan soxaning yuzasini hisoblang (Javob: I 2— -)

7. y - x e  2 egri chiziq va uning asimptotasi bilan 
chegaralangan soxaning yuzasini hisoblang (Javob: 2).

8. Kardioida bilan chegaralangan soxaning yuzasini 
hisoblang: p - a (  1 — cos cp). (  Javob: З л а 2 / 2).

9. Ushbu x2+ y2= 4, x2+ y2= 9, y - x , y  = —xj3  
chiziqlar bilan chegaralangan soxaning yuzasini hisoblang 
(Javob: 25л:).

24
M ustaqil ish

1. Ushbu chiziqlar bilan chegaralangan soxaning yuzasini 
hisoblang:

a) y 1 =x + 5, y 2 =-x + 4, Ъ)р — a cos 2ф (Javob: 

a) 9 ^  * )^ 1 ).

2. a) у = (x-4)2, у  = 16 —x2 chiziqlar bilan chegaralangani 
soxaning yuzasini hisoblang:

b) Arximed spiralining birinchi va ikkinchi o‘rami orasidagi,

р-аф (a > 0) yuzani hisoblang (Javob: a) ■ //, \.
З ч / 3 Ja

П6



3) Ushbu egri chiziqlar bilan chegaralangan soxalaming 
yuzasini hisoblang:

3. a )4 y  = 8x-x2, 4y = x + 6 ; b )y- 4 t2-6t, x = 21 va Ox
o‘qi Uavob-. e) 49 я 9).

24 2

AT-9.4

1. Berilgan y=2 л! X  parabolaning x/=0 va x?=l abssissalari

o‘rtasidagi yoy uzunligini hisoblang. (Javob: л[2 +ln (1 + 4 2 )
*  2,29;

2. Astroidaning uzunligi hisoblansin x=a cos3t, y=a sin 
(Javob: 6a)

3. Kardiodaning uzunligini hisoblang p ~a (1- cos ф  ). 
(Javob: 8a)

4. y-~- — -J(x — 1)3 egri chiziqning x r l .  x2=9 abssissaiar

o‘rtasidagi yoy bo‘lagining uzunligi hisoblansin.( Javob: ^ - )

2 2 "XT V’5. Ushbu z = -— h -— , z=7 sirtlar bilan chegaralangan
4 2

jismning hajmi hisoblansin. (Javob : tt-Jl )
6. Oxy tekisligida yotgan va y —x2, x=y2 chiziqlar bilan 

chegaralangan figuraning Ox o‘qi atrofida aylanishdan hosil 
bo‘Igan jismning hajmini hisoblang

(  Javob: )
10

7. Sikloida x=a (t-sint), y=a (1-cost) birinchi arkasini Ox 
o'qi atrofida aylantirishdan hosil bo‘lgan jismning hajmini 
hisoblang.

(Javob: 5 a 2 ж1)
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8 . у — — л/4jc — 1 egri chiziqning x/= I nuqtadan x-,̂ -9
2

nuqtagacha bo'lgan yoy bo‘lagini aylantirishdan hosil 
bo‘lgansirtning yuzini toping (Javob: 104 л/3)

9. y=a ch ~  chiziqni x,=0 nuqtadan x2=a nuqtagacha
a

bo‘lgan qismining Ox o‘qi atrofida aylantirishdan hosil bo'lgan
sirt, katenoidning yuzini hisoblang. (Javob: ®  1 < e2 _ е-г + 4) )

4
M ustaqil ish

1. 1.Ushbu y= ~ y j(2 x - iy  egri chiziqning abssissalari

xi=2 va x2=8 ga teng bo‘lgan M ;M 2 nuqtalar orasidagi yoy 
bo‘lagining uzunligi hisoblansin (Javob:56/3).

2. y  = 3x to‘g‘ri chiziqning x} =0 va x2=12 abssissaga ega 
nuqtalari bilan chegaralangan kesmasini Ox o‘qi atrofida 
aylantirishdan hosil bo‘lgan aylanish sirtining yuzasi hisoblansin.
(Javob: 12 JlO  я )

2. 1. Tenglamasi y= —x bo'lgan chiziqning x;=2 va x->=5
3

nuqtalar orasidagi yoy uzunligi hisoblansin. (Javob: 5).
2̂ 2

2. Tenglamasi y  = — + — ,y  = l  bo'lgan sirtlar bilan
chegaralangan jismning hajmi topilsin. (Javob: n)

3. 1. y-lnx  tenglama bilan berilgan egri chiziqning
abssissalari X/ = = ч/з va x2= л/8 nuqtalar orasidagi yoy uzunligi 
hisoblansin.

(Javob: 1 + —ln - « l,2  )
2 2

2. Oxu tekislikda yotgan y=2x-x2 va y=0 chiziqlar bilan 
chegaralangan figurani Ox o‘qi atrofida aylantirishdan hosil 
bo‘lgan jism ning hajmi topilsin. {Javob: 1А Я)
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S  — Г (3 12 + 21 + l jd t  — ( t 3 + t 2 + t)

9.4. Aniq integralni fizik masalalarni yechishga qo‘llash.
Tezlik bo‘yicha bosib o‘tilgan yo‘lni hisoblash.

Agar v — f  (?) moddiy nuqtaning to‘g‘ri chiziq bo‘yicha 
harakatidagi tezligini ifodalasa, u holda [ti;t2] vaqt oralig‘ida 
bosib o‘tilgan yo‘l.

S  = J  f ( t ) d t
h

(9.16)
formula bilan ifodalanadi.
1-misol. Moddiy M  nuqta v  (t) = 312 +2t + lm/s tezlik bilan 

to‘g‘ri chiziqli harakat qilsin. Nuqtaning [0;3~\ sekund oralig‘ida 
bosib o‘tgan yo‘lin i toping.

► (9.16) formulaga asosan
3

= 39 M. *
0

0 ‘zgaruvchi kuchning bajargan ishini hisoblash
Moddiy M  nuqta F(s) kuch ta’siri ostida OS to‘g‘ri chiziq 

bo‘yicha harakatlansin. Bu  kuchning yo‘lning [a;b\ qismida
b

bajargan ishi A  = |  F (s )d s  formula bilan hisoblanadi.
a

2-misol. Agar prujinani Ism  cho‘zish uchun lk N  kuch sarf 
qilinsa uni lOsm cho‘zish uchun bajariladigan ishni hisoblang.

► Guk qonuniga asosan, prujinani cho‘zadigan kuch, uni 
cho‘zilishiga proporsional, ya’ni F=kx, bu yerda x-prujinaning 
cho'zilishi (metrda), A-proporsionallik koeffitsenti. Masala 
shartiga ko‘ra x=0,01m, F - l  kn, 1=0,01 к tenglikdan k=100 
ekanligi kelib chiqadi va F=  1 OOx bajarilgan ish.

A = /0° 1100xdx = SOx2 j0̂ 1 = 0,5 kDj. <
X 1'3-misol. Qozon z = — -f — elliptik paraboloid shaklida 

bo‘lib, balandligi H-4m  va zichligi 8=0,St/m3 bo‘lgan suyuqlik
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bilan to‘ldirilgan. Qozon chetidan suyuqlikni haydab chiqarishda 
bajarilgan ishni hisoblang.

► z(. balandlikda qalinligi A zi (9.18-rasm) bo‘lgan suyuqlik

qatlamini ajratamiz, ko‘ndalang kesimda yarim o‘qlari 2 -Jz:

b=3 yjz i ga teng bo‘lgan ellips hosil bo‘lgani uchun, bu

qatlamning massasi A m i« 6?T 8  Z, A z ; va hajmi

AVt = TC-2y[z i ■3yfzi Azt ga teng boiadi. Suyuqlikni haydab 
chiqarish uchun bajarilgan ish:

A - lim n^00 X"=i j 6ngSzi(H  -  z^Azi = 6ngSz(H  -

z) dz = б7гд<$ ( h ----- —] = ngSH 3 = 64gnS ~
1575,53kDj. <

* x
9.18- rasm

Suyuqlikning plastinkaga bosim kuchini hisoblash
Bu  masalani yechish usulini aniq misolda ko‘rib o'tamiz.
4-misol. Asosi a=3m va balandligi N=-2m bolgan 

uchburchakli plastinka suyuqlikka uchi bilan vertikal botirilgan va 
asosi suyuqlikning sathiga parallel bo‘lib, undan Jm  uzoqlikda 
joylashgan. Suyuqlikning ziehligi

S — 0,9 t/m3 bo‘Isa, uning plastinkaning har ikki tomoniga 
bosim kuchini hisoblang.

/  I H
x

6 *y
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► Suyuqlikning bosim kuchini hisoblash uchun Paskal 
qonunidan fbydalanamiz, unga ko'ra suyuqlikning h chuqirlikdagi 
A S  yuziga bosim Ap  — Sgh A S  formula bilan aniqlanadi. Bu 
yerda 8 -suyuqlikning zichligi, g-jismning erkin tushishdagi 
tezlanishi.

Suyuqlik satxiga parallel to‘g‘ri chiziqlar bilan, uchburchakni 
eni dy ga teng bo‘lgan kesimlar (9.19-rasm)

3M , d- Ш

, У

9.19- rasm

bilan bo‘lib chiqamiz va u suyuqlik satxidan y+d masofada 
bo‘lsin. A V S va A , V , S, uchburchaklarning o‘xshashligidan.

M  = ̂ z Z .u & | = -g-(g-y ) , ya’ni kesimning yuzi: 
a H  1 1 H

dS = 4 - (H - y )d y ,
H

Uchburchakli plastinkada kesilgan kesim yuzining har bir 
tomoniga bosimi

a
dp = — Sg {d + y ) ( H — y )d y  ga teng bo‘ladi. Oxirei 

H
tenglikning ikki tomonini integrallab, quyidagini hosil qilamiz
P  =  \ - j j S g ( d  +  у )  { H  -  у )  d y  =  ( 2 ^  у  ~ y 1 ) d y  =  ^ 5 g \ 2 y  +  ^ —  у  j =  5 S g  =  44 ,1  K H

Inersiya momentini hisoblash
Aniq integral yordamida yassi figuralaming inersiya 

momentini hisoblash mumkin.
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5-misol. Massasi M  ga radiusi R ga teng bo‘lgan bir jin sli 
doiraning markaziga nisbatan inersiya momenti hisoblansin.

► Massasi M b o ‘lgan moddiy nuqtaning О nuqtaga nisbatan 
inersion momenti, shu nuqta massasining, undan О nuqtagacha 
bo‘lgan masofa kvadratining ko‘paytmasiga teng. Moddiy 
nuqtalar sistemasining inersion momenti, shu nuqtalar inersion 
momentlarining yig ‘indisiga teng.

Konsentrik aylanalar yordamida doirani n ta, eni d ga teng 
bo‘lgan halqalarga

/  \
/ ^  Ж  \
/ & rz  \  \i § / w i.•  ................... 5“
i Vi 0 gj ;R  x
\ %  /У I  

_ /

9.20- rasm
bo‘lamiz, Bu  xalqalaming yuzi ds — 2 jrrd r  , massasi 

dm = 2 7 trd rS  ziehligi 8  = M (n R 2) ga teng (9.20-rasm). 
Ajratilgan xalqalaming elementar momenti d l0 = 2 л6 г dr . 
Elementar inersion momentlami integrallab

4

a

I  = ^2n5rb d r  = 2л5г г = 1 л « « Л м # .
о 2 яЯ 2 2

Yassi figuraning og‘irlik markazini hisoblash
Quyidagi hollarni ко‘rib chiqamiz.
1. u=f(x) funksiya grafigining, ziehligi d=d(x) bo‘lgan, A V 

yoy bo'lagining og‘irlik  markazi koordinatalari c(xc ,y c) , 
quyidagi formulalar yordamida aniqlanadi (9.12-rasm):

r f x 6 (x y i+ y ,2dx f ‘\6 (x )y/l+ y'2dx
%  —  -ti---- ------- -----  у  —  Л --- —--------- ---

ja S(x)-Jl-ry’2dx ’ c S(x)y/l+y,2dx

2. Agar yassi figura quyidan /, (x ) , yuqoridan f 2 (л ) , 
f x{x )<  f 2{x ), chiziqlar bilan [a,b] kesmada chegaralangan va
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figuraning zichligi S=S(x) bo‘lsa, u holda uning og4irlik  markazi
S(xs:u,)

! °x S {x X f2<x)-fy(x))dx  e  l£ f i (x X f i (x )- r f (x ) )d x  

ia 6 (x )(J2(x )-fdx ))dx  £x(f2(x)-f^(x))dx
formula orqali topiladi
6- masala. Markaziy burchagi 2a, radiusi R  ga teng bo‘lgan 

aylananing bir jin sli yoy bo‘lagining og‘irlik  markazi topilsin.
► Koordinatalar sistemasini 9.21 rasmda

xr

ko‘rsatilgandek tanlab olamiz. U  holda yoyning bir jin sli va 
simmetrik ekanligidan us=0 keUb chiqadi. Yuqoridagi formuladan 
xs ni topib olamiz ( S  — co n s t)

_  l “axjl+xf2dy 
Xc ~

Aylananing parametrik tenglamasidan foydalanamiz x=R 
cost, y=R sint,

Г  R2J-n cos td t ■ J  a  S in t  j D l-ga
-a

a
t| "  ft I —a

7- misol. B ir jin sli, y=6-x2, y~-2 chiziqlar bilan chegaralangan 
yassi fignraning og‘irlik  markazi topilsin.

► Bu figuraning bir jin sli va simmetrik ekanligidan (9.22- 
rasm) xc — 0 yc koordinatani topish uchun (9.17) formuladan 
foydalanamiz:
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9.22-rasm

АТ-9.5.
1. To‘g‘ri chiziqli harakat qilayotgan nuqtaning tezligi 

v  — t.e~G<3U m/s ga teng. Nuqtaning to‘la to‘xtaguncha bosib 
o‘tgan masofasini hisoblang {Javob: 104m)

2. Uzunligi / ga og‘irlig i R  ga, teng bo‘lgan bir jin sli 
steijenning oxiriga nisbatan inersiya momenti topilsin. {Javob:

3. B ir jin sli, ziehligi 5=2,5 t/m1 qurilish materialidan, 
radiusi R=2m, balandligi H=3m bo‘lgan konus ko‘rinishdagi



qo‘rg‘onni qurish uchun sarflangan ishni hisoblang. (Javob:

—  ngS H 2 R 2 = 4&ng *  1477,8к Д ж )
15

4. Yuqori asosi suyuqlik sathiga parallel, 5m chuqurlikka 
vertikal cho‘ktirilgan, asosi 8m. balandligi 12m bo‘lgan to‘g‘ri 
to‘rt burchakka suvning bosim kuchi aniqlansin, Suvning zichligi
S = I t/m\ (Javob: 656 g »  6428,8kN)

5. Zanjir y  — a c h — chiziqning x= -a nuqtadan x=a
a

nuqtagacha bo‘lgan bir jin sli yoy bo‘lagining og‘irlik  markazini 
toping.

a 2 + sh2(Javob: xc=0, y c = -  — - — )
4 s h l

6. x=a (t-sint), y=a (1-cost), (0< t < 2 ж ), siklonda birinchi 
arkasining bir jin sli yoy bo!lagining og‘irlik  markazini toping 
(Javob: xc= ж a vc=4a/3)

7. Yassi u=x va u=x2~2x chiziqlar bilan chegaralangan 
birjinsli figuraning og‘irlik  markazini toping. (Javob: ("3/2, 3/5))

M ustaqil ish
1. 1. Asosi suv sathiga parallel, balandligi H=3 m, asosi 

a-2m va 4m chuqurlikka tik tushirilgan paralelogramm 
ko‘rinishdagi plastinkaga beradigan suvning bosim kuchini 
aniqlang. Suvning zichligi lt/m3. (Javob: 16g ~ 156,8 kH  )

2. Radiusi R  ga markazi koordinata boshida bo‘lgan 
aylananing birinchi kvadratda yotgan bir jin sli yoy bo'laginmg 
og‘irlik  markazi topilsin.

(Javob: 2.R / ж, 2 R  / ж ).
_p.

2. 1. Moddiy nuqtaning tezligi о = 4te m/s bo‘Isa, nuqta 
harakat boshlagandan to‘xtaguncha qancha yo‘l bosib o‘tadi 
(Javob:2m)
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2. B ir jin sli y=sinx, y=0 (0 < x < гг) chiziqlar bilan 
chegaralangan figuraning og‘irlik  markazi topilsin. (Javob:

5. 1. Agar suvning ziehligi S=1 t/m3, bo‘Isa diametri 20m 
yarim sferik ko‘rinishdagi idishdan suvni haydab chiqarishda
bajarilgan ishni hisoblang. (Javob: 2,5g\tf я  ~16969кД ж)

2. B ir jin sli yassi u2=20x, x2=20u chiziqlar bilan 
chegaralangan figuraning og‘irlik  markazini toping. (Javob:

Aniq integralni verguldan keyin 2 ta raqam aniqligida 
hisoblang.

(9,9)).

9.5. 9 bo‘Iimga doir indiviudal uy topshiriqlari
IUT-9.1.

j  x\ll + x1 dx.
1.1. 0 ( Javob: 1,78.)

1.4. 0 ( Javob: 0,33.)

------- dx.
1 + COS X

cosx

1.5. 0 ( Javob: 0,57.)

. ( Javob: 0,41.)
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1.7. 0
2

J
1.8. 0

г

J
1.9. i

1.10. 

1.11. 

1.12.

1.13.

1.14.

1.15.

1.16. 

1.17.

V 25 + 3* (  Javob:-0t67.)

x* dx

dx

V * 4+4 (Javob : 1,24-)
1 + lnx .------ox.

( Javob: 1,50.)

J zs +10 (Javob : 0,20.)
Ж i  2  j

f

„ „ l - c o s  * (Ja m b  0.50.)

f-
dx

- 2 у[1+ 4х-х2 ( Javoh: I>57)

j  x3 -J 4 + 5x4 dx.
0 ( Javob: 0,63.)

Js in 2 — dx.
(  Javob: 3,14.)

re  -dx.
i
i/ 2

* 2 (Javob : 1,07.) 
xdx

0 м'1-х2 (Javob: 0.13.)

j  з(х^ + x2ex ĵdx.
0 (Javob : 2,72.)
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1.19.

1.20. 

1.21. 

1.22.

1.23.

1.24.

1.25.

1.26.

1.27.

1.28.

1.18.

r cos V x ,
— ■==— их.

Л  2 i f х ах
J i + Y6’
i i + x ( Javob: 0,20.)
* sin In .x ,
I ------dx.
1 x ( Javob: 0,46.)

у‘х  (Javob: 1,73.)

(  Javob: 0,52.)

J  yix +1 dx.
3 (Javob : 12,67.)
я /2
|  sin a  cos3 ada.

71 !b (  Javob: 0,14.)
7Cl 6
J 12ctg 3xdx.

*/18 (Javob : 2,77.)

j
0/ 4 - 3 x  ( j avoh:067)

' j  xdx

1 V4--X2 ( Javob: 0,32.) 

] ^ d x .
i x (Javob : 0,33.)
jp dx
J 4 r2 _  Q

y (Ja v o b :-0,13)

4 e

1 ax

1 хл/ l- ln 2
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i t ! 2

j  cos a  sin3 ad a.
1.29. -/6 (Javob : 0,23)

- xdxf
1.30. 0 COS ^  (Javob : 0,50.)

j y\x\{y-l)dy.
2.1. 2 ( Javob: 1,02.)

о
J' x2 e~*! 2 dx.

2.2. -2 ( Javob: 5,76.)
rc! 2
|  x cos xdx.

2.3. 0 ( Javob: 0,57.)

J z ' sinx<ix.
2.4. 0 ( Javob: 5,86.)

1/2

|  arccos 2xdx.
2.5. -ь'2 (Javob: 3,14.)

2

J (v - l)ln ydy.
2.6. 1 ( Javob: 0,25.)

о
J xe~2xdx.

2.7. -1/2 (Javob  -0,25.)
7C
Jx  sinx cos xcfo.

2.8. (Javob: 1,57.)
-2П
J 4 * -

2.9. -!/зe (Javob : 0,82.)
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2.10.

2.11.

2.12.

2.13.

2.14.

2.15.

2.16.

2.17.

2.18.

2.19.

2.20.

f in  X

e2

J  yfx In xdx.
1 (Javob : 18,33.)
i
|  arctg4xdx.
0 ( Javob: 0,57.)
It ^

| (x  + 2)cos — dx.

x ( Javob: 0,16.)

о
jr/8

( Javob: 6,28.)

|  x 2 sin Axdx.
0 (Javob : 0,17.)

2

j  У 2 In ydy.
1 ( Javob: 1,07.)

f lni ' • V
1 Vх + 1)  (Javob : 0,15.)
2

|  artg (lx  -  3 )dx.
3/2 ( Javob: 0,21.)
я  12

J (x  + 3)sinjafe.
0 ( Javob: 4,00.)

e

Jx ln 2 xdx.
1 (  Javob: 1,60.) 

J ( x - 2 > xndx.
-3 (Javob: -19,32.)
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тг/9 jг xdx

H i  о cos 3*  ( j avob: 0J 2.)
1
|  arcsin (l -  x)dx.

2.22. 1/2 ( Javob: 0,13.)
S  j

|  arctg —dx
2.23. 1 x ( Javob: 1,37.)

о
J  x ln (l — x)dx.

2.24. - 1 ( Javob: -0,25.) 
rarcsin(x/2 ) ,
J —

2.25. 0 vz  x ( Javob: 2,32.)

J 1п(3х + 2 )dx.

2.26. 1 ( Javob: 1,87.)

J W x 2 +9 dx.
2.27. 0 (Javob: 282,40.)

0
J (x + \)e~^xdx.

2.28. -i ( Javob: 1,10.)
71 i  4

j x t g 2 xdx.
2.29. 0 ( Javob: 0,13.)

1
|  x arctg xdx.

2.30. 0 ( Javob: 0,29.)

г Зх4 + Зх2 +1 
x 2 + 1

dx.
3.1. 0 ( Javob: 1,79.)
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f 2x4 -  5x2 + 3 ,I   ------ ax.
3.2. 2 x -1 ( Javob: 9,67.)

г x + 2
J ~T7 \

3.3. 2 x Vх ” 1; (Javob : 0,53.) 
dx

3.4. '  ^2(x _1 ) 0,12.)

r dx
J
2

I -3.5. -J + (Ja v o b :-0,09.)
} 3x2 + 2x —3 
j -----------dx.

3.6. 2 x x (Javob : 1,62.)
1/2 ,j  xdx

3.7. (Ja v o b :-1,25.) 
r dx

3.8. 4 (*  ~ ОС* + 2) (Javob : 0,04.) 

f cix:

3.9. з (х + 0 (х 2) ( Javob: 0,16.)
j  (2x +

3.10. 0 ( * ~ 2) (Javob : -1,63.)
 ̂ dx

3.11. 2 (x _5 ) (x + 1) (Javob : 0,15.) 
5f (xl +2 )dx

3.12. з (*  + O ' (■x ~ 0  (Javob: 0,50.)
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3.13.

3.14.

3.15.

3.16.

3.17.

3.18.

3.19.

3.20.

3.21.

3.22.

3.23.

I „ 4

М Г + i?0 \х + 1 ) ( Ja vo b :-0,20.)

г x + Зх — 1

гх 5 - 2 х 2 +3 ,
J (х - 2 У-1 Vх < (Javob : 9,38.)
г xdxJ„ х 2 4- Зх + 2 , т „0 (Javob : 0,12.)
’г (х2 + З^х
J у̂  _ v2 — (\х
8 л (Javob : 0,29.)
V3 *г ах
j X 4+ X2 ( Javo b :0 1 6 )

}■ х 1 dx
J 1 _  v4 '
2 1 "  (  Ja vo b :-15,34.) 
p dx
J x4 -12 f Javob: 0,02.)
j  xcix

4 ■'*'  ̂ ( Javob: 0,37.) 
S n  2x' +4

i

\ > 2 0 X x +x + l ^Ja v o b . 0' 88J

dx
x ~ (x - l)2t „

Г Javob: 0,02.)

f  d x

o(x + 1)(*2 +4) (Javob: 0,23.)
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~ A ---------- i--------“ X -x — 5r 4- 4
3.24. 7 (Javob : 0,04.)

f x —x+ z  ,

xdx
b i;3.25. 6x2 +16 6 ( Javob . 0 5L)

г dx

3.26. I х +1 (Javo b : 0,25.)

i  s + i  ,-ax

3.27. i * 6+ * 4 (Javob : 1,44.)
с x + x "* + 2 ,
J - T — у  ax.

3.28. 2 x\x _  V  (Ja v o b :-0,12.)
r jc3 - 2 x 2 + 4  .
i --- ;---- dx.

-’ (х - 2 )г3.29. 3 A ** (Javob : 0,35.)
x2 dx1/V 3  2г x ax

J x ^ l '3.30. 0 ( Javob: -0,08.)

J  x2 y lx - x 2dx.
4.1. 0 ( Javob: 3,14.) 

f * - * 1 .

4.2. л  j * ___  (Javob : -0,47.)

4.3. 3 (Javob : 0,02.)
l  
|  - x2 dx.

4.4. 0 (Javob : 1,91.)
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4.5. 1 х2\ 4 - х 2 ( J avob: 1,02.) 
Л  ______
|^ 3  — х2 dx.

4.6. 0 ( Javob: 2,36.)
з
|  x2 л/ 9 - х 2с/х.

4 .7 .-з (Javob : 31,79.)

j  1 / , л .
4.8. л  *  ( Javob: 0,53.)

—x2) dx.
4.9. 0 (./avofc: 0,59.;

r dx

Л  ..3 X 1

Va/з x2д/(1 + * г)4.10. ' ( Ja vo b :-0,62.)

4.11. i x ( Javob: 0,68.)
1 dxhо (x2 ч-з)3 24.12. °VX + 3J (Javob : 0,27.)
Л
J  л/2-х2 dx.

4.13. 1 ( Javob: 1,29.)
r x 2 dx

4.14. 0 (* 2 + 0  (Javob : 0,14.)
dx

4.15. 2 5̂ x2л/х2 - 9  ( j avob: 0,04.)
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4.16.

4.17.

4.18.

4.19.

4.20.

4.21.

4.22.

4.23.

4.24.

4.25.

4.26.

uS x2yl 1 +  x 2 ( Javoh 059j
J i i  2

f

J  л/l — x2 dx.
( Javob: 0,26.)

dx

1/2 

3

J0 (9 + j ! )V9 + x - ( j amb:go8)

J  V-
2

J
- 1/2

f  Javob: 0,68.)
dx

( l - x 2)v ' l- x 2 ( j avob: 1 J6 .)
л/W jdx\
1 /2  4 jx dx

( Javob: 0,20.)

0 Vt1 * 2) ( Ja vo b :-0,20.)
dx

1  4 I 2 о  "
Viz V x ^ - J ( j avob; 0.05.)

f V 16 -X2 
j — —  Л .
2 *  (VavoZ)/ 0,//.;
V7/3 ______J x3V7 + x2dx.

0 f Javob: -502,09.)
1  -Jx2 -8 jJ —t—'*■

4̂ '3 (Javob: 0,01)
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dxIj 5 г г
4.27. 1 x \ x  -1 (  j avob: 0,29.)

з
Jx \ / 9 - x 2 dx.

4.28. о (Javob : 71,53.) 
]• x3dx
J /Q , 2 '

4.29. o m 9 + x  ( j avob: 5,31.)
V6 r______
J л/6 — x" dx.

4.30. 0 ( Javob: 4,71.)

-Л-/4 3 
f  COS X , j . —  dx.

5.1. -»/2 '  sm *  (Javob: 0,26.)
si/:

' J
5.2. о 2 + cosx (Javob : 0,60.)

7t i  4

|s in 3 2xtix.
5.3. 0 ( Javob: 0,33.)

Ж

|  sin4 — ̂ x.
5.4. 0 2 7,/SJ

к  i  3

Jco s3 xsin 2xa!x.
5.5. 0 ( Javob: 0,39.)

Ж/3

|  ({' ‘X fit
5.6. 0 f' Javob: 0,68.) 

r sinx
J Ъ----YdK-

5.7. C0SX' (Javob : 0,38.)
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я/4

5.8. 0 ( Javob: 1,00.)
;r
r *  x jj cos — cos — dx.

5.9. о 2 3 (Javob : 1,80.)
i t /32j"(32cos2 4x-16)dx.

5.10. 0 (Javob : 1,41.)
Я12 jcos xdx

j2cosxsm3xc£c.

\5 11 о sm2x + l (  Javob 314)
71 /3

J ^ 4 <pd<p.
5.12. -/4 (Javob : 0,93.)

}  x 3x ,I cos — cos —  ax.
5.13. о 2 2 ( Javob: 0.)

я74
J  sin 3x cos 5xdx.

5.14. 0 (Javob : -0,25.)
n! 3 * 3  

J* sin X ^

5.15. о COS X (Javob : 1,33.)
7C / 6 jг dx

5.16. 0 C0S;C (Javob : 0,55.)
л/г
J ctg3xdx.

5.17. * '6 (Javob : 0,81.)
к ' 2
|  cos x cos 3x cos 5xdx.

5.18. 0 (Javob: 0,16.)
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5.19.

5.20.

5.21.

5.22.

5.23.

5.24.

5.25.

5.26.

5.27.

5.28.

5.29.

0 ( Javob: 0,20.)
i r / 2

J sin6 xdx.
0 ( Javob: 0,49.)
К
J  л/l + sin xdx.

71 n (Javob: 2.)

'T  1 + tg x
,J/6 sm 2x (Javob. () 38)
ж /3  . -г sm 2x ,
J  ---~ dx-

itlS с0  ̂ X ( j avob :169 )
я/8
|  sinx sin 3 xdx.
0 ( Javob: 0,05.)
71

J  smxsm2xsm3.xd!r.
( Javob: -0,21.)

r dx1  
sinx , T , . .W3 ( Javob: 0,55.)

л  f  2

J cos5 xdx.
0 ( Javob: 0,53.)
71

Jc o s 2xsin4 xdx.
( Javob: 0,10.)

j  dx

J  cos4 xsin2 xdx.

tcIA
nil

n/2
Л-/2

к 13 sin3 X ( Javob: 0,60.)
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6.1. ' 

6.2.

6.3.

6.4.

6.5. '

6.6.

6.7.

6.8.

6.9.

6 . 10,

5.30.
js in 4 — dx.
0 2 ( Javob: 1,18.)

dx

2x2 +3x 2 ( Javob: o,06.) 
dx

J г г ------- ’-2\x  +2x + 4 ( j avob; 1 J 0 .) 

r dx
! Y2 + 4T_  9 i‘
5 (Javo b : -0,14.)
') x2dx 
J И -6 x 3 + x6' ox ( j avob. 0i26.)
г dx
! 2 ■
X +X ( Javob: 0,29.)

'r  dx
 ̂ Д-т2 + Ay + 5, / 2  . . .  + Ч Х  3  ( J a v o b ; 0 20.) 

i  ^
1/2л/8 + 2 х - х 2 ( j avob; 0,52.)

dt

( Javob: 0,07.)' t2 +5t + 4 

■ x<ix
T2 -4- 2̂ v -L 1

» (Javo b : 0,28.)

■( x — 2x + 2 (  Javob: -2,79.)
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J у ~ ф 9 у -J- S
6.11. -iA ' (Javo b : 0.39.)

r dx

r dx

6.12. 6 X +2X (Javo b : 0,03.)
r dx
I

6.13. i.i^ x - x 2 ( j avob: 1,57.) 
°r 2x — 8

6.14. ~1/2 z - x2 r Javob: 3,99.) 
dx

6.15. 3/4 v2  + 3x ”  2x (Javo b : 1,11.) 

i  ^
6.16. 1/63x~ ~ X + 1 (VtfvoA: 0,77.) 

г x1 dx
r 2 — f i r - l- lf l

6.17. 3 '* ' ” (Javo b : 9,35.) 
xdxf___ *

J Y2Y — 7 r+ 13
6.18. 35 (Javo b : 4,94.)

| _ ^ L = 2 _ .
6.19. 4*  + 5 (Javo b : 3,19.)

(x - \ )\2

6.20. -3'2'X +3x + 4 (Javo b : 2,41.)
г xdx
J

6.21. 4X ( Javob: 0,02.)
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j ~ T ~ ----dx-
6.22. ~i'2 x +x + l ( Javob: 0,08.)

г x'dx
J x2 — 3x + 2 ’6.23. ■3X + Z (Ja vo b : 38,67.)

x2 dx

6.24.

j  x ax

з л/Вх-х2 -15 ( Javob : 5 ]8 1 j

г dx

6.25. ° X +4x + 5 (Ja v ob :0 fl4 .)
dx

6.26. -1/зл/2 - 6 х - 9 х 2 (javob: 0,2L) 
j  irfr

6.27. 4 x + Зх -10  ̂J f l v o 6 . Q Q9 j  

j 3 dx

6.28. i/з V 8  + 6x-9x 2 ( j avob; 0,52.) 
dx

( -6.29. 2л/4х-3-х2 
г dx

( Javob: 1,57.)

, x + 2x + 3

In 2 Jdx

7.2. о * (3 + e "1 (Javob: 0,13.)
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j- dx

7.3. °  2x + ^ 3x + 1 (Javo b : 0,94.) 
r -J x +1 +1 ,j ----dx.

7.4 .  з V x  + 1  - 1  ^  J a v o b . j  j  ? 7  )

a

f
xdx

7.5. 3 vx  + l (Javo b : 10,67.)
'n5 FZ* 7
J "- V  —  dx.

7.6. 0 e* +3 (Javo b : 0,86.)
21o2 ,dxJ

7.7. '2 1 fJavoA ;
In2

7.8. 0 (Ja vo b : 0,43.)
5 xt/jc

7.9. oVx + 4 ( j avob:4>67)

г fifcc

7.10. (И + ^2х + 1 ( Javob : 1)3j j
7 / 3 xax\

7.11. 2/3 v2  + 3x (Ja vo b : 0 96.)
In3 7dx
f- T

7.12. ^2 e e ( Javob : 0,20.)
j- x2dx 
.1 77 \4'

7.13. + (Ja vo b : 0,04.)
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7.14.

7.15.

7.16.

7.17.

7.18.

7.19.

7.20.

7.21.

7.22.

7.23.

7.24.

г dx 

\ + Мх + \ ( Javob ; 0,58.)-]
- I n  2

ex dxI — X

e ' +e (Javo b : 0,20.)
'r  zzdz

o v'9 + z? (javo b : 0,67.) 

j  xdx

v l + 3x (Javo b : 4,00.)0

2
j* UX

0 4x + i  + л1(х + \)~ (Jcivoh: 0i 52.)

0 1
| -----dx.
in3̂  + e (Ja vo b : 0,29.)
ЛС2 cos ydy

• 4 + ^ У (Javo b : 0.22.) 
p x2 dx

2 (x — I x — l Г Javob: 8,44.) 

j2 d x____

0 e л/ l- e  ( Javob: 1,05.) 

r tic

1 Хл/l + In jc (Ja vo b : 2,00.)

у

In  2 \ 1 + e ( Javob: 0,41.)



In xdx

7.25. «*X(1 “  Ь Г  (Javo b : -0,49.)

|  r_ 'Y dx.
7.26. 4 Vx -  1 ( j avob; 8,39.)

J 2 b  3 jx xa

f  Ш Л

J
7.27. '7 (.x2 + 1) ( j aVob: 22,88.)

7.28. о v2x  +1 ( Javob: 38,06.)
\n\2 j(• ШС

7.29. in sV e '+ 4  ( j avob: 0,26.) 
г xdx

J
7.30. _ i (javo b : 0,17.)

8
Xosmas integrallar hisoblansin yoki ularning uzoqlashuvchi 

ekanligi isbotlansin.
r xdr г dr

8.1. a) o16x +1 b) о V 2 -4 x  
16xdx . , i- dx„ r i oxux , r ax

a) J T ^ ~ 7 ’ b) J, 16x - 1  j ^  _ 6 x  + 9
34 - ̂ 3 7p x dx re  7

1 - = = ;  J —  dr.
8.3. a) 0 v l6 x  +1 b) 0 *

8 . 4 . а ) Ь ^ ; Ь ) Ь = ^ = .  
lV l6 X 4- l
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8.5. a) j  * *  . Ь)
°<J(x2 + 4 J 1/3 3x —1

x2dx , ч г d!x
1/420x2 — 9jc +1

8 .6 . a) ; b) J
0 yj(x3 + 8 )  1/Z

”? xdbc , „ r to 2dx

l^ \ 6 + x 2J  ’

?  xdfr 4 3\J\n.(2-3x)

8 .8 . a) 4 -4x  + l b) 0 2 _3 x

г dx

8 .9 . a) i ^ + ^  + s ) ’ b) j  J= * _
. l - i '

» Я'/б лГ XflX „ v r cos 3x
8.10. a) I- I------- ; b) j ---■ -dx.

l,x  + 4x + 5 J0 «/(j _  Sm 3x)5

r arete2x , r 2xdx 
—r 6 ■. rfx; - p .:-- . ' .

8 .1 1 . a) o M 1 + 4*  ) ь) 0 V l- x "
г 16<£t г dx

8.12. a) i/г + 4x + 5) —1/3 V l + 3x 

r xdx r dx
J 4v2 + 4_t + 5 ’ J ?

(x + 2 )dfr
8.13. a) 0 4 * 2 + 4x + 5  b) 3 / 4 ’̂ 3  "  4x

■* з/Гг2+ 4r + n 4 ’ *r2 8.14. a) ° v ( ^ + 4 x  + l) b) f _£--- j x ,
• cos2 x
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8.15.

8.16.

8.17.

8.18.

8.19.

8.20.

8.21. 

8.22. i

8.23.

8.24.

f i z f l  f % _ d x .

, 2„ - i 1—  arcsin x

a )  о x + 4 b)'o  W l ■x2

|  |_2 Ja r c tg lx  г dx
& ) {М я  1 + 4x2 ’ b) ] \/4x-x2- 4

f 4<̂ т ы  f sin xdx:
' ' x (l + In 2 x) ’ J /2 i j ^ x  

0 dx

a)

1;4 л/4х + 3
Г л: sin xdx; Г 

a) 0 b )
Id x

xdxa ) i ( * 2- 4 * )ta 5 ’ b ) j
i yj(x* —1)" ln2

1 j-3 dx
Ja) i/зО + 9x2)arctg 23x ’ ^  J 9x2 -9 x  + 2 ' 

J  dx
J [ 7 ;
2 (4 + x ’ ) J? r  arctg Y  W . K &

a) * z o) | — .---- .
о v cos x

, , Г ____ dx > \jr9xdx
i (x 2 + 2 x )ln 3 ’ 4 ^ 9 ^ '
ac |
|e”3lxdc: J 

0 0 b)

xAdx 

о л/1— x

} (  X 2 X  f  x2d*

i) -'xX 1 1 ' " J b)
3 fir, J
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8.26.

8.29.

г dx 'с dx
J 9 v2 _?У4-Г J

8.25. a ) 0 2x 2x + l Ь У ^ 2 х  

f ^  u\ f x 1 dx
У Ч Т з к Т ^ Г

со J  3/2 jr dx , 4 f ax
8.27. a ) --------- b) -j — -

2̂ x(ln x — 1)“ J л/Зх-х2 -2

|  Jx
, - 3 ’(6x “ — 5x +1)1п~ 4 1 П vv/v

8.28. a ) 4 b) f- ,0лг/д:J <0 V 0 6 -X 2)3
'  1/4 Jax _  r dx

9x2 — 9x + 2 ’ {  

dx V  dx<x> J  1/2
f  O X  f

' Г г - Ъ + ? ’ J I
8.30. a ) 3 x2 3x + 2 b) 0 1)2

N am unaviy variantn i yechish
Aniq integralni verguldan keyin 2 ta raqam aniqlikda 

hisoblang

1.
2

J
dx

x (l + x ‘ )
^N yuton -Leybnits formulosidan foydalanib

|  f(x )d x  = F (b ) — F (a )  , kasr-ratsional funksiyadan integral 

hisoblaymiz:
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cb: _  A ̂  Bx + C
I t ! +  :Г

1 = A( 1 + i ' )  + (Bx + C)x
x = 0 1 =  Л  I A = l

O^A + B  \b  = -1 
0 = C  C = 0

rdx  г xdx , , 2 1
--- In  ( I  H- X-2)1 2

- In2 —— ln5 + —]n 2 = — ln2- —In5 = —-0,69-— 1,61 = 0,24 
2 2 2 2 2 2

e
2. |  ln  ̂x<& 

i
^  Bo ‘iaklab integrallash formulasini ikki marta qo‘llaym iz

I . , . . .  1 .
2 j In xdx -j i n 2 x d x = \ u = l n 2 x  d u  = 2 ^ x  —  dx

j d v - d x  u = x 

1

e
— x  I n " X 1 - 2I

1

и = 1л x du = —dx
X

d v - d x  v  = x

9x2 -14x + l

=<'ln“ e — 2 (x tnx  — x)j^ = e —2e + 2e— 2 = 0,72
I1

3. f -J r ! dx
s x' — 2x2 —x + 2 

^.Integral ostidagi funksiya to‘g‘ri ratsional kasrni bildiradi.
Mahrajni oddiy ko‘paytmalarga ajratib hosil qilingan kasrlami 
oddiy kasrlarga ajratsak
f 9x2-14x+1 }  9x2-14x+1 rf А В  С ) 3

i----- 7-------  dx -  7-----— ---- r r ------dx = I -----+ -----+ ——  I dx =
3 x -2x —x + 2 I  (x + l)(x- l)(;r-2 ) з\* + 1 л - l x - 2 )

- ]f_L+_2_+_3 _U =
J,u+1 X - l  x - 2 )

- (4 ]t i| .t  + 1| + 2 1 n jx - l j  t 3 In |x -  2[ ) -  4 1;: 5 1 2  !n 3 + 31u 2 - 4  lt; ^ 2 In 2 -- [n (5 4 -32 -2) - l n 4 4 -

. 5' -3’ 2 , 11250 ,— In--- 7—  = ln------3.7S.
4 256 <4

9 x 2 - 1 4 x + l  = / J ( x - i ) ( x - 2 ) + i ? ( x + l ) x

х ( х - 2 )  + С ( х т 1 ) ( х - 1
x  = - l |  2 4 - 6 / 1  ] A - 4
x - l  -4 =  - 2 S > S - 2
x^-2\ 9 = 3С  | C  = 3

* I 
►

г x 1 dx

■fx2 +1

’y/x1 + i  =t, xz+ 1 = tl , xdx - tat 
t = t , x ~ 0 ,  t-y/2, x = 1

0,20. ^
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5. dx
• 4-3cos! x + 5sin; x 

^  Integral ostidagi funksiya sinx va cosx ga nisbatan juft
bo‘lgani uchun (sin2x va cos2x ga ratsional bog‘liq ) t=tgx ((8.14) 
formula) almashtirish bajaramiz.

dt 1 
dx t = tgx, Id x  = — — r, 1 cos x

fZf i r 3cos2 x + 5 sin2 x
1 + t 2 1 + t 2

- I

t~ n
-- ----- I t  = 0 ,lx  = 0,1 t = l , l x  = -1 + t2 4

dt

^ 1 + t2>(4 - T T F  + iT F )
1 1

6.
J-

,9Г+1 3 
2x -]

|0 "3

о у! з -2х - х 2
► Berilgan integralni, ikkita integralga shunday ajratamizki, 

suratida maxrajidagi ildiz ostidagi uchhadning birinchi tartibli 
hosilsi tursin. Natijada quyidagiga ega bo‘lamiz:
r 2*-11 , -2x-2 ,I =  dx - ~4 1 —  dx~\9 jJ „2 W3-2*-*2

tic
; V3-2x-x2 : = -$4j3-2x-x‘ 1 io • t"1 — 19arcsm——

(J 2

-8 л/3 —— я- + —— /г ~ -6,05.
2 6

xdx
,3(Зх-1)л/Зх-1

► Ushbu integral \!3x — 1 = t almashtirish orqali ratsional 
fttnksiyadan integralga keltiriladi.

/*10/3 xdx 
2/3 (Здс—l)V3x—1

л/Зж — 1 = t, 3* — 1 = t2, x  =  ̂( t 2 + 1), dx — - tdt,

t = l ,x  = 2/3, t = 3,x = 10/3
= = 2 , 3 ^  = 2/ _ n  13 059 «

1 t2-t 9J1 t3 9 V t / 11
8. Xosmas integralni hisoblang yoki ularning 

uzoqlashuvchi ekanligini ko‘rsating
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Г dx f 3x2 +2 a) —  , b) — ==— dx 
[ x + 4 x  + 9 J з р—CO

Л  _ _ ^ L _  ___* ___ J _ f ____* ____ __ lira f <ic !™  f__ --- =
'  a'l~ r+4x~-r9 1>.2+4x+9 ji44i+ 9 a -^-®i(x + 2)2 +5 (x+2)‘+5

' ’■m  * ..  j- l x +  2 lo  Нш 1 x  + 2 [a l im  f  ! ,  J L ___— алс/я — —- ]  +

L im  I I /3 +  2 1 2  1 1 2  1 f  г Л  1 *  1 Л -  —

• p - i v T " '*  -]f~T5arc,gS ^ S arct*T5'  Ж  2 ) T s T S  V s  -B
b)

I '/ *-1 *5 ? * * * № ?  A f  *; 2 j.« *2r '■ Vv*
• v * '  _ i у л  u V x

lim  I ^  |  j | l f  lire f 9 7 ]U  _  Hm j 2 /?ч + n/ '»+—4-0I- ' în i-►0-̂ 7* jj-l й ->0-1 j X +Ьх \{0"Р-+цА̂ 1 7 j -t->0 +~ ft —* 0 —( 7

/ 9 ч  !  ' NiI-  + 6—  a -6a3 1 = 34-! 7 7 ) :

IUT-9.2
1, Herilgan chiziqlar bilan chegaralangan figuraning yuzini 

verguldan keyin ikkita raqam aniqligida hisoblang

1.1. P  = 3v C0S (Javob: 9,00.)

1.2. >’ = x ’ J ; = 3-“ ^  rja vo i: 10,67.)

1.3. У = Vx? >' = *"• (Javob: 0,42.)

1.4. x = 7cos3 ->’ = 7^  Л f . W ) :  57,70J
1.5. P  ~ 4cosЗф. ( javob: 12,56.)

1.6. P  = 3cos2 -̂ (Javob: 14,13.)
1 .7 . / 7 =  2 ( 1 - c o s ^ ) .  (J a v o b . 18>84)

1.8. P~ = 2sm 2^; (Javob: LOO.)
1 9  x = 40 -  sin 4  j  = 4(1 - cos ̂  w 6 ; i5i9; 72 ;

1.10. P  = 4 cos Л  (Javob: 18,84.)
1.11. ^  = 2sm3^. 5
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1.12. Р  = 2 + cos Ф- (Javob: 14,13.)
1.13. У = 1/(}- + х2\ у  = х2/2. (Javob: 123)

1.14. У = х + 1, у 2 = 9 -х . (Javob: 29,87.)

1.15. У 2 = х \ х  = 0 ,у  = 4. (Javob . 6 ()5 )

1.16. Р  = 4 sm2 Ф' (Javob: 18,84,)
! .17. x = 3cos?, y  = 2sm t. (Javob; }8 М )

1.18. У2 = 9х’ У  = Зх- (Javob: 0,50.)
1.19.

x -3 (cast + tsm t), у  = 3(sm t — tcost), ^ = 0 (0 < ?< ;г). 
(Javob: 29,25.)

1.20. =4х, х2 = 4у. (Javob . 5>33 j

1.21. У = х ,х  = 2. (Javob . 4j j j

1.22. У = х2,у  = 2 - х г. (Javob: 2i67.)

1.23. У ^  (4 ~ -*3)  x = (Javob: 25,60.)
1.24. /? = 3 sm Ч - (Javob: 14,13.)
1.25. У = х , у  = \ ,х  = 0. (Javoh . 0f 75j

1.26. xy = 6, х + у - 7 = 0. (Javoh . 6 76j

1.27. У = 2 , у  = 2 х - х , х  = 0 ,х  = 2. (Javob :3  02)

1.28. = S/(x 2 + 4 )  (Ja m b :4 9 }}
1.29. У = х + 1< У '-cosx. r  = 0. (Jam b . I  5fu

1.30. *  = 2 cosJ f, y  = 2sin3t. (Jamb. 4 J [ )
2. Berilgan chiziqning uzunligini verguldan keyin ikkita 

raqam aniqligida hisoblang.
2 i  x = 2 cos31, у  = 2 sin31. (Javoh; 12 oo.)
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2 2 х -  2(cos t + 1 sin t), у  = 2(sin t - 1 cos t) (O < t < л\ 
(Javob: 9,86.)

2.3. P  = sm3(^ /3) (0 < ^ < л- /2 ) (Javoh . о ]4 j

2.4. P  = 2 sm3 (Ф / 3)(О < ф < л / 2). /Лд;ой . 0 2 7)
2.5. ^  + }J У  = ^9. (Javoh: ,8 (Ю )

2/3 2/3 _  л 2/3
2 .6 .*  _  ' (Javob: 24,00.)
2.7. _у2 = (х +1 )3, х — 4 to ‘g ‘ri chiziq bilan kesilgan (Javob:

24.81.)
2.8. v = I- ln co 5 .t (0 < x< n ib )  (Javob. 0 J5 )

1.4. p  = 6cos3(^/3) (0 < *S < ж /2 ) (Jayob: S 60)

2.10. 1 = W  '■ У = 4sin'  »■ (Javob: 24,00.)
2.11. ,г~ = (л —! A (1,0) nuqtadan V [6,\f\25j 

nuqtagacha (Javob: 8,27.)
2 52.12. у  - x  , x - 5 to ‘g 'ri chiziq bilan kesilgan (Javob:

24.81.)
2.13. P  ~ 3 cos ф. (Javoh: 942 j

2.14. P  = 3 (l -  cos (javob; 24.00.)

‘ 2.15. P  = 2c° s3 (Javob: 9,42.)
2.16. -x = 5 cos21, y  = 5sin2 £ (O < t  <5^2) (Javob; ?  Q5)

2.17. 9 /  = 4(3 - x  f(O y  о ‘qi bilan kesishgan nuqtalar 
orasida) (Javob: 9,33.)

2.18. P  = 3 sm ̂  (Javob: 9,42.)
2.19. У  = Insin х (я73  < x ^ тт/2). (Javob; f 0 j )

2.20. x  = 9i f -  sin 4  >’ ='9 0 ”  cos 0(° ̂   ̂2/г) (УдуоЛ.

72,00.;
2.21. P  = 20 -  cos <0 (Javob: 16,00.)
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2.22. y 2 -  (x - l)3 A (2 ,-1 ) nuqtadan V (5,-8). (Javob:
7,63.)

2.23. x  = l{t  -  sin t), v  = 7(l -  cos t) { in  < t<  An).
(Javob: 56,00.)

2.24. у  e + e x 2 (0 < X < 2). (Javob: 2<35)

2.25. x = 4 cos t, у  = 4 sin-1. (Javob . 2 4 ,0 0 .)

2.26. x  — \ l3 r, у  = I — t  (sirtmoq). (Javob: nuqtagacha
4,00.)

2.27. p  = 5 sin ф. (Javob . ]5  7Q )

2.28. p  — 4cosф. (Javob . 12'56)

2.29. p  = 5(1 + cos Ф). (Javob . 40t 00 >

2.30. y 2 = x3 A (  0, 0 )nuqtadan V (4, 8 ) nuqtagacha.
(Javob: 9,07.)

3. Berilgan o‘q bo‘yicha F  shaklni aylantirishdan hosil 
bo‘lgan jismning hajmini (verguldan keyin 2 raqam aniqligida) 
hisoblang.

3.1. F : У 4 x’ x ~ °» °У- (Javob: 107,17.)

3.2. F : ^  + ̂ У  = ^ ’ x = ° ’ У = ° '  ° x- (Javob: 1,68.)
3.3. F : x2/9 + y 2 /4 = 1, Oy. (Javob: 150,72.)

3.4. F : У = x2’ У = 1> 0x■ (Javob: 3,59.)
3.5. F : x - 6  (t-  sin#), v = 6(l -  cos t\ Ox. (Javob: 

1064,88.)
3.6. F : x = W 1, У = 4sin21 (0 < t < n i l ) ,  Oy. (JavQb 

37,68.)

3.7. F : У 2 = x’ = У’ 0 x  (Javob: 0,94.)

3.8. F : У1 = (x _1 ) ’ x = 2’ Ox. (Javob . 0 78j
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X = f i ^ y * , y =  f± x ,y = 0, Ox.
 ̂ (Javob: 1,24.)

ЗЛО. F : ^ = sinx. y  = 0 (0 < x < 4  Ox. (Javob; 4 93)

3.11. F : У = 4x’ x = 4y, Ox. (Javob : 60,29.)
3.12. F ;X  = 2< x*t,y = 5sm t, Oy. (Ja vo b :8 3 J3 )

3.13. F ; у  = х ,Ъ х  = у  , Oy. (Ja v o b :l5  07)

3.14. F : У = *X,x  = 0 ,y  = 0 ,x  = l, Ox (Javob; Ш 5 )

3.15. F : У = 4* / 3 ,*  = 3, Ox. (Javo h . 90 43 )

3.16. F : У = 2х~ х  , У = 0, Ox. ( javob :3  35)
3.17. t : p  — 2 (l + cos ф\ polyarnaya os. (Javob: 66,99.)

3.18. * * - 7 < w 4 j« 7 . in 4  Oy. (Ja vo b :3 2 8 J3 )

3.19. F -Х2П 6 + у 1 \= \ , Ox. (Ja v o b :I6 7 S )

3.20. F : x’ = ( y - 'Y ’ X = °> y  = 0, Ox. (Jm ob . ^
3.21. F : Ч '- 4. 2.t f v - 6 - 0 .  Ox. (Jam h ; 4 J9 )

3.22. F : x = S c o s t , у  = 2sin (, Oy. (Ja m b . 2 5 J2 )

3.23. F : У = 2 - х  . y  = x  , Ox. ( ja vo b :I6 7 S )

3.24. F : У ~ ~ х +8, y  = x  , Ox. ( javob: ] 3 s s9j

3.25. 2gg96)

3.26. F : У = x • x = У = 8> Чн. ( javob. 60.29.)
3.27. *• * = « * ’ f . j- s in ’ r, С*. (Ja vo h :0  96)

3.28. F : 2y = x2,2 x + 2 y - i = 0, Ox. (Ja v o b :5 7 I0 )

3.29. F : У = х ~ х ,У - 0 ,  0x- ( javob: о щ .)
3.30. F : У = 2 - х ! /2 ,x + y  = 2, Oy. (Javo b . 4 J7 )



4. Berilgan o‘q bo‘yicha L egri chiziq yoyini aylantirishdan 
hosil bo‘Igan jismning hajmini (verguldan keyin 2 raqam 
aniqligida) hisoblang.

4.1. L  '■ У = / 3  (“  Ь '2  < x < 1/2), Ox. (Javob: 4t25)
4.2. L  \ p ~ 2 cosф, qutbo'qi. (Javob: 12,57.)

L \x = 10(? — sin?), 7  = 1 0 (1 -со з?)(0 < ?< 2n\ Ox. 
(Javob: 6698,67.)

4.4. L  : у  = x2 /' 2, Oy. y=3/2 to ‘g ‘ri chiziq bilan 
kesilgan. (Javob: 14,65.)

4.5. L :3 y  = x2 {0< x<  2), Ox. fJavob; 24,09.)

4.6. L  . у  — л/х, Ox. у — x 'rz chiziq bilan kesilgan. 
(Javob: 5,34.)

4 7  Z,: x = 2(? — sin?), _y = 2(l — cos?) (O <? < 2^), Ox.
(Javob: 267,95.)

4.8. L :x  = co s t,y  = 3 + sin t, Ox. (Javob: 118>32-)

4.9. L :3 x  = y 3(0 < y< 2 ), Oy. (Javoh: 24>0 9 .)

4.10. £ : „V = x3 /3 (- 1 < x < l), Ox. (Javoh: 1>27)

4.11. L :x  = ° ° s t’ У " ] + sm t’ 0x■ (Javob: 32,28.)
4.12. L  .x  — 4 + у ,  Oy. У -2  to ‘g c^jziq ьцап 

kesilgan.(Javob: 259,57.)
4 и  L :x  = 3(t — sin?), >> = 3 (l — cos ?) (O < t < 27r\ Ox. 

(Javob: 602,88.)

4.14. L :x  = C0S^ ’ >’ = Sin3 0x• (Javob: 7,54.)

4.15. L  ; P  ~ "/COS 2<Z?’ о ‘qi. (Javob: 14,82.)
4.16. L  : у  ‘ = 4 + x, Ox. x — 2 tog  Vz chiziq bilan 

kesilgan. (Javob: 64,89.)
4.17. L  : y 2 = 2x, Ox 2x = 3 to g ‘ri chiziq bilan 

kesilgan. (Javob: 14,65.)
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4.18. £  :3у -  х3 (0 < х < l), Ox. (Javob . 0 63 )

4.19. L : P~ = 4 COS 1(f)' qutb о ‘qi. (Javob: 14,80.)
4.20. L :p  = 6sm<p, qutb Q,qi {Javoh: 354>96)
4 L : x = ?- s in ?, у  = 1 — cos? (0< ? < 2n\ Ox.

(Javob: 66,99.)
4.22. L : p  — 2 sin (p, qutb о ‘qi. (Javob: 39,44.)

T -2 L :p  = -casq>,
4.23. 3 qutb о qi. (Javob: 7,07.)
4.24. L  .x  = 3 cos31, у  ~-Ъ sm t, Ox. (Javoh: 67> 82)

4.25. L :x  = 2cost, y  = 3 + 2sm ?, Ox. g avob: 236,64.)

4.26. L -P~ = 9 cos qutb о ‘qi. (Javob: 16,38.)
4.27. L\ у  — x \  Ox. x = ±2/3 to g  V/ chiziq bilan 

kesilgan. (Javob: 0,84.)

4.28. L :x  = 2cos3 ь  >’ = 2s® 3 (Javob: 30,14.)
4 29 L  :x = cos?, j  = 2 + sin?, Ox.

4.30. L  .p  = 4 sin <7м?/? о 'qi. (Javob: 157,76.)
Nam unaviy variantn i yechish

1. у = ln x  va у  — In 2 x (9.23-rasm) egri chiziqlar bilan 
chegaralangan figuraning yuzi hisoblansin

у f y- irix

ь /  x м /

0 j /'f e x
j /

j /" ■' y~ in x

9.23- rasm
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^  Egri chiziqlaming kesishish nuqtasini topamiz: M i(l,0 ),

M 2(e ,l) va (9.7) formuladan foydalanamiz. Natijada:
5 = f^ (lnx — ln2x)dx 

и — ln2x, du = 2 In x • - dx\
X  ‘

dv = dx, v  = x
J  In2xdx

1
и = In x, d u- — dx

X
dv = dx v = x

= x \n2x — 2 f  In x dx,
= x I

x \n x - ^ d x ~ x \n x - x + C .

U  holda
S = J® In xdx — f  f  In2 xdx = (xln x — x) |̂  — ([xln2 x — 2xln x +

= e In e — e + 1 — (e In2 e — 2e In e + 2e) + 2 = 3 — e «  0,28. ^
2. Parametrik ko‘rinishda berilgan x = \t2 — 2).s'/wH2fco.v?,

у  = ( l  — t2^sost+2tsint(0 < t < tt) chiziqning yoy uzunligi 
verguldan keyin ikki raqam aniqlikda hisoblang.

► (9.11) formuladan foydalanamiz:
*2

4
d x f f d y V  dt

^dx) \dt 

Integral ostidagi funksiyani topamiz:
dx 
dt 
dy 
dt

= 2fsin + (i2 — l Ĵcost + 2cost-2tsiat = t2 cost,

= -2£cosJ-(2-?2)sinr + 2siiiJ + 2<cosr = t2 siiU

t cos t + t sin t = ГJ$ L
v U J  U
Yakunda quyidagiga ega boMamiz:

H

/ = р 2л=- AO,32.

3. Yassi y=3-x? va y=x2+ l parabolalar bilan chegaralangan 
figuraning Ox o‘qi atrofida aylantirishdan hosil bo‘lgan jismning 
hajm ini hisoblang
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^  Parabolalaming kesishish nuqtalarini topamiz: М/ (-1;2),

M 2 (1,2). Jism ning hajmini (9,14) formulaga ko‘ra hajmlar 
ayirmasi F?- V/ ko‘rimshda hisoblaymiz.

] I

V2 = n — x ' )2 dx, Vi = (x2 +Xf dx 

Demak

V = V2-V = x j(3-x2) dx-xj(x2 +l) Л=л-| | (З-*2) -(x2+l) )г&=я-|(8-8х2)о?х =
-l -i -i ' ; -1

= =! бя-̂ l j » 33,50 <

Quyidagi 9.24 rasmda Oxu tekislikda yassi figura va uning 
Ox o ‘qi atrofida aylantirishdan hosil bo‘lgan jism  (uning chorak 
qismi kesib olingan ) keltirilgan.

p~10 sintp

ly-3-iH'-'O
■ф-. -

ад J i X-‘ ,

9.24- rasm 9.25- rasm

Qutb koordinatalar sistemasida p  = 10 sin <p aylananing 
qutb o‘qi atrofida aylantirishdan hosil bo‘lgan sirt (9.25 rasm) 
yuzini verguldan keyin 2 ta raqam aniqligida hisoblang.

^  Qutb koordinatalar sistemasidagi (9.18) va (9.15)
formuialardan foydalanamiz.

Ф1 __________________

S=--2vj‘ у ^ р ф + р 2 d<j>,
Ф\
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Bu yerda у  = /9sin  (p. Bundan
р'ф =10cos^; у  = psin<p = lQ sin2<p,

<px = 0, (p2 = 71,
S = 2;r J 10 sin2 -̂уДоОссю2 (p +100sin2 (p dtp = 200/r jsin “ tpdcp -

- 200я-|-—-.̂ s^ d<p = 100k \ 2<p I
о ^ V “  )

q «985,96 <

IUT-9.3
1. R  rezervuardan suv hay dab chiqarish uchun bajarilagn 

ishni hisoblang. Suvning solishtirma og‘irlig i 9,81 kH/m3, n=3,14. 
(natijani butun soniga yaxlitlang).

1.1. R : Asosi 2m va balandligi 5m bo‘lgan to‘rtburchaldi 
inuntazam piramida (Javob: 245kDj)

1.2. R : Uchi pastga yo‘naltirilagan asosi 2m, balandligi 6m 
bo‘lgan ш 'rtburchakli muntazam piramida (Javob: 118 kDj)

1.3. R : Balandligi 1,5m, radiusi 1m bo‘lgan sferik segment 
ko‘rinishdagi qozon (Javob: 22 kDj)

1.4. R : Asosining radiusi lm , balandligi 5m bo‘lgan yarim 
silindr. (Javob: 33kDj)

1.5. R : Yuqori asosining radiusi lm , quyi asosining radiusi 
2m, balandligi 3m bo‘lgan kesik konus (Javob: 393 kDj)

1.6. R : K o ‘ndalang kesim parabola, uzunligi 5m, eni 4m, 
chuqurligi 4m bo‘lagan tamov. (Javob: 837 kDj)

1.7. R : Asosning radiusi lm , uzunligi 5m bo‘lgan silindrik 
sistema (Javob: 154 kDj)

1.8. R : Asosi 2m, balandligi 5m bo‘lagn muntazam 
uchburchakli piramida (Javob: 106kDj)

1.9. R : Asosi 4m, balandligi 6m uchi pastga qaratilagn 
uchburchakli muntazam piramida. (Javob: 204 kDj)

1.10. R : Asosning radiusi 3m, balandligi 5m uchi pastga 
qaratilagn konus. (Javob: 578 kDj)

1.11. R : Yuqori asosning radiusi 3m, quyi asosning radiusi 
lm , balandligi 3m bo‘lgan kesik konus. (Javob: 416kDj)
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1.12. R : Asosning radiusi 2m, balandligi 5m bo'lagn konus. 
(Javob: 770 kDj)

1.13. RiYuqori asosning tomonlari 8m, quyi asosning 
tomonlari 4m, balandligi 2m boMagn muntazam kesik piramida. 
(Javob: 576kDj)

1.14. R:Asosining radiusi 2m, chuqurligi 4m bo‘lgan 
aylanma paraboloid. (Javob: 329 kDj)

1.15. R : Asosning radiusi lm , chuqurligi 2m bo‘lgan 
aylanma ellipsoid. (Javob: 31 kDj)

1.16. R : Yuqori asosning tomoni 2m, quyi asosning tomoni 
4m, balandligi lm  bo‘lgan muntazam to‘rtburchaklikesik 
piramida. (Javob: 56kDj)

1.17. Asosning tomoni lm , balandligi 2m bo‘lgan 
muntazam olti burchakli piramida (Javob: 26kDj)

1.18. R : Asosning tomoni 2m, balandligi 6m, uchi pastga 
qaragan olti burchakli muntazam piramida. (Javob: 306 kDj)

1.19. R : Asosning radiusi lm , balandligi 3m bo‘lgan 
silindr. (Javob: 139kDj)

1.20. Yuqori asosning tomoni lm , quyi asosning tomoni 
2m, balandligi 2m bo‘lagn muntazam oltiburchakli kesik 
piramida. (Javob: 144 kDj)

1.21. R : Ko ‘ndalang kesim radiusi lm  ga teng yariin 
aylana, uzunligi 10 m bo‘lgan tamov. (Javob: 65kDj)

1.22. R : Yuqori asosning tomoni 2m, quyi asosning tornni 
lm , balandligi 2m bo‘lgan muntazam oltiburchakli piramida. 
(Javob: 93kDj)

1.23. R : radius 2m bo‘lgan yarim sfera. (Javob: 123kDj)
Solishtirma og‘irlig i у bo‘lgan materialdan Q inshootni

qurishda og‘irlik  kuchini bartaraf etish uchun bajarilgan ishni 
hisoblang.

1.24. Q: yuqori asosning tomoni 2m, quyi asosning tomoni 
4m, balandligi 2m bo‘lagn muntazam to‘rtburchakli kesik 
piramida: y~~24 kn/m3. (Javob: 352kDj)

1.25. Asosning tomoni lm , balandligi 2m bo‘lgan 
muntazam oltiburchakli piramida; y-24 kn/m3. (Javob: 21kDj)
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1.26. Q: Asosning tomoni 2m, balandligi 4m bo'lgan 
muntazam to‘rtburchakli piramida: y~24 kn/m3. (Javob: 128kDj)

1.27. Q: Yuqori asosning tomoni lm , quyi asosning tomoni 
2m, balandligi 2m bo‘lgan muntazam oltiburchakli kesik 
piramida: у =24 kn/m3. (Javob: 229kDj)

1.28. Q: Asosining tomoni 3m, balandligi 6m bo‘lgan, 
muntazam uchburchakli piramida; y=24 kn/m3. (Javob: 234kDj)

1.29. Q: asosning radiusi 2m, balandligi 3m bo‘lgan konus 
y=20 kn/m3. (Javob: 188kDj)

1.30. Q: Yuqori asosning radiusi lm , quyi asosning radiusi 
2m, balandligi 2m bo‘lagn kesik konusi; у =21 kn/m3. (Javob: 
88kDj)

2. Vertikal cho‘ktirilgan plastinkaga, suvning solishtirma 
og‘irlig i 9,81 kH/m3 deb hisoblab, suvning bosim kuchini 
aniqlang (natijada butun soniga yaxlitlang). Plastinkaning 
joylashishi, shakli va o‘lchami rasmda ko‘rsatilgan.

2.1. 9.26. rasm. (Javob: 98 kH)
2.2. 9.27. rasm. (Javob: 85 kH)
2.3. 9.28. rasm (Javob: 248 kH)
2.4. 9.29. rasm (Javob: 105 kH)
2.5. 9.30 rasm (Javob: 167 kH)
2.6. 9.31 rasm (Javob: 26 kH)
2.7. 9.32 rasm (Javob: 131 kH)
2.8. 9.33 rasm (Javob: 23 kH)
2.9. 9.34 rasm (Javob: 523 kH)
2.10. 9.35 rasm (Javob: 33 kH)
2.11. 9.36 rasm (Javob: 31 kH)
2.12. 9.37 rasm (Javob: 62kH)
2.13. 9.38 rasm (Javob: 24 kH)
2.14. 9.39 rasm (Javob: 22 kH)
2.15. 9.40 rasm (Javob: 239 kH)
2.16. 9.41 rasm (Javob: 123 kH)
2.17. 9.42 rasm (Javob: 78 kH)
2.18. 9.43 rasm (Javob: 13 kH)
2.19. 9.44 rasm (Javob: 52 kH)
2.20. 9.45 rasm (Javob: 3 kH)
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2.21.
2.22.
2.23.
2.24.
2.25.
2.26.
2.27.
2.28.
2.29.
2.30.

9.46 rasm
9.47 rasm
9.48 rasm
9.49 rasm
9.50 rasm
9.51 rasm
9.52 rasm
9.53 rasm
9.54 rasm
9.55 rasm

(Javob:
(Javob:
(Javob:
(Javob:
(Javob:
(Javob:
(Javob:
(Javob:
(Javob:
(Javob:

23 kH) 
16 kH) 
251 kH) 
31 kH) 
13kH) 
6kH)
6 kH)
39 kH) 
20 kH) 
272 kH)

Parallelogramm 
9.26- rasm

-  Л.................
1M

... ?*— 4м .. f
........ 8m ......... *

Teng yonli trapetsiya
9.27- rasm

Ж М Щ  ':: 2r! _ _i ___
i " 4m

9.28- rasm
Teng yonli trapetsiya 

9.29- rasm

Parabola 
9.30- rasm

ч —2m -*-\

W M  
i i r

Yarim  ellips 
9.31- rasm
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о

Teng yonli trapesiya
9.32- rasm

«............ Юм............. H
Teng yonli uchburchak

9.34- rasm
rr- -xr̂ r.— .-.rrr.rt :̂ ■ • • vrs: r.- ...... , e a . ......... ...ш щ
....... ..................................
..1 Ц Ш  —

........... — .....................................

'«SsSSsS*’' .. .
doira

9.36- rasm
1m

i. жш  >. 
t й :Щ  Ш

Yarim  aylana
9.38- rasm

Yarim  aylana 
9.40- rasm

* "
Tm-  Щ Ж

%  Y, , ......*

Щ
A

. . .»

Halqaning to‘rtdan bir qismi
9.33- rasm

" м........ ...~ ~ ...■---
__1...1__ ! 1m ....... ... ..

l i ^ f f  _ ....

Teng yonli uchburchak
9.35- rasm

iM

doira
9.37- rasm

_ _  I 1m

Yarim  aylana 
9.39- rasm

" ----
........■ 2m sA ....

. • ■

.....  W i  ...........

ellips 
9.41- rasm
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*  1м""Т~ 
Romb 

9.42- rasm
To‘g‘ri burchakli uchburchak 

9.43- rasm

Yarim  aylana 
9.44- rasm

*.
_i ?«

j r .

2 m
к

k ...L
1M

g‘ri burchakli uchburchak
9,46- rasm

To‘g‘ri burchakli uchburchak
9.45- rasm

►j- ш
f..' bg..

тг-i—
~ ~ J  1m 

i

2m  -

To‘g‘ri burchakli uchburchak
9.47- rasm

j----

Г '  ' V ... ■ ’“  j ' ^
"• '--.Л

4w..-♦

Parabola

i k ... . ’*•
.....в » t .......
... ш я  :

- w  t —w ....  11m%........r
Parallelogram



9.48- rasm 9.49 rasm

к ... 2м

fas

Yarim  ellips 
9.50- rasm

>j- f Af "И...
a fc ^ Js a s

...- i f 2m

To‘g‘ri burchakli uchburchak
9.51- rasm

f l l l s S s ^ ......  I 1m ........
. jja ^ g a Z -L ..

I*..2m ...*«

To‘g‘ri burchakli uchburchak
9.52- rasm

JtoiW
| у
т Дуга трабопы

Parabola yoyi 
9.53- rasm

Kvadrat 
9.54- rasm

H 4m
A.....

*5 1m
L...Л___ Г  I

....
- Ш Ш .... '

Parabola 
9.55- rasm

3. B ir jin sli yassi egri chiziqning og‘irlik  markazi topilsin.
2 2 ‘Г* 23.1. L:O x  o‘qi ustida joylashgan yarim aylana: x + у  = R  . 

(Javob: Y —1R l к
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3.2. L : Sikolidaning birinchi arkasi x-a (t-sint), y=a (1-cost)
4

(0 <t<2k ). ( Javob :xc — m , y c = —a )
3

2 2 2

3.3. L. astroidaning x 3 + x 3 = a 3 uchinchi kvadrantidagi 
bo‘lagi.

(Javob: JC,f=yc= - 0,4a.)
3.4. L : Radius R  ga teng bo‘lgan aylananing x ga teng 

markaziy burchakni tortib turgan yoy bo‘lagi. (Javob: og‘irlik  
markazi yoy tortib turuvchi markaziy burchakning bissektrisasida
markazdan masofadajoylashgan).

x

3.5. L : Zanjir chiziqning yoy bo Magi y=a (x-a), (-  a < x < a ) .
(Javob: x2 = 0, v ~!L 2 + s}l2 J  

4 sM
3.6. L : Kordiodahing yoyi p a (l + cos^>)(0 <(p<n). (Javob:

4 \
x. = v  = —a ). , c  §

(  V
3.7. Z/Logarifm ik spiralining yoyi p = a- e"' | — < <p < л  | •

V 2 J
( J  , а2-е1ж+ек a elK - 2 e \(Javob: x - ----------v =--------- -— - )

5 er -en ' ' 5 e” - e
3.8. L : Sikloidaning bitta arkasi x=3(t-sint), y=3 (1-cost). 

(Javob: xc = Зтг, v, = 4 )

3.9. L :Astroidaning yoyi x = 2 cos3

(Javob: x = v = - ), 5

x = 2 cos3 , v = 2 sin’ r r
U J v4y
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ЗЛО. L:x=e'sint y=e'cost \ 0 < t < 1\ egri chiziqning yoyi
V 2 )

r  , 2 c " + 1  e ” - \  
Ja vo b : xc = —t—---v =

5
(  -

e2 -1 I 5j e2 -1

3.11. L : kardioida =1.6. y, = 0)
3.12. L : p  = 2sin^> egri chiziq (0:0) nuqtadan

2
nuqtagacha. (Javob: xc = — , у  c = {n  — 2 )/ к  )

л
3.13. L : Aylana o‘ramasining yoyi x=a (cast+ t sint), y=a 

(sint-t cost), (O < t < л ) .(Javob: x = z(^2 + \ )!аяг,yc = —  )
71

3.14. L : tp = 0 va g> = — nurlar orasidagi p = 2v3 cos <p egri
4

chiziqning yoy bo‘lagi. ( Javob ■ xc = 7з(л + 2)/ л, = 2-Л / я\ )

3.15. L.Eg ri chiziq x = Jb  t 2 , y  = t- t*  (О Z t  Z l ) .

(Javob: * с = 2 | , Л Л , ( 0 ^ 1 ) )

3.16. Z.-tomonlarir+y=a, x~0, va _y=0 to‘g"ri chiziqlarda
a

yotgan uchburchak. (Javob: x c = _yc — —- )
2 ?.

3.17. koordinata o 'qlari (x > 0, у  > 0) va ~  + - 1
a ‘ b~

ellips bilan chegaralangan,
4a 4b .

ГЛ га4 ;х “ = Ы ’ >’' = ( з ^ ) '
3.18. L:- Sikloidaning birinchi arkasi x=a (t-sint), y~a (1-

5a N
casf) va Ox o‘qi bilan chegaralangan. ( Javobxc - m ,yc = —  J.

6
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3.19. L : у  — x "; y  = yjx egri chiziqlar bilan
(  9chegaralangan: | Javo b : xc = yc = —

3.20. F: y=sinxSinusoidaning yoyi va O X o‘qining 

(0 < x < тг) kesmasi bilan chegaralangan: { Javob \x = —,y  = —
v fl 2 e 8>

3.21. F: Yarim  aylana y = ^R2-x* v a  O X o‘qi bilan
4i?chegaralangan. Javob .xc = 0, у  = —  , 
Зл-;

3.22. F: Parabolaning yoyi y-b-Jx/a (a > 0, b > 0), OX

o'qi va X  ~ b  to‘g‘ri chiziq bilan chegaralangan.
За Ъв Javob : x — — , v = —

' 5 c 8
3.23. . F: Parabolaning yoyi у  = b jx ia  (a > 0, b > 0), O lJ 

o‘qi va у  — b to‘g‘ri chiziq bilan chegaralangan.
. , За 3e)Javob\x —— , у =—  .

' 10 c 4 )
2 3 A3.24. F:Yopiq } ’ — CLX —X  chiziq bilan chegaralangan. 

Javob : x = — , v = 0с g -

3.25. F: Koordinata o‘qlari va astroidaning birinchi 
kvadrantga joylashgan yoy bo‘lagi bilan chegaralangan.
(  T , 256a

3.26. F: Radiusi R  markaziy burchagi 2a bo‘lgan doiraning
sektori: (Javob: Og‘irlik  markazi sektoming simmetrik o‘qida
doiraning markazidan 2 R Sin a masofada bo‘ladi. Agar doiraning3 a
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markazi koordinata boshida, sektoming simmetrik o‘qi Ou o‘qida
bo‘lsa, хс =Ъ, y  = — R Slna ga teng). 

c 3 a
3.27. F: Kardoida p  = a(\ + cos (p) bilan chegaralangan.

5a
Ja vo b : x„=  — , у =0

6 f

3.28. F: Bernulli lemniskatasining birinchi bo‘lagi 
p 2 = a 2 cos 2<p {ja v o b :xc = - Jl к а  /8, у c -■ O j.

3.29. F: Koordinata o‘qlari va 4x + *Jy = 4a  parabola 

bilan chegaralangan. j j avob :Xc =yc =-

3.30. F:Yarim  kubikparabola ay  — x  va x  = a  to‘g‘ri 

chiziq bilan chegaralangan (a> 0). j j avob :xc= ~ ,  yc = 0 j  ■

Namunaviy variant yechish.
1. Uzunligi L, asosining radiusi R  bo‘lgan doiraviy silindr 

(9.56-rasm) ko‘rinishidagi rezervuaming yuqoridagi suvni haydab 
chiqarish uchun bajarilgan A isbni aniqlang. Suvning solishtirma 
og‘irlig i у = 9,81 kN/m 3. Bajarilgan^ ishniX=5»i, R= lm  
bo‘lgan hoi uchun hisoblang.

^  Z  balandlikda suvning d z  qatlamini ajratamiz (9.56- 
rasm). Uning hajmi:

dv -■ 2|01B|Ldz = 2L j R 2 -  (R  -  z )zdz = 2L^z(2R  -1 )d z .

u

0
* L *  dz 1. R 2R 

. . _“т... a *  . *b

X
x

9.56- rasm
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Bu qatlamni H~2R-z balandlikga ko'tarish kerak, dz 
qatlamdagi suvni haydab chiqarish uchun bajariladigan elementar 
dA ish quyidagi formula orqali topiladi:

dA = H ydu -  2yL,{2R—z )^ z {2 R —z ) dz.
Butun suvni haydab chiqarish uchun bajariladigan ish 

elementar ishlaming yig'indisiga teng:
2 R 2 R __ __________  2 R

A = f d A = j2 )£ (2R -  z ) J^ 2 R  - z) dz =2yL J z> (2R  - z f  dt (l)
0 0 0

Yuqoridagi differensial binomdan olingan (1) integralni
hisoblaymizm = n = \ = p = 3 = z Bo ‘lgani uchun (1)

2 2 n

integralni hisoblashda a + bxn = и xn (8.7 paragraf) almashtirish 
bajaramiz. Almashtirishni qo‘llab:

2R — z — u~2, dz = —4Ru{u? +l) du 
z  - 2K fu 2 +1, агapz =  0 ,u  -  oo 

агарг = 2R, и = 0

ega bo‘lamiz.
Oxirgi xosmas integralda, integral ostidagi funksiya to‘g’ri 

ratsional kasr bo‘lib, (8.10) formulaga ko‘ra uni soda kasrlaming 
yig ‘indisi ko‘rinishida yozilishi mumkin (8.6). Bu kasrlardan 
integrallar (8.4) rekkurent formula orqali oson topiladi. Rekkurent 
formulani qo‘llab:

A=2yL̂ z'(2R-2)’dz-- ъ27ие\ и <*ил &
о (м 2 + l)

■j 4 s ac
с и  au  r , n _ 3 rc 5 3 я  я  d u --- 2 ------j--------=— .
(U2 + l)f Jo4̂ 4 l7  "(«2+l)1 ' (m2 + i/ J  4 4 4 6 4 4 32

u holda: A = 32jLR37r/32 -jgLR3. Agar: L=5m, R- lm  bo‘lsa 
A = 3,14• 9,81 • 5 • 1« \5Акж <

2. Suvning solishtirma og‘irlig in i 9 .18 кн/м ъ deb hisoblab, 
suvga vertikal cho‘ktirilgan plastinkaga ta’sir etayotgan suvning 
bosim kuchini hisoblang. Plastinkaning joylashishi, o‘lchovi, 
formasi (9.57 rasm) da keltirilgan.

^.Koordinata sistemasini 9.57 rasmda ko‘rsatilgandek tanlab

olamiz. U  holda parabolaning sodda tenglamasi x2 = —2py
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ko‘rinishda bo'ladi. Parabola A (l/2 ,-l) nuqtadan o‘tgani uchun, 
p  = 1/8, x2 = — у  / 4 ga teng bo ‘lad i.

Kengligi dx va yuzi ds = (] -|y; )dx bo‘lgan gorizontal kesimni
x chuqurlikda ajratamiz. Suvning bu kesimga bosimi:

Ap = yx (l - |y| )dx = yx (l - 4x2 )dx ga teng bo ‘ ladi.

H-0 5m ...................
.......... ' ' "........A dx

x ! --2py

9.57- rasm

U  holda suvning butun plastinkaga bosimi ushbu formula 
orqali topiladi:

Agar н  = L  va  ̂= 9.81 кн/м ъ bo‘lsa bosim
2

/J = 9)8ir i_  0  = rn  я Hga teng bo'ladi. 4  
V8 16] 16

3. B ir jin sli figura y  = x2 ea y = -Jx egri chiziqlar bilan 
chegaralangan bo‘lsa, uning og‘irlik  markazini toping.

^  Figuraning og‘irlik  markazi ( 9.58 - rasm ) (9.17) formula 
orqali hisoblanadi, bu yerda:

f x{x ) = x2, f 2(x)=y[x.
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У y~x‘
4 ;

1 .............. •»
/ j

yc ... fC ' |

0

9.58- rasm

Egri chiziqlaming kesishish nuqtalari 0 (0,0) va В  (1,1) 
bo‘lgani uchun a= l, b= l. U  holda:

1 * * \ f 2 1  ̂j (y 2 -yl)dx = J(yGc-x2)dx=\ — x1— x3 '
0 о V 3

1 - I
k)~3*

v
2 7 * — X ---

4
1= J  
0 '  2 0 ’

|x(_y2 - y,)dx = jx (^ x - x 2)dx 
о о

^■}(з;2 + Я ) (v 2 - y t)dx  = |  \ { x - x ' ) d x = l-

9.6 9 -  bo‘lim ga qo‘shimcha m asalalar.
1. Tenglamani yeching:

1 -  2_ 

0 20 ’

a) [■ dx
> T7T~ ; b) f

i 12
dx

<1 x\x~ - l  1Z- hi2 ye
x= In 4 )

2. Tenglikni isbotlang:

/-x i 6
_ £  ( Javob: a) x—2; b)

j\ J L  = f - ~  (дг>0).
J l  + ̂  \ l +t ' y

3. Agar /;! = j  ̂ ja/x (/< > 1, n - butun) bo‘Isa, ushbu
0

1

dt

К  + In-2
П - 1

tenglikni isbotlang.
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4. Berilgan chiziqlar bilan chegaralangan egri chiziqli 
trapetsiya yoki figuraning yuzini toping?

a> ’,= V (,-3 )(5 -x )' ' e M

b) , е[ОД);
■J\-x

1 Г n \
4  p  = tg {p ,p = -----, cpe|U,— ;

cos#? 2 J

d) у  = x-e1 , x e[0;co),

e) y  = 7- ^ j -,x g [1;o o ):(x +1)
f) xy2 — 8 -  4x va uning asimptotasi;
g) (x +1 )y 2 = X2 (x < O) va uning asimptotasi;
(Javo b : а} 39л/2; b )2 ; с) л74; d) 1; e) £  + J_. f )4 x ;  g)

4 2 ’
8/3.)

5. Berilgan chiziqlam i aylanishidan hosil bo‘lgan sirt bilan
chegaralangan jismning hajmini toping:

2

a) y  = e~x va у  = Q,Oy o‘qi atrofida;
b) (4 - x )y2 — x3 = 0 uning asimptotasi atrofida;
c) y~  1 uning asimptotasi atrofida;

1 + x2
d) v = e x S in лх va x > 0, Ox o‘qi atrofida.

(Javo b : a) n\ b) 16л г\ с) п г / 2; d) /г3/(4(1 + /г2)) )
6. Silindrik bak vertikal joylashgan bo‘lib suv bilan 

to‘ldirilgan, tubida kichik tirqish bor. Bakdan suvning yarim “ t” 
vaqt ichida oqib chiqdi. Hamma suv qancha vaqt ichida oqib 
chiqadi?

Bu yerda fi = 1 va v = MyfZgh, °  * tirqishdan oqib 
chiqayotgan suvning tezligi. [javob: (2 + V e rm in ).
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7. Qarshiligi o‘zgarmas R  bo‘lgan rezistorga o‘zgaruvchan 
U  = U 0sincot kuchlanish berilgan. Rezistorga qanchalik

o‘zgarmas kuchlanish berish kerakki, т  = —  vaqt ichida ajralib
CO

chiqqan issiqlik, o‘zgaruvchi kuchlanish bergandagi shu vaqt 
ichidagi ajralib chiqqan issiqlikga teng bo‘lishi kerak. (Javob: 
U0/ J  2 ).

8. Elektr zanjir boshlang‘ich paytida R  om qarshilikga ega
va u tekis v o m /c tezlik bilan o‘sadi. Zanjirga o‘zgarmas U  в
kuchlanish berilgan. Elektr zanjirdan tc. vaqt miqdorida o‘tga.n
zaryadni aniqlang ( Javob : —h R + at).

a R
9. Yer atmosferasi massasini uning zichligi, balandlik 

oshishi bilan p  = p 0 e ah qonun bilan o‘zgarsa, bu yerda h- yer
sirtidan qaralayotgan nuqtagacha bo'lsa, hisoblab toping. ( Yer 
radiusi “R ”  bo‘lgan shar deb hisoblanadi).

(  Javob: {Лпр{](a2R2 + 2aR + 2 j)/a3).
10. Jism  temperaturasi 7 = 20°С bo‘lgan muhit bilan 

qoplangan. Sovutish natijasida jismning temperaturasi
100° dan 60" ga tushgan. Sovutish boshlanishidan qancha vaqt
keyin jismning temperaturasi 30 °C ga tushadi? ( Javob: Isoat),

11. Massasi “m”  bo‘lgan moddiy nuqta chiziqli zichligi p  
bo‘lgan cheksiz sterjendan “  I  ”  masofada joylashgan. Qanday 
kuch bilan sterjen nuqtani tortadi? (  Javob: nypm /l ,y  — 
gravitatsion o‘zgarmas).

12. 0 ‘q qalinligi “ h” bo‘lgan taxtani teshib o‘tgandan keyin 
tezligi 17, danv2 ga o‘zgaradi. Qarshilikni tezlikning kvadratiga 
proporsional deb hisoblab, o‘qning taxta ichidagi vaqtini toping?

(Javob: h(ol —v2)/(uxv2 In — ) ■
o2
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10. B IR  N EC H A  0 ‘Z G A R U V C H IL I FU N K S IY A LA R N IN G  
D IF F E R E N T S IA L  H IS O B I

10.1. B IR  N EC H A  0 ‘Z G A R U V C H IL I F U N K S IY A  
T U SH U N C H A SI. X U S U S IY  H O S IL A LA R

Aytaylik, biror D (x,y) sohada har bir tartiblangan (x.y) 
juftlikka aniq z EEaR  son mos qo‘yilgan bo‘lsin. U  holda z, x va у  
larga bog'liq bo'lgan ikki o'zgaruvchili funksiya deyiladi. x va у 
o‘zaro bogTiq bo‘lmagan o‘zgaruvchilar yoki argumentlar 
deyiladi. D to‘plam funksiyaning mavjudlik yoki aniqlanish 
sohasi, E  to‘plam esa funksiyaning qiym atlari sohasi deyiladi. 
Sim volik ravishda ikki o‘zgaruvchili funksiya z =f(x,y) 
ko‘rinishda yoziladi, bu yerda /  moslik qonuniyatini belgilaydi. 
Bu  qonuniyat analitik ko‘rinishda (formula orqali), jadval 
yordamida yoki grafik ko‘rinishda berilishi mumkin.

Umuman olganda dekart koordinatalari sistemasi Oxyz 
kiritilgan fazoda har qanday z = f  (x,y) tenglama biror sirtni 
aniqlaydi, ya’ni ikki o‘zgaruvchili funksiyaning grafigi deganda 
koordinatalari z ~f(x,y) tenglamani qanoatlantiruvchi fazodagi 
M(x,y,z) nuqtalar to‘plamidan hosil qilingan sirtni tushunamiz. 
(10.1 - rasm).

Geometrik nuqtai nazardan, funksiyaning aniqlanish sohasi 
D , odatda shu sohaga tegishli yoki tegishli bo‘Imagan chiziqlar 
bilan chegaralangan Oxy tekislikning biror qismini tasvirlaydi. 
Birinchi holatda D  soha yopiq soha deyiladi va D bilan 
belgilanadi, ikkinchi holatda esa ochiq soha deyiladi.

1 -  misol. z= ln(y-x2+2x) funksiyaning D  aniqlanish sohasini 
va E  — qiymatlar sohasini toping.

► Berilgan funksiya Oxy tekislikning y-x2+2x > 0 yoki 
y> x2-2x o‘rin li boTadigan nuqtalaridagina aniqlangan.

Tekislikning у =x2~2x tenglikni qanoatlantiradigan nuqtalari D  
sohaning chegarasini tashkil qiladi. у =x2~2x paraboladir. (10.2 - 
rasm.) Parabola D  sohada yotmaganligi uchun shtrixli chiziqlar
bilan tasvirlangan). y>x2~2x tengsizlik o‘rin li bo‘ladigan nuqtalar
paraboladan yuqorida yotishini tekshirish oson. D  soha ochiq
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atrof bo‘lib, (10.2 - rasmda у shtrixlangan) uni quyidagi 
tengsizliklar sistemasi bilan aniqlash mumkin:

D: {—со < x < +<x>, x2 — 2x < и < +oo}

r.MДО

10.1. rasm

' f

V. 0 .. . f  v-x’i*

V \
\ ____ .................. „ ..........
0 v • /*

!

10.2. rasm

Ikki o‘zgaruvchili funksiyaning tarifini uch va undan ko‘p 
o‘zgaruvchilar uchun umumiashtirish qiyin emas.

Agar biror n - o‘lcham li fazoda o‘zgaruvchilarning
har bir „) to‘plarmga, у  ning biror aniq qiymati mos
qo‘yilsa. u holda у  kattalik xj,...,x „ о‘zgaruvchilaming funksiyasi 
deyiladi va sim volik ravishda y = f(x . ,x„) ko‘rmishda yoziladi.

0 ‘zaro bog‘liq  bo‘lmagan xj,...,xn o‘zgaruvchilaming 
qiymatlari to‘plami n o‘lchamli fazoda M (xi,...,xn)  nuqtani 
aniqlaydi, u holda har qanday ko‘p o‘zgaruvchili funksiyani 
odaida mos o‘lchamli fazodagi M  nuqtaning funksiyasi deb 
qaraladi: y= f(M )

Agar har qanday s > 0 son uchun, shunday S > 0 son
mavjud bo‘lib, \x---x0\ < S va |u -  u0| < 5  shartlami
qanoatlantiruvchi x va у lar uchun

|f ( x , y ) - A \  < e 
tengsizlik o‘rin li bo‘lsa, u holda A soni z=f(x,y) funksiyaning 

M 0(x 0,U()) nuqtadagi lim iti deyiladi.
Agar A soni f(x ,y) funksiyaning Mo(xo,yo) nuqtadagi lim iti 

boisa, u holda quyidagicha yoziladi:
A = Ш пН х»У) = у )x M0 M->MnУ^У о
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2 -  misol. A — Mm* -*o , „ , — lim itni hisoblang. 
y^o  f x 2+y2+l - l

► Lim it belgisi ostidagi ifodada almashtirishlar bajarib. 
quyidagiga ega bo‘lamiz.

(xz + y 2) ( J x 2 +  у 2 +  1 +  l )

”  §  (л/*2 + у 2 + 1 ~ Т х У ^ Т г г + 1 + 7 )
A

у
=  И п,„о =  Hm*,o(V*2 + y 2 +  l  +

y_,0  x2+y +1—1 y->0

l )  = 2 ^
Agar link-«0 f(x ,y ) = f (x 0,y 0)  tenglik o‘rin li bo‘lsa,

z~f(x,y) funksiya Mo(xo,yo) nuqtada uzluksiz deyiladi.
Masalan, z=l/(2x?+y*) funksiya cheksiz ko‘p uzilishga ega 

bo‘ladigan M (0,0) nuqtadan tashqari, tekislikning barcha 
nuqtalarida uzluksizdir.

B iror D  atrofiiing barcha nuqtalarida uzluksiz bo‘lgan 
funksiya, berilgan D  sohada uzluksiz deyiladi.

Agar у  ni o‘zgarmas deb olib, x o‘zgaruvchiga biror 
Ax orttirma bersak, u holda z= f i x , у )  funksiya x o‘zgaruvchi 
bo‘yicha z funksiyaning xususiy orttirmasi deb ataluvchi 
Axz orttirma oladi.

Axz = f i x  + Дx ,y )  -  f ( x , y )
Xuddi shu kabi, z= f (x , y )  funksiyada x ni o‘zgarmas deb 

olib, u ga Ay orttirma bersak, u holda у  o'zgamvcbi bo‘yicha z 
funksiyaning xususiy orttirmasi quyidagicha bo "ladi.

Ayz = f  {x, у + Ay) -  f ix ,  y )
Agar

Axz dz

a s o X = ^ =z^ fAXiy)
Ayz dz 

lim = —- = zy = fy ix .y )
Ay-»o Ay dy

lim itlar mavjud bo‘Isa, bu ifodalar z= f (x ,y )  funksiyaning 
mos ravishda x va у  o'zgaruvchilar bo‘yicha xususiy hosilalari 
deb ataladi.
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Ixtiyoriy sondagi o‘zaro bog‘liq  bo‘Imagan o‘zgaruvchilarga 
ega bo‘igan funksiyaning xususiy hosilalari ham shu kabi 
aniqlanadi.

Ixtiyoriy o'zgaruvehi bo'yicha olingan xususiy hosila, qolgan 
o‘zgaruvchilami о‘zgarmas degan shartda shu o‘zgaruvchidan 
olingan hosilaga teng bo‘lgani uchun bir o‘zgaruvchili funksiyani 
differensiallaslming barcha qoidalari va formulalari ko‘p 
o‘zgaruvchili funksiyaning xususiy hosilalarini topish uchun 
o!rinlidir. 4

3 -- misol. Z=arctg- funksiyaning xususiy hosilalarini toping.
► Xususiy hosilalam i topamiz:

dz 1 „ /  У \  У
dx 1 -f (y/x)2 л  ̂ x2'  x2 + у2

dz 1 1 x— = --------- x -  = ——- -4
dy l  + (y/x')2 x xA+y2

4 - misol. W—ln~(x2+y2+ 2?') funksiyaning xususiy 
hosilalarini toping.

► Xususiy hosilalarini topamiz.
9W 9 9 9 1—  = 2ln(x + у + z ) x —--- ---- - x 2x
dx y x2 + y 2 + z 2
dw 1
—  = 2\п(хг + у  + z2) x —--- ----- x 2у
dy K J  х2 + у 2 + z2 *

^  = 21п(х2 + у 2 + z2) X ——\—- х 2ъ<дъ '  х x2+y2+zz
Bog‘liq  bo‘knagan o‘zgaruvchilardan b iri o‘zgarmas, 

ikkinchisi o‘zgaradi degan shartdagi z= f(x , y ) funksiyaning 
differensiali xususiy differensial deb ataladi, yani tarif bo‘yicha 

dxz = fx(x ,y )d x , dyz = fy (x ,y )d y
bu yerda, dx= A x , dy- Ay lar o‘zaro bog‘liq  bo‘Imagan 

o‘zgaruvchilarrimg ixtiyoriy orttinnalari bo‘lib, ularning 
differensial lari deb ataladi. Bu  uch o‘zgaruvchili w=f(x,y,z) 
funksiya uchun ham o‘rinlidir.

5-misol. w — (x y 2) z funksiyaning xususiy differensiallarini 
toping.

► Berilgan funksiyaning xususiy differensiali
dxw = z3(xy2)zJ-1 x y 2dx,dy w = z3(xy2)z3_1 x 2xydy
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dzw = (xy2)z x ln(xy2) x 3z*dz -4
6 -misol. w = j x 2 + y 2 + z2 — xyz funksiyaning M(2,-2,1) 

nuqtadagi xususiy hosilalarining qiym atlarini toping.
► Xususiy hosilalam i topamiz:

dw x dw у
yz, —— = -------  — — xz,

dx yjx2 + y 2 + z2 dy yjx2 + y 2 + z2 
dw z

yjx2 +y2 + z2
Hosil qilingan ifodalarga berilgan nuqtaning koordinatalarini 

qo‘yamiz.
dw
dz

_ 2  _ 8  dwi 2 8
M° ~  3 + 2 ~ 3 '~dz\ M°~  ~ 3 ~ 2 ~  “ 3

dw I _  1 . _  13 
dz I M°  ~  3 _  3

10.1.- A T
1. Quyidagi funksiyalaming aniqlanish sohasini toping, 
a) z = y]u2 — 2x + 4) b) z = ^== + л/х — и

v) z —In x+ln cos у  с) Z = л/х2 + у 2 — 9
2. Ko ‘rsatilgan funksiyalaming xususiy hosilalarini toping, 
a) z = (x2 + y 2 — x y2)3 b) z =arcsin-

c) z = x ^  + d) z = ln (x  + л/х 2~+ у2)
g) z = ln (x  x у  + Inx x y ) e) u=arctg(xy/z)
f) m=/w д/(х2 + y 2)(x 2 + z2) z) м =(xy) z2 — 1
3. Agar u= ln(l+ x+y2 + z2)  bo‘lsa Ux + Uy + Uz ning 

M 0(  1,1.1) nuqtadagi qiymatini hisoblang. (Javob: 3/2)
4. z = x + и + -y/x2 + y 2 funksiyaning xususiy hosilalarining 

M 0(3,4) nuqtadagi qiymatlarini hisoblang. (Javob: 2/5, 1/5)
5. Quyidagi funksiyalaming xususiy differensiallarini 

toping:
a ) z = In д/х2 + у 2 b) z = arctg  *+yi - x y

c) U=xyz d) U - ^ - g
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M ustaqil ish
1. Quyidagilam i toping:
a) funksiyaning aniqlanish va qiymatlar sohasini:

z=ln(4-x2 + y 2);
b) funksiyaning xususiy hosilalarini

z — sin 2(x cos2y+y sin2x);
v) funksiyaning xususiy differensiallarini

xyz

2. Quyidagilam i toping:
a) funksiyaning aniqlanish va qiymatlar sohasini

z = — x2 -f u;
b) funksiyaning xususiy hosilalarini

u~ arcsin лjx y 2z3;
v) fimksiyaning xususiy differensiali arini

z = V (x 2 + y 2)/ (x 2 -  y 2).
3. Quyidagilam i toping:
a) funksiyaning aniqlanish sohasini va qiymatlarini

z = sfx x it + yjx — u;
b) funksiyaning xususiy hosilalarini

u=tg2(x-y2 + z3):
v) funksiyaning xususiy differensiallarini

z — \f(x 2 — y 2) 2.

10,2. TO  L A  D IF F E R E N S IA L . O SH K O R M A S VA  
M U R A K K A B  F U N K S IY A L A R N ID IF F E R E N S IA L L A S H

A z — f ( x  + Ax., у  + Ax') — f(x , y )  
ayirmaga z=  f (x ,y ) funksiyaning to ‘la orttirmasi deb 

ataladi.
z = f (x ,y )  funksiyaning to‘la differensialming, o‘zaro 

bog iiq  bo‘lmagan Ax va Ay o‘zgaruvchilaming orttirmasiga 
chiziqli bog‘liq  boigan bosh qismi, funksiyaning to ’la 
differensiali deb ataladi va quyidagicha belgilanadi dz.
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Agar funksiya uzluksiz xususiy hosilalarga ega bo‘Isa, u 
holda to‘la differensial mavjud bo‘ladi va quyidagiga teng 
bo‘ladi.

dz — ^ -d x  + ^ - d y  (10.1)dx dy
bu yerda dx = Ax, dy = Ay - o'zaro bog'liq bo'lmagan 

o'zgaruvchilarning differ ensiallari deb ataluvchi ixtiyoriy 
orttirmalardir.

rt o‘zgaruvchili u= f (x  i,X2,...xn) funksiya uchun to‘la 
differensial quyidagi ifoda bilan aniqlanadi.

du = — dx-i + ^ -d x 2 ----1- —  dxn (10.2)
dx-L 1 dx2 dxn

1-misoL z = x2 — xy + y 2 funksiyaning to‘la orttirmasi va 
to‘la differensialini toping

► Tarifga asosan
Az = (x + Ax )2-(x+Ax)(y+Ay)+ (у  + Д y ) z-x2 + xy — y 2

x2+2xAx+Ax2-xy-xAy-uAx-AxAy+y2+2yAy + Ay2-
-  x2+xy-y2=2xAx-xAy+2yAy-yAx+Ax2-AxAy+Ay2=(2x-y) Ax 

+(2y-x) Ay + Ax2-Ax Ay + A y2
(2x-y) Ax +(2y-x) Ay ifoda Ax va Ay larga nisbatan chiziqli 

bo‘lib dz нинг дифференциалидир, a^Ax2-AxAy+Ay2 kattalik 
esa Ар = у/Ax2 + Ay ga nisbatan yuqori tartibli cheksiz 
kichikdir. Shunday qilib, Az = dz+a A

2 - misol. u=ln2(x2+ у 2 — z2 ) funksiyaning to‘la 
differensialini toping.

► A w a l xususiy hosilalam i topamiz:
du ,■ 1x

2 ln (x  + у  -  z2) x-dX '  '  ' x2 + y2
du , , , „  1—  = 2 \n(x + у — z2) X ~--- 5----г X 2y;dy x2 + y2 - ~2

du 12 ln(x2 + y 2 -  z2) X —--- ---- r X ( - 2 z).dz 7 x2 + y 2 - z2
(10.2) formulaga asosan quyidagiga ega bo‘lamiz. 
du = 4 ln(xz + y2 - z2) x x (xdx + ydy - zdz) <
Az ~ dz bo‘lgani uchun ko‘p hollarda to‘la differensial 

funksiyaning qiymatini taqribiy hisoblashda qo‘llaniladi, yani
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f(x 0+bx,y+by) f(xo,yo)+ dz(x0,y0)
3 - misol (1,02)301 ni taqribiy hisoblang.
► z=xy fiinksiyani qaraymiz. xq=1 va yo=3 da quyidagilarga 

ega bo‘lamiz.
z0= l3= l; Ax=1,02-1=0,02, Ay = 3,01 -  3 = 0,01
z=x“ funksiyaning ixtiyoriy nuqtadagi to‘la differensialini 

topamiz.
dz = yxu~l Ax +xulnx Ay

Berilgan Ax=0,02 va Ay = 0,01 orttirmalami etiborga olgan 
holda buning M (l;3 ) nuqtadagi qiymatini hisoblayraiz.

dz =3-12-0,02+13Ы1-0,02=0,06
U  holda z= (l,02)301 z 0+  dz=l+0,06=l,06 <
z — f  (u , v ) funksiya, bu yerda u=(p(x,y), v= (p (x,y) x va у  

o'zgaruvchilarning murakkab funksiyasi deb ataladi. Murakkab 
funksiyaning xususiy hosilalarini topish uchun quyidagi 
formulalardan foydalaniladi:

dz dz du , dz dv
Г  = 7 Г  + 7 Г ' (10.3)ox ou ox dv dx
dz _  dz du dz dv
dy du dy dv dy'

u=(p(x), v=~-\[/(x) bolgan holda (10.3) formulaning ikkinchisi 
aynan no‘lga aylanadi. Birinchisi esa quyidagi ko‘rinishga ega 
bo‘ladi.

dz dz du dz dv 
dx dx dx dv dx'

dzOxirgi formuladagi — ifoda funksiyaning to ia  hosil asi deb
dzataladi (— xususiy hosiladan farqli ravishda.)

4 - misol. z =sin(u v ) funksiyaning xususiy hosilalarini 
toping, bu yerda u=2x+3y, v=x+y.

► Quyidagiga ega bo'lamiz:
—- = v cos(uv) - 2 + u cos (и  x v ) ■ у  — cos (2x2y+3xy2)  

(4ху’+3у2)
Л Т л у

v  cos(uv) ■ 3 + и cos(u x v ) ■ x = cos (2x y+3xy )dy
(6xy+2x2)  M
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5 -- misol. U=x+u2+ z3 funksiyaning to‘la hosilasini topmg, 
bu yerda y=sinx; z=cosx

► Quyidagiga ega boMamiz:
dz du du dy du dz , . ■ з 2 /  ■ \— = ---1---X --- 1---x —=1 +2y cosx-t-3 z (sinx ) ̂
dx dx dy dx dz dx
= 1 + 2 sin  x cos x — 3 cos2xsin x A
Agar F(x, у ) = 0 tenglama oshkormas ravishda ikki 

o‘zgaruvchili z(x,y) funksiyani ifodalasa va Fz(x ,y ,z ) Ф 0 bo‘lsa, 
u holda quyidagi formulalar o‘rinlidir:

dz _  Fx(x,y,z)  dz _  Fyu(x,y,z)  И 0 7)
dx F7(x,y,z)' du Fz(x,y,z)  ’

6-misol. Oshkormas ravishda berilgan x3+y3-exy-5=0 
tenglamadan у funksiyaning hosilasini toping.

► (10.6) formulaga asosan, quyidagiga egabo‘lamiz.
du _  3x2-exyy.y ^  
дх Зу2- е хУхх

7 - misol. Oshkormas ko‘rinishda berilgan xyz+x3-y'-z3+5=0 
tenglamadan z funksiyaning xususiy hosilalarini toping.

► (10.7) formuladan foydalanib, quyidagiga ega bo‘lamiz:
<dz yz+3x2 dz xz-3y2

dx xy- 3 x2’ dy x y- 3 x2’

10.2- A T
1. Quyidagi funksiyalaming to‘la differensialini toping.
a) z=x3+xy2+x2y; b) z=ex3; v) U=sin2(xy2z3)
2. Funksiyalaming mos orttirmalarini ularning to‘la 

differensiallari bilan almashtirib, berilgan ifodani taqribiy 
hisoblang:

a) (1.02) 3- (0,97)3; b) V (4 ,0 5 )2T  (2 .93)2' (Javob: a)0,97;
b)4,998.)

3. Agar u=x siny, v=ycosx bo‘lsa, z=yju2 + v 2 funksiyaning 
xususiy hosilalarini toping.

4. Agar u=xy, v=x/u, t=exy bo‘Isa, w = In (u3+v3-t3)  
funksiyaning xususiy hosilalarini toping.

5. Agary= s in ^  bo‘lsa, z= tg2(x2-y2)  funksiyaning hosilasini 
toping.
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6. sinxy-x2-у2=5 tenglama bilan oshkormas ravishda berilgan 
и funksiyaning hosilasini toping.

7. xyz- sin2 xuz+x3+y3+ z3= l tenglama bilan oshkormas 
ravishda berilgan z funksiyaning xususiy hosilalarini toping.

8. x2 + у 2 + z2 — xyz = 2 tenglama bilan oshkormas holda 
berilgan z funksiyaning xususiy hosilalarining M 0( l , l , l )  
nuqtadagi qiymatlarini hisoblang.

M ustaqil ish
1. Quyidagilam i toping;
a) u z  •arctg(x/yj funksiyaning to‘la differensialm i;
b) sin3xy2+cos3yxz J tenglama bilan berilgan у 

funksiyaning hosilasini.
2. Quyidagilam i toping:
a) z=ctg2(xy2~y3+ xy) funksiyaning to‘la differensialini;
agar у  = e~x' bo‘lsa,
by- z — arctg^ jx2 + y 2 funksiyaning hosilasini.
3. Quyidagilam i toping:
a) z = ecos2 (x*~y2) funksiyaning to‘la differensialini;
b) x2y 2z2 + 7у 4 — 8xz3 H- z4 — 10 tenglama bilan 

berilgan z funksiyaning xususiy hosilalarini.

10.3. Y U Q O R I T A R T IB L I X U S U S IY  H O S IL A L A R  
U R IN M A  T E K 3 S L IK  V A  S IR T N IN G  N O R M A L I

Birinchi tartibli xususiy hosiladan olingan hosila ikkinchi 
tartib li xususiy hosila deb ataladi.
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Uchinchi va undan yuqori xususiy hosilalar aynan shu kabi
d̂ z

aniqlanadi. yozuv z funksiya x o‘zgaruvchi bo‘yicha к
marta, у o‘zgaruvchi bo‘yicha n-k marta differensiyallanganligini 
bildiradi. fxy(x, u ) va fyX(x, y ) xususiy hosilalar aralash xususiy 
hosilalar deb ataladi.

Aralash xususiy hosilalar uzluksiz bo‘lgan barcha nuqtalarda
ularning qiymatlari teng bo‘ladi.

2  21 - misol. z — ex y funksiyaning ikkinchi tartibli xususiy 
hosilalarini toping.

► Avval birinchi tartibli xususiy hosilalarini topamiz:
df x = e*2>'2 ■ 2x y2?fx = ex2y2 ■ 2x2y.

Yana bir marta differensiallab quyidagiga ega bo‘lamiz:
0  = ex2y2 ■ 4x2y4 + ex2y2 ■ 2y 2,

t l  = e *V  . 4x*y2 + e * V  . 2x2
ay2 
d2z >*2У2 - 4r 3v 3 + р х2У2

дхду

—— - = ex2yZ ■ 4x3y3 + ex2y2 ■ 4xy. dudx J
d̂ "z d̂ zOxirgi ikki ifodani solishtirib, ——  — — — ekannliginiдхду дудх °

ko‘ramiz. A
2 -  m isol z = arctg  ̂  funksiya ^  -  0 Laplas

tenglamasini qanoatlantirishini isbotlang.
► Quyidagilam i topamiz:

dz у dz x
dx x2 + y 2' dy x2 + y 2 

U  holda £ f  + | i  = - g -  -  - g o -  = 0 4
dx2 dy1 ( * 2+y2) 2 (x2f y 2)2

z=f(x,y) funksiyaning ikkinchi tartibli to ‘la dijferensiali d2z
quyidagi formula bilan ifodalanadi.

7 d2z d2z d2z
d*z = — —dx- + 2 dxdy + — ^ d yz 

dxг dxdy д уг
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3 — miso! z=x3+y3+x2y2 funksiyaning ikkinchi tartibli to ia  
differensialini toping.

► Ikkinclii tartibli xususiy hosilalam i topamiz.
dz dz
—  = 3x2 + 2xy ; —  = 3у 2 + 2x у ■, 
ox dy

d2z | 2 3 2z r  _  9 aZz л—^ — 6x + 2y ; — - — by + 2л: ; ——  = 4xy.
аж2 J ' 3y2 ^ ’ dxdy J

Shunday qilib,
d2z = (6x + 2 y 2)dx + 8 xydxdy + (6 у  + 2 x2)d y 2-4 

Agar sirt z=f(x,y) tenglama bilan berilgan bo'lsa, berilgan 
sirtga Mo(x0,yo,z0)  nuqtada о ‘tkazilgan urinma tekislik tenglamasi 
quyidagicha bo'ladi:

z ~ z a  = /х(хо>Уо)(х ~  x o) + fy(xo> yo)(y ~  Уо)- (Ю .8)
Sirtga Mo(xo,yoJ nuqta orqali о‘tkazilgan normalning kanonik

tenglamasi esa quyidagicha bo‘ladi.
x-x0 __ y - y 0 __ z-z0

fx(.X0,y0) fy  (ха,Уо) - 1  ‘

Silliq  sirt tenglamasi oshkormas holda F(x,y, z )= 0  va 
F (x 0ly 0,z0) =0 ko‘rinishda berilgan bo‘lsa, u holda M 0(x0,yo,) 
nuqtadagi urinma tekislik tenglamasi quyidagi ko‘rinishda 
bo‘ladi.

Fx(x0,y 0,Zo)(x ~  xo) ~  К  (x0,y 0,z0) ( y  -  y 0) + 
К  (x0,y 0,z0)(z  -  z0) -  0, (10.10)

normalning tenglamasi esa:
= У-Уо__ __ _ z-Zp___ ^  (10 11)

Fx(xa,y0,zn) Fy (xa,ya,zQ) Fz (xc,y0,z0)
4-misol. x3+ y 3+z3+xyz-6=0 sirtga M o(l,2 ,-l) nuqtadagi 

xususiy hosilalaming qiym atlarini hisoblaymiz:
► Fx(x0,y 0lz0)  = (3x2 + y z )  \Mo = 1,

Fy (x0,y 0,z0) = (3y 2 +xz) |Mo = 11,
Fz (х 0,У 0,20) = (3zz + yx) \Mo = 5.

Bulam i (10.10) va (10.11) tenglamalarga qo'yib, mos 
ravishda urinma tekislik tenglamasi

(x - l)+ ll (y-2) +5(z ~  l)= 0  
va normalning kanonik tenglamasini topamiz:

X - l _  y —2 _  Z+1 ^
1 13 5
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10.3 - A T
1. Quyida ko‘rsatilgan funksiyalaming ikkinchi tartibli 

xususiy hosilalarini toping va ularning aralash hosilalarini 
tengligini tekshiring.

a )z  = ^ ( x 2 + y 2) 3;

b) z = \n(x + yjx2 + y 2 ) ;  
v ) z = ex(siny  + cosx);

x + yg) z = arc tg -— .

2. z = e*(xcosy — ys in y ) funksiyaning ~  -i- —— = 0 

tenglamani qanoatlantirishini isbotlang.
3. z = eC4Ŝ +3ŷ  funksiyaning 9 x —  = ~  tenglamani

qanoatlantirishini isbotlang.
4. xv z2 +2 y 2 +3y z +4 = 0 sirtga Mo(0.2,-2) nuqtada 

o‘tkazilgan urinma tekislik tenglamasi va normal tenglamasini 
toping.

5. z — -x 2 — y 2 sirtga M o(3,l,4) nuqtada o‘tkazilgan 
urinma tekislik va normal tenglamasini toping.

. -  , .  . X-3  V - l  Z - 4  .(Javob: Зх-y- z=4, —7- = —- = — .)
6. x2+2y2+ z 2=l ellipsoid uchun x-y+2 z — 0 tekislikka 

parallel urinma tekislik tenglamasini yozing.

M ustaqil ish
1. 1. z = ln (x 2 + y ) funksiyaning ikkinchi tartibli 

hosilalarini toping.
2. x2+2y2+ 3 z 2=6 sirtga M o (l,- lJ) nuqtada o'tkazilgan

urinma tekislik va normalning tenglamasini yozing.
2 . . . .  . .  .2. 1, z = exy funksiyaning ikkinchi tartibli hosilalarini

toping.
2.z — 1 + x2+y2' sirtga M o(l,Lzo) nuqtada o‘tkazilgan urinma 

tekislik va normalining tenglamasini yozing.
3. l.z=(x+y)/(x-y) funksiyaning ikkinchi tartibli xususiy 

hosilalarini toping.
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2. x2z-xyz+y2-x-3=0 sirtga Mo(-2,3,z0)  nuqtada o‘tkazilgan 
urinma tekislik va normalming tenglamasini yozing.

10.4. IK K I Q ‘Z G A R U V C H IL I FU N K S IY A N IN G  
E K S T R E M U M I

Agar Mo(xo,yo.) nuqtadan farqli va uning yyetarlicha kichik 
atrofiga tegishli barcha M (x,y) nuqtalar uchun 

f(xo,yo) >f(x,y) ( f(xo,yo) <f(x,y)) 
tengsizlik o‘rinli boisa, M0(xo,yo,) nuqta z= f(x ,y) 

funksiyaning lokal maksimumi (minimumi) deb ataladi. 
Funksiyaning maksimum yoki minimumi uning ekstremumi 
deyiladi. Funksiya ekstremumga erishadigan nuqta, funksiyaning 
ekstremum nuqtasi deb ataladi.

1 — teorema. (Ekstremum zaruriy sharti).
Agar Mo(xo,yo,) nuqta f(x,y) funksiyaning ekstremum nuqtasi 

bo‘lsa u. holda /х(х0,Уо) — /у(*о,Уо) = 0 bo‘ladi yoki bu 
hosilalardan birontasi mavjud boMmaydi.

Shu shart bajariladigan nuqtalar statsionar yoki kritik 
nuqtalar deb ataladi. Ekstremum nuqtasi har doim statsionar 
nuqta bo‘ladi, ammo statsionar nuqta ekstremum nuqtasi 
bo‘lm asligi ham mumkin. Statsionar nuqta ekstremum nuqtasi 
bo‘lish i uchun, ekstremum mavjudligining yyetarli sharti 
bajarilishi kerak. Ikki o‘zgaruvchili funksiya ekstremumining 
mavjudligining yyetarli shartini tariflash uchun quyidagicha 
belgilashlar kiritamiz:

A^fxx (хо.Уо),В = fxy (x0y 0),C  -  fyy (x0y 0) , Д= A x  С -  В 2.

2- teorema. (Ekstremum yyetarli sharti).
Aytaylik z=f(x,y) funksiya Мд(хо,уо,) statsionar nuqtani о 'z 

ichiga olgan biror sohada uchinchi tartibli uzluksiz xususiy 
hosilalarga ega bo ‘Isin. Uholda:

1) agar A> 0 bo Isa и holda Mo(xo,yo,) nuqta berilgan 
funksiya uchun ekstremum nuqtasi bo ‘ladi, bunda M 0 nuqta

A < 0(C < 0) bolganda maksimum nuqtasi va A > 0(C > 
0) bo ‘Iganda minimum nuqtasi bo ‘ladi;
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2 ___n bundan xi= 0, x2 -1, yi=  0, y2 1.

2) agar Д< 0 bo Isa, и holda Mg(xo,yo,) nuqtada ekstremum 
yo q;

3) agar A= 0 bo ‘Isa, и holda ekstremum bo ‘lishi ham, 
bo ‘Im asligi ham mumkin.

Ko ‘rinib turibdiki, uchinchi holda qo‘shimcha tekshirish talab 
etiladi.

1 - m isol z= x3+y3~3xy funksiyani ekstremumga tekshiring.
► Qaralayotgan misolda — va  doimo mavjud bo‘ladi,

shuning uchun statsionar (kritik) nuqtalarni topish uchun quyidagi 
tenglamalar sistemasiga ega bo‘lamiz (1- teoremaga qarang): 

dz
—  = 3x2 -  3y = 0, 
ox
dz
—  = 3 v ' — 3x = 0. dy '

Tenglamalar sistemasini yechamiz:
(x2 -  у  =  0 
iy 2 — x = 0
Shunday qilib, M j(0,0) va , M 2( l, l )  ikkita statsionar 

nuqtalarga ega bo‘lamiz.
Quyidagilam i topamiz:

d2z d2z d2z
A = dx2 = вХ ,В  = fad y  = ~ 3, c  = = 6y 

U  holda =AC-B2=3 6xy-9.
M i (0,0) nuqtada =-9, yani bu nuqtada ekstremum yo‘q. 

M 2( l , l )  nuqtada =27 0 va A = 6 > 0, bundan kelib chiqadiki,
bu nuqtada berilgan yunksiya lokal minimumga erishadi: zmin = 
- 1. M

z=f(x,y) funksiyaning (p(x,y) — 0 shartda topilgan 
ekstremumi shartli ekstremum deb ataladi. (p(x,y) = 0 tenglama 
bog‘lanish tenglamasi deb ataladi.

Shartli ekstremumni topishning geometrik masalasi z=f(x,y) 
sirtaing <p Сx, y ) = 0 silindr bilan kesishgandagi egri chiziqning 
ekstremal nuqtalarini topishga keltiriladi.
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Agar <p(x,y)  = 0 bog'i an ish tenglamasidan у y(x) ni topib 
z—f(x ,y) funksiyaga qo‘ysak, u holda shartli ekstremumni topish 
masalasi bir o‘zgaruvchili z=f(x,y(x)) funksiyaning ekstremumini 
topishga keltiriladi.

2 - misoL z=x2-y2 funksiyaning у 2x-6 shartni 
qanoatlantiruvchi ekstremumini toping.

► у  2x-6 ifodani berilgan funksiyaga qo'yib bir 
o‘zgaruvchili funksiyaga ega bo‘lamiz:

z=x2-(2x-6)2, z=-3x2+24x-36.
Quyidagini topamiz z ' =-6x+24; bundan x - 4. Shunday qilib 

z " =-6 0, u holda berilgan funksiya Mi(4,2)  nuqtada shartli 
maksimumga erishadi: zmax=12. A

Differensiallanuvchi funksiya, chegaralangan yopiq D sohada 
o‘zining eng katta (eng kichik) qiymatiga yoki D sohaning ichida 
yotuvchi statsionar nuqtada yoki shu sohaning chegarasida 
erishadi. •

Funksiyaning yopiq D sohadagi eng katta va eng kichik 
qiymatlarini topish uchun, uning berilgan sohaning ichida va 
chegarasida yotuvchi barcha kritik nuqtalarni topish zarur, 
fimksiyaning shu nuqtalardagi va shuningdek, chegaralaming 
qolgan barcha nuqtalaridagi qiymatlari hisoblanadi, so‘ngra 
solishtirish yo‘li bilan hosil qilingan sonlardagi eng katta va eng 
kichiklari tanlanadi.

3 — misol. z=x2+y2-xy+x+y funksiyaning x=0, y=0, x+y=-3 
chiziqlar bilan chegaralangan sohadagi eng katta va eng kichik 
qiym atlarini toping.

► Quyidagi tenglamalar sistemasidan M ) statsionar nuqtani 
topamiz:

dz
—  = 2x -  у  + 1 = 0,
ox
dz
—  = 2y — x + l  = 0.
dy

Btm danx—-7, u=-l. z l= z (- l,- l)~ l bo‘lgan Mj(-1,-1) nuqtani 
hosil qilamiz.
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г .....1М:

1

Berilgan funksiyani chegaralarida tekshiramiz.
x=0 bo‘lgan OB to‘g‘ri chiziqda * *

z=y*+y ga ega bo‘lamiz va masala 
bir o‘lchovii funksiyaning [—3,0]
oraliqdagi eng katta va eng kichik ....... ...  ■»»
qiymatlarini topishga keltiriladi. , *

Quyidagilam i topamiz: 4 \
1 „

zy = 2 y + l  = 0, x = — —, zyy = 2

Z (0 ; ~  2)  = ~ 4  bo‘ladigan 
M2(0,- ^ ) shartli lokal minimum nuqtani hosil qilamiz. OV
kesmaning chekka nuqtalarida z3 = z(0; —3) = 6,z4 = z(0; 0) = 
0 bo‘ladi.

Xuddi shu kabi y=0 bo‘ladigan О A kesmada quyidagilarga 
ega bolam iz: z=x2+x, zx=2x+l, x=-l/2, zxx = 2, yani M 3(-^,0 )

- lokal minimum nuqta bo‘lib. bu nuqtada zs=:(-~r0)= bo‘ladi.
A  nuqtada z6 = z(-3;0)=6 bo‘ladi. x+u~3 to‘g‘ri chiziqdagi A B  
kesmada y=-x-3 ifodani z funksiyaga qo‘yib, quyidagilam i hosil 
qilamiz.

z=3x~ +9x+6, zx=6x+9-0, x=-3/2.
Bundan, z4 = 2 bo‘ladigan M 4(- \ \ ~ \ )

nuqtani topamiz. A B  kesmaning chetki nuqtalaridagi funksiyaning 
qiymatlari topilgan. z funksiyaning barcha topilgan qiymatlarini 
solishtirib, quyidagi xulosaga kelamiz, A (-3,0) va В (0,-3) 
nuqtalarda o‘zining eng katta qiymatiga erishadi zmax = 6, M j(-
1,-1) statsionar nuqtada esa zmin =-1 bo‘ladi. M

4 — misol. To‘g‘ri burchakli parallelepipedning to‘la sirtining 
yuzi S  ga teng. Eng katta hajmga ega boladigan o‘lcbamlarini 
toping.

► To‘g‘ri burchakli parallelepipedning hajmi F=xx у  x z ga 
teng, bu yerda x,y,z  — parallelepipedning o‘lchamlari, uning to‘la 
sirtining yuzi esa S=2(xy+xz+yz) ga teng.

Bundan V = g r e g g  = V (x ,y )
2(x+y) 2Cx+y) v J  J
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V = V (х, у ) funksiyaning ekstremumini topamiz:
dV y z (S  — 2x2 — 4xy) 
dx 2 (x + y ) 2
dV x2(S  - 2 y 2 - A x y )
du 2(x  + y )2

x > 0 ,y > 0 bo‘lgani uchun oxirgi sistemadan x-y=

ekanligi kelib chiqadi. V=V(x,y) funksiyaning maksimumi

yechimga ega!), shuning uchun maksimum mavjudligining 
yyetarli shartini tekshirishning hojati yo‘q.

Quyidagini topamiz:

1. Quyida berilgan funksiyalami lokal ekstremumga 
tekshiring:

a) z=x3+3xy2' 15x-12y;
bj z =x2+xy +y2 2x-y;
c) z=3xy-x2-y2 10x+5y;
(Javob: a) zmin = z (2,1) = -28 ,zmax = z (- 2, - 1 ) = 28;
b) zmin = z (l,0 ) = — 1; s) ekstremum nuqtalari yo‘q.)
2. z=x+2y fimksiyaning x2+y2=5 shartni qanoatlantimvchi 

ekstremumlami toping. (Javob: x=~l, y~-2 bo‘lganda zmin = -5; 
x= l, y=2 bo‘lganda zmax =5').

3. z=x2-y2+4xy-6x+5 funksiyaning, x=0, y —0, x+y—3 
to‘g‘ri chiziqlar bilan chegaralangan sohadagi eng katta va eng 
kichik qiymatlarini toping. (Javob:

ISShunday qilib, qirrasi j-  ga teng bo‘lgan kub eng katta 

hajmga ega bo‘lar ekan. -4

10.4 - A T .

Ze.kichik 9, Z, = z ( 0,0) = 5.)



4. z—x у  (4-x-y) funksiyaning, x=0, y=0, x+y=6 to‘g‘ri 
chiziqlar bilan chegaralangan sohadagi eng katta va eng kichik 
qiymatlarini toping. {Javob:

Ze.kichik ^(4,2) 64, Ze^atta ^(2,1) 4.)
5. Hajm i V  ga teng to‘g‘ri burchakli parallelepipedning, 

sirti eng kichik yuzaga ega bo‘ladigan o‘lchamlarini toping.
(Javob: qirrasi 4V  ga tengbo‘lgan kub.)

M ustaqil ish
1. z=x3+y3~3x+2y funksiyani ekstremumga tekshiring. 

(Javob: zmin = z ( 1, — 1) = 3.J
2. z=xJy-x2-y+6x+3 funksiyani ekstremumga tekshiring. 

(Javob. zmax z(4,4) 15.)
3. z=3x2-x3+3y2+4y funksiyani ekstremumga tekshiring.

(Javob: zmin = z(0, -2/3 ) = -  J )

1.
1.1. z 
1.3. z 
1.5. z 
1.7. z 
1.9. z 
1.11. 
1.13. 
1.15. 
1.17. 
1.19.
1.21.
1.23.
1.25.
1.27.
1.29.

10.5. 10 -  BO BG A  D O IR  IN D IV ID U A L  U Y  
T O P S H IR IQ L A R I

K o ‘rsatilgan funksiyalaming aniqlanish sohasini toping.
=3xy/(2x-5y)
= -Jy2 — x2 
=2/(6-x-y2) 
=arcos(x+y) 
=yj9 -  x2 —y 2 
z - ^2x2 — y 2
Z =yjxy /(X2+y) 
z = ln(y2-x2)  
z =arcos(x+2y) 
z = ln(9-x2-y2)
z =1/̂ 1 x2 + y 2 — 5 
z =V3x — 2/ (x2+y2+4) 
z = ln(2x-y) 
z =yj\ - x - y  
z =J/( x2 +y2 6)

1.2. z =arcsin(x-yj
1.4. z = ln(4-x2-y~)
1.6. z = Jxz + y 2 — 5
1.8. z =3x+y/(2-x+y)
1.10. z = ln(x2+y2~3)
1.12. z =4xy/(x-3y+l)
1.14. z =arcsin(x/y)
1.16. z ~x3y/(3+x-y)
1.18. z =arcsin(2x-y)
1.20. z x2 — y 2
1.22. z =4x+y/(2x-5y)
1.24. z -5/(4- y2-y")
1.26. z = 7xy/(x-4y)
1.28. z =ev'*2+y2-i
1.30. z =4ху/(хг — у 2)
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2. Quyidagi funksiyalaming xususiy hosilalarini va xususiy 
differensiallarini toping.

2.1. z — ln(u2-e-x) 2.2. z =arcsiriyfxy

2.3. z =arctg (  x2+}’2) 2.4. z =cos(x3~2xy)

2.5. z =sin <Jy/x3 2.6. z =tg(x3+y2)

2.7. z =ctg j x y 3 2.8. z =e~x2+y2
2.9. z = ln(3x2-y4) 2.10. z =arcos(y/x)
2.11. z =arcctg(xy2) 2.12. z =cos y/x2 + y2

2.13. z =sin yjx — у 3 2.14. z =tg(x3y4)

2.15. z =ctg(3x-2x) 2.16. z =e2x2~y5

2.17. z =ln {yjxy  — 1 ) ' 2.18. z =arcsin(2xy)

2.19. z =ar-ctg (  x2/у') 2.20. z =cos ( x — д/х у 3 )
- . x+y2.21. z =sin---x—y

-  „  2Х+У22.22. z =tg----°  X

2.23. z =ctg 1-̂ —yx-y
2.24. z =e- A 2+>2

2.25. z =ln(3x2-y2) 2.26. z -arccos ( x-y2)

2.27. z =arcctg—- У
2.28. z cos 2x2+y2

2.29. z =sin I-—-
-^X+y

2.30. z =e-(̂ 3+>3)

3.f(x,y,z) berilgan funksiyaning Mo(x0,y0,z0)  nuqtada f  'x (Mo), 
fy (M 0), fz (M 0) xususiy hosilalarining qiymatini verguldan 

keyin ikki xonagacha aniqlikda hisoblang.
3.1 .f(x,y,z)=Z/yjx2 + y 2, M 0 (0.-1.1). (Javob: fx (0,-1,1)=0, 
/u (0 r l,l)= l,/ z(0 ,- l,l)= l.)
3.2.f(x,y,z)=ln(x+^~), M 0 (1,2,1). (Javob: fx (1,2,1)=0.5,
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f y  0 ,2,1 >=0.25, /z (l,2,l)= -0,5.)
33.f(x ,y,z)'= (s in x )yz, Mo ( J ,  1,2). (Javob: £ (| , 1,2)=0 87 

/;(^ l,2 )= -0 ,3 5 ,/z(f,l,2 )= -0,17.)
3.4.f(x,y,z)=ln (x3 + 2y 3 — z ■), M 0 (2,1,0).
(Javob: fx (2 ,1,0)—1,2, fy (2,1,0)=0,6, fz (2,1,0)=0.)
3.5. f(x.y,z)=x/y/y2 +  z2. M„(l,0,l).
( Ja v o b : (1,0,1 > 4, fy (1,0,1 >=0, /z'< 1,0,1 )- - l.)
3.6. f(x,y,z)=ln cos(x2 + у 2 + z), M 0 (0,0,j).

(Javob: fx (0.0,5=0, fy (0,0,J)= 0, f2 (0,0,f)= -l)

3.7. f(x,y,z)~27\] x  + y 2 + z 3, M0 (3,4,2).
(Javob: fx (3,4,2)=1, fy (3,4,2)=8, /z' (3,4,2)=12.)
3.8. f(x,y,z) =ar&g(xy2" +z), M0 (2,1,0).
(Javob: fx (2,1,0)=0,2, fy (2,1,0)=0,8, /z (2,1,0)=0,2.)
3.9.f(x,y,z)=arcsin(x2/y- z), M 0(2,5,0).
(Javob: /*(2,5,0)=1,33, /^(2,5,0)=-0,27, /z(2,5,0)=-1,67 )
3.10. f(x,y,z)~ V'z sin(y/x), Mo (2,0,4).
(Javob: fx(2,0.4)=0, /y (2,0,4)-!. /z(2,0,4)=0.)
3.11. f(x,y,z) =уЫx2 + z 2, Mo (-1,1,0).
(Javob: fx(-\, 1,0)=1, £ (- l,1 ,0 )= l, /,'(-1Д,0)=0.)
3.12. f(x,y,z)—arctg (xz/y2), Mo (2,1,1).
(Javob: fx(2,1,1)=0,2, )у(2,1,1>=-0,8, /Z‘(2,1,1)=0A)
3.13. f(x,y,z)=in sin (x-2y+z/4). Mr, (J, 1/2,If).
(Javob: fx(\,\/2,n)=\, /у (1,1ЭД=-2, /z(l,l/2,/r)=0,25.)
3 .14 .f(x ,y ,z)= \+ z- - x-,M o(l,l,2 ).

(Javob: fx(l,l,2 )= - l,5 ,/y(l,l,2 )=-l, /z(l,l,2 )= l,2 5 .)
3.15. f(x,y,z)=l/^Jx2 + y 2 — z 2. Mo (1,2,2).
(Javob: fx( 1,2,2)=-1, /y (L2,2)=-2, /z(l,2,2)=2.)
3.16. f(x,y,z)= ln(x+y2)- \'x2z z, Mo (5,2,3).
(Javob: /*(5,2,3)=-1,14, (5^,3>=0,44, /z'(5,2,3)=0,75.)
3.17.f(x,y.z)= y[zxy, Mo (1,2,4).
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(Javob: fx( 1,2,4)=4, /y (l,2,4)=0, /z'(l,2,4)=0,25).
3.18. f(x,y,z)*»z/yjx2 + y 2, M0 (\[2, \f2, y[2 ).

__ (Javob: fx(^2, yJ2, л/2>0,25, fy (yf2, v Z  vT)=0.25, /z'(V Z  
V2, V2>-0,5,

.5.79. f(x,y,z) — In (x3 + \fy-z). M0 (2,1,8).
(Javob: fx (2,1,8)= 12, fy (2,1,8)=0,33, fz (2,1,8)=-1.)

2&. f(x,y,z) -z/(x4 + y 2), M 0 (2,3,25).
(Javob: fx(2,3,25)--! .28, /y (2,3,25)=-0,24, /z (2,3,25)=0,04.)
3.21. f(x,y,z)=8\\x3 + y'1 + z, Ma (3,2,1).
(Javob.ф 2 Л )= 2 ,1 , /у(3,2,1)-0,4, fz'(3 ,2 ,l)= 0 ,l.)
3.22. f(x,y,z)=tn(\fx + -  z), M o(l,1,1).
(Javob: fx(],\,i)= 0 ,2 , /y(l,l,l)= 0 ,2 5 , ; Z'(1 J,1 )--1 .)
3.23. f(x,y,z)=-2x/y]y 2 + z2, Mo (3,0,1).
(Javob: /;(3,0,1)=-2, /у (ЗД 1)-0, /г'(3,0,1)=6.)
3.24. f(x,y,z)=ze~^x"+y^12, M (, (0,0,1).
(Javob: fx(0,0,1)=0, /у(0Д1)=0, /z'(0 ,0 ,l)- l.)
3.25.f(x,y,z)=s- ^ , M 0^ , y / 3).
(Javob: fx(\ ,\ ,V3)=0,5, /y(f  , f , V3) -0,5, \ , V 3)=-

0,17.)
3.26. f(x,y,z)=  Vz /и(л/х + д/у,), M 0
(Jflvofe: /C(4,l,4)=0,17, /y(4,l,4)=0,33, /z(4,l,4)=0,27.)
5.2 7. f(x,y,z) =xz/(x-y), M (/3 ,1,1).
(Javob: fx(3,1,l )=-0,25, /y (3 ,l,l)= 0 ,75, /z(3 ,1,1 >-1,5.)
3.28. f(x,y,z)=^Jx2 + у 2 — 2xy cos z, M0 (3.4, |).
(Javob: £ (3 ,4 ,f)=0,6, /y (3.4. f)=0.,8, fz(3,4,5=2*4.)
3.29. f(x,y.z) =ze ~xy, M 0 (0.1,1).
(Javob: fx(0,1,1 )=-l, fy (0,1,1 )==0, /z(0,1,1 )= 1.)
3.30. f(x:y.z)=arcsin(x^Jy-yz2), Mo (0.4,1).
(Javob: fx( 0,4,1)=2, /y (0,4,l )=-l, /z'(0,4,l )--8.)
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4. Ko ‘rsatilgan funksiyalaming to‘la differensialini toping.
4.1. z =2x3y-4xyD

4.3. z = arctgx+ Jy

4.5. z =5xy4+2x2y 7

4.7. z =ln(3x2 — 2y 2)

4.9. z =arcsin(x+y)

4.11. z =7x3y-y[xy

4.13. z =ex+y~4

4.15. z =tg((x+y)/(x-y))
4.17. z =xy4~3x2y+ l

4.19. z =2x2y2+x3-y3

4.21. z =--arcsin((x+y)/x)

4.2. z = x2у sin x -  3y

4.4. z = arcs in (xy)-3xy2

4.6. z =-cos(x2 — y 2)+x3

4.8. z =5xy2~3x3y4

4.10. z = arctg (2x-y)

4.12. z =*jx2 + y 2 — 2xy

4.14. z -cos(3x+y)-xz

4.16. z =ctg(y/x).
4.18. z =ln(x+xy-/)

4.23. z =y/3x2 —y 2 + x

4.25. z =arcos (x+yj
4.27. z -2- x3-y3+5x
4.29. z=ey-x

4.20. z ~^3x2 — 2y 2 + 5

4.22. z =arcctg (x-y)

4.24. z =y2~3xy-x4

4.26. z —ln(y2-x2+3)
4.28. z ~7x- x3y2+y4
4.30. z—arctg (2x-y)

5. u—u(x,y), bu yerda x=x(t), y-y(t) murakkab 
funksiyaning t-to  nuqtadagi hosilasining qiymatini verguldan 
keyin 2 xonagacha aniqlikda hisoblang.

5.1. u=eK-2y, x=sint, y=t3, to~0. (Javob: 1.)
5.2. и =ln(ex+e~y), x=t2, y=t3, to=-I. (Javob: -2,5.)
5.3. и =yc, x=ln (t-1), y=e/2, to~2. (Javob: J.)
5.4. и =e'-2x+2, x=sin t, y=cos t, t0=j. (Javob:-l.)
5.5. и =x2 ey, x=cos t. y=sin t, to=n. (Javob: - I.)
5.6. и =ln(ex+ev), x=t2,y= t3, to=l. (Javob 2,5.)
5.7. и =x̂ , x=e\ y=ln t, to~l. (Javob: 1.)
5.8. и =ey-2x, x=sin t, y= f, to=0. (Javob:-2.)
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5.9. и = xze у, x=sin t, y=sin2t, to = (Javo b :0 .)
5.10. и =in(e~x+ey), x= r,y= t3, t0=-l. (Javob:2,5.)
5.11. и =ey-2x-l, x=cos t, y=sin t, t0=~. (Javob: 2.)
5.12. и ^arcsin (x/y), x=sin t, y=cos t, to= n. (Javob: 1.)
5.13. и —arccos (2x/y), x=sin t, y=cos t, to= тг. (Javob: -2.)
5.14. и =x2/(y+ l), x=l-2t, y=arctg t, to=0. (Javob: -5.)
5.15. и =x/y, x=e\ y=2-e2t, t0=0. (Javob: 3.)
5.16. и - ln (ex+e2y), x:=f2, v-^V, t()= l. (Javob: -2.)

5.17. и + у  2 + 3, x=ln t, y^t2, t0= l. (Javob: 1,25.)
5.18. и =arcsin xVy, x=sin t, у -cos t, t0= л. (Javob: 0.)
5.19. и =y2/x, x=l-2t, y=1+arctg t. to=0. (Javob: 4.)
_  у X TV5.20. и =~ — — x=sin t, y~cos t, t0=~. (Javob: -4.)

5.21. и + у  + 3, x=ln t, y= t2, U r 1- (Javob: 0,5.)
%

5.22. и - arcsin —. x=sin t, v=cos t, t0= tu. (Javob: 0,5.)
2 у

5.23. и — ~, л—sin 2t, y= tg2t, to~~- (Javob: -8.)

5.24. и у  + 3, x=ln t, y~ t2, t0= l. (Javob: 0,75.)
5.25. и =~-y/x, x=el, y= l-e2t I. t0=0. (Javob: -2.)
5.26. и =arcsin 2x/y, x~sin t, y~cos t, to— л. (Javob: 2.)
5.27. и = Ы(е2х+ е), x= f, y= ?, t0= l. (Javob: 4.)
5.28. и -arctg (x+y), x=?+2, y=4-f, tG= l. (Javob: 0.)
5.29* и ~yjx2 + y 2 + 3, x=ln t, y=t3, to=l. (Javob: 1,5.)
5.30. и =arctg(xy), x=t+3,y=e', t0=0. (Javob: 0,4.)
6. Oshkormas funksiya ko‘riuishida berilgan z (x ,y ) 

fimksiyaning xususiy hosilalarining M 0 (x 0,y 0,z 0) nuqtadagi 
qiymatlarini verguldan keyin ikki xonagacha aniqlikda hisoblang.

6.1. x3+y3+z3~3xyz=4, M o(2 ,l,l).
(Javob: zx(2 ,l,l)= 3 , zu(2 J, l)=-- !.)
6.2. x2+)’2+z2-xy=2, M 0(-1,0,1).
(Javob: zx(-l,0 ,l)= -l, zu(-l,0,l)= 0,5.)
6.3. 3x-2y+z=xz+5, M 0(2,l,-1).
(Javob: zx(2,l,-l)= 4, zu(2,l,-l)= -2.)
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6.4. ez+x+2y+z-4, Mo( 1,1,0).
(Javob: zx(l,l,0)= -0,5, zu (1,1,0)=-1.)
6.5. x2 V + z 2- z -4=0, M0(l, 1,-1).
(Javob: zx(l, 1,-1)=0,67, zu (1,1,-1)=0,67.)
6.6. z3+3xyz +3y=7, M o(l,l,l).
(Javob: z'x(l,l,l)= -0 ,5 , zu (l,l,l)= -0 ,5 .)

у 2 . ? Я лГ Д 7̂Г Я- \6.7. cos'x+cos y+cos z=~, M 0(-, -p.

6.8. ez 1-l=cos x cosy+1, M0(0, ^,1). 
(Javob: zx(0 ,1 1)=0, zy (0, | ,1)=-1.)
6.9. x2+y2+z2 6x=0, M 0(l,2 ,l).
(Javob: zx(l,2 ,l)= 2 , zy (1,2,l)=-2.)
6.10. xy-z2~l, M 0(0,l,-1).
(Javob: zx(0,l,-l)=-0,5, zy (0,1,-1)=0.)
6.11. x2+2y2+3z2-yz+y=2, M o (l.lJ). 
(Javob: zx(l,l,l)= -0 ,4 , zy (L l,l)= 0 ,8 .)
6.12. x2+y2+z2+2xz=5, M o(0,2,l).
(Javob: zx(0 ,2 ,l)~ l, zy (0,2,1) =-2.)

71 7V
6.13. x cosy +y cos z+z cos x=~, Mo(0, n) 
(Javob: zx(0, |  n)=0, zy (0, |  n )= l.)
6.14. 3x2y2+2xyz2~2x3z+4y3z =4, M 0(2,l,2). 
(Javob: zx(2 ,l,2 ) = 7, zy (2,1,2)=--16.)
6.15. x2~2y2+z2~4x+2z +2 =0, M 0( l, l, l) .  
(Javob: zx(l, 1,1)=0,5, zy (1,1,1)=1.)
6.16. x+y+z+2= xyz, M 0(2,-l ,-1).
(Javob: zx(2,-l ,-l)=0, zy (2,-1 ,-!)= -!.)
6.17. x2+y2+z2~2xz=2, M o(0 ,l,- l).
(Javob: zx(0 ,l,- l) = l, zy (0,1,-1) = I.)
6.18. e-xyz-x+1 =0, Mo(2,l,0).
(Javob: zx(2,l,0)= -l, zy (2,1,0))=0.)
6.19. x3+2y3+z3~3xyz-2y-15=0, M 0(l,-1,2). 
(Javob: zx(l,-l,2)=-0,6, zy (1,-1,2)=0,13.)
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6.20. x2 2xy-3y2+6x-2y+z2' 8z +20=0, M 0(0,-2,2).
(Javob: zx(0,-2,2)=2,5, zy (0,-2,2) =2,5.)
6.21. x2+y2+z2=y-z+3, M 0(l,2 ,0).
(Javob: zx(l,2,0)=-2, zy (1,2,0) =-3.)
6.22. xT +y2 +z2 +2xy-yz-4x-3y-z=0, M 0(l,- l,l).
(Javob: zx(l.- l,l)= 2 , zy (1-1,1) =2.)
6.23. x2-y2-z2+6z+2x-4y+12-0, M 0(0,l,-1).
(Javob: zx(0,l,-l)=-0,25, zy (0,1,-1) =0,75.)
6.24. ^ x 2 + y 2+z2~3z=3, M0(4,3,l).
(Javob: zx (4,3,1)=0,8, zy (4,3,1) =0,6.)
6.25. x2+2y2+3z2=59, M 0(3,l,4).
(Javob: zx(3,l,4)=-0,25, zy (3,1,4) =-0,17.)
6.26. x2 +y2 +z2~2xy-2xz-2yz=17, Mo(-2,-l,2).
(Javob: zx(-2,-l,2)=0,6, zy (-2-1,2) =0,2.)
6.27. x3+3xyz -z3—27, M 0(3,l,3).
(Javob: zx(3,l,3)=2, zy (3,1,3) =1,5.)
6.28. In z=x+2y- z+ln3, M 0(l,l,3 ).
(Javob: zx(  1,1,3)= 3/4, zu (1,1,3) =3/2.)
6.29. 2x2+2y2 +z2 8xz-z+6=0, M 0(2 ,l,l).
(Javob: zx(2 ,l,l)= 0 , zy (2,1,1)=0,27.)
6.30. z2=xy-z+x2~4, M 0(2 ,l,l).
(Javob: zx(2,1,1) 1,67, zy (2,1,1) 0,67.)

Nam unaviy variantning yechim i
1. z=ln(x2 3y+6) funksiyaning aniqlanish sohasini toping.
► Logorifm ik funksiya argumentning faqat musbat 

qiymatlariga aniqlangan, shuning uchun x2 3y+6 0 yoki 3y
x2+6. Demak, sohaning chegarasi x2~3y+6 0 yoki x2=3y-6 
chiziqdan iborat parabola bo‘ladi.

Berilgan funksiyaning aniqlanish sohasi parabolaning tashqi 
nuqtalaridan iborat bo‘ladi. (104 - rasm.)

2. z=e~^ y2 funksiyaning xususiy hosilalari va xususiy 
differensiallarini toping.
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► B ir o‘zgaruvchili murakkab funksiyani differensi allash 
formulalaridan foydalanib. aw al xususiy hosilalam i topamiz:

g  _  (1 2 + 5 J,2)4  .

|f. = e-3A 2 + S Vs (. I  (*2 + 5y2)-f . 10y ) = .
1

V (x 2+5y2) 2

Endi xususiy differensiailam i topamiz:
Z x  3 j -j 2 1cL-z = — dx = ----e~ v *“+5> '--- _ _ _ _ _ _ _  rfr

a* 3 y ( x 2 + 5y 2)2

dyz = dy = — —  e" V^+sy^ ■ ^  -4
3 y  3 ^ '(x 2 + 5 y2) 2

3. f(x,y,z)-^fxy cos z funksiyaning ~) nuqtadagi ^
(M 0), fu (Mo), fz (Mo), xususiy hosilalarining qiymatlarini 
verguldan keyin ikki xona aniqlikda hisoblang.

► Berilgan funksiyaning xususiy hosilalarini topamiz, 
so‘ngra ularning M o(I, I, ~) nuqtadagi qiymatlarini hisoblaymiz:

fx(x ,y,z ) =  —  cosz,fx ( l , l , f )  = 0,25,

fy (x ,y,z ) s z ,fy = 0,25,

f i (x, y, z) = -  J x y  sin z , fz ( l , l ,  f )  = - 0,86 <

4. z-arctg funksiyaning to‘la differensialini toping.

► Berilgan funksiyaning xususiy hosilalarini topamiz:

E9z = _ l _____ 1 1 = y .  y y  1 = yjx

дХ 1 + — ? y X + y 2^  y 2(Х + УУ 
y  J  у

fx
dz _  1 1 (  x \  У  y[y (  x\ yjy
dy 1+ - 2 [E \ y2'' * + У 2л/х  ̂ У2/ 2(x + y )’ 

У л/У
(10.1) formulaga asosan, quyidagiga ega bo‘lamiz

E IE
dz -  d x --- dy <2 {x+y) 2 (x + y ) ^
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5. 7.= arccos—, bu yerda x= l+ lnt, y~-2e 1 +1, murakkab
funksiyaning t0= l bolgandagi qiymatini verguldan keyin ikki 
xona aniqlikda hisoblang.

► (10.4) formulaga asosan quyidagiga ega bo‘lamiz: 
dz dz dx dz dy 1 2x 1
dt dx dt dy dt

x41 — 2У

2e-t*+i ) ( —21).

t0= l bo'lganda, x - l , u=-2 bo‘ladi. 
Bundan,

dt 1^=1 V3

6. 3j'J +2xv z -4x z — 3 tenglama bilan oshkormas 
ravishda berilgan z (x ,y ) 
funksiyaning xususiy
hosilalarining M 0(0,l,-1)
nuqtadagi qiymatlarini verguldan 
keyin ikki xonagacha aniqlikda 
hisoblang.

► Shartga asosan 
F(x,y, z) =5x3~3y3+2xyz-4xz-3,

Shuning uchun 
Fx = 12xz -f 2yz — 4z,

Fy = —9 y 2 + 2 xz, 
Fz = 2 xy — 4x + 2 z. 

(10.7.) formulaga asosan.

1 *

;  y .  \
. ' /  ■ ' :  \

'  ■ ‘ S '

% \

A i i 
/< . i ;

9

dz
dx
dz
dy

Fy

12x2 + 2 yz  — 4 z
2 xy — 4x + 2z 
—9 y 2 + 2 xz 

2xy — 4x + 2z ’
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— va  —  laming M 0(0,l,-1) nuqtadagi qiymatlarini 
hisoblaymiz:

dz(0,l,-l) л dz{0,1 -1) л r  ^

10.2 Ind ividual uy topshiriq lari
1. Berilgan S sirtga Mo(xo,yo,zo) nuqtada o‘tkazilgan urinma 

tekislik va normal tenglamasini toping.
1.1. S: x2+y2+z2+6z-4x+8=0. M 0 (2,1,-1).
1.2. S: x2 \ z2 4y2=-2xy, M 0 (-2,1,2).
1.3. S: x2+y2+z2-x)>+3z=7, M 0 (1,2,1).
1.4. S: x2'ty2+z*+6y+4x—8, Mo (-1,1,2).
1.5. S: 2x2-y2+z2'4z+y=13, M a (2,1,-1).
1.6. S: x2+y2+z2~6y+4z+4=0, M 0 (2,1,-1).
1.7. S  x2+z2~5yz+3y-46, M 0 (12,-3).
1.8. S; x2+y2-xz-yz^0, Mo (0,2,2).
1.9. S: x^+y2+2yz-z2+y-2z—2, Mo (1,1,1).
1.10. S: v2-z2+x2~2xz+2x= z, Mo (1,1,1).
1.11. S: z-x2 +y2 2xy+2x-y, M 0 (-1,-1, ■1)■
1.12. S: z=y2-x2+2xy-3y, M 0 (1,-1,1).
1.13. S: z=x2-y2~2xy-x-2v, Mo (-1,1,1).
1.14. S: x2-y2+z2+xz-4y=13, M 0 (3,1,2).
1.15. 4y2-z2+4xy-xz+3z=9, Mo (1,-2,1).
1.16. S: z=x2+y2~3xy-x+y+2, Mo (2,1,0).
1.17. S: 2x2-y2+2z2+xy+xz=3, M 0 (1,2,1).
1.18. S: x2-y2+z2~4x+2y=14, M 0 (3,1,4).
1.19. S: x2+y2-z2+xz+4y=4, M 0 (1,1,2).
1.20. S: x2-y2-z2+xz+4x=-5, M 0 (-2,1,0).
1.21. S: x2+y2-xz+yz-3x=ll, M 0 (1,4-1).
1.22. S: x2+2y2+z2~4xz=8, M 0 (0,2,0).
1.23. S: x2-y2~2z2~2y=0, M 0(- l,- l,l).
1.24. S: x2 +y2~3z2 +xy=-2z, M 0(1,0,1).
1.25. S: 2x2y + z 2~6x+2y+6=0, M 0(l- l, l) .
1.26. S: x2+y2-z2+6xy-z =8, M 0(1,1,0).
1.27. S: z=2x2~3y2+4x-2y+10, M 0 (-1,1,3).
1.28. S: z=x2+y2~4xy+3x-l5, Mo (-1,3,4).
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1.29. S: z=x2+2y2+4xy-5y-10, M0 (-7,1,8).
1.30. S: z=2x2~3y2+xy+3x+l, M0 (1,-1,2)
2. K o ‘rsatilgan funksiyaiaming 2-tartibli xususiy hosilalarini 

toping. z x u  == 7.u x  ekanligiga ishonch hosil qiling.

т= *х 2- у 22.1. z=e'
2.3. z -tg(x/y).
2.5. z =sin(x"-yj.
2.7. z =arcsin(x~y).
2.9. z =arctg(x-3y).
2.11. z= e2x2+y2.
2.13. z =tg^xy.
2.15. z ~sin-Jx2y.
2.17. z -~arccos(4x-y).
2.19. z =arctg(2x-y). ■ 
2.21. г - е ^ У .
2.23. z =arccos(x-5y).
2.25. z =--cos(3x2-y3).
2.27. z = ln(Sx2 — З у 4).
2.29. z ~ln(3xy -  4).

2.2. z =ctg(x+y).
2.4. z =cos(xy2).
2.6. z =arctg(x+y).
2.8. z =arccos(2x+y).
2.10. z =ln(3x2 — 2y 2).
2.12. z =ctg(y/x).
2.14. z TTcos(x2y2 5).
2.16. z =arcsin(x-2y).
2.18. z =arctg(5x+2y),
2.20. z =ln(4x2 — 5у ъ).
2.22. z =arcsin(4x+y).
2.24. z =sinyfxy.
2.26. z =arctg(3x+2v).
2.28. z =arctg(x-4y).
2.30. z =tg(xy~).

3. Berilgan u funksiyaning ko'rsatilgan 
qanoatlantirishini tekshiring.

3.1. / ^  + 2 ч - Й -  + у гЙ  = « .«  = -дх2 dxdy dy2 x

3-2. + = 3(x3 -  y 3). »= *£ + (x3

3.4. y-^~-"=( l  +У In x) —. v=xy.

tenglamani

3)

a*’ -''
xy

dxdy
,, _ du , du „3.x x---1- у  —  = 2.u, u=-dx dy x+y
, , 2 d2u , 2 d2u3.6.x —  + y 2dx2
i  4 J .  d 2 u  _3.7. a — - =

dy■
2 d2u  _  d2u 

dy2’dx2

■=0, u=exy. 

=sin2(x-ay).
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3  0 2 д2и 2 д2и [у
З Л х  з ^ - У  3 F " f t “ =̂ r

3.9. — + — + —=0 тг-  - 1ах2 ay2 az2 и ’ jx 2+y2+z2'
3.10. а2^ ~  = u=e~cos(x+2y)

дх ду2-

3 JL  S  + ^ +^ =0’ u=(x-y)(y~z)(z~x).
3.12. х^- Ч" у  ~~ — и. и=х In - .дх ду х

3.13. — х ^  = 0, u=ln(ĵ +}^) .

3.14. х2̂  — ху^+у^-О, u=~+arcsin(xy).

3 .1 5 .% - 2 х У ^ у + у% ,2 х у ,и = 0 ,и = е *У .
,  д2и _ х+у
■3.1 о. — — =  U, u=arcte-------.дхду 1-ху

s' l z l&  + ^  = °* и=1п (х 2+у 2+2х+1)-
э ю  дУ , ди . Г> 2х+3у
З М х Тх + У ъ  + и = 0’ “ ~ ^ Т ?  

з м  < т /+ф 2+ф г=1’ u‘ j * 2 + У1 + г2 •
3 .2 «..r^  + y§^ =  24.U = * г + у 2)/ * '

3.22 У  “ +2дя^—^-+у2 22Ufl, „=!*»ах2 •'ахау ;  зу2 ’
3.23.р̂  + ̂ 0 , и=хе/х. дх2 ду2
э и  ди I п  ̂ х3.24. х— + у — -О, u=arcte- .дх ду У
,  ди дги ди д2и п , , , _v .
3-25- м ы - у - Т у '  W ~ °-  « ‘ h4x+e>).
- - , Su au „  . х S.zb. x— + v  — = и, u=arcsin-- .дх '  ду х+у
,  1 ди 1 ди и 
з .2 / . 1 т  " — т. и-

х дх у  ду у 2’ (х2+у2)5
3-------- Зм х+у _ х 2+у2J./o . —--(- —  — --- U----- .

ох оу х -у  х-у
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3.29. ~  + f i  = ^ , и=4Ъсу + у 2.дх Эу и v

5 .5 ft —  ̂— —  — 0, и=1п(х2 -  у 2/ox2 ay2 ' J  '

4. Quyidagi funksiyalami ekstremumga tekshiring.
4.1. z =y\fx-2y2-x+14y. (Javob: z max(4,4)=28.)
4.2. z = x3+8y3 6xy+5. (Javob: z mm(l,0,5)=~-4.)
4.3. z = 1+15x-2x2 -xy-2y2. (Javob: z max(-4,-l)̂ —97. )
4.4. z = / I 6x-x2-xy-y2. (Javob: z ma((4,-2) = 13.)
4.5. z = x3 +y-6xy-39x+18y+20. (Javob: z min(5,6)=-86. )
4.6. z = 2x3+2y3 6xy+5. (Javob: z min(l,l)= 3 . )
4.7. z = Зх3+Зу3~9ху+10. (Javob: z min(l,l)--7 .)
4.8. z = x2 +xy+y2 +x-y+1. (Javob: z min(-l, 1)=0. )
4.9. z 4(x-y)-x2-y2. (Javob: z max(2,-2)=8.)
4.10. z = 6(х-у)-Зх3 'Зу3. (Javob: z max(l,- l)= 6 .)
4.11. z — x2 +xy+y2~6x-9y. (Javob: z min( l ,4 )—-21. )
4.12. z = (x-2)2+2y2~10. (Javob: z min(2,0)=-10. )
4.13. z = (x-5)2+y2+ l. (Javob: zmi„(5 ,0 )= l.)
4.14. z ^ x3+y3~3xy. (Javob: zm.„(l,l)= - l. )
4.15. z ~ 2xy-2x2~4y2 (Javob: zwax(0,0)=z0. )
4.16. z =хл[й-х2-и+6х+3. (Javob: z max(4,4)=15.)
4.17. z 2xy-5x2~3y2+2. (Javob: zmax(0,0)=2. )
4.18. z = xy(12-x-u). (Javob: z max(4,4)=64.)
4.19. z = xy-x2-}’2+9. (Javob: z max(0,0)=9.)
4.20. z = 2ху-3хг~2у2+10. (Javob: zmax(0,0)-10.)
4.21. z = x3+8y3~6xy+l. (Javob: zmin(l,0 ,5 )= 0.)
4.22. z =ил[х-у2-х+6у. (Javob: z max(4,4)=12. )
4.23. z = x2-xy+y2+9x-6y+20. (Javob: zmin(-4 ,l)= -l.)
4.24. z = xy(6-x-y). (Javob: zmax(2,2)=8.)
4.25. z = x2+y2-xy+x+y. (Javob: z min(- l,- l)= ~ l.)
4.26. z = x2+xy+y2' 2x~y. (Javob: z min( l ,0) =-1.)
4.27. z — (x-l)2+2y2. (Javob: zmm(l,0 )= 0 .)
4.28. z = xv-3x2~2y2. (Javob: zmax(0,0j=0.)
4.29. z = x2+3(y+2J2. (Javob: z min(0,-2)=0.)
4.30. z = 2(x+y)-x2-y2. (Javob: z m(lx(l,l)= -2.)
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5. Berilgan chiziqlar bilan chegaralangan D sohadagi z = z 
(x,y) funksiyaning eng katta va eng kichik qiymatlarini toping.

5.1. z =3x+y-xy, D:y=x, y=4, x—0. (Javob: z m g k a ! w ( 2 , 2 ) = 4 ,  z 
engkichik(0,0)= z (4,4)=0.)

5.2. z =xy-x-2y, D:x=3, y=x, y=0. (Javob: z engkaua (0,0)= z
(3 .3 )= 0 , z engkichik (3 ,0 )= - 3 . ) _

5.3. z =x2+2xy-4x+8y, D:x=0, x= l, y-0, y=2 (Javob: z engkatm 
(1 ,2 )  =  1 7, Z  e„g kichik (1 , 0 )= - 3 .)

5.4. z =5x2~3xy+y2, D : x=0, x= l, y —0, y= l.
(Javob. Z eug katta (1,0)—5, Z eng kichik (0,0)—0.)
5.5. z ~x2+2xy-y2~4x, D:x-y+l=0, x-0, x=3, y=0,
(JaVob. Z  eng katta (3,3) 6, Z engkichik (2,0) 4.)
5.6. z =x2+)/~2x-2y+8, D : x=0, y=0, x+y-l=0, .
( J a v o b .  Z  eng katta (0 ,0 )  ~ 8 , Z  engkichik (0 ,5 ,0 ,5 )  — 6 ,5 .)

5.7. z =2xs-xy2+y2, D : x—0, x= l, y=0, y=6.
(Javob. Z  eng katta (0,6) —36, Z  engkichik (0.0)-0.)
5.8. z =Зх+бу^-ху-у2, D : x-0, x= l, y=0, y= l.
(JaVOb. Z  eng katta (1,1) Z engkichik (0 ,0 )  0.)
5.9. z =x2~2y2+4xy-6x-1, Ъ : x=0, y=0, x+y-3=0, .
( Jd V o b .  Z  eng katta (0 ,0 )  1 , Z  engkichik (0 ,0 ,3 )  1 9 .)

5.10. z =x'+2xy-10, D : y=0, y=x24,
4 2 62

(Javob. Z  eng katta (  ~ Z engkichik ( J ,~ 3 ) 1 5 .)

5.11. z ~xy-2x-y, D : x—0, x=3, y=0, y=4 (Javob: z engkatta
(3 .4 )=  2 , Z  engkichik= = (3 ,0 )  = - 6 .)

5.12. z =-x2-xy, D : y —8, y=2x2 (Javob: z engkatta (-2,8)—18, z
eng kichik (2,8) --14.)

5.13. z =3x2+3y2~2x-2y+2, D : x—0, y=0, x+y-l=0, .
( J a v o b .  Z  engkatta ( 0 , 1 ) — Z  (1 ,0 )  ~3 , Z  engkichik ( 3 ' 3 "^

5.14. z =2x2+3y2+ l, D : y = J9 -  ^x2, y=0.

(Javob. Z  engkatta (0,3) 28, Z  engkichik

5.15. z =x2~2xy-y2+4x+1, D : x=-3, y=0, x+y+l=0,
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(Ja v o b . a, engkatta ("3f2 ) 6, Z  eng kichik (~ 2 ,0 ) ~3 .)
5.16. z =3x2+3y2-x-y+/, D: x=5, y —0, x-y-l=0,.
(Ja v o b . Z eng katta ($>4) 115, Z  eng kichik — 3.̂
5.17. z --2x*+2xy-^y2~'4x, D : y=2x, y=2, x=0,
(Ja\ob.Z katta (@>0) Z  (1,2) 0,  Z  e n g  kichik (0,2) 2.)
5.18. z =х2~2ху+^уг~2х, D x=0, x=2, y=0, y=2.

( Jd V o b .  Z  eng katta (0 ,2 )  — 1 0 , Z  engkichik ^ ; ~ ) 1 ,6 7 .)

5.19. z =xy-3x-2y, D : x=0, x~4, y=0, у =4
(Javob. Z  engkatta (0,0) - 0, Z  engkichik (4,0) 12.)
5.20. z =xJ +xv-2, D : y=4x2~4, y~0.
(Javob: z eng katta (-^,-2,22)=-0,07, eng kichik (0,5; -3 )= - 3 .2 5 .)

5.21. z =x/y(4-x-y), D : x—0, y=0, y=6-x.
(JdVOb. Z  engkatta £ 2 (1 ) ‘ 4 ,Z  engkichik >2) 6 4 .)

5.22. z =x3+y3~3xy, D : x=0, x=2, y=-l, y=6.
(JaVob. Z  engkatta (2,-1/ 13, Z  engkichik (0,-1) ~~~1.)
5.23. z =4(x-y)-x2-y2, D : x+2y=4, x-2y=4, x=0.

>8 6 36
(Javob. Z  engkatta f̂ T>~) *-■ engkichik (0 , 2 )  1 2 .)

5.24. z ~x2+2xy-y2~4x, D : x=3, y=0, y=x+l.
(Javob. Z eng katta (э,3)--6, Z  engkichik ?2,0) 4.)
5.25. z =6xy-9x2~9y2+4x+4y, D : x=0, x= l, y=0, y=2 
(JaVob. Z  engkatta (~  >"^) ~> *- engkichik (0,2) 28.)
5.26. z =x2+2xy-y2~2x+2y, D: y--x+2, y=0, x=2
(Javob. Z  engkatta (2,3) 9, Z  engkichik 1̂<Q) 1 )
5.27. z -4-2^-y2, D : y=0, v= VT— x2.
(Javob. Z  engkatta (0,0)~~ 4, Z  engkichik (~1,0)~ Z  (1,0) 2.)
5.28. z =5x?~3xy+y2+4, D : x~-l, x= l, y~-l, y= l.
(Javob: z engkatta (~h I') = Z  (1 -1)̂ 13, Z eng kichik (UO)= 4 .)
5.29. z =x2+2xy+4x-y2, D: x+y+2=0, x-O, y=0 
(Javob. Z  engkatta (0,0) 0, Z  engkichik (~2, 0) Z  (0,-4) 4.)
5.30. z =2x2y-x3y-xy2, D : x=0, y=0, x+y-6 
(Javob. Z  engkatta (1,0.5) 0. 25, Z  engkichik (4, 2) —1 Z .8 .)
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Nam unaviy varian tlar yechim i
1. S: z=x2+y2+3xy-4x+2y-4 sirtga M o(-l.O J) nuqtada 

o‘tkazilgan urinma tekislik va normalning tenglamasini toping.
► Xususiy hosilalam i topamiz:

dz dz
—  = 2x + 3y — 4, —- = 2y + 3x + 2 
dx dy

M o (- 1 ,0 ,1 )  nuqtaning koordinatalarini hosil qilingan ifodaga 
qo‘yib, berilgan nuqtada (10,8) formulaga asosan S sirtga 
perpendikulyar bo‘lgan I I  vektoming koordinatalarini 
hisoblaymiz.

мо = —1 С =  ~  1 
Bundan, urinma tekislik tenglamasi quyidagicha bo‘ladi.

-  6(x+l)-y-(z — 1 )= 0  yoki 6x+y+ + 5 = 0 .

(10.9) formulaga asosan normalning tenglamasi
x+1 _  у  _  z-1 ^
6 ~  1 ~  1

ko‘rinishda yoziladi.

2. z=arccos - funksiyaning ikkinchi tartibli xususiy

*

A = s

hosilasini toping.
zxy = zyx ekanligiga ishonch hosil qiling.
► A w a l berilgan funksiyaning birinchi tartibli xususiy 

hosilalarini topamiz:
i l l  l

h U  2 1- У гых^у-х ’V у yy

■ ______1____ l_  ( _  ±  \ _  V*
у Г * ' 2 IV  y V  '

v У \/y
Olingan hosilalarning har birini x va у  bo‘yicha 

differensiallab, berilgan funksiyaning ikkinchi tartibli xususiy 
hosilalarini topamiz:

1 r-- -Jx—=\У—Х~ i _2'JX 2jy-X y-X-X y  — 2x7 — — —
2x(y-x) 4 X^yy]y-x(y-x) 4-Jx(y-x)-^y-x
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Ko‘rinib turibdiki, aralash xususiy hosilalar teng bo‘ladi, yani
z" = z “ <**yx ^xy ^

3. u=1n (x2+y2)  funksiyaning
32u „  32M 4 y2 du ,—  — — + -г— = —— - x — tenglamani
dx2 5x3y 5 y2 x2+y2

qanoatlantirishini tekshiring.
► Birinch i va ikkinchi tartibli xususiy hosilalarini topamiz.

ou 2x flu 2y
dx x 2 + y 2' dy x2 + y 2’ 

d2u 2 ( у 2 — X2) d2u  4 xy d2u 2 (x2 — y 2)
dx2 (x 2 + у 2) 2 ’ dxdy (x 2 + y 2) 2 ’ d y2 (x2 + y 2) 2 

Olingan hosilalaming qiymatlarini dastlabki tenglamaning 
chap tomoniga qo‘yamiz:

2(y2—x2) ' 8x2y 2 t 2(xc — y2) 8x2y2 
\x2 + y2)2 + (x2 + y 2)2 + (x2 + y 2)2' = (x2 + y2)2 

U  holda tenglamaning o‘ng tomonida quyidagiga ega 
bo‘lamiz.

4y2 2x 8xy2

x2 + y 2 x2 + y z x2 + y 2 

Olingan natijalam i solisbtirib, berilgan funksiya dastlabki 
tenglamani qanoatlantirmasligini ko‘ramiz.

4. z —xy(x+y-2) funksiyani lokal ekstremumga tekshiring. 
Berilgan funksiyaning birinchi tartibli xususiy hosilalarini

topamiz:
zx = 2 xy  + y z — 2y, zy = x2 + 2xy — 2x

4Vx(y -  x).,/'y -  x



Bulam i no‘lga tenglab, quyidagi tenglamalar sistemasiga ega 
bo‘lamiz.

y (2 x  + у  -  2) = 0,| 
x (x  + 2y — 2) — 0,]

Bu sistemani yechib, berilgan funksiyaning M j ( 0 , 0 , ) ,  

M 2(2,0,), M3(0,2,), M 4(3,2/3,) statsionar nuqtalarini aniqlaymiz.
10.4 dagi 2 teoremadan foydalanib, bu nuqtalaming qaysilari 

ekstremum nuqtalari ekanligini aniqlaymiz.
Buning uchun aw al berilgan funksiyaning ikkinchi tartibli 

xususiy hosilasini topamiz:
zxx — 2 y, zxy — 2x + 2y  — 2, Zyy — 2x

Hosilalar uchun olingan ifodaga statsionar nuqtalaming 
koordinatalarini qo‘yib va ekstremum mavjudligining yyetarli 
shartidan foydalanib, (§ 10.4 ga qarang) quyidagilarga ega 
bo‘lamiz:

M j nuqta uchun A= —4 < 0, yani ekstremum yo‘q,
M2 nuqta uchun Д= —4 < 0, yani ekstremum yo‘q,
M j nuqta uchun A= —4 < 0, yani ekstremum yo‘q.

12M 4 nuqta uchun A= — > 0, A = 4/3 > 0, yani г min= z 
(2/3,2/3)~—-8/27bo‘lgan funksiyaning lokal minimumiga ega 
bo‘lamiz.

5. x=0, y=0, x+y-1=0 chiziqlar bilan chegaralangan D 
sohadagi z=xy-y2+3x+4y funksiyaning eng katta va eng kichik 
qiymatlarini toping. (10.5 -rasm .)
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► Berilgan D soha ichida yotuvchi, yani O AB uchburchak 
ichida statsionar nuqtalaming rnavjudligini aniqlaymiz. 
Quyidagiga ega bo‘lamiz.

zx = у + 3 = 0, |
zu = x — 2y + 4 = 0 J

Olingan tenglamalar sistemasini yechib, M(-10,-3) statsionar 
nuqtani topamiz, Bu  nuqta D sohadan tashqarida yotganligidan, 
masalani yechishda bu nuqtani hisobga olmaymiz.

Funksiya qiym atlarini I) soha chegaralarida tekshiramiz. z 
funksiya O AB burchakning О A (y 0, 0< x < 1) tomoni da z^3x 
ko‘rinishga ega. z —3 bo'lganligidan, OA kesmada statsionar 
nuqtlar yo'q.

О va A nuqtalarda mos ravishda z (0,0)=0, z (1,0)=3 
Uchburchakning O B (x=0, 0 < у  < 1 )  tomonida z funksiya 
quyidagi ko‘rinishga ega. z = — y 2+4y, z--2y+4=0;2y+4=0 
tenglamadan у =2 statsionar nuqta topamiz.

• Shunday qilib, M j(0,2) nuqta D sohada yotmaydi. 
Funksiyaning В  nuqtadagi qiymati z (0 ,l) = 3. A B  tomondagi 
eng katta va eng kichik qiymatlarini topamiz. A B: x+y=l, bundan, 
y-l-x, z --2.x2+2x+3, u holda z —~4x+2 va z —0 dan x=l/2 
bo‘ladi, yani M'2(l/2, 1/2) statsionar nuqta D sohaning chegarasida 
yotadi. Bu  nuqtada funksiyaning qiymati z(l/2,l/2)=3,5 bo‘ladi. 
Funksiyaning barcha olingan qiym atlarini solishtirib, z eng katta= 
z (1/2,1/2) ) —3,5, z eng kichik= z (0,0)=0 ekanligini ko‘ramiz.

10.6. 10-bobga qo‘shimch;t m asalalar
1. U=y[z(2 — z ) + ln (4  — x2) — 3у  funksiyaning aniqlanish 

sohasini toping. (Javob: |дс| < 2, 0 < z < 2)

2 . / ( х , у ) 4 ^ а В а Г Х ‘ + у г * °
( 0, ag ar x = у  = 0

funksiyaning x =m=0 nuqtada uzilishga ega ekanligini. ammo 
0(0,0) nuqtada xususiy hosilaga ega ekanligini isbotlang.
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ag ar * 2 + у г * °
( 0, ag ar x = у  = О 

funksiya uchun fxy(0,0) Ф fyx(0,0) tengsizlik bajarilishini 
isbotlang.

4. z xuy x funksiya xj^ + u ^  = (x  + y  + lnz)z  tenglamani 
qanoatlantirishini isbotlang.

5. z= \x + у | — y jl — x2 — y 2 funksiyaning uzluksizlik 
sohasidagi eng katta va eng kichik qiymatlarini toping. {Javob: z 
eng katta=V2, z eng kichik=-l)

6. Fazoda A (4,1,5) nuqtadan 2x+6y+3 -12=0 tekislikka 
parallel tekislik о‘tkazilgan. z = x2 + y 2 aylanish paraboloididan 
shu tekislik bilan ajratilgan sohani, tengsizliklar sistemasi orqali 
ifodalang.

(Javob: x2 + y 2 < z < 2x + 6y + 3z — 29)
7. yz.yy + 2zy = z/x tenglamani u=x/y va yangi 

o‘zgaruvchilar bilan ifodalangan.
/ Т  . u 11 i t  n  I ^ rr 2 u ( u  1) * л 1{Javob. — zuu + 2uzuv + zvv — zu 2 zv —

2(U-1)
uv

8. ifodani qutb koordinatalarida yozing.
,  T , a2z l  e 2z l  a z .(Javob: —  + — ■ —  + - — )

r7pz  p* otp*- p Op
X2 y 29. Koordinata o‘qlaridan bir x il lcesma ajratuvchi — + — +

X2— = 1 urinma tekislik tenglamasini toping.
(Javofe.+x ± у  ± z = л/а2 + b2 + c2)
10. xyz~a} sirtga urinma tekislikning sirtning ixtiyoriy 

nuqtasida koordinata tekisliklari bilan o‘zgarmas hajmli tetraedr 
hosil qilishini isbotlang va bu hajmni hisoblang. (Javob: V~-=-a3)

11. Perim etri 2r ga teng uchburchakni biror tomoni orqali 
aylantirishdan eng katta hajmli jism  hosil bo‘ladi. Shu 
uchburchakning tomonlarini toping. (Javob: a=b=3p/4, c=p/2)
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12. x2+4y2=4 ellipsda ikkita A(-yf3,1/2) va B (l, V 3/2) 
nuqtalar berilgan. Bu  ellipsda, shunday С nuqtani topingki, A BC
uchburchakning yuzi eng katta bo‘lsin. (Javob: С ' ))

13. z-x3+y3~9xy+27 funksiyani ekstremumga tekshiring. 
(Javob: z min(3,3)-0.)

З4и л4и14. Agar u=zx+e^+y bo‘lsa, " = " " ekanliginiдх2дидz дхдидzdx
isbotlang.

15. xyz=8, xy/z=8 shartlami qanoatlantimvchi и — x + у  + 
z funksiyaning shartli ekstremumini toping. (Javob:x=y=2\f6,

16. Oshkormas ko‘rmishda 3x2y 2+2xyz2 2x? +4y3 -4=0 
tenglama bilan berilgan funksiyaning (2,1,2) nuqtadagi ikkinchi 
tartibli d2z differensialini toping.

(Javob:-31,5 dx2+206 dxdy-306 dy2)
17. Kvadrat taxta, shaxmat tartibida j oylashtirilgan 2 ta oq 

va 2 ta qora kataklardan iborat. Har bir katakning tomoni uzunlik 
birligiga teng. Tomonlari taxtaning tomonlariga parallel, bitta 
burchagi taxtaning qora burchagi bilan ustma-ust tushadigan 
to‘g‘ri to‘rtburchakni qaraymiz. Bu  to‘g‘ri to‘rtburchakning qora 
qisimning yuzi S bo‘ lib, uning tomonlarining uzunliklari x va и 
ning funksiyasi bo‘ladi. Shu funksiyaning analitik ko‘rinishini 
yozing.

(Javob:
xy, ag ar 0 < x < l ,  0 < y < l  
x, ag ar 0 < x < l , l < y < 2  
y ,a g a r 0 < x < 2,0 < у  < 1 

U  + (x  — l ) ( y  — 1), ag ar 1 < x < 2,1 < y  < 2

S(x,y)J
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11. O D D IY  D IF F E R E N S IA L  T EN G LA M A LA R

11.1. A SO S IY  T U SH U N C H A LA R . B IR IN C H I T A R T IB L I 
D IF F E R E N S IA L  T EN G LA M A LA R

Izoklin usuli.
Agar tenglamada izlanayotgan funksiyaning hech 

bo‘lmaganda bitti hosilasi qatnashsa, bunday tenglama 
differensial tenglama deyiladi.

Differensial tenglamaning tartibi tarifga asosan tenglama 
tarkibiga kiruvchi eng yuqori hosila tartibi bilan ustma-ust 
tushadi.

Agar izlanayotgan u funksiya bitta argumentli funksiya 
bo‘Isa, u holda differensial tenglama oddiy differensial tenglama 
deyiladi.

Agar izlanayotgan у  funksiya bir necha argumentli funksiya 
bo‘lsa, u holda differensial tenglama xususiy hosilali tenglama 
deyiladi.

Masalan: 2xy'-3y=0 tenglama, bu yerda у =y(x), birinchi 
tartibli oddiy differensial tenglama bo‘ladi. ux — uu + xy + 1 =
0, bu yerda u=u(x,y) esa birinchi tartibli xususiy hosilali 
differensial tenglama deyiladi. (Bu  bobda faqat oddiy differensial 
tenglamalar qaraladi shuning uchun, keyinchalik, qisqalik uchun 
“oddiy”  degan so‘zni qoldirib ketamiz.)

Umumiy holda n tartibli differensial tenglama quyidagi 
ko‘rinishda yoziladi.

F(x,y,y \y "... y (n-°, y (n))=0 (11.1)
Agar (11.1) tenglamani eng yuqori hosilaga nisbatan yecha 

olsak, u holda normal formadagi tenglamani olamiz.
Г Ч (х ,у ,у \ у пг . ^ 1))  (11.2)

Differensial tenglama yechim larini topish jarayoni 
tenglamani integrallash deb ataladi.

(11.1) yoki (11.2) differensial tenglamaning yechim i (yoki 
integrali) deb, biror (a,b) oraliqda aniqlangan va o‘zining 
hosilalari bilan berilgan differensial tenglamani ayniyatga 
aylantiruvchi ixtiyoriy haqiqiy у =y(x) funksiyaga aytiladi. (Shu 
bilan birgalikda у =y(x) funksiyaning hosilasi mavjud deb faraz 
qilinadi.)
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1-misol. Sonlar o‘qida aniqlangan y=xe2x funksiya y"- 
4y '+4y=0 differensial tenglamaning yechim i ekanligini isbotlang.

► Funksiyaning o‘zini va uning hosilalarini
V -e2x(1 +2x), у  4e2x(  1 +x)
berilgan tenglamaga qo‘yib, quyidagi ayniyatni hosil qilamiz.
4e2x( l +x)- 4e2x( l +2x)-т4хь =4е2х(! +x-l-2x+x) =0.

• У2-misol. F(x,y) ~in~-5+xy=0 oshkormas ko‘rinishda berilgan 
у =y(x) funksiya (x+x2y)y  -y-xy2 differensial tenglamani ayniyatga 
aylantirilishni yani uning yechim i ekanligini isbotlang.

Haqiqatan ham , F(x,y)=  0 (10.6 formulaga qarang) 
oshkormas funksiyani diffensiallash qoidasiga asosan, quydagiga 
ega bo‘lamiz.

, _  _ % = &  ~x~) _  У i - x y  1 - x y 2 
Fy ^  + l y  X 1 + x y  X + x 2y

Olingan h o siiay ' ni dastlabki differensial tenglamaga qo'yib, 
aynjyat hosil qilamiz.

Agar F(x,y)=0  oshkormas ko‘rinishda berilgan funksiya 
differensial tenglamaganing yechim i bo'lsa, u holda F(x,y)=0 
berilgan differensial tenglamaning integrali (yechim emas) 
deyiladi. Shunday qilib, 1 va 2 misollarda berilgan differensial 
tenglamalaming mos ravishda yechim i va integraliga ega 
bo‘lamiz.

(11.1) differensial tenglama yechimining (yoki inlegralining) 
Oxy tekxslikdagi grafigi integral chiziq deyiladi. Shunday qilib har 
bir yechimga yoki integralga integral chiziq mos keladi.

(11.2) differensial tenglama yechimining mavjudligi va 
yagonaligi qo‘ydagicha hal qilinadi.

1-Teorema (Koshi).
Agar (11.2) tenglamaning o‘ng tomoni

xo,yayo , .......ydn~!) (H-3)
Qiymatlaming biror atrofida uzluksiz funksiya bo‘lsa, u holda

(11.2) tenglama
у (xo) = yo, у (xo)= yo , ...., y f !) = у/  J (11-4)
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bo'lgan xo nuqtani o‘z ichiga olgan biror (a,b) oraliqda y=y(x) 
jechim iga ega bo‘ladi.

Agar ko‘rsatilgan atrofda у , у , у ” argumentlari
bo‘yicha bu funksiyaning xususiy hosilalari ham uzluksiz bo‘lsa, 
u holda y — y(x) yechim yagona yechim bo‘ladi.

(11.3) dagi sonlar to‘plami boshlang‘ich qiymatlar, (11.4) 
tenglik esa, boshlang'ich shartlar deyiladi.

n- tartibli differensial tenglama uchun Koshi masalasi 
qo‘ydagicha ta’riflanadi.

(11.1) yoki (11.2) differensial tenglamaning, (11.3) 
boshlang‘ich qiymatlarini va (11.4) boshlang‘ich shartlarini 
qanoatlantiruvchi, y-y(x ) yechimni toping.

Koshi teoremasini qanoatlantiruvchi sohada (11.2) 
ko‘rinishdagi ixtiyoriy differensial tenglama cheksiz ko‘p 
yechimga ega bo‘ladi. Umuman olganda bu (11.1) differensial 
tenglama uchun ham o'rinlidir.

Bu yechim lar to‘plam ini tavsiflash uchun umumiy yechim 
tushunchasini kiritamiz.

(11.1) yoki (11.2) differensial tenglamaning umumiy yechimi
deb у  = <p (x,C],C2,........,C j) yoki qisqacha y= <p (x,Cj)
ko‘rinishdagi funksiyaga aytiladi. Bu  yerda Cl (i= l,n ) qo‘yidagi 
ikkita shartni qanoatlantiruvchi ixtiyoriy o‘zgarmas:

1. y= (p (x ,c ) funksiya С ning ixtiyoriy qiymatida (11.1) 
yoki (11.2) differensial tenglamaning yechimi bo‘ladi.

2. Differensial tenglama yechimga ega bo‘ladigan har 
qanday x0 ,yo,Уо1, ■■■■, Уо ^  boshlang‘ich qiymatlardan 
<p{x0, ca) = yo1, ...., <pn_1(x0, c0) = <pS~1 shartlarni 
qanoatlantiruvchi, Ci=Ci0 o^zgarmaslaming qiymatlarini 
ko‘rsatish mumkin.

F  (x,y,Ci) =0 oshkormas ko‘rinishda olingan, umumiy yechim 
differensial tenglamaning umumiy integrali deyiladi.

Umumiy yechim yoki umumiy integraldan, ixtiyoriy 
o‘zgarmas C, ning fiksirlangan qiymatlarida olingan yechim mos 
ravishda differensial tenglamaning xususiy yechimi yoki xususiy 
integrali deyiladi.

218



Eslatm a: Differensial tenglamaning, ixtiyoriy o‘zgarmas C, 
ning heeh qanday qiymatlarida umumiy yechimdan olib 
boMmaydigan yechim i (integrali) mavjud bo'lishi mumkin. 
Bunday yechim shu ma’noda maxsus deyiladiki, uning ixtiyoriy 
nuqtasida Koshi teoremasining qandaydir shartlari bajarilmaydi.

Masalan: y " = 3\ J(y ' — l ) 2 differensial tenglama v  - x + 
^ (x  + C ,)4 + +C2 umumiy yechimga ega, bu yerda С/ C2 — lar 
ixtiyoriy o'zgarmaslar. y=x+C funksiya ham berilgan 
tenglamaning yechimi bo‘ladi, bu yerda С -ixtiyoriy o‘zgarmas, 
ammo bu yechimni Cj va C2 ning hech qanday qiymatlarida 
umumiy yechimdan olib bo‘lmaydi. Bundan tashqari, у  - J, 
yechimlarning ixtiyoriy nuqtalarida, Koshi teoremasidagi 
yagonalik shartining buzilishiga olib keladi yoki berilgan 
tenglamaning o‘ng tomonidan у  bo‘yicha olingan xususiy hosilaу  

=7 da uzilishga ega bo'ladi. Shimday qilib, y~x+C  yechim 
mahsus yechim bo‘ladi. Bundan keyin, qoida bo‘yicha, mahsus 
yechim lar qaralmaydi.

Aniqmas integrallar nazariyasi, umumiy yechim i у  = 
f  f  (x)dx — F {x ) + С , ( bu erda F (x ) — l {x )  funksiya uchun 
boshlang‘ich funksiya, ya’ni F  (x )= f(x ); C—ixtiyoriy o‘zgarmas ) 
bo‘lgan oddiy differensial tenglamalar sinfming nazariyasi 
hisoblanadi.

Birinchi tartibli differensial tenglama, umumiy holda
F(x,y,y)= 0 (11.5)

yoki, agar uni у  ga nisbatan yechsak, qo‘yidagi normal 
ko‘rinishda yozilishi mumkin.

y = f (x , y ) .  (11.6)
2- teorema (Koshi teoremasi).

Agar f (x ,y )  funksiya M „ (xa , y0)  nuqta va uning atrofida 
uzluksiz bo‘Isa, u holda (11.6) tenglamaning у  (xG)= y0 shartni 
qanoatlantiruvchi y=y(x) yechim i mavjud bo‘ladi. Agar berilgan

1Л f

funksiyaning ~  xususiy hosilasi ham uzluksiz bo‘Isa, u holda bu 
yechim yagonadir.
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B a ’zi hollarda birinchi tartibli differensial tenglamalami 
differensial formada yozish qulaydir:

P (x ,y )dxQ (x ,y )dy- О (П .7 )
Birinchi tartibli differensial tenglamalar uchun Koshi 

masalasi quydagicha ta’rifga ega.
(11.5) yoki (11.6) differensial tenglamalaming (pipe, 

Уо(_Ф(х0,Уо )  = 0) boshlang‘ich shartni qanoatlantiruvchi 
y= cp(x) (Ф  (x, })=Q  integral) yechim iiii toping. Bu geometrik 
nuqtai nazardan shuni anglatadiki, berilgan tenglamaning barcha 
integral chiziqlari orasidan berilgan M 0 (xo,yo) nuqtadan o‘tuvchi 
integral chiziqni topish kerak.

(11.6) differensial tenglamaning geometrik talqini 
quydagidan iborat. U  2- teorema (Koshi teoremasi)ning barcha 
shartlarini qanoatlantiruvchi, D  sohaga tegishli har bir M (x,y) 
(11.6) tenglama yagona integral chizig‘iga, M (x,y) nuqtadan 
o‘tuvch iy = tga = к urinmasining yo‘nalishini, ya’ni D  sohadagi 
maydon yo‘nalishini aniqlaydi. (11.1-rasm)

(11.6) tenglama uchun D sohada har biri izoklin deb ataluvchi 
bir parametrli f (x ,y )  = К  = const chiziqlar oilasini ajratish 
mumkin.

. / ......J
1

MlH
/ t /<#

{

11.1-rasm

Izoklinni va u bo‘yicha yo‘nalishni topish, yo‘nalishlar 
maydonini hosil qilishga va berilgan differensial tenglamaning 
integral chiziqlarini tahminan qurish ya’ni bu tenglamani grafik 
ko‘rinishda integrallash imkonini beradi.

3-Misol. у  - -2y/x differensial tenglamaning integral 
chiziqlarini izoklin usulida taxminan yasang.
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► — - = К (К  — const) deb olib, berilgan tenglamaning
к

у  ~  — — x izoklinini topamiz. Bular koordinatalar boshidan 
o‘tuvchi to‘g‘ri chiziqlami ifodalaydi. Bu  chiziqlar bo‘yicha 
у ' — К  = tg a  tenglik bilan yo‘nalishlar maydoni aniqlanadi. К  ga 
turli qiymatlar berib, ularga mos izoklinlam i topamiz. Bu 
izoklinlar bo‘ylab integral chiziqqa urinmaning Ox uqiga 
og‘ishgan a burchagi bilan  tavsillanuvchi yo'nalishlar maydoni 
aniqlanadi. Kerak bo'lgan hisoblashlami jadval ko‘rinishida 
yozamiz. (1-jadvalga q a ra n g )._______ _______ _________ ______

2 V

г к 0 ±l/\3 ±1 ±V 3 +2 ±3 + 00

a 0 ±30“ +45° и +60° * ±64° * ±72° » ±90°
У =

fc= ~~,x

ОII -T
У = ±—F 2л/3

У 1= +-x
У

_V3 = Н--x II +1 
1

Н 3у = +-* х = 0
2 2 г
Shu jadvalga asosan yo'nalishlar maydonini yasaymiz va 

so‘ngra taxminiy ravishda integrallar chizig‘ini chizamiz. (11.2 
rasm) O X  o‘qida soat stelkasi yo‘nalishi bo‘yicha yoki unga 
teskari yo‘nalishda Hisoblanishi a  burchakning qiymatlari mos 
ravishda musbat yoki manfiy boMishini ko‘rsatadi.

у  *  -  4x у  ~ 4x
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11.2. О ‘Z G A R U V C H IL A R I A JR A LA D IG A N  
D IF F E R E N S IA L  T EN G LA M A LA R . B IR  JIN S L I 

T EN G LA M A LA R
Quyidagi ko‘rinishdagi tenglamalar.

P(x)dx + Q(y)dy = 0 (11.8*)
О ‘zgaruvchilari ajraladigan differensial tenglamalar 

deyiladi. Uning umumiy integrali qo‘yidagi ko‘rinishda bo‘ladi.
fP (x )d x  + jQ (y)dy= C  (11.8)

bu yerda С - ixtiyoriy o‘zgarmas.
Qo‘yidagi ko‘rinishdagi tenglamalar

M l(x ) N l(y)dx  + M 2(x)N2(y)dy =0 (11.9)
yoki

y , = |  = / iW / 2(y ) ( ii. io )
shuningdek, algebraik almashtirishlar yordamida (11.9) yoki

(11.10) tenglamalarga keltiriluvchi tenglamalar ham
о zgaruvchilari ajraladigan tenglamalar deyiladi.

Ushbu tenglamalarda o‘zgaruvchilam i ajratish qo‘ydagicha 
bajariladi. N l(y ) 0, M2(x) Ф  0 deb faraz qilamiz va (11.9) 
tenglamaning ikkala qismini N l(y ) M2(x) ga bo‘lamiz. (11.10) 
tenglamaning ikkala qismini dx ko‘paytiramiz va /2(y ) ^  0 ga 
bo‘lamiz. Natijada о‘zgaruvchilari ajraladigan (ya’ni (11.8*) 
ko‘rinishdagi) tenglamani hosil qilamiz.

W i M ,  , N 2( y ) j  dy n
- dx + ■ , ■ dy  - 0,fA x )d x  — = 0 

M2(x ) Nt (y ) y  /2(y )
Bu  tenglama (11.10) formulaga asosan qo‘ydagicha 

integrallanadi.
J  ~ ~  dx + f  dy = C, f  f t (x)dx — J  - ~ ~ C
J  M2(x) J  N±(y ) J  J  f2(y )
1-Misol. Differensial tenglamaning umumiy yechim ini 

toping.
(xy+y)dx+(xy+x)dy-0 (1)

► хф 0, уф  0 deb faraz qilamiz va berilgan tenglamaning 
ikkala qismini xy ga bo‘lib, о‘zgaruvchilari ajraladigan 
tenglamani hosil qilamiz.

(1 + \)dx  + ( l  + ^ )d y  = 0
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buni (11.8) formulaga asosan integrallab,

J  (1 + ~)dx + j  ^1 + — j  dy = In |C|

x+ln \ x\ + у  + ln\y\  = /n |c |
In  j xy | + In  ex+y = In  | с | , xyex+y = С 
lam i topamiz. (ixtiyoriy o‘zgarmasni I n | с j ko‘rinishida 

yozish mumkin.)
Oxirgi tenglik (1) tenglamaning umumiy integrali bo'ladi. 

Buni topishda хФ 0, уф  0 degan shartlar qo'yilgan edi. Ammo, 
x=0 va y=0 funksiyalar ham, dastlabki tenglamaning yechim lari 
bo‘la oladi, buni tekshirish oson, ikkinchi tarafdan ular C=0 da 
umumiy integraldan hosil qilinadi.

Shunday qilib, x=0, y=0 (1) tenglamaning xususiy 
yechim laridir.

2-Misol. (l+ e2x)y2y ~ex tenglamaning y=(0) boshlang‘ich 
shartini qanoatlantimichi xususiy yechim ini toping.

► Berilgan tenglamani differensial ko‘rinishda yozib olamiz. 
((11.7) formaga qarang.)

(1+ e2x)  y2 dy — exdx =0 
Endi o‘zgamvchilarini ajratamiz.

y 'dy '

Oxirgi tenglamani integrallaymiz va dastlabki tenglamaning
umumiy yechim ini hosil qilamiz.

f r e *  С у 3 С
V dy  -  -----— dx = —, —  -  a rc tg ex =

J y y J 1 +  e “-x  2 3 "  3
у — У С + 3arctgex 

Boshlang‘ich shartlardan foydalanib ixtiyoriy o‘zgarmasning 
qiymatini aniqlaymiz.

з 3 3
1= C + —n,C = l — — n

J  4 4
Shunday qilib, dastlabki tenglamaning xususiy yechimi 

quyidagi ko'rinishda bo‘ladi.
Agar har qanday teR uchun, f ( t x , t y )  funksiya aniqlangan 

bo‘lib, а -const va f ( tx ,t y )  = t af (x ,y ) tenglik o‘rin li bo'lsa ,
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f(x ,y) funksiya, x va у  argumentlarga nisbatan a о Icham li b ir 
jin s li funksiya deyiladi.

Masalan, /  (x,y) =3x4-x2 y 2 +5_y4 funksiya to‘rt o‘lchamli 
(a  = 4) bir jin sli bo‘ladi, chunki f(tx,ty)=  3 (tx)4 - (tx)2+ 5 (iy)4= 
f  (3x4-x2 y2 +5y4 )=  t4 f(x,y).

f (x ,y )  - Vx2 — 2.\fxy 4- 4\fy2 funksiya f (tx , ty )  = 
\[(tx f- — 2\ j(tx )ty ) + 4 ^ /(ty)2 = V tiQ Jx 2 -  2Ifx y  +
4У у 2') = t 2̂ 3f (x ,y )  bo‘lganligidan a  = 2 /3  o‘lcham li bir 
jin sli bo‘ladi.

Agar a  = 0 bo‘lsa u holda funksiya nol o‘lehamli bo‘!adi.
Masalan, f (x ,y )  = ~ ^ ln  ^  + l j  -  nol o‘lcham li bir jin sli
funksiya, chunki
n t x .  t y )  = 2 ^  in  + i )  = 1Й1Й (£ !£ ! + t )  = 

tx+ ty  V ( t y )  /  t (3 C + y )  \ t2X2 J

~ In + i )  = f (x ,y ) ,  bu yerda t*  0.
Agar f(x ,y) funksiya o‘zining argumentlariga nisbatan nol 

o‘lcham li bir jin sli funksiya bo‘lsa, u holda normal ko‘rinishdagi 
qo‘yidagi differensial tenglama x va у  o‘zgaruvchilarga nisbatan 
bir jin s li deyiladi.

У ' = ^  = / (a f.y ) (11.11)
P(x,y) , Q(x,y) funksiyalaming har biri a  — о‘Ichamli bir 

jin sli funksiya bo4Isa, ya’ni P(tx , ty ) = taP (x ,y ), Q(tx, ty ) = 
taQ (x ,y ) bo‘lganda, faqat shu holdagina differensial formadagi 
P(x,y)dx+ Q(x,y)dy =0 differensial tenglama bir jin sli bo‘ladi.

Haqiqatan ham f (tx . ty )  = g g g  = = № ,y )

bo‘lganligidan, uni qo‘ydagicha normal foimada yozib, y ’ —

Q{x,y)  1 К- , У )
f(x ,y) funksiya nol о‘Icham li bir jin sli funksiya ekan degan 

xulosaga kelamiz. B ir  jin sli differensial tenglama (11.11) ni har 
doim normal formada y ' -f(x,y)=f(tx,ty) ko‘rinishida yozish 
mumkin, u holda t—l f  x deb olib, qo‘ydagini hosil qilamiz.
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- dy с(л У\ (У\
dx

Bundan kelib chiqadiki, у  = xu(u  = - ,y ' = и + xu)
almashtirish yordamida (11.11) tenglama va yangi funksiya u(x) 
ga nisbatan o‘zgaruvchilari ajraladigan tenglamaga keltiriladi.

u+xu =<p(u)  , x ^  = <p(u) — и
3-Misol. 2x2 y ' =x2+y2 differensial tenglamani integrallab, 

uning y(l)= 0  boshlang‘ich shartini qanoatlantiruvchi xususiy 
yechimni toping.

► 2x2 va x2 + y 2 ikki o‘lshovli funksiyalar bo‘lganligidan, 
berilgan tenglama ham bir jinslid ir.

y=xu, y'=u+xu' almashtirish bajaramiz.
U  holda , 2x?(u+xu) = x2 + (xU)2 , 2x2 (u+xu1)  = x2(l+ U 2). 

i^ O  deb faraz qilib, tenglamaning ikkala qismini x2 ga 
qisqartiramiz. So‘ngra quydagiga ega bo‘lamiz.

2и + 2x^  = 1 + u2, 2xdu = (1 + u2 — 2u)dx.
0 ‘zgaruvchiiami ajratib, qo‘ydagilami topamiz. 

du dx f du г dx Г d (u  — 1) 1
1 + u2 — 2u 2x ’ J 1 + u 2 — 2u J 2x ' J  (u — l ) z 2

1
= — ln|x| + In C , 1 = (1  — и )1п(Сд/|х])и -1 2

Ohirgi ifodada и ning o‘miga у  fx  qiymatni qo‘yamiz va 
quydagi umumiy integralni hosil qilamiz.

1 = ( 1 ~ * ) ln( c '/ W )> x = (x - y ) i n J M
Buni у ga nisbatan yechib, dastlabki differensial 

tenglamaning umumiy yechim ini topamiz. у  = x —
y (l)=  0 boshlang‘ich shartdan foydalanib, С ning qiymatini 

aniqlaymiz.
0 = 1 -  —  , InC = 1, С = e.InC
Shunday qilib, dastlabki tenglamaning xususiy yechimi 

qo‘ydagi ko‘rinishga ega bo‘ladi. 
x *V = X ------ f=  <i-inVW
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1 1 . 1  - л т
1. у=(х,с) funksiya, bu yerda С- ixtiyoriy o‘zgarmas, 

qo‘ydagi differensial tenglamalaming yechimi (integrali) 
bo‘lishini aniqlang.

i
a ) у  - x2 (I + cex ), X1 y'' + (1 — 2x)y - x2,
b) у  — cex + e~x, xy" + 22y'~xy = 0,

v) x2 + y ‘T = cy2, xydx = (x '' - y")dy.
(Javob: a) ha; bj vо ‘q; v) ha.)
2. Qo‘ydagi differensial tenglamalaming har birining 

tahminiy integral chiziqlarini chizing va izoklin usulida maydoni 
yo‘nalishini yasang.

a) у  = x + у ; b)2x' = y 2/x ; v) xy' = 1 -  у
3. Qo‘ydagi differensial tenglamalaming umumiy yoki 

xususiy yechim ini (umumiy yoki xususiy integraiini) toping.
a) xy' = y 2 + 1
b) (*  + xy)dy  + (y  — xy)dx = 0 ,у (1 ) = 1;
v) 3 y '= g  + 9^ + 9;

g) xy' - у + j x 2+y2 ,y (  1) = 0
M ustaqil ish.
1. у  = Cx + 1/c funksiya xy' — у  + 1/y = 0 differensial 

tenglamalaming yechim i bo‘la oladimi ? {Javob: yo V/.j
2. Qo‘ydagi differensial tenglamaning yechim ini toping.

4(x2 + y )d y  + y/S + y 2 dx = 0
{Javob: у  = + — ((с  — arctgx ) 2 — 5)

16

3. Qo‘ydagi differensial tenglama uchun Koshi masalasini 
yeching.

xy' - xsin  — + у  , у  (2 ) = n
{Javob: у  = 2xarctg (x/2).)
1. 1 eyIх = Cy tenglama bilan oshkormas holda berilgan 

у  = y (x ) funksiya x yy ' — y 2 = xy differensial tenglamaning 
integrali bo‘la oladim i? (Javob: ha.)
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2. Quydagi differensial tenglamaning umumiy integralini 
toping? ydx + (yfxy — y[x )dy = 0, {Javob: 
л/х + л/у="/иСл/у(с>  0).)

3.ydx  + {-Jxy — x )d y  = 0 , y ( l )  = 1 differensial tenglama 
uchun Koshi masalasini yeching? (Javob :2 — ln |y | = 2 Jy Jx .  )

2+<Cx2. i у  = — — funksiya differensial tenglamaning yechimi 
bo‘ladim i? (Javob: ha)

2. Differensial tenglamaning umumiy yechim ini toping?
(1 + e ')y ' = ye x (Javob: у  ~  c ( 1 + e *).)

3. xy' = y ( l  + In y — Inx ) ; y ( l )  = e2 differensial 
tenglama uchun Koshi masalasini yeching ? (Javob: у  = xe2*)

11.3 B irin ch i ta rtib li chiziqli differensial tenglam alar.
Bernu lli tenglamasi

Noma’lum funksiya у  va uning hosilasi y ' ga nisbatan 
chiziqli bo‘lgan quydagi tenglama

y ' + P (x )y  = Q(x) (11.13)
(algebraik shakl almashtirishlar yordamida (11.13) 

ko‘rinishga keltirish mumkin bo‘lgan har qanday tenglamalar 
ham) birinchi tartibli bir jin sli bo' lmagan differensial tenglama 
deb ataladi. Yechimi mavjudligi va yagonaligi haqidagi Koshi 
teoremasimng shartlari bajarilishi uchun P (x )  ^  0 va Q(x) Ф  0 
funksiya biror sohada, masalan [a, b] kesmada o‘zluksiz bo‘lishi 
kerak. (11.11 dagi 2 teoremaga qarang.) (11.13) ko‘rinishdagi 
tenglamaning umumiy yechim ini har doim quydagi ko‘rinishda 
yozish mumkin

у  = e ~ !p('x d̂x( f  Q (x )e f p<-x)dxdx + С (11-14)
bu yerda С - ixtiyoriy o‘zgarmas. Shunday qilib (11.13) 

tenglamaning umumiy yechim i har doim P(x ) va Q (x) ma’lum 
funksiyalaming integrallar orqali ifodalanadi'. (11.14) 
tenglamadagi integrallami hisoblayotganda ixtiyoriy 
o‘zgarm.aslami, ixtiyoriy o‘zgarmas С ning ichiga kirgan degan 
farazda nolga tenglab olish mumkin.
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Agar (11.13) tenglamada Q(x) = 0 yoki P (x ) = 0 boisa, u 
holda, umumiy yechimi Q(x ) = 0 yoki P (x )  = 0 bo‘1gan holda 
mos ravishda (11.14) tenglamadan aniqlanuvchi o‘zgaruvchilari 
ajraladigan differensial tenglamani hosil qilamiz. Q(x) = 0 
bo‘lgan holda (11.13) tenglama, bir jin sli tenglama deb ataladi.

1-misol (x 2 — x )y ' + у  = x 2(2 x  — 1). Tenglamani umumiy 
yechim ini toping? Koshi masalasini y ( —2) = 2 boshlang‘ich 
shartda yeching.

► Berilgan tenglamaning ikkala qismini x2 — x Ф 0 ga 
bo‘lib, (11.13) ko‘rinishga keltiramiz.

, у  х2(2.х-г)
У —  = — ;--- -x L - x  x z- x
D  A n r  \  1 1 n / ' v ' l  X 2(? .X -1 )  x ( 2 x - l )Bu yerda P (* ) = —  = —  ,< ?(*) = .
(11.4) formulaga asosan dastlabki tenglamaning umumiy 

yechim i quyidagi ko‘rinishda bo‘ladi.

у  = e- f 7 ^ ) ( J* ^ z } lef^ r )d x  + С) (11.15)
Bu  yechimga kiradigan integrallami topamiz. Quyidagiga ega 

bo‘lamiz. f  = |- + - r̂ = -7-—  ,A = -1,6 = l| = / (- -  +J  x (x - l)  IX  X - l  x (x - l) I J  \ X

dx = — ln|x| + +ln|x — 1 | = In j ^ l

f ^ z i l e ̂ l dx = = ± f (2 x -  1 )dx  =
± {x2 — x),

I л-ll x —1___| — + — tenglamaga ko'ra «+»
va «-» belgilari paydo bo‘ladi.

Topilgan integralni (11.15) ga qo‘yib, dastlabki tenglamani 
umumiy yechim ini topamiz.

у  -  е_1п|ж~*|(+ (х 2 -  x) + С) = | _  , J  (± (x2 -  x ) + C)

= + —-— (± x (x ---1) + C) — x 2 +--- —
x — 1 x — 1

Bundan y ( —2) = 2 boshlang‘ich shartga mos keluvchi 
xususiy yechimni airatamiz.

7  A 20 r  ■3 7 3*2 = 4 ----- . С = 3, у = x -----2-1 J  X - l
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B a ’zida differensial tenglama у  ning funksiyasi bo‘lgan, x ga 
nisbatan ham chiziqli bo‘lishini bilish foydadan holi emas, ya’ni 
quyidagi ko'rinishga keltirilishi ham mumkin.

-^ + P (y )x  = g (y ) (11.16)

Buning umumiy yechim i quyidagi formula bo‘yicha topiladi.
x = e~ ' P(y)dy ( j  q (y )e jp(y d̂y dy + C)

2-Fisisoi. y ' = — , (2x — y 2)y ' = 2у  tenglamaning umumiy 
integralini toping.

► Berilgan tenglama x (y )  funksiyaga nisbatan chiziqlidir. 
Haqiqatan ham, (2x -  y2) ̂  = 2 y , 2x -  y 2 = 2y  ̂  , ~  = - -  ~ ~  -

;  = - f , P ( y )= - ; . q ( y )  = - |
ya’ni (11.16) ko‘rinishidagi tenglamani hosil qildik. (11.17) 

formulaga asosan, dastlabki tenglama quyidagi ko‘rinishiga ega.
rdy / _ (dy \ / 4

x — e 1 у ' y dy + C j — eln|yl J ^ e~ ln^ d y  + C j =

lyl ( “ j/ ^ idy + c ) = ~^J d>’ + Cy = cy - \ y l
(11.13) chiziqli differensial tenglamani Bem ulli usulida ham 

integrallash mumkin. Bu usulning ma’nosi quyidagicha: у  = 
u (x )d (x ) formula bo‘yicha (o ‘miga quyishning Bem ulli usuli) 
u(x )  va i9(x) ikkita noma’lum funksiya kiritamiz, U  holda 
у ' — и'д + ив. у  va у ' lar uchun hosil qilingan ifodalam i (11.13) 
tenglamaga quyib, и'д + ud' + P(x )ud  = Q(x) tenglamani hosil 
qilamiz. Bu tenglamani quyidagi ko‘rinishda yozish mumkin.

(iГ  + P (x )- $ )u  + u'ti = Q {x) (11.18)
Noma’lmn funksiyalardan birini, masalan, i3 ni ixtiyoriy 

tanlashimiz mumkin (chunki dastlabki (11.13) tenglamani, faqat 
u ■ 6 ko‘paytma qanoatlantirishi kerak). i9 funksiya sifatida 
(11.18) tengiamadagi u ning koeffitsientini nolga aylantimvchi 
■6' + P(x)-d •- 0 tenglamaning ixtiyoriy xususiy yechimi d = 
$ (x ) ni tanlaymiz. Shundan so‘ng (11.18) tenglama u v  = Q (x )

ko‘rinishga keladi. Bu tenglamaning и — w (x , C J umumiy
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yechim ini topamiz. So‘ngra (11.13) tenglamaning
} ’ = m (x,C )-v(x) ko‘rinishdagi umumiy yechimini hosil qilamiz.

Shunday qilib, (11.13) tenglamani integrallash о‘zgaruvchilari 
ajraladigan ikkita tenglamani integral lash ga keltiriladi.

3-M isol. Quyidagi tenglamani
1V + ytgx = -------

cosx
Bernulli usulida mtegrallang va у (л ) = \ boshlang‘ich

shartda Koshi masalasini yeching.
► 0 ‘miga qo‘yishning Bernulli usulidan foydalanamiz. 

у  = uv, y ' — u'v + uv' va quyidagiga ega bo‘lamiz.
1u v + uv + uvtgx = ---- .

cosx

(v ' + vtgx)u + u 'v = — -—  .
cosx

v ' + vtgx -  0 tenglamaning xususiy yechimini topamiz.

dv + vtgxdx = 0, —  + tgxdx = 0 ,
v

J  —  + j  tgxdx = 0, In |v| — ln|cosxj = Inc, . c, = 1 deb о lib,

v = cosx xususiy yechimni tanlaymiz. Endi, u'v = 1 / cosx , bu
yerda v = cos x , tenglamaning umumiy yechim ini izlaymiz.
Quyidagiga ega bo‘lamiz

, 1  г dxи = ---т— , и = I ----— h c- tg x  + c .
cos* x J cos x

Dastlabki tenglamning umumiy yechim i quyidagicha boiadi: 
у  — и ' v — [ tgx + с ) • cos x . Bundan

у (тг) = 1, l= (0  + c ) ( —1), c = — 1 boshlang‘ich shartlarni
qanoatlantiruvchi, xususiy yechimni ajratib olamiz. с = — 1 
qiymatni umumiy yechimga qo‘yib, dastlabki tenglamaning 
xususiy yechim ini hosil qilamiz:
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у  = ( ? g x l )  cos х = sin x-cosx . 4  
Quyidagi ko‘rinishdagi differensial tenglama

y + P { x ) y  = Q (x ) y a . (11.19)
bu yerda a  = const e R, а  Ф 0, а  Ф 1, shuningdek, algebraik 

shakl almasbtirishlar yordamida (11.19) tenglamaga keltiriluvchi 
har qanday tenglama, Bem ulli tenglamasi deyiladi.

Z  — y ’~“ formula bo‘yicha yangi Z  (x ) funksiya kiritish
yo‘!i bilan Bem ulli tenglamasi shu funksiyaga nisbatan chiziqli 
tenglamaga keltiriladi:

Z ' + (1 - a )P (x )Z  = (1 - a )Q (x ) . (11.20)

Oxirgi tenglamani yuqorida keltirilgan biror bir usul bilan
yechib, Z  = Z  (x ) ni topamiz, so‘ngra у  = z ulx~a  ̂ ni topamiz.

Bem ulli tenglamasini,' (11.13) chiziqli tenglama kabi,
у  = ut'xj- v (x ) Bem ullining o‘miga qo‘yish usuli yordamida
ham yechish mumkin (3-misolga qarang).

4-misol. Bem ulli tenglamasining umumiy yechim ini toping.
y ’ + 2exy  = 2exy jy .
)► Berilgan tenglama uchun a  = 1 / 2 boigani uchun, 

Z  = y :~a = *Jy  almashtirishni bajaramiz. (11.20) tenglamaga

asosan, Z ' + exZ  = ex tenglamani hosil qilamiz. Bu tenglamaning 
umumiy yechim i (11.14) formulaga asosan quyidagi ko‘rinishda 
bo‘ladi.

Z  = e ^  J ‘‘ dx + с 1 = e"c exec dx + c j  =

= e~" ^ J V d e x + x j  =  e  e +  c j  =  1 +  ce  e ■

Dastlabki tenglamaning umumiy yechim i quyidagicha 
bo‘ladi.

i t  ^ 2 у  = Z  = (1 + ce~e J . <
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5-misol. Tenglamaning umumiy yechim ini toping.
JCy ' + y  = xy2 lnx  .
► Berilgan tenglamaning ikkala qismini x Ф 0 ga bo‘lib, 

yuborib, a  — 2 bo‘lgan Bernulli tenglamasini hosil qilamiz. Uni 
Bem ullining o‘miga qo‘yish usuli bilan yechamiz. 
(y  ~ uv, y ' = u'v + uv')  :

x (u'v + uv') + uv = x (u v )2 In x .

xv' + v = 0 tenglamaning xususiy yechimi v = x~' ni 
osongina topamiz. Endi xvu' = x,ulv2 lnx  tenglamaning, bu yerda

v = x "1 , ya’ni и - v2 tenglamaning, umumiy yechim ini
x

topishimiz kerak. Oxirgi tenglamda o‘zgaruvchilarini ajratamiz va
uni integrallab quyidagini hosil qilamiz.

du . dx r du f. dx—  = lnx  — , — = ln x — , 
u~ x J u~ J x

1 In2 x с 2
и 2 2 с + In2 х

Shunday qilib, dastlabki tenglamaning umumiy yechimi
2quyidagicha bo‘ladi. у  = uv ■

x {c  + In2 x j

11.2. A T
1. Differensial tenglamalaming turlarini aniqlang va ularni 

yechish usullarini ko‘rsating.
a) xy '+ 2yjxy = y; d) y ' - e 2x- e xy; 

, у  e) xy' + y - y 2= 0;
b) у cos x = ;

In  у  ’ j)

v) /=  *
2x cos2 ydx + (2 у  -  x1 sin 2y  j  dy = 0;

2x In у  + у — x ’ z) У + x~ у ' — ХУУ'

g) ̂ 1 + e2x j  y 2 dy — ex dx = 0;
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2. Differensial tenglamaning umumiy yechim ini toping.

a) y'+  — = 1 + 21nx b) y ' + 4x)> = 2xe~x yjy . 
x 1

(Javob: a) у  = x ln x  + с /x; b) у  = ±e~x (c + x 2 / 2j .)
3. Koshi masalasini yeching.
a) 2xydx + {y  + x ‘ ) dy ~ 0, у  (—2) = 4;

b) /  = 2у  - x  + ex, _y(0) = - l .

(Javob: a) x2 - y\n (Ae! y \ ,h ) у  = ^ x  — ex + -^ (l-e2* ). )

M ustaqil ish 
Koshi masalasini yeching.
1. a) /  + 3у  = e2 V  ,■ j ( 0 )  = 1; 

b) У +‘_yrgx = 17cosx, у(тг) = 5.

(Javob: a) у  = e "2j:; b) >’ = -5 cos x + sinx .)

2. a) y 2dx = {x  + ye~by)d y, y (0 )  = -3; 

b) y ' - 7 y  = e xy 2, y ( 0) = 2.

(Javob: a) x = e~I/y (3  — y ); b) у  = lOe * / (e 10v — б ) .)

3. а) xdy - (e~x -y^dx, у  ( l )  = 1;

гт и л 1 Г, 1 1 л- * ~ 3 ч (/avo&: a) ;/ = -  1 +---- j  ; b )y  = ---- .)
jc  v  e e " )  2 - x

233



11.4. T O ‘L A  D IF F E R E N S IA L  T EN G LA M A LA R
Agar D  sohada P (x , y } ,  Q (x ,y j  funksiyalaming

aniqlanishidan va (11.21) tenglamaning mavjudligidan quyidagi 
tenglik bajariisa,

d P (x ,y )  6Q (x ,y  
dy dx

u holda
P (x ,y )d x  + Q (x ,y )d y  = 0. (11.21)

ko‘rinishidagi tenglama to ‘la differensialli tenglama deyiladi. 
(11.21) tenglamaning umumiy integral! quyidagi 

formulalaming biri bilan aniqlanadi.
X  у

J  P (x ,  )dx + f Q ( x,y)dy = c , (11.23)

^ Р {х ,у )ф с  + f Q (x 0y )d y  = c. (11.24)
Уо

bu yerda M „  (x0, y Q) e D .
M isol. Tenglamaning umumiy integralini toping.
(jc2 + y  — 4}dx + {x  + у  + ey^dy = 0 .

► P  = x2 + у  — 4, Q = x + у + ey belgilashlar kiritamiz.

—— ~ 1, -  1, ya’ni (11.22) shart bajariladi, u holda berilgan 
dy dx

tenglama to‘la differensialli tenglama bo‘iadi. Soddalik uchun 
x0 —0, y (t = 0 deb olib, uning umumiy integralini (11.23) yoki
(11.24) formulalar orqali topish mumkin. x0,y 0 qiymatlami 

tanlashimiz o‘rin li, chunki bu nuqtada Р (х ,у )  va Q {x ,y )  
funksiyalar va ularning xususiy hosilalari aniqlangan. ya’m 
-M0(0 ;0 )e D  . (11.23) formulaga asosan quyidagiga ega 
bo‘lamiz.

( 11.22)
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X у
[ ( jc2 + 0 -  4  ̂dx + 1 ( jc + у  + ey ̂ iy = с ,
о
.3 2x v

:---4x + xy + ----h ey — 1 = с
3 2

Umumiy integralni (11.24) formula bo‘yicha topamiz.
■X У
|  (x 2 + у  -  4^dx + 1 (О + у + ey Уly = с ,
о о

,  v2 ,  ,

---f xy -  4x + -— he —I = с .
3 2

Bu yechim aw al topilgan yechim bilan ustma-ust tushadi. M

11.3. Auditoriya topshiriq lari
1. Differensial tenglamalaming umumiy integralini toping.
a) (e x + у + smy^dx + (ey + x + xcosy }d y  = 0;

b) (2x + ex'y \dx + {\  — ̂ -\ex'ydy = 0\
l  У J

V) у '= [у - Ъ х 2) I (A y-x ).
(Javob: a) ex + ey + xy + x sin у  = с; b) x2 + yexy = c; v) 

x3 — xy + 2y2 = с .)
2. Koshi masalasini yeching.
a) e~ydx + (2y-xe~y ĵdy = 0, >’(-3 ) = 0;

b) xdx. + ydy = (xdy — ydx) I  (x *  + y 2 ,̂ >>(l) = l; 

v) x + yex + (y  + ex) y '  = 0, j;(0 ) = 4.

(Javob: a) xe~y 4- y 2 + 3 - 0;

b) " ' ( x2 + y 2) + arctg — = 1 +“ ■; v) x2 + y 2 + 2yex = 24.)
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3. Ixtiyoriy M  nuqtasiga o‘tkazilgan urinmaning burchak 
koeffitsienti, M  nuqtani koordinata boshi bilan lutashtiruvchi 
to‘g‘ri chiziqning burchak koeffitsientidan uch marta katta
ekanligini bilgan holda A (2 ,4 ) nuqtadan o‘tuvchi to‘g‘ri chiziq

tenglamasini toping (Javob: у  = ~ x ’ .).

4. Nyuton qonuniga ko‘ra, jismning sovush tezligi jism  va 
atrof-muhit temperaturalari ayirmasiga proporsional. Pechkadan 
olingan non temperaturasi 20 minut davomida 100° С dan 60° С 
ga kamayadi. Havoning temperaturasi 25° C. Qanday vaqt 
oralig‘ida (sovish boshlanishidan hisoblab) nonning temperaturasi 
30° С ga pasayadi. {Javob: 71 min.)

M ustaqil ish
1. Koshi masalasini eching.
( lx  + у  + 3xz sin у  j  dx + f x + x3 cos у  + 2y  J  dy = 0; 

y ( 0) = 2

{Javob: x2+xy> + ̂ y 2+ xi sin y  — 2.)

2. Boshlang'ich tezligi v (0 ) = 0 bo‘lgan m massali jism  
yuqoridan tushmoqda. Agar jismga p  — mg og‘irlik  kuchidan 

tashqari, proporsionalhk koeffitsienti 3/2 ga teng, v ( f )  tezlikka 
proporsional havoning qarshilik kuchi ham ta’sir qilsa, jismning 
ixtiyoriy t vaqtdagi v = v(/ ) tezligini toping.

{Javob: v = — mg 11 — ey 2 e * j .)

2. 1. Differensial tenglamaning umumiy integralini toping. 
(Здс2у  + sin лг) dx + (x 3 — cos v )d y  — 0 .{Javob:

x3y - cos x — sin у  = с .)
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2. Radiyning tarqalish tezligi uning tarqalmagan soniga 
proporsional. Agar 1600-yilda radiyning dastlabki miqdorining 
yarmi tarqalishi aniq bo‘lsa, 1 kg radiydan 650 g qolishi uchun 
necha y il kerakligini hisoblang.

(Javob: 1000-yildan keyin.)
3. 1. Differensial tenglamaning xususiy yechim ini toping.

.(Javob: x2 In у  + ytgx + ey = e .)
2. Agar to‘g‘ri chiziqning ixtiyoriy nuqtasiga о‘tkazilgan 

urinmasining О  o‘qidan ajratgan kesmasi, urinish nuqtasidan

nuqtadan o‘tuvchi shu to‘g‘ri chiziq tenglamasini yozing. (Javob:

11.5. T A R T IB I P A S A Y T IR ILA D IG A N  Y U Q O R I T A R T IB L I 
D IF F E R E N S IA L  T EN G LA M A LA R

Tartibi pasaytiriladigan yuqori tartibli differensial 
tenglamalaming ba’zi turlarini ko‘rib chiqamiz.

ko‘rinishdagi tenglamaning umumiy yechim ini n -  marta

f

v

koordinata boshigacha boignan masofaga teng bo‘lsa, /4(1,0)

/ '= / ( * ) ■ (11.25)

integrallash orqali topamiz. Uning ikkala qismini dx ga 
ko‘paytiramiz va integrallaymiz, natijada, (я  - 1) tartibli 
tenglamani hosil qilamiz.

У ” IJ = J y  '̂ dx - 1 /  (x )t&  = (pj (x ) + c ,. (11.26)

Shu amalni takrorlab, tartibli tenglamaga ega
bo‘lamiz.
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. (11.27)
П - marta integrallashdan keyin esa, (11.25) tenglamaning 

quyidagi umumiy yechim ini hosil qilamiz.

У  = (Pn ( * )  + cix "~l + сгх * 1 + -  + C n - ix  + c n ■ C11 -28)

bu yerda C-(z = cl,c2,...,cn - ixtiyoriy o‘zgannaslar 

bilan ma’lum ma’noda bog‘liq  bo‘lgan, ixtiyoriy o‘zgarmaslardir.
1-misol. y n =8/(x  — 3) tenglamaning umumiy yechim ini 

toping.
(11.26) formulaga va integrallash qoidalariga asosan, 

quyidagiga ega bo‘lamiz:
m f iv j г %dx 2  ̂ .

y  ->y
(11.27) yechimga mos ravishda quyidagini topamiz.

У" = j y[nV)dx = J {<py (x) + c,)dx = J ( x )dx + J c{dx (x) + c,x + c2

- +  c, tcc = ■
3(;t + 3)

-J + CjX + c21

Oxirgi tenglikni yana ikki marta integrallab, dastlabki 
tenglamaning umumiy yechim ini hosil qilamiz:

' = j" y"dx - JУ
3(*-3)

-  +  qx + c2 , 1 1 . 2 .  .= -------- r + — c,x + c,x -f c, ■
3(x-3) 2 2 * ?

у  = Г /<& = f f— —L_- + i-c,x2 + c,x + c, 
J J !4 3(x-3) 2

1 ate:

1 1 _ 3 1 - 2  -  1 3- +  ~ C , X  +~c2x + C .X  +  C . =  ---------- Г + С Д  + c9x“ + c,x + c,
2 4 З (х - З )  - 2 3 4

-7---- r T--с,л I-- I
3(x-3) 6 1 2

II. Faraz qilamiz, n -  tartibli differensial tenglama 
izlanayotgan funksiya va uning ( k - 1) - tartibli hosilalarini o‘z

ichiga olmasin. ( l  < к  < n ) :
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Z \ x ) ~  у к formula bo‘yicha yangi noma’lum 2  (xj  

funksiyani kiritam iz va v(A+!) = Z ', y {k+2) = Z " , . . . ,y n) = 
ekanligini e’tiborga olib, Z (x )  funksiyaga nisbatan (n — k ) - 
tartibli tenglamaga egabo‘lami2.

f (x ,Z ,Z ',Z " , . . . ,Z M ) ) = 0. (11.30) 

ya’ni (11.29) tenglamaning tartibini к ga pasaytiramiz, Agar
(11.30) tenglamaning umumiy yechim ini Z — (p(x,c,...,cnk )
ko‘rinishida izlashga erishsak, yechimi к -  marta integrallash 
bilan topiladigan (11.25) ko‘rinishdagi quyidagi tenglamani hosil 
qilamiz.

Z  = y ik) = <p(x,ci,c2,...,cn_k) .

Xususiy holda, agar n - 2 , k = 1 bo‘lsa, u holda (11.30) 
tenglama birinchi tartibli tenglama bo‘ladi.

2-misoI. Tenglamaning xususiy yechim ini toping.

xy" = y 'In — • j> (l) = e, y '(\ )  = e2. 
x

► Berilgan tenglama П tur tenglama bo'ladi. (n =2, к = 1), 
ya’ni tarkibida u qatnashmaydi. Z  = y ' ni qo‘yib, bu 
tenglamaning tartibini bittaga pasaytiramiz. U  holda y "  = Z "  
bo‘ladi va berilgan tenglama izlanayotgan Z  funksiyaga nisbatan 
birinchi tartibli bir jin sli differensial tenglamaga aylanadi.

x Z ' = Z ln (Z  /x ). (1)
Bu tenglamani ma’lum usullardan biri bilan yechamiz. 

Z  = xu (x ) o'rniga qo‘yishini bajaramiz. U  holda Z ' — u + xa' 
bo‘ladi va (1) tenglama quyidagi ko‘rinishga keladi

x + xu! = u\nx. (2)

р ( х , у \  / ;+1),...,У п)) = 0 . (11.29)
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(2) tenglamada o‘zgaruvchilarni ajratamiz, ketma-ket 
quyidagilami topamiz.

- — - = — , lnllnw —1| = Inx + lnCj ;
к(1пм-1) x

In м — 1 = CjX, м - e)+Cl'v, Z  = хе1+с,г.
Z  — у  ekanligidan, oxirgi tenglama bir marta integrallab 

yechiladigan birinchi tartibli differensial tenglama bo‘ladi.

y ' = xei+c>x, y = j  xeU v dx = -  j  xd (e Uc'x) =

= - {x e x+c'x -  JV +C4 & ) = J +c2. 
ci c\

Dastlabki tenglamaning umumiy yechim ini hosil qildik. 
y ( l )  = e, >’' ( ] )  = e2 boshlang‘ich shartlardan foydalanib, c, va 

c2 ixtiyoriy o‘zgarmaslaming qiym atlarini aniqlaymiz. Quyidagi 
tenglamalar sistemasiga ega bo‘lamiz.

e = -— J- e1+c' +c2, e2 = e1+c’ 
ci

Bundan, Cj = 1, C2 — в  ekanligini topamiz.
Shunday qilib, dastlabki tenglamaning xususiy yechim i 

quyidagi formuladan topiladi.

У = (л  — \)e l+x + e. a

3-misol. y'"ctgx + y "  = 2 tenglamaning umumiy yechim ini 
toping.

► Bu yerda n = 3, к = 2 boMganligidan berilgan tenglama
II  turdagi tenglama bo‘ladi. Z  = y "  yangi funksiya kiritam iz va 
berilgan tenglamadan Z '+ Ztgx = 2tgx ko‘rinishda yoziladigan, 
ya’ni Z'ctgx + Z  = 2 chiziqli tenglamani hosil qilamiz. Uning 
umumiy yechim i (§ 11.2 qarang)
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Z  — е
- j  tgiccbc

j*2tg x J £ dx + c{ j  =

/ N
x ( l  f tg x e ^ ^ d x  + cx) = Icos x| 2 f v- d x  + ct

v J ' V !cosxl
f smx . „  1- z c o s x -- -— UX + C|cosx = 2cosx----- v c x cosx = 2-he, cosx
« rnc^ v /'rvc -v-COS X cosx

Z  = y "  bo‘lganligidan, yechimini oson bo‘lgan, quyidagi I 
tip differensial tenglamani hosil qilamiz.

y " = 2 + q cosx, y ' = | (2  + q cosx)ix: = 2x + c, sinx + c ,.

y ' — j (2 x  + q  sinx + c2)c/x = x2 - ct cosx + c2x + c3. -*4

III. x  argumentni oshkor holda o‘z ichiga olmagan n - 
tartibli differensial tenglamani qaraymiz.

F {y ,y \ y " , . . . ,y {n])  = 0. (11.31)

Bu  holda har doim, P { y ) ~ y '  yangi funksiya kiritib, 
tenglamaning tartibini bittaga pasaytirish mumkin, bu yerda у 
uning argumenti sifatida qaraladi. В  uning uchun y \ y " ,.. . ,y (n) 
lam i yangi funksiyaning v bo‘yicha hosilalari orqali ifodalaymiz 
va murakkab funksiyani differensi allash qoidasidan foydalanib 
quyidagini hosil qilamiz.

/  = y  = ±  = =  (1 1 .3 2 )
dx dx dy dx dy

,,, dy" d f  dp̂ . dp dp d1p fdpX  2d2p
У —---~~r\ P — 1 =------+ P ---- = P  I —  \+ P  — r-dx dx \ dy j  dx dy dxdy ^ dy J  dy'
va h.k. Yuqoridagi hisoblashlardan ko‘rinib turibdiki, y ^ , 

tartibi k — \ dan oshmaydigan, p  va у  laming hosilalari orqali 
ifodalanadi. Natijada, (11.31) tenglama o‘miga quyidagi 
ko‘rmishdagi tenglamani hosil qilamiz.
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ф У,Р,
d 2p d (п

~ d / "" ' dyn~[
= 0 . (11.33)

Agar (11.33) tenglama quyidagicha umumiy yechimga ega
dv

bo‘lsa, р  — <р(у,сх,с2,...,сп Л  , bu yerda p  = —  , u holda
dx

(11.31) tenglamaning umumiy integralini topish uchun, oxirgi 
tenglamaning o'zgaravchilarini ajratib yechish kerak

f — ----—----- г = f dx, xi/{y,c„c2,...,cn̂ )~-= x + c „.
J (p\y,cx,c2,...,cn_x) 3

Agar (11.31) tenglamada n = 2 bo‘lsa, u holda (11.33) 
tenglama birinchi tartibli tenglama bo‘ladi.

4-misol. Koshi masalasini yeching.
/ / /  + 1 = 0, y (  1) = 1, / (1 ) = ^ T 2 .

► Bu tenglama, n = 2 va X  argument oshkor holda 
qatnashmaganidan, H I tip tenglama bo‘ladi. Shuning uchun,
(11.32) formulaga asosan, P ( y ) - y '  almashtirishni bajarib,
uning tartibini bittaga kamaytiramiz va yechilishi oson bo‘lgan 
o‘zgaruvchilari ajraladigan birinchi tartibli tenglamani hosil 
qilamiz. Quyidagiga ega bo‘lamiz.

/ / ^  + 1 = 0, p ldp = —y 'dy, f p 2dp = - f y~3dy, dy j  j

P 3 1 1 / Л  ~--=--- 7 + c,, p -  3/---— + 3c, ■
3 2 y 2 1 p y 2 1

p  =. y ' = —  ekanligini e’tiborga olib, oxirgi tenglamani 
dx

quyidagi ko‘rinishda qayta yozib olamiz.

y ~ & 7 +3cr 0)
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Bu tenglamani yechishdan aw al, boshlang‘ich shartlardan 
foydalanib, c, ixtiyoriy o‘zgarmasning qiymatini aniqlaymiz.
Ulam i (1) tenglamaga qo‘yib, сuyidagini hosil qilamiz.

3 ,-  + Зс,, с, - 0 •

Shunday qilib, o'zgaruvchilarini ajratish yo‘li bilan oson

3yechiladigan, у ' = I — y" tenglamaga kelamiz.
/

;■* л *
dy

-  '  ( j r

^ jy - mdy = jdx-

М . З ^ Х  + С,, y J - ^ L .
V3 2 J  18

>’ ( l )  = 1 boshlang‘ich shartidan c2 ni topamiz.

l =  ( l  + c2)3/18, с2 = Щ - 1 .

bundan kelib chiqadiki, izlanayotgan xususiy yechim 
quyidagi formuladan topiladi.

y  = ~ (x  + t 1 8 - l)  . <

5-misol. Koshi masalasini yeching.

у т - ( у " ) 2/у ' = б (у ')2у ’ y ( 2) = 0 t y ( 2 )  = l, y ff( 2 ) = 0

► П — 3 bo‘lgan, (11.31) ko‘rinishdagi tenglamaga ega 
bo‘lamiz. (11.32) tenglamaga mos ravishda, p (y )  yangi 
funksiyani kiritamiz va ketma-ket quyidagilami topamiz.

. d 2p  ( d p
P ~7T + P\ ; Id.y 'v dy J  v dy

dp . ,

Р- Г 1 Р  = ЬР  y--
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( d 2-  л 

■ ydy

2i “ P £
P I T T -6^ 0 (/> = 0 ) .

, d 2P  sbu yerdan — - - oj/' . Bu  tenglama birinchi tur tenglama
dy~

bo‘lib, ikki marta integrallash yo‘li bilan oson yechiladi.

J  = J6yefy = 3y2 +clt p = j(b y7+ciy y = y 3+c1y + c2,

y '(2 ) = p (0 ) = l, / ( 2) = p ( 0 ) ^ -  = 0.

munosabatlami va boshlang'ich shartlami hisobga olib, 
y ' = y 3 + c,y + c2 tenglamani hosil qildik, bundan,
c, = 0, c2 -  1 ekanligini topamiz.

Endi y ' = y 3 +1 tenglamani integrallaymiz.
^ = V 3 + , dy _ f dy _ f
Л  *  +1* /  + i J y + i  J * ’

1 2 j - l  1, |>’ + lj —j= arctg — i=— l- - In —f=L=J== - x + c, ■
73 n/з 3 ,/7 1 7 + 1  

_y(2) = 0 boshlang‘ich shartlardan foydalanib,
Я  . .c\ = —2 ----p=- ni topamiz. Bundan quyidagi izlanayotgan

6V3
xususiy yechimni hosil qilamiz.

1 2_y-l 1 |>’ + l| _ я  ^ x = —j= arctg — j=— + -  In - . ...+ 2 + -AL1. ц • ■ i 11 ■ 1 ■ ■ — -■ • ■ I ^  J "

V3 - ^  3 j y 2-y+\ 6n/5

11.4. A T
1. Quyidagi tenglamalami integrallang.
a) = jc2 -  sinx; b) y ir = y m / jc ; v) y y n — y '2.
2. Koshi masalasini yeching.
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a ) /  = ^ >  J ’( l )  = 3. / ( 0  = 1;X
b) xyM- - f  = x2+l, j>(l) = 0, y ( - l )  = l, У (-1 ) = 0; 

v) y ” = e2y, ^(O) = 0, y (0 )  = l.
3. Avtomobil yo ‘lning gorizontal qismida v = 90 km/'s 

tezlikda harakterlanmoqda. Vaqtning biror qismida sekinlashishni 
boshlaydi. Sekiniashisb kuchi avtomobil og‘irligining 0,3 qismiga 
teng.

Sekinlashishi boshlanishidan bekatgacha bo‘lgan masofani va 
bu masofani bosih o‘tish uchun ketgan vaqtni toping.

(Javob: 8,5 sek; 106,3 rn.)

M ustaqil ish
x2 v m — v"21. l.Tenglam ani integrallang. ^ y  .

2.. Koshi ■ masalasini yeching.
2y'2 = ( y - l ) y ' ,  y (0 ) = 0, y(0) = l

2. l.Tenglamani inlegrallang. *У ~~У — x e
2. Koshi masalasini yeching.

> y + i= o ,  >'(i)=i, y(i)=o '
3. 1 .Tenglamani integrallang. xy” + y ' — y '2.
3. Koshi masalasini yeching.

2 у” = 3у2, y (2 )  = l, У(2) = -1

11.6. IK K 3 N C H I V A  Y U Q O R I T A R T IB L I C H IZ IQ L I 
D IF F E R E N S IA L  T EN G LA M A LA R  

Umumiy hoi. Quyidagi ko‘rinishdagi tenglamalami
y {n)+al ( x ) y (n~x) +a2 (x )y (n~2) + ... + aJI_1 {x )y ' + an (x )y  = f ( x )

. ( 11.34)
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fimksiyalar n -tartibli bir jin s li bo ‘Imagan chiziqli differensial 
tenglamalar deyiladi. Agar D  sohada (11.34) tenglamaning o‘ng 
tomoni / ( x )  = 0 bo‘lsa, u holda (11.34) tenglamaga mos
keluvchi, bir jin s li chiziqli differsial tenglama deb ataluvchi 
quyidagi tenglamani hosil qilamiz.

y {n) + ax (x ) У "-1) + a2 (x ) y (n~2) + ... + an_x ( x ) /  + ая (х ) у  = 0.
(11.35)

Agar a, (x ), / ( x )  fimksiyalar D  sohadagi (a . b) oraliqda 

uzluksiz bo‘lsa, u holda = Уо-> y'{xo) =

x( ,^ (a ’b) )  (bu Yerda Уо’У'о’- ’^  ~
ixtiyoriy sonlar) boshlang‘ich shartlar bilan berilgan (11.34),
(11.35) ko‘rinishdagi har qanday tenglamalar uchun yechimning 
mavjudligi va yagonaligi haqidagi Koshi teoremasi o‘rinlidir.

(11.34) va (11.35) ko‘rinishdagi tenglamalaming umumiy va
xususiy yechim larini topishda y { (x ), y 2 ( x y n (x )
funksiyalaming o‘zaro chiziqli bog'liq yoki chiziqli bog'liq 
emasligi tushunchalari mubim ahamiyatga ega.

Agar bir vaqtda hammasi nolga teng bo‘Imagan /i,,
П

o‘zgarmas sonlar uchun ixtiyoriy x e (a,.bj da У^ ц у , {х ) - 0
i—!

munosabat o‘rin li bo‘lsa, y l ,y 2,...,yn fimksiyalar (a ,b ) oraliqda 
o‘zaro chiziqli bog'liq deyiladi. Agar yuqoridagi munosabat faqat 
barcha - д  = 0 lar uchun o‘rin li bo‘lsa, u holda y t (x )

fimksiyalar [a ,b ) oraliqda o‘zaro chiziqli bog'liq bo‘lmagan
fimksiyalar deyiladi.

Quyidagi ko ‘rinishdagi determinant Vrnoskiy determinanti 
(yoki vronskian) deb ataladi.

bu yerda a. = 1,я), f { x )  -  biror D sohada berilgan
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Funksiyalarning chiziqli bog‘liq yoki chiziqli bog‘liq 
bo‘lmaslik mezonlari.

Agar y 'f1 = 1, л j  funksiyalar с  ̂fazolar sinfida (o,b)

oraliqda o ‘zaro bog'liq bo'lsa, (ya ’ni, ( a ,b ) oraliqda (n - 1) 
tartibgacha uzluksiz hosilaga ega bo ‘Igan funksiyalar bo Isa), и 
holda (a .b j oraliqda W  = 0 bo ‘ladi. Agar W  ф О bo'lsa, и

holda y t (x) funksiyalar chiziqli bog'liq bo ‘Imaydi.

Masalan: 1,х,хг,...,'хл_1 funksiyalar uchun f V ^ O ,  shuning 
uchun ul at: chiziqli bog‘liq bo‘lmagan funksiyalardir.

(11.35) tenglamaning chiziqli bog‘liq  bo‘lmagan n ta
у i (x), y : (x },....yn (x) yechim lar to‘plami fundamental
yechim lar sistemasi deb ataladi. Uning yordamida (11.35) 
ko‘rinishdagi bir jinsli tenglamaning umumiy yechim i tuziladi. 
Quyidagi teorema o‘rinlidir.

1-teorema. Agar y i ,y 2,...,yri lar (11.35) tenglamaning
ixtiyoriy fundamental yechim lari sistemasi bo'lsa, и holda 
quyidagi funksiya (11.35) tenglamaning umumiy yechim i bo ‘ladi.

_ П
у  = С,у, +c2y 2+... + спУп = ( х ) , (11.37)

1=1
bu yerda с, — ixtiyoriy о ‘zgarmas.

1-misol. ex ,e~x .e2x funksiyalar sistemasi
y m — 2 y* — y ' + 2 v = 0 tenglamaning fundamental yechim i 
ekanligini ko‘rsating va uning umumiy yechim ini yozing.

► v, — ex, y 2 — e~x, y 3 = e2x funksiyalar va ularning 
hosilalarini berilgan tenglamaga qo‘ysa, ularning tenglamaning



yechim lari ekanligini ko‘ramiz. Ularning vronskiani quyidagi 
ko‘rinishiga ega bo‘ladi (11.36).

W(ex,e \ e lx) =
ex e x e2x i и
ex -e~x 2e2x x  —x 2x- е е  e и -12
ex e~x 4e2x и 14

= -6е2г ?t0.

Bundan kelib chiqadiki, exe~xe2x funksiyalar chiziqli 
bog‘liqmas va ular berilgan tenglamaning fundamental yechimlar 
sistemasini taslikil qiladi. Uning umumiy yechim i, (11.37) 
formulaga asosan, quyidagi ko‘rinishga ega.

2xу  = c,e + c2e + съе
2-teoerma. ((11.34) tenglamaning umumiy yeehim ining 

tuzilishi baqida). Chiziqli bir jin s li bo'lmagan (11.34) 
tenglamaning umumiy yechim i quyidagi ко ‘rinishga ega. 
у  - у  + y * , bu yerda у  - unga mos keluvchi bir jin s li (1 1 .3 5 )  

tenglamaning (1 1 .3 7 )  ko'rinishdagi umumiy yechim i y *  esa
(1 1 .3 4 )  tenglamaning xususiy yechim laridan biri.

2-misol. Xususiy yechimlaridan biri y*  = x +1 funksiyadan 
iborat bo‘lgan, y m — 2 y” — y ' + 2y — 2x + l tenglamaning 
umumiy yechim ini yozing.

► 1-misolda berilgan tenglamaga mos bir jin sli tenglamaning 
у  umumiy yechim i topilgan edi, u holda berilgan tenglamaning 
umumiy yechim i quyidagicha bo‘ladi.

У — У + У* = ciex + c2e~* + c/ x + x + 1 ^
Agar (11.35) tenglamaning fundamental yechim lar sistemasi 

ma’lum bo‘lsa, u holda (11.34) tenglamaning y *  xususiy 
yechim ini har qanday holatda ham ixtiyoriy о ‘zgarmaslarni 
variatsiyalash usuli (Lagranj usuli) bilan topish mumkin va V * 
har doim quyidagi ko‘rinishda ifodalanadi.

У* = c, (x )y , ( jc) + c2 (x )y 2 (x )  +... + cn (x )y n (x ) .(11.38)
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bu yerda y t (x )  (11.35) tenglamaning fundamental 
yechim lari sistemasini tashkil qiladi, ct noma’lum funksiyalar esa 
quyidagi n - ta c\ noma’lumlarga nisbatan chiziqli algebraik 
tenglamalar sistemasidan topiladi.

С\ У \ +  C 2 У  2 +  ■■• +  С 'п У п = -  0

CW \  +  C2 У '2 + - +  С '„ У 'п =  0

i [n-1) » (я~2) i i i n
C l J ' Y  +  C2 У 1  + - +  С п У п  ~  O j

Sistemaning determinanti, y (x )  fundamental yechim lar
sistemasi noldan farqli bo‘lgan holda, Vronskiy detenninanti 
bo‘ladi. ((11.36) ga qarang). Shuning uchun (11.39) sistema 
c\ - <p (x ) ko‘rinishdagi yagona yechimga ega. Bu  birinchi

tartibli -differensial tenglamani inlegrallab. ci (x ) = J"(pi (x)c?x ni 

topamiz.
Shunday qilib, (11.34) tenglamaning y *  xususiy yechim i 

quyidagicha bo‘ladi.
y* = y 1fp l (x)dx + y 2jq>2 (*)<& +... + y nJp n (x )tlx . (11.40)

1-eslatma. (11.40) formuladan integrallami topishda n ta 
ixtiyoriy o‘zgarmaslar paydo bo‘ladi. U lam i nolga teng deb 
hisoblash mumkin.

3-misol. Quyidagi tenglamaning umumiy yechim ini toping.

y ’ - 2 y - - /  + 2y = J ± - .  (1)
e  +1

► (1) tenglamaga mos, bir jin sli tenglamaning umumiy 
yechim i quyidagicha bo‘ladi.

X  , — X  , 2xу  = c\e + c2e + съе .
(1-misolga qarang.) (1) tenglamaning umumiy yechim ini 

topish uchun, Lagranj usulida uning у  * xususiy yechim ini 
topamiz. (11.38) formulaga asosan quyidagi ga ega bo‘lamiz.
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2х

(11.39) sistema bizning misolimizda quyidagi ko‘rinishda 
bo‘ladi.

y* = c}(x )ex + c2(x)e~x +c3(x )e2

c\ex + c'~e~x + c{e2x = 0,i z i  “

c ,V -c ;e-T+ 2 c V v =0,

c[ex + c\ex + 4c'e2i = e / (e* +1).

(2)

Buning detenninanti W  — —6e2x Ф 0 (1-misolga qarang). (2) 
sistemani Kramer usuli bilan yechib, quyidagilami topamiz.

cf = ~ . (3)
2 ex + Y  '  6 e x + l ’ 3 e * + l ’

(3) ifodani integrallab, quyidagilami hosil qilamiz (1- 
eslatmaga qarang).

2 ex + 1 2 J ex + l 2 1 '
I f  e3xdx 1 r ^ d ( e ‘ )  I f f  1 V ,  i f e * *  , Л

_ l f dx 1 (■ +1 - ev 
1 +1 '  3 J

.d (e x+\)"

jc, = — | ---- = - !--------- dx = - 1 -
3 J e ‘ +l  3 J ex + 1

Ч - ex +1

3l " ex+ l

.I(x - to (e -  + l) ).

dx =

(1) tenglamaning xususiy yechim ini yozamiz.
y*  = - ^ e x ln (ex + l j  + ~e~z^ e 2x - e x + ln (V  t l) + ~e2' |Sc-ln(eJt +l } j  j =

f 1-- le -
2 3 )

(1) tenglamaning umumiy yechim i quyidagi ko‘rinishda 
bo‘ladi.

1 « 1 1 2,= — e ---h -xe  +1
12 6 3 I

— e ' -- e r---e“  )ln(e* + l) ■

У = У + У* = qe  +c2e * +c3e2' + ̂ -(4л:е2т + e* + - 2e2x)ln (ex +l)
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2-eslatma. (11.35) tenglamaning fundamental echimlar 
sistemasini topish usullari mavjud emas. Shuning uchun umumiy 
holda (11.34) tenglamaning y *  xususiy yechimini topish 
mumkin emas, demak uning umumiy yechim ini ham topish 
mumkin emas. (11.34) tenglamani yechim ining boshqa usullari 
mavjud emas. Faqat xususiy holda, (11.34) tenglamaning barcha
a( (x ) koeffitsientlari o‘zgarmas sonlar bo‘lganda, (11.34)
tenglamaning fundamental vechim lari sistemasini va umumiy 
yechim ini topish usuli mavjud.

0 ‘zgarmas koeffitsientli chiziqli differensial tenglam alar
(11.34) va (11.35) tenglamalarga ai (x ) = p i - const&R  ni 

qo‘yamiz. U  holda mos ravishda quyidagilarga ega bo‘lamiz.

y (n)+ P iy (n~l) + РгУ{п~г) + -  + Р п - У  +  Р п У  =  f  (x ) ■ A \)

У 1 + РхУ{п~'] + p2y {n~2) + -  + Рп-У  + РпУ = 0 - (11 -42)
(11.42) tenglamaning fundamental echimlar sistemasini, faqat 

algebraik usullardan foydalanib, quyidagicha topish mumkin.
(11.42) tenglamaning xarakteristik tenglamasi deb ataluvchi 
quyidagi algebraik tenglamani tuzamiz:

Я " + p ,r ~ x + p 2r ~ 2 +... + p n_lA + p n = 0. (11.43) 
Bu tenglama n ta ildizga ega bo‘lib, bular orasida oddiy va 

karrali haqiqiy ildizlar, shuningdek qo‘shma-kompleks (oddiy va 
karrali) ildizlar ham bo iish i mumkin.

Agar (11.43) harakteristik tenglamaning barcha Ai ildizlari 
haqiqiy va oddiy bo‘lsa, u holda (11.42) tenglamaning quyidagi 
fundamental yechim lar sistemasini hosil qilamiz.

ev ,ev ,...,ev '. (11.44)
M a’lumki, (11.43) harakteristik tenglamasining liar bir к 

karrali ildiziga (11.42) tenglamaning quyidagi ko‘rinishidagi, 
chiziqli boimagan yechim lari mos keladi.

y l = елх, у 2 = хелх,...,yk = хк~]елх. (11.45)
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(11.43) harakteristik tenglamaning m karrali qo‘shma- 
kompleksi har bir a  ± Д  ju ft ildizga quyidagi ko‘rinishdagi
(11.42) tenglamaning o‘zaro chiziqli bog iiq  bo'lmagan 2m ga 
teng yechim lari mos keladi.

y x = eax cos fix , y 2 = eax sin fix ,
y } = xeax cos fix , y 4 = xeax sin j3x,
y 5 = x2eax cos fix , y 5 ~ x2eax sin fix , ^11

у 2m-1 = cos fix , y 2m = x”‘ leax sin fix .
Yuqoridagilam i umumlashtirib, quyidagiga ega bo‘lamiz.

(11.43) rung harakteristik tenglamasining ildiziga bir jin sli (11.42) 
tenglamaning, ixtiyoriy koeffitsientlar bilan chiziqli kombinatsiya 
(11.37) formulaga asosan, (11.42) tenglamaning umumiy 
yechim ini beruvchi, fundamental yechimlar sistemasini hosil 
qiluvchi, n ta chiziqli bog‘liq bo‘lmagan yechimi mos keladi.

4-misol. 0 ‘zgarmas koeffitsientli 4-tartibli bir jin sli chiziqli 
tenglamaning umumiy yechim ini toping.

y , v - \ 6 y  = Q.
► Berilgan tenglamaning harakteristik tenglamasini tuzamiz 

va uning ildizlarini topamiz.
/14-16 = 0, (Л 2- 4 ) (Я 2+4) = 0, Я 2=4, \  =±2, л 2= ^ 1 , 

Aj 4 = ±2i 2 tasi haqiqiy va 2 tasi qo‘shma-kompleksli, 4 ta ildizni

hosil qildik (or = 0 ,/7 = 2 ) bo‘lgan (11.44) - (11.46) xususiy
yechim lam i e’tiborga olib, quyidagi undamental yechimlar 
sistemasini hosil qilamiz:
y l = e2x, у 2 = e~2x, y 3 = e0xcos2x = cos 2x, y 4 = e x sin 2x = sin 2x

(11.37) formulaga asosan, berilgan tenglamaning umumiy 
yechim i quyidagi ko‘rinishga ega bo‘ladi.

у  = c ê2x + c2e~2x + c 3 cos2x + c 4 sin 2 x . ■<
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Agar (11.42) tenglamada n = 2 bo‘Isa, u holda o ‘zgrmas 
koejfitsientli 2 tartibli bir jin s li chiziqli dijferensial tenglamani 
hosil qilamiz.

У* + р У  + р 2У = 0 . (11.47)
Uning xarakteristik tenglamasi

Я 2+ р:Л + р 2 = 0 . (11.48)
ko‘rinishda bo‘ldi.
Bu tenglamaning ildizlari quyidagicha bo‘lishi mumkin.
a) haqiqiy va turli: -Я, *  ^
b) haqiqiy va o‘zaro teng: Л, = =■ X
v) qo‘shmakompleksli: Ay 2 —a ± f i i .
Ularga (11.47) tenglamaning quyidagi fundamental yechim lar 

sistemasi va umumiy yechim lar mos keladi.
1. y, = el \  y2 = e*x, у  -  c ^ x + c2cv ;
2 . 'у, = еЛх, y 2 = xe-1*, у  = c,e" + с2хеЛл;

3 • у, =  e“x cos /?jc. >>2 = e“x sin /?x, v = е“д (c  cos f i x  + c2 sin J3x) ■

5-misoL Quyidagi tenglamalaming umumiy yechim ini 
toping.

a) /  —15/ + 26y — 0;
b) /  + 6 /  + 9y = 0;
v) /  — 2 /  + lO j = 0.
► Har bir tenglama uchun xarakteristik tenglamasini tuzamiz 

va uning ildizlarm i, fundamental yechim lar sistemasini va 
umumiy yechim larini topamiz.

а). X2 - 15X  + 26 = 0, 4  = 2, X, = 13,



б) Л2 + 6/1 + 9 = О, Л1=Я2 = -3;
-Зх

У\ = 6 ’ ^2 = Хе '

у  — е~Ъх (c j + с2х ).

в) А2-2^+10 = 0, \ 2=l±3z
vt = ех cos Зх, у 2 = ех sin Зх. 

у  = ех (с, cos Зх + с2 sin З х ). <
Shunday qilib, o‘zgarmas koeffitsientli chiziqli tenglamalami 

yechish uchun quyidagilar zarurdir:
1. mos fundamental yechim lar sistemasini topish;

2. bir jin sli (11.42) tenglamaning у  umumiy yechim ini 
tuzish;

» « jfe3. Lagranj usuli bo‘yicha (11.41) tenglamaning У  
xususiy yechim ini topish;

4. У — У  + У *  formula bo‘yicha (11.41) tenglamaning у 
umumiy yechim ini hosil qilish;

Turli injenerlik masalalarini yechishda (11.41) tenglamaning
/ ( * )  o‘ng qismi ko‘p hollarda quyidagi maxsus ko‘rinishga ega 
bo‘ladi.

/ (x ) = eax{p r (x )co sbx + Qs (x )s in b x ), (11.49)

bu yerda p r (x ) ,  Q s (x ) - mos ravishda r  va s darajali

ko‘phadlar. a ,b  -  biror o‘zgarmas soniar f  (•*) funksiyaning 
xususiy hollari quyidagicha bo‘ladi.

f ( x )  = Pr (x )e ax(b = 0 ); (11.50)

/ (x )  = i^.(x)cos&x + £>5(x )sm fo c(a  = Q ), (11-51)

/  (x ) = ea< ( A cos bx + В  sill bx ){A  — const, B- co n s t ). (11.52)

/ (x )  = Jcosbx  + i?sinZ>x(a = 0, Pr{x) = A, Q(x) = By. (11.53)
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/ М  = ^ М  = ̂ ( Х ) ( а = 0> ft- O ). (11.54) 
Bu hollaming barchasida, shuningdek, umumiy holda 

((11.49) formulaga qarang), (11.41) tenglamaning xususiy 
yechimi, bu o‘ng qismlaming tuzilishiga aynan o‘xshashligi
isbotlangan. Umumiy hoi uchun f ( x )  funksiyaning ko‘rinishi 
quyidagi cha bo‘ladi.

V* = Xkeax ( Pm (x) cos fix + Qm (x ) sin fix j , ( l i  .55)

bu yerda Pm(x), Qm ( x ) - m  = m a x (r,.? ) darajali

ko'phadlar; к (11.43) z  — (X + /3i - songa mos keluvchi 
xarakteristik tenglamaning ildizlari soniga teng.

Shunday qilib, agar Я, ( / = 1,/j) ildizlar orasida Z  son 

bo‘lmasa, k = 0 agar Z  bilan mos keluvchi bitta ildiz mavjud
bo‘lsa, k  — 1, agar Z  son bilan mos keluvchi ikki karrali ildiz 
mavjud bo‘lsa, к  = 2 , va h.k. Bundan kelib chiqadiki, (11.55)
formulaga asosan, faqatgina Pm (x ) va Qm (x ) ko‘phadlaniing

koeffitsientlarigina noma’lum bo‘lgan, v *  xususiy yechimning 
tuzilishini birdaniga aniqlash mumkin ekan. (11.44) tenglamaga 
у  * yechimni va uning hosilalarini qo‘yib, o‘ng va chap 
tomonlarining o‘xshash koeffitsientlarini tenglashtirib, shu 
noma’lum kojeffitsientlam i topish uchun yyetarlicha sondagi 
chiziqli algebraik tenglamalarni hosil qilamiz. Koeffitsientlam i va 
у  * ni bunday usulda topish, aniqmas koeffitsientlar usuli deb 
ataladi. Bundan kelib chiqadiki, у  * ning tuzilishini bilgan holda 
((11.55) formulaga qarang), tenglamani Lagranj usulida yechishda 
hosil bo‘luvchi integrallash amalini qo‘llamasdan, differensiallash 
va chiziqli tenglamalar sistemasini yechish kabi elementar amallar 
yordamida xususiy yechimni topish mumkin ekan.

6-misol. Tenglamaning umumiy yechim ini toping.
y ’v -  Зу" = 9jc2 . (1)
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► Xarakteristik tenglamasini tuzamiz va uning ildizini, 
fundamental yechim lar sistemasini, bir jin sli tenglamaga mos 
keluvchi у  umumiy yechim ini topamiz.

Л4 - З Л 2 = 0 ,  Л2 (л2 -  з) = О, Л, = Л 2 = О, Л, ---- Л4 = ±а/3;

у  — С; + с2х + с3 л/Зх + схе ^ х.
(1) tenglamaning o‘ng tomoni, maxsus (11.54) xususiy 

holga tegishli, shuning uchun Z  = 0. Xarakteristik tenglamaning 
ikki karrali \  — /1 ,-0  ildizlari, Z  — 0 bilan ustma-ust tushadi, 
bundan k = 2 ekanligi kelib chiqadi. (1) tenglamaning o‘ng 
tomoni ikkinchi darajali ko‘phad bo‘lganligi uchun (11.55) 
formulaga asosan, у  * xususiy yechim quyidagi ko‘rinisliga ega 
bo‘ladi:

y*  = x2 (Ax2 + Bx + с j , 

у  * lam i (1) tenglamaga qo‘yib. ayniyat hosil qilamiz ( 

y * - ( l)  tenglamaning yechim i).
Bu yerda va keyinchalik hisoblash qulay bo‘lishi uchun 

У*,У* ',У *",У*т, У *Г ¥ ifodalaming har birini alohida qator 
yozamiz va vertikal chiziqning chap tomoni ga tenglamadagi 
ulaming oldida turgan koeffitsientlarni mos ravishda 
joylashtiram iz. Bu  ifodalam i koeffitsientlarga ko‘paj4irib, qo‘shib 
va o‘xshash hadlami lxchamlab quyidagiga ega bo‘lamiz:

0 y *  = Ax4 + Bx3 + cx2,
0 y * r = 4 Ax3 + 3Bx2 + 2x

-3 y * ” = l2Ax2 +6Bx + 2c,
0 y * n = 24Ax + 6B,
1 y * IV =24 A.

y * IV~3y*' -  -36A 2 -1 &Bx + 6c + 24.4 s  9x2
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Oxirgi ayniyatning o‘ng va chap tomonlaridagi x ning bir xil 
darajalari oldidagi koeffitsientlarini tenglab, A ,B ,C  lam i 
aniqlash uchun algebraik tenglamalar sistemasini hosil qilamiz:

-36 A = 9,
-182? = 0,

-6C + 24Л = 0.

bu yerdan A  — — 1 / 4, В  = 0, С  — — 1 . Bundan kelib 
chiqadiki,

/ *  = je2f--~x2- l .

(1) tenglamaning umumiy yechim i quyidagicha bo ‘ladi.

у  - v + y*  = c, + c2x + c3e^3x + c4e ~ ^  -  — .x4 — x2. <
4

7-misol. Koshi m asalasiili eching
у " - 1 у + Ь у  = (х - 2 )е х, _f (0) = 1, У (0 ) = 3 .(1 )

► Xarakteristik tenglamasi \  = 1, /u2 = 6 yechimlarga ega, u 
holda y "  — l y  + 6y = 0 bir jin sli tenglamaga mos keluvchi 
tenglamaning umumiy yechim i quyidagicha bo‘ladi.

X  , 6 xy  = cle +c2e .
(1) tenglamaning o‘ng tomoni, (11.50) ko‘rinishdagi

maxsuslikka ega, bu yerda a  = 1, /7 = 0; P{ (x^ — x — 2 ,r  = l. r
xarakteristik tenglamaning ild izi bo‘ladi, u holda к - I  va (1) 
tenglamaning xususiy yechim i quyidagi formuladan topiladi.

У *-xex(Ax+ B ) .  (2)
Endi, 6-misoldagi kabi, quyidagilam i topamiz:
6 у*  = ё  ( Ax2 + Bx j

-7 y * ’ = e' (Ax2 + Bx ) + e {2 Ax + B ) ,

1 у * ' = ex (Ax2 + (2A + B )x  + B )  + ex (2Ax + 2A + B ) .



у  ** -Ту * +6у* = е* ( (6 4 -  7Л + а ) х2 + (бв - ТВ - ХАЛ + 2 А + В + 2А)хТВ + 2А + 2 й ) = ех (х - 2)

Oxirgi ayniyatning ikkali tomomnini e* ^  0 ga bo'lib  vuboramiz 
va o‘ng va chap tomonlaridagi x  ning bir x il darajalari oldidagi 
koeffitsientlarini tenglab, quyidagiga ega bo‘lamiz.

0 = 0,

~10A = 1,
2 A - 5 B  = -2.

bu yerdan A  = —1/10, 5  = 9 /2 5 , quyidagi funksiya (1) 
tenglamaning umumiy yechim i bo‘ladi.

bxУ — У + У — c^e + c2e + e 1 2 9---- X  H---- -X
10 25

Koshi masalasini yechish uchun y' ni topamiz.

у  — сxe" + 6c2e x + e* f _ 2 J  1x ч---x \ + e — x +
10 25 J  [ 5  25V iw J  I

Boshlang‘ich shartlardan foydalanib, c, va Сг ixtiyoriy 
o‘zgarmaslaming qiymatlarini aniqlash uchun chiziqli 
tenglamalar sistemasini hosil qilamiz.

7 (0) = cx + c2 = 1, y (0 ) = cx+ 6c2 + 9 / 25 = 3.
Bu  yerdan c, =84/125, c2 = 41 / 125 lam i topamiz.
Shunday qilib, berilgan boshlang‘ich shartlami 

qanoatlantiruvi xususiy yechimning ko‘rinishi quyidagicha 
bo‘ladi.

84 41 5 ,y =-- e +-— e + e r I 2 9 ^
----X + —  X

10 25 уv125 125
(11.41) ko‘rinishdagi chiziqli differensial tenglamalar uchun 

ma’nosi quyidagicha bo'lgan, yechimlarning superpozitsiya 
prinsipi o‘rinlidir. Agar (11.41) tenglamada
f ( x )  = f x(x) + f i (x )  bo‘lib, > {(x ) va y2(x ) lar o‘ng
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(11.41) ko'nnishdagi tenglamani v, (x )  va y2 (x )  lar o‘ng

tomoni mos ravishda f s (x )  va f 2 ( X ) bo‘lgan quyidagi 
(11.44) ko‘rinishdagi tenglamalaming yechim lari bo'lsa,

У (п) + Pi +... + Pny  = f l (x ). (11.56)
+ p y (>’- 0 + + P y  = / г ( x ) ( n  .57 )

u holda — y* + j*  funksiya o‘ng tomoni f ( x )  bo‘]gan
(11.41) tenglamaning yechim i bo‘ladi.

л  w  va funksiyalar ((11.49) ko'rmishdagi faqat
turli turdagi (1 1.50)-(11.54)) maxsus ko‘rinishda bo‘lish mumkin. 
U  holda, har bir turdagiga qo‘liash mumkin boigan va aniqmas 
koeffitsientlar usulida (11.56), (11.57) tenglamalaming xususiy 
yechim larini topish imkonini beruvchi (11.55) ko‘rinishdagi 
xususiy yechimning tuzilishidan foydalanish mumkin. Shu bilan
birgalikda f\ \ x )  - maxsus ko‘rinishda, f 2 (x )  esa maxsus 
ko‘rinishda bo‘lasligi mumkin. Bunday hollarda, (11.41) 
tenglamaning xususiy yechim i у  * ni, Lagranj usulidan 
foydalanib birdanig topish mumkin yoki ikkita bosqichga bo‘lib, 
(11.56) tenglamani yechish uchun (11.55) ning tuzilishidan 
foydalanib, (11.57) tenglamani yechish uchun esa Lagranj 
usulidan foydalanib topish mumkin.

8-misol. Tenglamaning umumiy yechim ini toping.
j/  + j ' = x sin x  + cos2x . (1)

► M a’lumki, xarakteristik tenglamasi \  = i, A, = —i

yechimlarga ega. U  holda у ” + V = 0 bir jin sli teoremaning 
umumiy yechimi quyidagi funksiya bilan aniqlanadi.

у  -- C‘, COS л: + c2 sin X .

tomoni mos ravishda f y (x )  va f 2 ( x )  bo‘lgan quyidagi
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(1) tenglamaning o‘ng tomonini (11.51) va (11.53) 
ko‘rinishdagit maxsus turdagi ikkita funksiyaning yig ‘indisi 
shaklida yozish mumkin:

/ j(x ) = xsin x , f 2{x )  = cos2x . Shuning uchun (11.55)
ning tuzilishidan foydalanib, aniqmas koeffitsientlar usuli bilan

y ” + y  = X  Sinx. (2)
tenglamaning y* xususiy yechim ini, va

у " + у  = cos 2x . (3)
tenglamaning y* xususiy yechim ini topamiz. (2) tenglama

uchun d — 0, b = 1, Z  — i  = Л, , shuning uchun k  = 1 va.

у* = x ((v4 x  + Z?) cos x + (cx  + Z )) s in x )

6-misolda keltirilgan sxema bo‘yicha A ,B ,C ,D  aniqmas 
koeffitsientlam i hisoblaymiz.

Quyidagiga esa bo‘lamiz:
1 y [  = ( Ax2 + Bx Jcosx  + (cx2 + Z)x)sinx,

0 y\ —{2Ax + B^co?,x-^Ax1 + 5 x }sin x  +

+ (2cx + Z ))s in x  + (cx2 + Z)xjcosx =

= (cx2 + 2 Ax + Dx + 8 )cosx  + (-A x2 — Bx  +

2cx+ D )sinx,

1 y* - (2cx  + 2A + D )co s x - (c x 2 +2Ax + Dx + B )sm x  +

+ (—2 Ax — В + 2 c )s in x + ( —Ax2 — Bx + 2cx+D^jcos x,

y~ + y* = ̂ Ax2 + Bx + 2cx + 2 A + D  — Ax2 — Bx + 2cx + £>) cos x +

+ {Cx2 + D x -C x 1 — 2Ax — Dx — B —2Ax - B  + 2c)s in x  = x sin
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Oxirgi ayniyatda o‘ng va chap tomonlaridagi o‘xshash hadlar 
oldidagi koeffitsientlam i tenglashtirib, A ,B ,C ,D  va y* larni 
topamiz:

(3) tenglama uchun a  — 0, b ~  2, z — 2 i , shuning uchun 
к -  0 va

y\ ~  M  cos 2x  + N  s in  2 x .
Endi quyidagilami topamiz: 

y*2 = M  cos 2x + N  sin 2x, 
у 2 = —2M  sin 2x + 2N  cos 2x, 
у 2 = -AM  cos 2x — 4 N  sin 2.x. 

у2 + y 2 = —3M  cos 2x — 37Vsin2x s= cos 2x . 
bundan ko'rinib turibdiki, —3M  = l, -  3N  = 0 , shuning

va berilgan (1) tenglamaning umumiy yechim i quyidagi 
formula bilan aniqlanadi.

xcosx 4c = 0, 
cosx 2A + 2D  = 0, 

xsinx  -4^ = 1, 
sin x -2В  + 2c -  0,

bu yerdan A = —1 /4, 5  = 0, с = 0, D  = 1 / 4 . 
Bundan kelib chiqadiki,

I = — x (sin x - x  cosx

uchim
1~ —  cos2x.
3

Natijada quyidagini hosil qilamiz:
1 1

у*  = y x + у 2 = — x (sin  x - x cos x ) -  -  cos 2 x .

261



.  А
9-misol. Koshi masalasini yeching. 
y " - 2 y ’ + 5y = 3yx +extg2x, y ( 0) = 3/4, v r(0 ) = 2 . (1)
► Avval berilgan tenglamaning umumiy yechim ini topamiz: 

tenglamaga mos keluvchi X2 — 2Я + 5 = 0 xarakteristik 
tenglamaning iidizlari }  - \± 2 i bo‘ladi. y " — 2y + 5y = 0 bir
jin sli tenglamaning umumiy yechim i quyidagi funksiya bilan 
aniqlanadi.

у  = ex (c, cos2x + c2 s in 2 x ).
(1) Tenglamaning o‘ng tomoni ikkita funksiyaning 

yig‘indisi ko‘rinishidan iborat. Ulardan birinchisi f  (x ) = 3ex , 
maxsus turdagi (11.50) ga tegishli bo‘lib, bu yerda 
7^(x) = 3, a = l, b = 0, z = 1^AI2 bo‘ladi. Shuning uchun,

y "  — 2y ' + 5_y = 3ex tenglamaning xususiy yechim i quyidagi 
ko‘rinishga ega y* = Aer , bu yerda A  quyidagi ayniyatdan

3 3
aniqlanadi. (A  — 2A + 5A )ex = 3ex ; bundan ^  = y, = — ex .

Ikkinchi, j 2 (x ) = extg2x funksiya maxsuslikka ega emas va

y" — 2y  + 5y — extg2x tenglamaning y\ xususiy yechim ini
ixtiyoriy o‘zgarmasni variatsiyalash usuli bilan izlash zarurdir 
(Lagranj usuli). (11.38) formulaga asosan, quyidagiga ega 
bo‘lamiz.

y*2 = е*(с,(х )со 8 2 х  + с2 (x )s in 2 x ).
Bizning misolimizda, (11.39) ko'rinishdagi sistema ikkita 

tenglamadan tashkil topgan (y , = ex cos2x, y2 - e ‘ sin 2 x j.



c\ex cos2x + сгех sin2x = 0.

с,ех (co s2 x-2 sin 2 x ) + c'2e'T (sin2x + 2cos2x) = extg2x.

Sistemaning tenglamalarini ex ga qisqartirib, quyidagini hosil 
qilamiz.

c\ cos 2x + c\ sin 2x = 0, • ]

C ;'(cos2x-2sin2x ) + c ' (sin2x + 2cos2x) = tg2x. j
Oxirgi sistemaning determinant! (vronskiani) quyidagicha 

bo‘ladi.
cos2x sin2x

cosx-2sin2x  sin2x + 2cos2x 
Kramer formulasi bo‘yicha quyidagini topamiz.

W = 2

C[ = ~  
1 2

0 sin2x
tg2x sin2x + 2cos2x 

cos 2x 0 

cos2x-2sin2x tg lx  
Topilgan tengliklam i integrallaymiz.

C i= ~ J

= — ̂ sin2x^gx.

2 2

1 г sin 2x
------dx = —  i
cos 2x 2 J

i • „= —sm2x. 
2

j  1 r 1 — cos2 2x ,<1?: — —  i --------- dx — 1

+ — f coslxdx  = — In 1 J A
7Г

cos2x 
\i

f- dx - +

+ —sin 2 x . 
4

c, = —sin 2 xdx = —  cos 2x .

Bundan quyidagi kelib chiqadi.
\

•x!
V
-In
4

(  71 
* 4 “

Lcos 2x +—sin 2x cos 2x - 
4

11 ^—  sin2xcos2x i = — ex\n 
4 J 4 tg

TC
— X ■ cos2x .
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Shunday qilib, berilgan (1) tenglamaning xususiy yechimi 
quyidagicha bo‘ladi.

ф * * 3  ̂ i ( ,
У* = У\ +^2 = T e + 7 « In 4 ч

= Ie-
4

tg
' n
--- X
4

cos2x =

f / N \
3 + ln tg

7U ] 
--- X • cos 2x

V <4 y )
Uning umumiy yechim i esa quyidagi funksiya bilan 

aniqlanadi.

у  = у  + у* = ex (с, cos 2x + c2 sin 2x) + — ex j 3 + ln tgl ~- — x ] -cos2xl
V4 J

(2)
Koshi masalasini yechish uchun у  (0 ) = 3/4, У (0 ) = 2 

boshlang‘ich shartlardan foydalanib, (2) umumiy yechimdagi c, 
va c2 ixtiyoriy o‘zgarmaslaming qiymatlarini hisoblaymiz. у  ni 
topamiz.

у  = e (q  cos2x + c2 sin2x) + ex (-2cj sin 2x + 2c2 cos2x) +

1 x f  4—  e j 3 + In
4 V

71
tg -----X

4
- c o s 2 x

+

cos2x
-- 2 In

tg\

/g |---Jt I  - sin 2x
~Jn ^ Г *у. —~x .-COS
U  J  u

у  va у  lar uchun olingan ifodalarga x — 0 qiymatni qo'yib, 
boshlang‘ich shartlami e’tiborg olib, quyidagilaami hosil qilamiz.

y (0 ) = 3/4 = Cj + 3/4.

У  (0 ) = 2 = 2c2 + 3 /' 4 -1 / 2. 

bu yerdan c, = 0. c2 = 7 /4.
Natijada izlanayotgan xususiy yechim quyidagicha bo‘ladi.

264



3 + 7 sin 2x — In
r n  N

tg --- JC •c o s 2 jc 1
V И  , 1

11.5. A T
1. Quyidagi ikkinchi tartibli bir jin sli chiziqli differensial 

tenglamalaming umumiy yechim larini va fundarnentiar 
yechim lari sistemasini toping.

a) y '- 2 y '- 4 y  = 0;
b) y "  + 6y' + 9у  = 0; 
v ) y "  — 6y’ + 18y = 0 .
/ T U  (l+7s)jc (l-y}5}x { l—j5]x(Javob: a) y,= e' > , y2 = e[ ’ ; y = cte[ > + c2e- ' ; 

b) v. = е~Ъх, y 2 = хе~Ъх; у  = e“3* (cl +c2x)\

v) y1 = e3xcos3x, y2 = e'x sinx; у  — (c, cos3x + c2 sin3x ) .)
2. .Quyidagi yuqori tartibli bir jin sli chiziqli differensial 

tenglamalaming umum yechim larini va fundamental yechim lari 
sistemasini toping.

a) y m - 5 y "+16/ -  12y -  0;
b) y IV —% y " ~ ly  = 0; 
v) /  — 6ylv + 9ym = 0; 
g) / ' - 3 /  + 3 / K = 0.

(Javob: a) y l = ex, y 2 = e2x cos2^2x, y 3 = e2x sin2^2x; 

у  = с,е* + e2x(c, cos2n/2x + c2  sin2^/2xj; b)

j ,  = ex, _y2 = e_x, y 3 = e r’x, y 4 = е~^х; у  = c,e* + 

c2e~x +c3e~^x -rC4e~^x ; v ) _y, = 1, = x, v3= x2, _y4 = e3x, 

= xe3jf, у  = q  + c2x + c3x2 + (c4 + c5x ) ■ e3*, g)
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Зд-/2 ■ л /З  2 3 3W2 Г V  3 . л /3  )>6=е sm-- х; у  = с, + с2х + с3х + с,х +е j с, cos-- х + с ,яш — х ’
2 V 2 ‘ 2 ,

M ustaqil ish
Quyidagi bir jin sli chiziqli differensial tenglamalaming 

umumiy yechim ini va fundamental yechim lari sistemasini toping.
1. a) 3 /  -  2y ' -  8y = 0; b) y m + 9y' = 0 ;

(Javob: а) у  ~ c,e2x + с2е 4х1Ъ,

Ъ) у  = q  + c2 cos 3x + c3 sin 3 x .)

2. a) У - 6 /  + 13y = 0; b) y IV - 8y* + \by = 0.
(Javob:a) у = e3j: (q  cos2x + c, sin2x);
b) у = (c.L + c2x)e2x +(съ + сАх)е-2х.)
3. a) 4 ym — 8_y' + 5y = 0 ; b) у " - Ъ у ” + Ъ у '- у  = Ъ . 

(Javob: a) у  ~ e x(  c, cos

b) у  = ex (cx + CjX + c3x )2.)

11,6. Auditoriya topshiriqlari
Quyidagi, bir jin sli bo‘Imagan tenglamalaming ko‘rsatilgan 

boshlang'ich shartlami qanoatlantiruvchi, xususiy yechim larini 
toping. (Koshi masalasini yeching.)

1. y "—3y' + 2y = e3x (x2 -x j, y (0 ) = l, y(Q) = -2.

(Javob: y = 4(ex-e2x) + j ( x 2-2x + 2je3x ■)

2 y ” - y ' = -2x, y (0) = 0, y (0 ) = / (0 ) = 2_

(Javob: y  = ex —e~x +x2).
3 y a'- y  = 8eI , / (0 ) = 0, / (0 )  = 1, y * (0 ) = 0

У I = 1’ У  2 =  =  * 2> >4 =  y s = еЪх'2 c o s “  х,
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(Javob: у  = 2xex — Ъех + e ~x + cos jc + 2sin x .)
4 y" - 2 y ' + 2 у  = 4ex cos jc, y (& ) = лек, у ’(яг) = ея

{Javob: У = « '( (2 * - * - l)s i» * - * a s * )  }

5 /  + 4y = 4(sin2jc + cos2jc), у (л )  = у '(я) = 27г

(Javob: у  - З п  cos 2х + sin х+(sin  2х -  cos 2 х ).)

M ustaqil ish
Ko‘rsatilgan quyidagi tenglamalaming boshlang'ich 

shartlami qanoatlantimvchi xususiy yechim larini toping.
I f - 2 2 y  = 2e\ у ( ] )  = -), / ( 1) = 0

(Javob: у  = e2x~1 -  2ex + e + 1.)

y "  + 4y = x ,y (0 ) = 1, y '(0 ) = ~
2.  . . .  2

(Javob: v = - x  + cos2x + f — " r  |sin2x)
4 [4  8 J

2 / ,+6/+9>' = 10smx, v(0 )--0 ,6 , >’ (0) = 0,8 

(Javob: у  = 0,8sinx—0,6cosx.)

11.7. Auditoriya topshiriqlari
Quyidagi berilgan bir jin sli bo‘lmagan chiziq differensial 

tenglamalaming har binning xususiy yechim ini aniqlang va uning 
tuzilishini yozing.

j y" - 8/  +16у -e4x ( l—x)
2 y "~ 3 y  —e ’x -28x

3 _yff + 16_y = xsinx

4 . / "  + / , = 2х + <Гс
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5 — 4у ’ = 2 cos 4х

 ̂ y IV — у  = Зхе* + sinx 

/ - 7 /  = (х - 1 )2

8 ,У/Г + У  = х2 + 2х 

р У - 4у' + 13у = e2* (x 2cos3x + sin3x)

10. у¥ — у 1Г = 2хех — 4

-гх

Berilgan chiziqli tenglamalaming umumiy yechim ini toping. 
XX У  + 4y = cos2 x 

12 У " + 5y' + 6y  = e * + e 

X I 4 У  — у  = x3 -  24x 

14. У " + У ' = 6x + e x 

15 У" + 4y = 1 / sin2 x 

16. / ' + /  = & *

M ustaqil ish
j  У  + 4 У  + 4_у = e~2jr lnx

{Javob: у = f  c, + c2x + — x2 In x -  — x2 j e 2x .)
' v 2 4 1

2 y ” + y  + ctg2x = 0

X
* 2

(Javob: у  = 2 + c, cos x + c2 sin x + cos In 

3 У - 2 У  + у  = е */ (х 2+1)

(Javob: у  — ex (c, + c2 — In л/х2 +1 + xarctg x j .)
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11.7. D IF F E R E N S IA L  T EN G LA M A LA R  S IS T E M A S I

Quyidagi ko‘rinishdagi sistema

У'\ = Уп)
y'i=  f i {x ,y \ ,y 2,....,yn)

(11.58)

Уп = / А х’УмУг>->У,).

(bu yerda x ,y l ,y 2,..,,yn o‘zgaruvchili f i ( i  = l,n\ funksiya 

(и +1) o‘lchamli biror D  sohada aniqlangan) y\ ( x ) ,

y 2[x ),...,yn(x )  noma’lum funksiyali n - ta birinchi tartibli
differensial tenglamalaming normal sistemasi deb ataladi.

(11.58) sistemaga kiruvchi tenglamalar soni uning tartibi deb 
ataladi.

(11.58) sistemaning (a ,b j oraliqdagi yechim i deb, (a ,6)
oraliqda uzluksiz differensiallanuvchi va o‘zining hosilalar bilan
(11.58) sistemaning har bir tenglamasini ayniyatga aylantiravchi
У, = У, (x ) , У2 = Уг ( x) ,- ,У п = У п (х ) funksiyalar to‘plamiga 
aytiladi.

Birinchi tartibli differensial tenglamalar sistemasi uchun 
Koshi masalasi quyidagicha ta ’riflanadi.

(11.58) sistemaning

У\ ( xo) = Ую> У2 (*o ) = Ут ,-,Уп (xo) = Упо • (11.59) 

bu yerda Уш  У2о>—>У„о _  berilgan sonlar: x0 e (a ,6) 
boshlang‘ich shartlami qanoatlantiruvchi
У\ = У\ (■*)> У2 (x ),...,yn = (x ) yechim lari topilsin.

Quyidagi o‘rinlidir.
Teorema. (Koshi ntasalasining m avjudligi va yagonaligi 

haqida).
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Agar f i ( i  = \ ,n ) funksiya (x0,y w,y 20,...,yn, ) & D

nuqtaning atrojida uzluksiz ho‘Isa va [/ = !,;? ) uzluksiz
dy, v ’

xususiy hosilalarga ega bo'lsa, и holda har doim shunday x0
markazli integral topiladiki, (11,58) sistemaning (11.59) 
boshlang'ich shartlami qanoatlantiruvchi yagona yechimi 
mavjud bo ladi.

(11.58) sistemaning umumiy yechimi deb. quyidagi 
boshlang‘ieh shartlami qanoatlantiruvchi va n ta cl,c2,...,cn 
ixtiyoriy o‘zgarmaslarga bog‘liq  bo‘lgan, n ta 
y t = (p (x ,cl,c2,...,cn){ î = I,/? j  funksiyalar to‘plamiga aytiladi.

1) (pL funksiya x ,c1,c2,...,cil o‘zgaruvchilming biror

o‘zgarish sohasida aniqlangan va uzluksiz xususiy
dx

hosilalarga ega bo‘Isa;
2) (pt to‘plam cj ning ixtiyoriy qiymatlarida (11.58) 

sistemaning yechim i bo‘Isa;
3) Koshi teoremasi o‘rin li bo‘ladigan с sohadagi har 

qanday (11.59) boshlang‘ich shartlar uchun har doim 
сю,с20,...,сп0 boshlang'ich shartlaming shunday qiymatlari

topiladiki, (pm = (pt (x0,cw,c20,...,cn0) tenglik o‘rin li bo‘ldi.
(11.58) sistemaning xususiy yechimi deb, ixtiyoriy 

o‘zgarmaslaming biror xususiy qiymatlarida umumiy yechimdan 
olingan yechimga aytiladi.

(11.58) sistemani yechish usullaridan biri, uni yuqori tartibli 
bitta yoki bir necha differensial tenglamalami yechishga olib 
kelishdir. (Noma’lumni yo‘qotish usuli).

Yuqorida aytilganlarning barchasi, quyidagi ko‘rinishdagi,
(11.58) sistemaning hususiy holi bo‘lgan chiziqli differensial 
tenglamalar sistemasi uchun o‘rinlidir.
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у\ = аи + «12 { х )у 2 + -  + « 1» (х )у „  + f, (х )

У2 - «21 W  >’t + «22 (* ).У 2 + + «2„ (х )уя + / 2 (х )
.(13.60)

у'п = Дв1 ( х )з ;А а  ( * ) у2 +... + апп (х )у л + f n (х ) 

bu yerda ау (х ), f i (х)^1, j  = \,п j  fimksiyalar odatda, biror 

(a ,b) oraliqda uzluksiz deb faraz qilinadi. Agar barcha 

f  (x ) = 0 bo‘lsa, u holda (11.60) sistema bir jinsli, aks holda bir

jinsli bo ‘Imagan deyiladi. Agar atj (x ) = const bolsa, sistema
о ‘zgarmas koeffitsientli chiziqli sistema deyiladi. Bunday 
sistemalami integrallashga imkon beruvchi usullar mavjuddir. 

Shulardan ikkitasini ко‘rib chiqamiz.
1. Xarakteristik tenglamasini tuzamiz.

«1 I A  «12

a.21 a -Л
22

*\n
2n

- A

= 0. (11.61)

bu yerda ay = const . Determinantni ochib chiqib, n ta
yechimga ega bo‘lgan (ulaming karraliklarm i hisobga olgan 
holda), Я ga nisbatan darajali, haqiqiy o‘zgarmas koeffitsienli 
algebraik tenglamani hosil qilamiz. Shu bilan birgalikda quyidagi 
holatlar bo'lishi mumkin.

1. (11.61) xarakteristik tenglamaning lldizlari turlicha va 
haqiqiy. U lam i Л,,Л2,...,Лп deb belgilaymiz. M a’lumki, har bir

Л[ ẑ = l,n  j ildizga quyidagi ko'rinishdagi xususiy yechim lar mos 

keladi.
(11.62)U) (V) JLx (i)
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bu yerda koeffitsientlar quyidagi chiziqli
algebraik tenglamalar sistemasidan topiladi.

(flu  - + ana<2 + -  + a\na n} = 0

a 2\a \  ̂+ (a22 — Л ) a 2  ̂+ •” +  a 2na n ' =  0   ̂ ^

ania\,] + a f  +... + (а пл -  Л ,)а ?  = О
Barcha (11.62) ko‘rinishdagi xususiy yechim lar fundamental 

yechim lar sistemasini tashkil qiladi.
a j=  const, /’ (x ) = 0 bo‘lgan holda (11.60) sistemadan

olingan bir jin sli o‘zgarmas koeffitsientli tenglamaning umumiy 
yechim i, (11.62) yechimining chiziqli kombinatsiyasini tashkil 
etuvchi quyidagi funksiyalar to‘plam ini ifodalaydi.

У, = 1 > Л Й = c,a re ^  + C2cr1,V - '+ ...+  cn< V - '
1=1

у 2 = = cIa i'V ',A + c2a 2 )e 'lX +... + cna[^ev
i=i . (11.64)

Уп~ С‘Уп - cian e +c2a 2 e +... + cna n e
iM.

bu yerda c, - ixtiyoriy o‘zgarmaslar.
l-m isol. B ir jin sli sistemaning umumiy yechim ini toping.

y[ = 3у, - у2 + Уз 
y ’z = -Ух + 5у 2 - Уз 
Уз=У1 ~У2 + 3Уз ,

► Berilgan sistemaning xarakteristik tenglamasi 
3-Л  -1 1 

-1 5 - Л  -1 = 0.
1 -1 3 -Л

(1)
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Л ,—2, Л3 = 3, Л? = 6 bo‘lgan turli haqiqiy ildizlarga ega. 
Ularning har biri uchun (11.63) ko‘rinishdagi sistemani tuzamiz.

a, щ  + & P  = 0,

a,

W
j
( i)

= 0,

■ cep + cep = 0,

( 2 ) „W -- а У ' + = 0,

• - a [2) + 2 -  a 1/ 1 = 0,

a,( 2 ) y(2)
2

(2)

-3af

-а” - a ”  - a \ '= 0 ,

a{ ’■ -  a[y' -  3a\v = 0 .

Bu sistemalarning determinantlari, (1) formulaga asosan, 
nolga teng, u holda ularning har biri cheksiz ko‘p yechimga ega, 
Bunday holda. Shunday yechimni tanlash mumkinki, ular uchun
a p  = a j2' = a! 1 = 1 bo‘ladi. U  holda (2) sistemaning quyidagi
yechim larini hosil qilamiz: agar a, =2 bo‘Isa, u holda

a p  = 1, a )4 = 0, a\4 = 1iO 0 )_

af* = 1, a'2z> = 1, a'f ' = 1 
J3) _

(2 ) _ r (2) _

agar a 7 -  3 bo‘Isa, u holda 

agar «  = 6 bo‘Isa, u holda

a\J) = 1, a f*  -  -2, rAp - 1.
Bundan quyidagi fundamental yechim lar sistemasini hosil 

qilamiz.
yp = 0,( l )  2xy l = e (1) -2xУ з = - е

(2)Vv — P* L C
,(J ) _ ,(3)

Я
(2)

у Г = < Г ,  f i } =-2e
13) бд

Уз = e
(11.64) funksiyalar to‘plamini e’tiborga olgan holda bu 

yechimlaming chiziqli kombinatsiyasi dastlabki sistemaning 
umumiy yechim ini beradi.



У) = сле2* + с2е}х + cie('x,

У2 = с2еЪх — 2c,e6
уъ = —Cjg2x + с2егх + c3e61.

2. (11.61) xarakteristik tenglamalari Л1,Л2,...,ЛЯ ildizlari 
turlicha, ammo ular orasida kompleks ildizlar mavjud. M a’lumki, 
bu holda (11.61) xarakteristik tenglamaning har bir ju ft qo‘shma - 
kompleks Л12=Л ±iJ3 ildizlariga juft xususiy yechim mos
keladi.

(l)  (!) (a+ifl)x /л 1 r c \
У) ~ a J e » (11.65)
(2) (2) (a - i f l ) xу \} = a) ey ’ , ( 11.66)

bu yerda Л = A] = A ±i/3 A = A1= A — i/3 lar uchun mos 

ravishda (11.63) sistemadan or'1', koeffitsientlar aniqlanadi. 

a f \  a ['p koeffitsientlar, qoida bo‘yich, kompleks sonlardir, 

ularga mos keluvchi j/ 1', funksiyalar ega, kompleks

funksiyalardir. va y^p funksiyalaming mavhum va haqiqiy
qismlarini ajrutib va haqiqiy koeffitsientli chiziqli tenglamalar 
uchun yechim larining mavhum qismi ham, haqiqiy qismi ham 
yechim ekanligidan foydalanib, bir jin sli sistemaning xususiy 
haqiqiy ju ft yechim larini hosil qilamiz.

2-misol. Sistemaning umumiy yechim ini toping.

* ‘ 7 л + л  1. (оy ^ - 2 y ,- 5 y j
► (1) sistemaning xarakteristik tenglamasi 

- 7 - Л  1
= A2+121 + 37 = 0.

-2 -5 -Л
Л]1 = —6± i ildizlarg ega. (11.63) formulaga asosan, 

quyidagini hosil qilamiz:
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(—1 -  Х ) а х+ а г = (Л 
-2а, + ( —5 — А )а г = 0 J '

(- 7 - Л )« г ' + «2П = °» 1
-2а^ + (-5 - Л1) а!р = 0.1

\ a * '1 lam i hisoblash uchun \  = — 6 + i ildizga quyidagi 
sistema mos keladi.

(- l- i)a j"  + a^  = 0 f a1|l) =1 

-2a;(1) + (l - z) a j1' = 0. = 1 + i
(11.65) formulaga asosan, quyidagi xususiy yechim ini hosil 

qilamiz.
y j]) = a f ]e{aiip)x = e{a+ip)x = e(~M)x = (cosx + i s in x ),

.У,4 = a^ V 0'"^ ' =(l-z')e^-6+,̂ c =e~bx (cosx —sin+ г (cosx + sinx))- (2) 
(Bu  yerda biz Eyler formulasidan foydalandik: 

е̂ а+>р,х — eax (cos fix  + i sin /?x) ) (2) yechimdan mavhum va
haqiqiy ' qismi armi alohiJa olib, (1) sistemaning fundamental 
yechim lar sistemasini hosil qiluvchi, 2 ta haqiqiy ko‘rinishdagi 
yechimni hosil qilamiz.

y t * = e~6x cosx, y 2 = e '6x (cosx -  s in x ),
=W = (3)V; = e 6_tsinx, y 2 =e  6* (cosx + s in x ).

U  holda (1) sistemaning umumiy yechim i quyidagi 
ko‘rmishda bo‘ladi:

у, = с,~yx * +сгУ\ = e 61 ( ci cosx + c2 sinx),

У2 ~ ci У г + сгУг ~ e ^  (ci (cosx —sinx) + c2 (cosx + sinx)).
(4)

Endi, A  = -6 — i ikkinchi ildizni foydalanish ortiqchadir,
chunki yana (1 )-(4) yechim lami olamiz. Bu  mulohaza barcha bir 
jin sli chiziqli differensial tenglamalar uchun o‘rinlidir. A

3. (11.61) xarakteristik tenglamaning Al ,/il2,...,An ildizlari 
orasida karralari mavjud. Bu  holda quyidagicha yo‘l tutamiz. 
Faraz qilaylik, A - (11.61) xarakteristik tenglamaning к -  karrali 
ildizi bo‘lsin. U  holda (11.60) sistemaning
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(ay = const, f ( x )  = 0(z, j  = 1>л)) к  karrali ildiziga mos 
keluvchi yechim ini quyidagi ko‘rinishda izlaymiz.

mos

+ acux + ocux +... + ccu_tx )e ' ,

larga ko‘rsatilgan cheklanishlarda dastlabki (11.60) sistemaga 
qo‘yamiz. So‘ngra ( елх Ф 0 qisqartirganimizdan keyin) olingan 
tenglikni o‘ng va chap tomonlarida x ning bir x il darajalari 
oldidagi koeffitsientlarni tenglashtiramiz. G ‘tkazilgan 
protseduralar natijada barcha Aie sonlardan ixtiyoriy о‘zgarmas 
sifatida qabul qilinuvchi к soni har doim erkin o‘zgaruvchi 
sifatida qoladi.

(11.61) xarakteristik tenglamaning oddiy (karrali bo‘lmagan) 
yechim lariga mos keluvchi fundamental sistemaning yechim lari,
1 va 2 hollarda ko‘rsatilganday aniqlanadi.

З-miso]. Sistemaning umumiy yechim ini toping.
у[= У2+Уз> 

У1=У,+У2-УЗ> 
yf= У2+Уз-

( 1)

► (1) sistemaning xarakteristik tenglamasi
-A 1 1
I i -л -1 ==-(Л-1)2Д = 0-
0 1 1-A

(2 )
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ikki karrali Л1Л = 1 va bir karrali Я, = 0 ildizlarga ega. 
(11.67) formulaga asosan, ikki karrali л, 2 -1 ildizga quyidagi 
ko‘rinishdagi yechim mos keladi.

uchun olingan ifodalam i (1) dastlabki sistemaga qo‘yishdan hosil 
bo‘lgan sistemadan aniqlanadi. ex Ф 0 ga qisqartirilgandan so‘ng, 
quyidagiga ega bo‘lamiz.

+  C C W  +  & 1 х Х  —  & 2 0  +  «30  а ъ \ Х ->

a 2\ + «20 + a 2\X ~ «10 + a UX + «20 + «21* ~ a 30 ~ a 3lX’ >
a 31 + or30 + а я х — а 2Ь + a 2Xx + a 3Q + a 3lx.

0 ‘ng va chap tomonlaridagi x ning bir x il darajalari oldidagi 
koeffitsientlam i tenglashtirib, quyidagi sistemani hosil qilamiz.

bundan a 20 = a 31 — a {{, a 30 -- a.(], a 2l = 0 ekanligini 
topamiz. a ]0 va a n sonlami ixtiyoriy parametrlar deb hisoblash 
mumkin. Ulam i mos ravishda c, va c, deb belgilaymiz. U  holda 
(3) yechim quyidagi ko‘rinishda yoziladi.

(11.62) formulaga asosan, Я . —0 ildizga quyidagi yechim 
mos keladi.

y [l2) = (a m + a nx )e x, y (2'2) = ( a 20+ a2lx )e x 

y ‘ul = (a 30 + a 3l)e '.
(3)

1̂1 1̂0 ^20  ̂ ^30?

a 3\ ~ a 21 + a v ’
«31  ̂ « 3 0  « 2 0  « 3 0 ’
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yl3' = ci3)e°* ГА(з) / 3 ) : (3)У J y f ]1 - a ^e0x = a3(J), (5)

bu yerda a f \  a 2\
((11.63) sistemaga qarang).

sonlar quyidagi sistemadan topiladi

cc(3) ,(3) _= 0,

,(3) -  I
=  0 ,

-  2сг, а У 1 = - c 3, a'
Uning

(3)

,(3)

yechim i
Л3)

'3  •

quyidagicha boiadi.
Natijada A, = 0 ildizga mos

keluvchi (1) dastlabki sistemaning (5) ko‘rinishdagi yechimi 
quyidagicha bo‘ladi.

У ?= 2 с3, , (3) -c, ,(3) _
y 2 L'3 ’ У  3 ' ' З ’ 

bu yerda c3 - ixtiyoriy о ‘zgarmas.
Dastlabki sistemaning umumiy 

ko‘rinishda yoziladi.
- -J1’2) j. ,Д3) -  ( C] + c2x )e x + 2c.

yechim i quyidagicha

У1 У Г ' + У \

v  -  v (1,2)У  2  —  У  2 

— ,,0-2)

3’

+ >43) = clex
,(з) -

-3?

У з  =  У з  +  У з  =  (С1 +  С 2Х )  е *  +  с з-

Agar sistema bir jinsli bo‘lmasa, u holda bir jin sli sistemaga 
mos keluvchi (11.64) ko‘rinishdagi umumiy yechimni bilgan 
holda, dastlabki bir jin sli bo‘lmagan sistemaning umumiy 
yechim ini (11.64) yechimdagi c1,c2,...,c/t ixtiyoriy
o‘zgarmaslami variatsiyalash usuli bilan topish mumkin. Bu 
savolni to‘laroq ko‘rib chiqamiz. B ir jin sli bo‘lmagan sistemaning 
yechim ini c,,c2,...,cn ixtiyoriy o‘zgarmaslami, ularga mos

keluvchi c} (x ),c 2 (х ),...,с я (x ) funksiyalarga almashtirib. har
doim (11.64) ko‘rinishda yozamiz mumkinligi isbot qilingan. Bu 
funksiyalar berilgan bir jin sli bo‘lmagan sistemalar yordamida 
quyidagicha aniqlanadi. Berilgan sistemaga
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у 1,у 2,- ,у „ ,  У[,У2>->У'„ laming ifodalari qo‘yiladi va 
с,'(x ), c'2 (x ),...,c ' (x j larga nisbatan, yechim i har doim mavjud 
va quyidagi ko‘rinishda tasvirlash mumkin bo‘lgan:

C[ (X) = <Pl (X)> C2 (* ) = <Pl W  — < (* ) = <Pn (* ) ■
bu yerda q>. (x)^z = 1,и) - ma’lum funksiyalar, n ta

algebraik tenglamadan iborat chiziqli tenglamalar sistemasi hosil 
qilinadi. Bu tengliklam i integral lab quyidagilami topamiz.

c. (x ) = |<x> (x)dx + с , 

bu yerda с -  ixtiyoriy o‘zgarmas.
(11.64) yechimga c, = const lar o‘miga topilgan c. (x )

laming qiymatlarini qo‘yib. bir jin sli bo‘lmagan tenglamalar 
sistemasining umumiy yechim ini hosil qilamiz.

4-misol. Koshi masalasini yeching.
У\ — 4^i ”  5v2 + 4x +1,

* (0 )  = 1, *(<>) = 2
У2 ~ У\- 2 y 2 + x.

► A w a l, bir jin sli sistemaga mos keluvchi umumiy 
yechimni topamiz.

У[ = 4у1-5у2\
У2 ~  У i ~  2 y 2 j

Uning xarakteristik tenglamasining ildizlari: 
\  — —1, A, = 3 umumiy yechim i esa quyidagi ko‘rinishda 
izlaym iz (1 holga qarang):

(1)

f -  (2)

v, -ae  x + 5c7e ,
.  "зл (3)

У2 — 2̂

(3) yechimda c; va cz lam i C) (x ) va с2( л ) noma’lum 
fim ksiyalar deb hisoblaymiz (o ‘zgarmasni variatsiyalash usulini
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ma’nosi ham shunda), y 1 va y 2 larni (1) dastlabki sistemaning 
yechim lari bo'lsin deb talab qilamiz va quyidagilami topamiz. 

y\ -  c\ (x )e~x -  с, (x) e~x + 5c\ (x ) еЪх +15c2 (x )еЪх,

У'г =c[(x)e~x - c1(x)e~x +с'2(х )еЪх +3с2(х )еЪх.

(1) sistemaga y u y 2, y [ ,y 2 'ar uchun olingan ifodalami
qo‘yamizyu. 0 ‘xshash hadlami ihchamlab, quyidagi sistemani 
hosil qilamiz:

c[(x)e~x + 5c' (* )e 3x = 4x + l , j  
q' (jc) e~x + c2 (x ) e3x = x. J

bundan,

C'l ( X )  = ^ (- V -  0 е *» C2 ( * )  =  ^ ( 3x  + l ) e ' iX ■

Oxirgi tenglikni integrallab, quyidagiga ega bolam iz.

ci (x ) — — (x — 2)e +c, c2(x) = - — (jx  + 2)e +c2.

c\ i x )  va c 2 (■*) I3™  (3) tenglikdagi C] Va C2 larning
o‘miga qo‘yib, dastlabki (1) bir jinsli bo‘]magan sistemaning 
umumiy yechim ini topamiz.

V, = + 5 c2e3x + ^ (x -2 )- j^ (3 x  + 2),

y 1 =cie x + c2e ' +-^(x-2)-~-(3x + 2)

Boshlang‘ich shartlardan foydalanib, c, va c2 o‘zgarmaslami 
topish uchun quyidagi sistemadan

\ = c . + 5c 2 —1/2 — 5/61 
1 2 1.

2 =  c , + c 2 - 1 / 2 - 1 / 6 J

c, = 11/4, c2= —1/12 qiymatlami hosil qilamiz. Shunday
qilib, Koshi masalasining yechimi quyidagi ko‘rinishda 
aniqlanadi.

11 -x 5 3x . Ь  5



у 2 = — е х - — е3' + —( х - 2 ) -  — (Зх + 2)- ^
4 12 4 '  12 '

П. (11.60) sistemaning integrallashning ikkinchi usuli
(noma ’lumlarni yo ‘qotish usuli) quyidagilardan iborat. Ba ’zi
shartlarni bajarishda, bittadan boshqa, masalan y t dan boshqa,

barcha noma’lum funksiyalami yo‘qotish mumkin va y t (x )
uchun bitta n - tartibli (agar (11.60) sistemada a . = const
bo‘lsa) o‘zgarmas koeffi tsient! i bir jin sli bo‘Imagan chiziqli 
differensial tenglama hosil qilish mumkin. Uni echib, qolgan
barcha y 2 {x ),... ,yn (x ) noma’lum funksiyalam i differensiallash
amali yordamida topamiz. Bu  quyidagicha bajariladi. (11.60) 
sistemaning ( a;> = const deb hisoblaymiz). Birinchi
tenglamasining har ikkala tomonini x bo‘yicha 
differensiallaym iz. So‘ngra y',,y'2,—,y'n laming o‘miga (11.60)
.sistemadan ulaming qiymatlarini qo'yamiz va quyidagini hosil 
qilamiz.
У" = W ,  + al2y'2 +... + alny'n + //(x) = L2(y l,y2,...,yn)-i F2(x ) , (  11.68)

bu yerda L2( y . , y 2,...,yn) y l , y 2, y 3,...,y„ funksiyalaming
о‘zgarmas koeffitsientlar bilan- ma’lum chiziqli kombinatsiyani,
F 2 (x ) esa M x)> / 2W v » > / .W  va // (x ) funksiĵ alaming
chiziqli kombinatsiyasini ifodalaydi. (11.68) tenglamaning ikkala 
tomonini x bo‘yicha differensiallab, yana bir jin sli bo‘Imagan 
chiziqli tenglamani hosil qilamiz.

У\= £з{У1’У2>-’Уп) + Р з (х )- 
Bu jarayonni davom ettirib, quyidagini topamiz.

У1 >] =Ln(yx,y2,...,yn) + Fn(x).
Natijada, n - ta tenglamadan iborat sistemani hosil qilamiz.
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у[ = ахУх +апУг + -  + ah,у„ + /  (л ), 

3?Г= -^и .^2»-,л)+ Л (*), (11.69)

у\"~Х) = к-х(Ух̂ Уг—••л)+^ 1 (*)>
(11.69) sistemaning birinchi и -1 tenglamasini, v2, iy3,...,iy,1 

funksiyalarga nisbatan yechib olamiz (bu qoida bo‘yicha 
mumkin). K o ‘rinib turibdiki, bu funksiyalar x ,y l,y [ ,y ”:,...,y\n~l'> 
lar orqali ifodalanadi.

s ( f ft (r"0 \
У2=Ф2\Х>У1>У1’У\’">У ) ’ 

Уг= Ф з(х>У\>У[>У1>~->У{Г 1)) ’ (11.70)

Уп=я>п { х >У1,у 1,у 1 - ,у {Г х])-
(11.70) sistemadan Уг'Уъ'—>Уп ifodalam i (11.69) 

tenglamalar sistemasining oxirgi tenglamasiga qo‘yib, n -  tartibli 
o‘zgarmas koeffltsientli, bir jin sli bo‘lmagan chiziqli differensial 
tenglamaga kelamiz.

y \n) = F { x ,y l,y[,yl,...,y'?~l)},

Buning umumiy yechim i ma’lum metodlar yordamida 
aniqlanadi (§ 11.5 ga qarang).

)\ = щ (х ,с и с2,...,сп). (11.71)
Oxirgi ifodani x bo‘yicha n — 1 marta differensiallab,

y [ ,y ”,...,y \n hosilalami topamiz. U lam i (11.70) sistemga
qo‘yamiz va (11.71) funksiya bilan birgalikda dastlabki 
sistemaning umumiy yechim ini topamiz.

y 2 =y/2(x ,c l,c2,...,cn),
Уъ = ¥ ъ{х ,с1,с1,...,сп),

Уп = Wn

, ( I I  .11 )
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(1 )

(11.71 )“(1 1.72) sistemalarni va berilgan boshlang‘ich 
shartlarni e’tiborga olgan holda, Koshi masalasini yechish uchun
6‘j,c 2,...,c n ixtiyoriy o‘zgarmaslami topamiz va ularni (11.71)-
(11.72) sistemalarga qo‘yamiz.

5-misol. Noma’lumlami yo‘qotish usuli bilan quyidagi 
sistemaning

У\ = ^У1~Уг+Уъ + е \

Уз= 4у1- у 2+4у3.

У\ (О) ~ 0,34, y 2 (О ) = -0,16, Уз (О ) = 0,27 (2)
Boshlang‘ich shartlarini qanoatlantiruvchi umumiy va 

xususiy yechim lami toping.
► (1) sistemaning birinchi tenglamasini x bo‘yicha 

di fferensiallaymiz va у\,у'2,у'ъ lar o‘miga ularning shu 
sistemadagi ifodalarini qo‘yamiz.
y" = 3y[ - y ’2+yi + ex= 3(3y1 - y 2+ y3 + ex) - ( y l +y2+y3-x ) + 

+4y —y 2+ 4y3 + ex - 12}\ — 5y2 + 6y3 + 4ex + x . 
y ” ni x bo‘yicha differensiallab va yana y[,y2,y'3 larni 

ularning (1) sistemadagi ifodalari bilan almashtirib, quyidagini 
hosil qilamiz.
y "=  12.y [- 5 y'2 + 6>’з + Aex +1 = 12^3у, ~ У 2+ УЪ + ex) - 5 ( y, + y 2 + y 3 - x )  +

+6 (4 y x -  y 2 f  4_y3) + 4ex -  x = 55y, — 23y2 + 3 ly 3 +16ex + 6x. 
Bu holda (11.69) sistema quyidagi ko‘rinishga ega bo'ladi.

yi =3yl - y 2+ y3+ex>

Уi = 12Уi ~ 5>’г + 6Уз + 4ex + 
y ” = 55_y, — 23y2 + 31 y3 +16ex + bx.

Birinchi 2 ta tenglamadan y 2 va y 3 larni topamiz.

У 2 = У?-6у; + 6у] +2ex-x,

y 3 = y ”-5y[ + 3yl +ex-x.
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у 2 va у ъ ifodalami (3) sistemadagi uchinchi tenglamaga 
qo‘yamiz.
y?= 55У[ -  23 (y[ - 6y\ + 6y, + 2e* - * ) + 31 (y'x - 5y[ + 3y, +ex-x) +

+I6ex + 6x = \ ly [  + 10y, + ex — 2x .
Quyidagi 3-tartibli o‘zgarmas koeffitsientini bir jin sli 

bo‘lmagan chiziqli tenglamani hosil qilamiz:
у ;  -  8y" +1 l y [  - 1 -  2 x . (5)

Uni ma’lum usulda yechamiz (§ 11.5 ga qarang). 
Xarakteristik tenglamasini tuzamiz.

Л3 -8A2 +171-10 = 0. (6)
Buning yechim lari 1 = 1 , A, = 2, A3 = 5 bo‘ladi. (5) 

tenglamaga mos keluvchi bir jinsli tenglamaning umumiy yechimi 
quyidagi ko‘rinishda bo‘ladi.

y} = cxex + c2e} ‘ + c,e5' .
(5) tenglamaning o‘ng tomoni (11.50) va (11.51) maxsus 

ko‘rinishdagi 2 ta funksiyaning yig ‘indisidan iborat.
/ (x )  = /1(x ) + / 2(x ), f ( x )  = ex, f 2 (x ) = —2x, f l (x ) = ex.

uchun Z  = 1 , ya’ni 1, = 1 ildiz bilan ustma-ust tushadi,

shuning uchun k = 1. f 2 (x ) = -2x uchun Z  - 1 va у (6)
xarakteristik tenglama ildizlari orasida yo‘q, shuning uchun к  = 0

Shunday qilib, (5) tenglamaning xususiy yechim i у  * ni 
quyidagi ko‘rinishda izlash kerak.

y* = Axex + Bx + с . 
bu yerda A ,B ,C  noaniq son aniqmas koeffitsientlar usuli 

yordamida topiladi. y * , y * 'y * "  lam i aniqlab, y ’ bilan birgalikda 
(5) tenglamaga qo'yamiz va quyidagiga ega bo‘lamiz. 

у  i = Aex + Axex + B , y*' = 2 Aex + Axe\ 
y [ = 3 Aex + Axex,
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3>Аех + Axex - 8 (2 Aex + Axex) + \ l{A e x + Axex + b ) -

10 ̂ Axex + Bx + c ) = ex — 2x,

4 Aex +11В  —10 Bx  — 10 c = ex — 2x,
4 A — 1, —105 = -2, 175 -  10c = 0,

bu yerdan A  = 1 / 4, B  —1/5, с = 17/50.
Shunday qilib,

. 1 t 1 17y, = — xe + — x -\--- .
4 5 50

(5) tenglamaning umumiy yechim i quyidagi formuladan
topiladi.

« v i, <v 1 r 1 17y, = у, + у, =сле + c1e~ + c-.e + — xe + —xh---.
1 , 1 2  4 5 50

y [ ,y ” hosilalam i topamiz va ulam i (4) tenglikka qo‘yamiz:

у , — c.e +2c-,e л-Ъс е̂ ч— xe н— ,
2 4 5

y l  = c,ex + 4 c2e2x + 25c\e<x + — ex + — xe*,
2 4

y, = c.ex -i- 4c7e2x + 25c~e5x +—ex +—xex — 61 c,e* + 2c^e2x + 5c,eSx +—<?x + — xex + - H 
* * ’ 2 2 4 V * ‘ 4 4 5 J

Л  x 2x 5x I x I 17+6j c,e + c,£? + c,e н— xe н— xh---
V 4 5 50y

+

2ex — x = c,ex -  2c2elx + c,e5x —ex + — xex + — x + — .
! 2 3 4 5 25

v, ~ c,eS + 4-c7e2x + 25c,ebX +—e* + —xex —si c,ex + 2ĉ e2x + 5c\eSx + — ex + —хел I + -3 ’ 2 2 4  I,1 2 4 4 J
J  x 2* 5* 1 x 1 17  ̂ *+ 3  C-,0 C76  Л-С-ъ£ H--- X 6  н— л ----- +  с  — X — 
(  1 2 3 4 5 50 J

= c,ex — 3c2e x +3 c3eSx + — ex — — xex — — x + — .
1 2  3 4 4 5 50

Shunday qilib, (1) sistemaning umumiy yechimi topiladi.
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2х 2 , s, 1 . 1 17у. =с,е +с,е + с,е + — хе + — хл---.
3 4 5 50'

* П 2, 5 л I л 6 21Уг -с,е  -2с,е + с.е - е  + — хе +-x-i---,
3 4 5 25

, - , 2 ,  - , 5 ,  1 , 1 , 2  21v, = -с.е — Зс,е +3с,е +—е + -хе — х--- ,3 4 4 5 50’
Koshi masalasini yechish uchun boshlang‘ich shartlardan 

foydalanamiz. cu c2,c3 ixtiyoriy o‘zgarmaslami aniqlash uchun
quyidagi sistemani hosil qilamiz.

17 17—  = c, + c, + с, 4---,
50 1 2 3 50
4 21---= c, — 2c, + с, — 1 + — .25 1 2 3 25'

27 a , 1 1-- = -c, - 3c, + Jc, H---1-- .100 1 2 4 50 .
Bundan c, = 0, c2 = 0, c3 = 0.
Izlanayotgan xususiy yechim quyidagi ko rinishga ega 

bo‘ladi.
1 , 1  17V, =  —  хе + - H ---- ,

1 4 5 50
1 , , 6 21

y ,  — — xe — e  +  — .x +  — ,
2 4 5 25

1 , 1 , 2  1v, = —  хе H— e —  x-i-- ,

3 4 4 5 50

11.8. A T
1. Noma’lumlami yo‘qotish usulidan foydlanmasdan, 

quyidagi bir jin sli tenglamalar sistemasining umumiy yechim ini 
toping.

ГУ1 = У1-У2 + УЗ>
.\У1=~7У1 + У2> ч

а) , о < b) i , a v)
[ у 2 = ~2у  -  у 2> [ у 2 = 3У1+ У г;

(Javob:

У 2 = >’l  + У 2 -  Уъ 
. Уз = 2У ,- У 2-
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a) yl = е_б1 (q cos ;е + с2 sinx), y2 =e“6l((c, + c2)cosx —(c,-c2)sinx);
b) v, = e* (cj sin3x + c2 cos3x); y2 = ех(сл5тЗх - c2cos3x) ; 
v) = c,e* + c~e2x + c3e~x, y 2 — c.xex — 3c3e~x,

y 3 = ct ex + c2e2x —5 c3e~x.)
2. Quyidagi har bir tenglamalar sistemasining umumiy 

yechim ini noma’lumlami yo‘qotish usuli bilan toping.
У\ = 5у ,+2уг -Ъу„  
>1'=5^+5^-4л ,
у\ = by, +4;>3 -4v3.

a) lyl = -5yl +2y1+e’, b) J * '=3*  2- T *» v) 
1 У'г = Л  + 6^2 e"2' • 1 >£ = 3>'i

(Javob: a) „ + c + -Le*+Ae-*'i
1 1  2 40 5

Vi = - m - "  - c . e 7* + - e x - — e u :
2 * 40 10

b) _y. = 2c,e21 + с-в"3*- - х Д ,^  = c.<?2* + Ъс,е-Зх - - x -— ;
2 3 18 2 ' 2 2 12

VJ y f =  c,e‘ '+c2e2x + с1е3л, >■, =c,'e* + 2c,e3x; y } — 2c,e‘ +сге2х + 2c3e3‘ •)
3. Quyidagi differensial tenglamalar uchun, Koshi 

masalasini yeching.
h'i=yi>

ab y\ = j>3, (о) = j>2 (o) = y3 (0) = 1; b)

'  У[^У2+УЗ’
У2=У1+Уз' У\ ( ° )  = >'? ( ° )  = Ь >!3 (0 ) = 0- 

Уз=У1+У2-
(Javob: а) у, = у2 = у., = е"; Ь) у, = -е~х, у2 = е \ у3 = 0.) 

M ustaqil ish
Differensial tenglamalar sistemasining umumiy yechim ini 

toping.
\y\ = y2+tg2x-\,

Л I  >2  =  -  >'l 4  tgX -
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(Javob:
у1 = с, cosх + с2 sin х + tgx, y 2 = —с, sinx + c2 cosx 4- 2 ^

f Х  =
2> ! /  = >’, + J 2 + e*.

(Javob- У1 =((cicosx + c2sin-y- 1) e1’ >2 = (c, sinx - c2 cosx)t?r j ^

3  | v’ - -2y\ - y2 + sin x + cos x.

(Javob:
>>, = C, COS X + c2 sinX- X COS X, y2 = (c2 ~ cl)cos x~{cl + c2 )s'n x + x(cos X + sitlX)■)

11.8.11 B O BG A  IN D IV ID U A L  U Y  V A Z IF A L A R I 

IU T -1 1 .1 .
Differensial tenglamaning umumiy yechim i (umumiy 

integral) ni toping.
1.

L I.  ex+3ydy = xdx. {Javoh: езу= 3 ( с - хе-*-е-*).)

L2 . У s*n Х ~ У ^ У  (Javob: \ny = c * tg (x i  2 ).)

1.3. у  = {2x-\)ctgy . (Javob: n̂ lcos>| “  x x + r )

1.4. sec"xtgydy + sec2 ytgxdy = 0. (Javob: c ~ ^Sytg  ̂ )
( l  + ez)y d y - e >’dx = 0 <1.5. .(Javob. _e~y ŷ_i-i) = in—----(.с •)

ex +1
' 0 4 c+31 dx---ydy = Q

1-6. ' x ' .(Javob:\n{y 2 +Ъ) = 2(с-хе~'1 -e~J ).)

1.7. sin у  cos xcfy = cos у  sin xcfcc. (Javob: С  = cosx/cos у  ^
1.8. y ' = (2y + l)t£X . (Javob: ^2y + l = с/cosx ■)
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1.9. (s in (x  + у) + sin(x — y)')dx + — 0 .(Javob: 
tgy = c-L- 2cosx)

1.10. (1 + ex) y y ’ ~ ex (Javob: y 2 = 2?rtC(l +

sin xtgydx— ^ -  = 0 lnlsin vl= c+ ~ —~ sin2x
1.11. sinx .(Javob: 2 4  •)
t 3e' sin vdx + ( l — ex )cos ycty = 0 / r  , siny = c (e *—l) .1.12. v > ■ - (Javob: ■)

1.13. У ~ e 1 . (Javob: y (in v_ ]) = ! /  +с •)

1 14 3? **dy vxdx = 0 ( Ja v o h . 3, =I 3_,4cln3 .)
2

1.15. (co,?(x~2y) + cos(x  + 2y ) )y’ = secx ( J ^ . к,п2 у = ^  + c

1.16. ^ ) (javob: arctgy = c ^ ~ e •)

1 1 7  c/gx cos2 yA + sin2 xlgydy - 0 ( j avofy tg1y  = ctg1x + 2c ̂

H 8  s in x - /  = jc o s x  + 2 cos.r, {Javob: У = C s in x ~ 2 .)

1.19. 4 1 + / K = < \  № v „ b.

1.20. У'а ^  + У  = 2 . (Javob: У  = с<хя* + 2 .)
dy dx

1.21. * cos> .(Javob: I  v + i sm2v = •)
2 4 ’ 2

122 e 's in ^ fa + ® rf)- = 0 № w A . h ^ + ^ j - c - e - . )

3 (1 + « " ) *<fc= e> >  i l  = i  1 „(, + ̂ ) + c . )
2 3

1.23

(s m  ( 2 x  + > > )- s m (2 x — у  ) ) t£ t  =
rfv

1.24. ' sin v (Javob. ct£}’ — C- sin2x .)
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J .2 5 .  cosydx =  2yfc+7,dy + cosy4l + xl dy {Javo b : 2ln\tg(x
r u

. y  +

y  = ki x f VI +x~

1.26. У ^ ] - х2- со*2У = ° .  (Javob: &У = aresin x-h с

1.27. eXtgydX = (1~ eX> ec2ydy. (Javob: &  =

1.28. /  + sin(*  + J ;) = sin (* - .v )

■).)

(Javob: In
* 2

= c- 2 s in x .)

j  cos3 >?->''-cos(2x + >’) = cos(2x->!) 

( J a v o b : + ̂ s n̂ ^У = sin 2x + с .)

1.30. У  x - yy '/x  ( j avob; з-У* = 3-*2 _2 c ln 3 .)

(xF + x3.y )/  = 1 + /2.1. v "' . (Javob: Cx = + x2 j (1 + j ;2 j .)

2.2. У  7 7>̂  = 3 . (Javob: T y = 3 • 7"* + с In  7 .)

2.3. ~ 2 (* + * >’ ) . (/avofe: >• = Cx / ̂ /jT2x2 + 2 .)
2.4. У ~ хУ’ = Х + х2У ’ .(Javob: y  = Cx/(x + l )  + l. )

2.5. (X + 4) ^ - ^  = 0 . ( .W , :  >'= 4 *  +^  }

2.6. y’ + y + y2 = 0 . (Javob: y l ( y  + l )  = C - x . )
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1 1
— + In у  = С  + — In2 х .)
У  2

2.8. (x+ xy2)d y + y d x - y 2dx = 0 ^

, Ь - О 'у + In —---- — = с + 1пх .)
У

2.9. У' + 2У + У2= в .  (Javob: J (y - 2 )/ ~ ^  = Сех.)

2.10. ( * 2+ХЬ '*+ (-V 2+1)^ ' = 0 {ЛгоА

/  . , JC2 х2

гл  - 1 ) ^  = 0 (Jayob:

■ + ln>> = c--—  — .)
3 2

2.11. ( ^ + ^ ) *  + ( - V - / K  = 0 (Л го й .

-Hi (l+>’2W - ( v +  vx2W  = 02.12. v '  J V - ) ■> {Javob

— ln (y 2 + =  с + arctgx )

2.13. У ’ = 2 ф  + Х ' ( j avoi,: Iln [2 x  + lj = x2 /2 +с .)

= 3 (l +X2y ) r- ,----
2*14. ' • . (Javob: у  = cvx  / л/х + 3 + 3 .)

f 2 2
2.15. 2xyy -1 x (Javob: y 2 — lnjxj - .)

2.16. ^ - 1) y '~ Xy = 0 .(Javob: y ^ c 4 7 ^ . )

2.17. ( A + X > + * *  = 0 ^

>’3=3(С-х + 1п|х + 1|)
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2.18.
( l + *3) у 1 dxy -  (у 2 - 1) x3dy = 0

.(Javob :

= ctx— f  ■) 2 у  x

2.19. Х У '- У - У  . (Javob: у  i (y  + 1) = C x .)

2.20. \jy2 + Xdx = xydy. (Javob: _  *П .)

2.21. У '~ ^ 2 =2хУ .(Javob: In | у  |(y  + 2)j = с + x2.) 

2x2y>,f + y 2 = 22.22.

2.23.

2.24.

. (Javob: In 2 - Y ■ с +1 / x .)

У ' - ( l  + y 2)/ ( l  + x2)
. (Javob: a r c .)

y ’-fl + 7  = x‘ \ y . (Javob: f i + y 1)1 =c+x-

(у + 1 )У  = ■ 7 : + Xy
2.25. vM-x-

y  + ln y  = arcsinx + xz i  2 + с .)

( l  + X * )y ' + y\/T T 7  = X }
2.26.

.(Javob:

.(Javob: y =
.x+TT+ x

1 + x2

2.27. 1 -^ ' . (Javob: 2у 2 -  у 4 = 41n|x| + 2x2 +c.)

2.28. (x y - x fd y + y (\ - x )d x  = (S

——2y + ]n\y\ = \n\x\ + — + c.)
2 x

2.29.

£ __- >; + ln |>) + l| = ± ln

(x 2y - y )  у  =x2y - y  + x2-1 

x — 1
.(Javob:

1
X + 1

+ c.)
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ф - у - А + у ф - Л у ^ О  {Javob;

- у 2 — arcsin х + с ^

.  Уу  ху — х sec
3.1. х . (Javob: sin — = In-—г.)

х jxj

3.2. ( v ‘ -  Зх2 W v + 2xydx -  0 . (Javob: х J  сх у  ^

(x  + 2y)dx-xdy = 0 2 ч3.3. v 7 .(Javob: у  = cx —х.)
3.4. (x-y)dx + (x+y)dy = 0 {Javob.

у  К  у2+'х2 . с . arctg— + -  in -— ;—  - In —.) 
х 2 х“ ' х

3 5. {у 2 ~2ху)dx+xldy = 0 (jmob y i ( x - y )  = C x .)
Л г J2.F3.6. у-+х У  =хуу Vmob: е -  = су_)

3.7. Si" ( j ' /Jf)  = & .)

3.8. х>’' = y - * e flx . (Javob: e ylx = In C x .)

3 .9 .  * / - ?  = (х  + у М ( х + У )1 х ) {javob  

!n jl + у  / x| = C x .)

3.10. V  = 3’cosln0 '/x ) . (Л и Л . C lg f I l n i
2 x

\
= In C x .)

\ y + J x y ) d x  = xdy x  ,
3.11.  ̂ ’ .{Javob: y  — —In Cx.)

3.12. A>’ >/* ^  + У. (Javob: ( v / x) = In Cx.)

293



у  = х { у ' - ^ \
3.13. v (Javob: — e yx = ln C x .)

3.14. У ~ У ‘ Х 1 (Javob: у  — x ln (c / x ).)

3.15. У'х+ х+ У ^ . (Javob: y  = - - ~ . )
x 2

ydx + [2 Jx y  —x]dy  = 0 /ТГ v
J . (Javob: J- —  — = In Cx .)

V x x

xdy—ydx -  yjx + у 2 dx

3.16.

3.17. “ * . (Javoh:

y  + *\Jx + y 2 — Cx2 ^

3.18. (4x2 +3xy + y 2^dx + {4 y2 + 3х + х2) ф  = 0 .(Javob:

5 к x jV  о
'  +—In V + 4x2'

5 4 Jf2 У

i  у  с 
~ i7> arctg —  = In —.)

10 2x x

3.19. .(Javob: у  = х !Ь С х . )

3.20. W  =(2х>+ху)у> (Javok  У + ш У = ]п с_ }
X  X X

(x 2- 2 x y )y '= x y - /  . . . x , „ _ y
3.21. ' ' . (Javob: — + 21n— = - Ы С х .)

У x

3.22. {2 ' ^ ~ y ')dX + Xdy^ . ( Ja v o b :  у ^ х ^ Щ . )

xy' + y l In —-1 1 = 0
3.23. \ x J  ( Javob: у  = xec,x.)

3.24. +J>! )Л  + 2 ^  = 0 . (Javob: у 2 = с1 / У  -  x= / 3 .)

3.25. ,  = , / W l . )
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3.26. i Ja m b : y = c> /(3^)-x/3.)

3 27 (2x-y)< ix: + (x  + j)^> ' = 0

1 , Г  V2 + Х ?Л  VJavob: —In -----—  j + arctg — = In C x .)
2 !v x~ J  x

3.28. 2'> '= У (2 1 ! - / )  (Лж(1. / = ^ / ln (C t )\ )

3.29. x!-r' = ̂ x + ̂ ) . № v06: ^ = .)

У' = х +г
3.30. У x . (Javob: y 2 = x1 ln (O c )2.)
4. Differensial tenglamaning xususiy hosilasini (xususiy 

integralini) toping.

4 1 ( * 2+1)^ , + 4;*У = 3’ Я 0) 130

{Javob: H * , + 3x) ' ' ( x! + l ) J

4.2. y ((l) = 0 № ro (i, у  = 0

43 ( 1- ^ ) (/ - > ')  = e 'i , j ( 0 )  = 0

(Javob: v = e xln—-— ,)
1 -  x

4A x/-2x=2x\ 3’( l) - 0  (Javob:y = x' _ x^

4.5. *  = 2* { * +у )- У ( ° )  = ° . {Javob: y  = x’- +

4.6. У ~ У ~ е‘ ' У ( ° )  = 1, { Л т Ь : У  = ( Х + 1У . )
e- '

2 i >’ — —
4.7. лу' + у + xe =0, y ( l)  = —  .(Javob: 2x .)
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<T U (  ■ 2 1^1 1 ч{Javob: x — sm у ---j----- .)
2 J  cos у

4.9. х2у ' + л у+ 1 = 0, у  ( l )  = 0. (Javob: У = “ ( lnx ) l x .)

. in  yx' + x = 4y3 +3y2, y (2 )  = l з 74.10. J  -r ' 'У  ) . (Javob: x = у  + у  .)
4 j ,  (2х + >)^ = > Л +41пу^, >’(0) = 1 ( i W . 2]nr + ?_ y }

4.12. ^
4.13. ( l  —2 л у )уг = y ( y  — l) ,  y (0 )  = l.

{Javob: х (з '~ ^ )2 = ( ^ - 'n 3; - 0  )

4.14. = ^ «  = 0 ,(Лто4;
4.15. y = x{y'~xcosx), у {ш г ) = ъ Q avoh: y = (sin .r- l> _)

4.16. Ы - < )Ь х - 2 у ,  J’W -O  (ЛшЛ;

(2ey—x)y' = l, y(0) = 0
4.17.'' ' '   ̂ . LJavob: x = e — e .)
4.18. * /  + (*  + 1)>’ = 3 x V * , y ( l )  = 0 

(Javob: у  = ^x2 — 1 / x j  e-x.)

4_ i 9  y (o ) = i  № v o 4 .

4 20 ( sin2>, + ja:fS ;) y  = 1» у (0 )  = яг/2
(Javob:x= —sinу  cos у  .)

4.21. ( х + 1) /  + У  = х3- х 2, y (0 )  = 0

, r , 3x4 + 4x3 
(Javob: у  — — ----г-.)

4 g cosdx = (x  + 2 cosy) sin ydy, у  (О) = n  / 4



. „  (х у '- 2 у ) + х2 =0, y ( l )  = 0 2, ч4.22.  ̂ ‘ - {Javob: у  = —х In х .)
4.23. xy' + /  = sinx, у (п  ! ' i )  = 2 ! л .

(Jim ,» : з' = 0 - « » * ) ^ . )

4 24 ( х2 ~ 1)^ ,_д^  = х3_х ’ у { & )  = 1

(Javob: у  — х2 — 1.)
4.25. (1 — х2)у '  + ху — 1 у (  0) = 1 (Javob: у  = х +

V 1  — х*)

4 26 y  CtgX ~ У = 2 cos2 xCtSx, У (0 ) = 0

6 s in x - 2 sin3х .[Javob: у  --------------- .)
3cosx

4.27. /  + 2^ +3. J ’O ) ~ - I (Javob: у  = —\ ! х .)

4.28. У + Я Г ^  У ( ° )  = 0 . (Jam b: y  = 0 ,5 x V '’
•)

4 2 9  у '- 3 х 2у - х 2ех> = 0, ^ ( 0) = 0

1 з 1
(Javob: у = —х ех .)

, 1Л ху' + у  = lnx  + 1, W l) = 0 , ,  , , ч4.30. v '  .(Javob: ^ ^ In x . )
5. Differensial tenglamaning umumiy yechim ini toping.

5.1. -V + yXJ y  . (Javob: у  = ( xe172 -  2e*/2 + c f  e x.)

 ̂2 ydx + 2xdy = 2y*Jx  sec2 ydy 

(Javob: x = (ytgy + InJcos vj + c )‘ /' j ’2.)

5.3. У'+ 2y = У2(;Х . (Javob: у  = /(Ce2x + ex).)
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5.4. У У cos х + Уг£х . {Javob: у  = 1 / ^cos x^jc -  tgx j .)

5.5. xydy = [у 2 + x jd x . {Javob: У x\j2{c \ I x ) ^

5.6. V  + 2y + x5,v V  = 0 (Javob: y  = 1 / ^ ^ J ^ T c j J . )

5.7. У х s*n ^ — ^У ^У . (Javob: x - ^Jy / (c — cos y ) .)

5.8. ( 2^ У ~ Ф ' - У  Л М т Ъ :  x = \ l { y [ c - \ n ‘ у ) ) . )

2y - i  = ^ -  ___________ _______
5.9. У х * . (Javob: y  = y jc -  yjx2 -Т \Jx2 -1 ,)

5.10. ^  “  2x2 = 4 у . (Javob: y  = — ( c - l n x f .)

5.11. ху У —х +У (Javob: у  — х^Ъ(с — \1 х ) .)

5.12. ( Х + 1) {У ' + У2) = ~У '

(Javob: у  ~  1 / ((х  +1)(с  + ln|x + 1])).)

5.13. У’х + у  = -х у 2 ( j avob: у  = 1/(х (с  + \пх)).)

5.14. У ху — у  е (Javob: ех п / ̂ 2 (с  + х ) .)

5.15. ^  2у[х У У _ ( j avob: у  - х^х2 / 2 + cj  .)

5.16. у ' + ху = х3у 3.

(Javob: У = е~Х‘1г /^ V “’ +е" ! + с .)
f *  2ху = - е 2х+ у  ______

5.17. У . (Javob: у  = е*ух2 + с .)

5.18. У *  + х = ~ vx2. (Javob: х = 1 / ( у  (с  + 1пу)) . )



5.19. Х {Х ~ ] )У '+ У 3 =ХУ

(Javob: у  = (х  - 1) / ̂ 2 (х-1п х + с) .)

5.20. 2x3УУ' + 3x2У2 = 1 = 0 . (Javob: У = ^ с ~ х 7 -*3'2.)

[1 - 2 *

л
5.22. У 1 л^-у 'зу . (Javob: у  = е3х I —е 2л + — е '2х + с I .)

dx
5.21. х ^-v . (Javob: х = у  /' ( >’2 + с j .)

/ + х &  = 3у (Jnvnh. л, ^ ^ ( х е.2х+]_
3 6

5.23. ху’’ + у  = у 21пх g avob. J  = l/ ( ln x  + l + Cx).)

5.24. xdx< x 2 l^ ) d>'.(Javob: x = y £ = 7 . )
5.25. у ' + 2xy = 2x3_y3.

(Javob: У  = 2s

5.26. у + y - x ! y 2 {Javoh: e-x ijxe3x - 1 + с .)

5.27. y ' ~ y % x + y 2cos = 0 .(Javob: у  = 1 / ((x  + c )co sx ).)

yf+2 z=_ b £
5.28. jc  cos" д: _

\24- с
■)

fx tec + lnlcosxl 
(Javob: у  = I ——-----1---- 1

V *
g 29 У - >’+ >>2 cos x = 0

(Javob: v = 2e* / ( e* (cos x + sin x ) + c ) .)

у ' = х 4 у +- Г ~7
5.30. *  “ I .

(Javob: у  = j — (x“ — l) + c  -v/x2 — 1 .)
/
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Namunaviy variantlarning yechilishi
Differensial tenglamaning umumiy yechim ini (umumiy 

integralini) toping.
1. (xy2+x)dx+y(y-x2y)=0.
► Berilgan tenglamani quyidagi ko‘rinishda yozib olamiz.

y ( I  -x2)dy=-x(y2+l)dx.
But englama o‘zgaruvchilari ajraladigan tenglamadir. 

0 ‘zgaruvchilarini ajratamiz.
ydy — xdx

y2+1 1-JC2 
Oxirgi tenglikning ikkala tomonini integrallaymiz. 

f ydy ( xdx 1 2 1 i 2 ,| 1
1 = ?’ 2 2 Г  ~ l +2

j 2 +1 - cjx2 - lj, l|- l.
Shunday qilib, dastlabki tenglamaning umumiy yechim i 

quyidagicha bo‘ladi.
y = ±(c\x2-\f\-<

2, sec2xtgy dx+sec2y  tgx dy=0
► Berilgan tenglama o‘zgaruvchilari ajraladigan differensial 

tenglamadir. U larni ajratib, integrallaymiz va differensial 
tenglamaning umumiy yechim ini hosii qilamiz.

sec2 ydy sec2 xdx r {tgy) _ cd(tgx)= - l
tgy tgx J tgy J  tgx

H M  = ~ lnM  + Ц С\  tgy = С /tgx, tgy ■ tgx = C.
dy dyV-x— = x+ у—3 . dx dx

► Berilgan tenglamadan dy ni topamiz: .

<

y - x
dx dx x+ y

Dastlabki tenglama 1-tartibli bir jin sli tenglamadir. Uni
o‘miga qo‘yish yordamida yechamiz y=xu(x) va quyidagini 
topamiz.



, и — 1 — и2— 1 du и1 +1мх =----- и = ------ , х —  = ------ .
и + 1 и +1 ' dx ил-1

0 ‘zgaruvchilari ajraladigan tenglamani hosil qildik. Uni
yechamiz.

и +1 . dx с u +1 , г dx -du
и +1

. ax r u + i , f iiu = --- , —----d u - - 1 -
x J w2^ l  J

1 г 2 udu r du . I i ,-  i —:---4- j —--- = —In *1 + InjCL
2 V + 1  M +1 11 ’

С
— in(w2 +1) + arctgu = In  jC  / x|, arctgu = In

>’ , lC i arctg — = In -— 1—---

r~>— 7
X\1W 4 1

*  л[х2 + y2
Shunday qilib, dastlabki tenglamaning umumiy yechim ini 

topdik. -A
‘ 4. Differensial tenglamaning xususiy yechimini toping. 

dy -  e~xdx + ydx -  xdx = xydx; j;(0 ) = In 5.
► Berilgan tenglamani hosilaga nisabatan yechib, quyidagini 

hosil qilamiz:
dy xy + e~x — y ■ dy 1 —x e~x
—  = —-------—  +-----------y  = ---- .
dx l —x dx l- x  l- x  ( i )

dy e~x
--- f->’ = ----tenglama 1-tartibli chiziqli tenglamadir. Uni

dx l- x
y=u(x)v(x) ko‘rinishidagi almashtirish yordamida yechamiz va 
quyidagiga ega bo‘lamiz.

e~x > '  dv Л e~x
у  — u v  + uv\ u'v + u v + u v = ----. u v  + u

l- x  '
■ + v =■ 

dx J  1 —

—  4- v = 0 shartdan v(x) funksiyani topamiz. 
dx

dv dv г dv f , , I 1----y , ---- dx, —  = —I dx, ln|v| — -x, v — e
dx dx J v
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bu ifodani (1) tenglamadagi v(x) funksiyaning o‘miga 
qo‘yamiz:

du . e "T du 1—  e
r/л 1 — jc dx 1 — x,

d u - ----A du~-\-^—, it = —ln|l-xj + ln C , и-Ы-г—l-x  J 1 — X I I ’ |J_
С

|l-x|

u holda y = u v - e x ln-
■x

Bu dastlabki tenglamaning umumiy yechimidir. Boshlang‘ich 
shartdan foydalanib, С ni topamiz.

y(0)=lnCc=ln5, C=5 
Shunday qilib, dastlabki tenglamaning xususiy yechimi

5
quyidagi ko‘rinishda bo‘ladi. у  = e x h i:--- - <iM

5. Differensial tenglamaning umumiy yechim ini toping.

(1 + х2) ^  = ху + х2у 2. 
dx

► Tenglamaning turini aniqlash uchun uni quyidagicha yozib 
olamiz:

dy x x2
~T~\— j y  = -— У-  dx 1 + x 1 + x

Butenglama Bem ulli tenglamasidir. Bu  tenglamani
^^M ^vfxjko^inishidagio^igaqo^shyordam idayecham iz.
Uholda

•»
( f t  t ! ХЫ ' V X 7 2v = uv + vu. uv + v u ------ =--- -trv

1 + jc‘ 1 + x
, fdv xv 'j x2u2v2 /i ч uv+ u\-------■ =--- - (.1;

\dx 1 + x )  1 + X'

v(x) ni cl v____£H- = o shartdan topamiz. Bu  tenglama
dx 1 + x2

o‘zgaruvchilari ajraladigan differensial tenglamadir. Bundan
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dv xv dv xdx r dv г xdx , , , 1 , , , ,--- г
-—  --- г, —  = --- j - , 1  —  =J----j.ln  v = -ln(l+xJ ),v = >/l+x‘dx 1  + x v 1 + x J v J l+x 1 2

v(x) ning hosil qilingan ifodasini (1) tenglamaga qo'yamiz:
du
dx

+ x~ =-x'u~( 1 + x )  du x2dx
1 +x2  u2 VT7 x3

с du _ r x’dx 
к2 •* V l + x2 ’ ■’ и

г du 1

н
X'dx

-j 1 + X
xdx ,dv —  ■ v. = v l  + .t - x j ]  + x2 -  j V l  + x2dx= x-Jl+x2 - J lu 1

• Jl+ x 1
dx—

= X\l 1 -I- x 2 - J- dx
i

x2dx

2f

V 1 + x2 л/Г+Х2 
Oxirgi tenglikdan quyidagini hosil qilamiz.

*гЖг /,, ; , I /гт~1 г t г----= Wl + x -In x + yl + jr i-2C, -r-̂ ---
, 1 1 s£7x" 'jl+X

Bundan 
) l r—

14

— In Jjc + Vl + j — C’

----= ~ X M I + X 2 - ~ i n |x  +  7l + jc2| - C ,  -  =  -lnx +  \/l +  x2l---xVr+x2 +  C,2 I и 2

и -| — In
(2 - I x V j + x +C

Shunday qilib, dastlabki tenglamaning umumiy yechim i 
quyidagi formuladan topiladi.

>’ = J .1 + x2
— In/x + V l + x2 / - —x-v/l + x2 +C2 2

11.2. -  IUT
1. Differensial tenglamaning xususiy yechim ini toping va 

hosil qilingan у  = ф(х) funksiyaning qiymatini x=xo da verguldan 
keyin ikki xona aniqligida hisoblang.

1.1. yW = smx’ х0=я/2, y(0) = l, /(0)=0, y"(0) = 0.
(Javob: 1,23).

i . 2my m=l/x* *0 = 2 , x i ) = 1 /4 , y a > = 3 ''a )= o .
(Javob: 0,38).
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х 3 у" = 1/cos2 х, х0 - ж !3, у(0) = 1, У (0) = 3/5. 
{Javob: 2,69)

1.4. Ут = Ы * \  х0=2, у(\) = 0, >’(1) = 5, / ( 1) = 1. 
(Javob: 6,07).

1.5. y" = 4cos2^  х0=л74, >'(0) = 1, У  (О) = 3. (Javoh. 
4,36).

1.6. /  = 1/(! + А  *» = !, Х °) = 0, У(0) = 0. ( W .
0,44).

1Л хут = 2, х0 = 2, X 1) = 1/2, У (1 ) = У (1 ) = 0.
(Javob: 0,77).

1.8.

Ут = ег',  x „ = i  у ( 0 ) Л ,  / ( 0 )  = i  / ( 0 )  = - i  
Z о 4 z

(Javob: 1,22).
1.9.

у "  = cos2 X, х0 = яг, у (0 ) = 1, У (0 ) = -1/8, у " ( ° )  = 0 
(Javob: 3,58).

1.10. /  = i / V i - * 2, *0=1, Л 0) = 2, / (0 ) = 3
(Javob: 5,57).

1 5
У = -:-20 > хо =7>г, у  j  Л  sm 2х 4

\7Т
v4 ;

(Javob :3,93).
1>12. у " = х + sinx, х0 = 5, у (0 ) = -3, У (0 ) = 0. 

(Javob: 5,31).
1 <13_ У" ~ arctgx, х0 =1, j(0 ) = у'(О ) = 0.

(Javob: 0,15).

y "  = tgx----, х0 = я/4 ,  у  = 1/2, У (0 ) = 0.
1.14. cos 2х

(Javob:-0,39).
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1.15.
y W /2+1, x0=2, y(0) = 8, /(0) = 5, / (0 ) = 2. 

(./avr>/v25,08).
1.16.

y" = x le 2x, x0 = -1/2, y0(0) = 1/4, y'(0) = -1/4.
{Javob .0,34).

1.17.
y  = sin23x, х0=я712, >’(0) =-я-2/'16, / (0) = 0.

(Javob: -0,01).
1.18.

y "- x s in x ,  x0=7u/2, _y(0) = 0, y (0 )  = 0, y"(0 ) = 0. 
(Javo6:0,14).

1.19.
У ■ sin4x = sin2x, х 0 = 5 7 г /2 ,  y ( j t i2) = л72, у'(п12) = \у"(л/2)^=-\. 
(Javob:! ,85).

1.20. У ” = C0S *  + 5 X° = /T’ ^  = ~e ^5 = 1 ’ 
(Javob: 1,00).

1.21.
y" = sin’ x, x0 =2,5;r, y(niT) = -7/9, У(л72) = 0.

(Javob:-0,7$).
1.22.

y m = -Jx-sin2x, x0=l, >-(0) = —1/8, j/(0 ) = -cos2, _y"(0) = —.
8 2

(Javo6.0,08).

/  = ---х0 =4ж, y  = 0, / (0 ) = 1.
1 23 C0S '

(Javob: 12,56).
1.24.

y ff = 2 sinx cos2 x, x0 — тс 12, j(0 ) = -5 / 9, У  (0) = -2 / 3. 
(Javob:-1,00).
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125 y , = 2sin2xcosx, х0=7г, >'(0) = 1/9, /(0) = 1.
(Javob: 4,14).

1.26.
y "  = 2sinxcos2 x - s in 3x, х0 = я72, X 0 ) = 0> y '(0 )  = 1. 

(Javob: 1,90).
1.27.

y" = 2cosxsin2x-cos3x, х0=я72, _y(0) = 2/3, / (0)=-2. 
(Javob: 3,47).

1.28. У ' = х-1пх, x0 = 2, .y (l) — “ 5/12, У (1 ) = 3/2. 
(J<zvo6.1,62).

1.29. /  = 1/x2’ xo = 2> X I)  = 3, X ( l)  = l-
(Javob А,Ъ\).

1.30.
.У* = cos4л;, х0 =л, y(0 ) = 2, у '(0) = 15/16, У (0 )  = 0. 

(Javob: 5,14).
2. Tartibi pasaytirish mumkin bo‘lgan differensial 

tenglamaning umumiy yechim ini toping.
2.1. (1 — x 2)y "  — xy = 2.

(Javob ■ У = arcsm 2jc + ̂  i arcsinx + C2. ̂
2 2. 2 л У У  = y ’2 -1.

(Javob: 9 C 2 0 ; ~ C 2 ) 2 = 4(CjX + 1)3, >■ = ±x + С. у
2.3. * V  + x2y '  = l . (Javob.у  = С 1Ы х  + 1/х + С2.)
2 4 у "  + y'tgx = sin 2x.

1
(Javob:у  = С, sinx - x ---sin2x + C 2.)

2
2.5. У 'х lnx = У  - (Javob: = C, * (ln  x -1) + C2).

2.6. - У ' = *  V  ■■ (yflvob: = * '( * - 1) + Q x 2 + C2).
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(Javob У = С ^ х Ъ 1 x -2 x  In x + 2x) + C2).

2.8. x2> + ЗУ' = L (/avo£: .У = ( V  x)/2 +■ C, Inx + C2).
2.9. y ” = - x !y .

(Javob: у  = —  arcsin —  + — J c , 2 - x 2 + C7).
2 Cj 2 V 2

2.10. * v ' = (Javob ■ У = C\x2 /2 + C 2 )■
2.11. У  = У' + *■(Javob: У = - * 2/ 2 - x  + C ^  + C 2).

2.12. x-v'  = -v ' + * 2 • (Javob: У = x3/3 + Ctx2/2 + C2).
2.13. xy” = y '\n (y ' Ix ),

(Javob: у  = -* eClX+1---~ e c'x+l + C2).c. c,
2.14. '*У ' = У' = ln *■ (Javofe: У = 0  + C ,)Inx -2 x-b C 2).

2.15. ^  ' <8* = У +1 • (Javob: У = ~С1\пх-х  + С2).

2.16. ^ + 2хУ '2 = °- (7avo6: у  = —  In + c „ ).
. 2Cj x + Cx

2.17. 2xy>’ = /~  + 1 ■ ( jovo^; у  = _A _ (C lX  - 1)3/2 + С.,).
3Cj

v " — —- = * (* - 1).
2.18. л-1
(/avofc: у  = x4 /8 -  x3 /6 + C ,x2 /2 -  C,x + C2).
2.19. vw + / V  = secx.
(Javob:у  — — sinx  — C\ cosx + C2x + C3).

2.20. -v" ~ 2 v'cfgx — sin3 x.

(Javob: У “  ~~sin 3 x 13 + Cxx /2 — C t sin 2x/ 4 + C2 ).
2.21. >’" + 4У = 2х3.

2 7  y"xhnx = 2y f.
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(.Javob. y  = x3 l 6 ~ x2/& + x /16-C le'*x /4 + C2).
2.22. V - /  = 2 x V .

(Javob:У ~ 2e (-* — 1) + C rx /2 + C ,).

2.23. x (j/  +1) + y ’ = 0.(Javob:У — ~~x /4 + С\ lnx + C2).
2.24. У* + 4У' = cos2x.

1 1 С(Javob: у  = —  sin 2x----cos 2 x--- L e 4x + Г  )
10 20 4 2

2.25. >’" + >’' = sin x.

, 1 1 •(Javob: у  -  —  cos x ---s m x - Q  e r + C 2).
2 2

2.26. л V  = ^ '2 • (Javo^.- >> = Q *  ~ c i2,nU  + Q ) + C2).

2.27. ^  ~ *  4- (Javob: у  = (C ,x  + 4 )3 2 + C2).
3Cj

2.28. У ях Ъ х  = у*.

(Javob: у  = ——  (2 In x -  3) + C 2x + C’3).

2.29. + /  = 2 . >> = 2x + С  sinx f C 2).

2.30. + x2)-yV = 2лУ-(Javob: У = С ix ’ ^  + CLx. + C2).
3. Tartibi pasaytirilish mumkin bo‘lgan differensial 

tenglamalar uchun Koshi masalasini yeching.

3.1. y " = ’ v 0̂) = °> У ‘' ( ° )  = L  
(Javob: у  = -  ln jl -  x\, у  = 0).

3.2. У '2 + 2yy” = °> X ° )  = 1> / ( ° )  = L  
(Javob.y ~ (1^3х/2)2/3, ,  = i).

3.3. ■W'*+ у '1 = °> У Ф )  = J’ = 1 ■
(Javob: у  — y2x  +1, у  = 1).
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34 у " + 2уу'3 = О, Ĵ (O) = 2, У  (О) = 1/3. 

(Javob: х = у 3/ 3 - у - 2 / Ъ ,  у  = 2).

3.5 , y'tgy = 2у '2, 7(1) = я-/2, у '(1) = 2. 
(Javob: У  = агс1% (2 ~ 2х)> У = п/Т).

3.6. 2W = A > < 0) = L (Jiivoft.^ =
\2

+ 1

3.7. ЗУ" -  -У2 = У , 3 4 °) = U у '(0) = 1

(Javob: х = ± ln (l + л/2 )± In -----== ■)
1 + л!у2 +1

3 8 /  = - 1 / (2 / ), / 0 ) = 1/2, у (0) = л/2

(Javob .y = ^ f + V ^  
з . % У " =1~ У ' г- - 4 0 )'0 , / (0 )

(Javob: х = ±1шеу +~4еу -1 •)
*2

3.10. У  '  = у ', у (0) = 2/3, >’'(0 ) = 1.

(Javob: У = *  + 2>3112’ У = 2 / 3>- 
З.И. 2 jy ' = / 2+l, 7(0) = 2, У (0 ) = 1

х + 2 V
(Javob: у  = + 1.)

3

3.12. У *= 2 — .у, >’(0 ) = 2, У  (0 ) = 2 

(.W > :*  = 2sin*  + 2-)
3.13. /  = 1 / / .> '(0 ) = 1,У (0 ) = 0. iJm o b :х _  1 

, 14. » - '- 2 / J = 0, у(0 ) = 1 ,/ (0 ) = 2.

(Javob: у  — 1

1 —2х «7 = 1)
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3.15. / = У + / 2,>’(0 )= о ,/ (0 )= 1 .

2еу -1
(Javob: х = In ------ , у  — 0.)

У +
3.16. 1-2

2 у ,2 =0, v(0) = 0, У (0 ) = 1.

1
у  = 0.)>- = Ь

(Javob: х +1

3.17. у '0- + у ) = 5У '2’У ( ° )  = 0 ,/ (0 ) = 1-

(Javob: — - -- 1 ■ у  = 0.)
4 4(1 +у )

3.18. y V y  + 3) = ~2y'2 = 0 ,Я 0 ) = 0 ,У (0 ) = 3.

(Javod; у  = (е* -1), у  = 0.)

3.19. 4У^1 + У ^ ( 0 )  = 1 ,/ (0 ) = 0.

(Javob:х = 2\п^ у  + 1 + *J(y  + ] )2 — 4

3.20. V 2 = (у-1)= /,Я0) = 2,У(0) = 2.

•)

(Javob: у  = 1 +
1

1-2х
3.21. 1 + ̂  = } ^ Х 0 )  = 1 ,У (0 ) = 0.

(Javob: х = In у  + y j(y ^ - 1).)

3.22. У " + УУ'1 = °« Х ° )  = 1. У (0 ) = 2. 
(Javob: у  = \/бх + 1, у  = 1.)

3.23. З У " - / 2 =0, >’(0 ) = 1, У (0 ) = 2. 

(Javob: У ~ е2Х ’ ^ = 1 )
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3.24. УУ" ~  У' = У In7 ,7(0) = 1, У (0) = 1 ■

(Javob: х  = In In у  + ^/ln2 >’ +1.)

3.25. ><' “  y)y” + (1 + In y)y’2 = 0, y(0) = 1,7’(0) = 1-
1

(Javob: x =  -— --------1, 7  = 1.)
1 - 1 П 7

3.26. >’"(1 + У>= ^  Я 0) = 2, 7'(0) = 2 .

(Javob: У ~ 2e* ’ ^  = 2.)

3.27. ^  = ^ ' 4 y > y (ty  = -  /(О ) = 2- 
(Javob: у  ~ (x  + 1) 2, 7  = 1.)

3.28. /  = 1 / ( 1  + У 'г)> У(0) = 0, У (0) = 0.

(Javob: х = 2arctg -Je ’ — 1.)
3.29. 7 7 " - 2jy 'ln v  = 7 '2, v(0) = 1, v'(0) = 1 . 

(Javob: y ~ e tgx,y  = \ )

3.30. y ’ ^ N y ,  * 0) - / ( 0) - a

4. Quyidagi tenglamalami integrallang.

— dy — —- dx = 0.
4.1, x л'~ (Javob: у  / x — С.)

xdy —ydx n
2 2

4.2. *■ + -l (Javob: arclgyx I у )  — C.)
4 j  (2.x — >>ч- l)abc 4- ( 2 y —x  — 1 )dy.

(Javob: ^  + y 2 - x y  + x - y =  c -)
. , ydx — xdy xdx + ydy + ——----- = 0.

4.4. x +>’"
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(Javob:------ '— + arctg  — + С.)
2 У

4.5. - 1

л!*2 - У 2 у у1*2 - У 2

А * 2 - у 2 - х  = С.)(Javob:
2х(1 — еу)

dx + - -dy -  0.
(Javob:

еу -

1 + х “
= С )

2л . -  Зх2 х 2 1 — Af+ —— —̂ 4у = 0. — ----= С.)
4.7. (Javob: У ^

(1 -  е',у )dx + ех!у (1 -  х / у)(1у = 0.4 8.

(7avo6:x + ̂ eX V = С*>
4 9  х(2х2 + / )  + Я ^2 + 2/ ) У  = 0.

(Javob:х * + х2У2 + У4 ~ С.)
4Ю  (Зх2 + 6л^2)с&; + (6х2_у + 4>’3)ф ’ = 0.

(Javob:^  +3х2У2 +У 4 = С ^
4.11.

1 1

J x 2 + y 2 л У
Й&Г +

(Javob: yjx2 + у 1 Ч- lnjxyl Н—  — С.)
.У

4.12.

3 Л
dx 4* 3 2 л 3х sec >’+ 4j> + ~

2 Л
dy = 0.

(Javob: x^tgy + у 4 + —г = С.)
х*



2х +
4.13. V

2 , 2  ̂х +у
х 2 + у

.X2 + V2 
dx -------- f— dy.

(Javob: x 2 H------— = С.)
У х

4.14.

s in 2x
■ + х

V У
dx + 1

(

ху

■ 2 Л Sin X
\dy = 0.

х 2 + у 2 sin2 х _.
(Javob:------------1--------- --  С.)

2 у

415 (^х2 — 2jc? — y)dx  4- (2 v — х  + 3 у ? )dy  = 0.

(Javob:х3 + -у3 “  -  *У + У2 =  С > 
xiix + ydy  ̂ xdx — ydy

4.16.

(Javob: — + -Jx2 + у2 = С.) 
x

4 (3x2j  + >,3)J x + (x 3+3xy2) ^ j  = 0.

(Javob: xy(x2 + у 2) = С.)
4 18 _у(л'2 + _y2 + a 2 )dy  + x(x2 — _y2 ~ a 2)dx = 0. 

(Javob: (x l + У2)2 + 2 л 2(^ 2 —x 2) = C.)

Г i4.19. sm^ + j;smx + — +
v

jccos у -  cos x -  — |dy = 0.

(Javob:■ f& y  — COS x — cos >’ = C.)

(Javob:

_ I’ + siruccos" i’x ,4.20.  --------------- —  dx +
cos " yx

. tgxy—cos x — cos у  — С.)

f
— —-------sin у  dy = 0.
cos" yx  ,

4 .21. (3x2 — yco sxy  + y)dx + (x — xce>sxy)dy = 0.
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[  12x ' -  e xly --)<:& + 1 16y  + - ~ e xly \dy — 0. 
4.22. V У ] \  Г  У
(Javob: 3x4 + 8у 2 - e x/y = C.)

{Javob:х 3 - s in x y  + jcy^C .)

4.23.

У~  + 2xysvxx2y  + 4 dx +
2 Jxy

(Javob: -Jfy’ ~ cos x2y  + 4x = C.)

4 24 ^  + (x3XV In 3 — 3)dy =  0.

ЦауоЬ:УУ^ У  = С ^

1
— sin x2 у \dy = 0
2 4  xy )

4.25.
1 2 , . 7- + Зх у dx + 1хъу 6 -  1

У чкх - у

(Javob: lnjx -  v| + х ъ у 1 =  С.)

--------- sin_y
х - у

dy  = 0.

( 2у Л 7 С 1—— + у cos ху  I ах+\ —
л

( - — + ycosxy 
4.26. ^ х

У(Javob: sm ху — = С.)

I ' г2У Vх
x + cosxy -  0.

4.27.

У
■ 2 ? 

V" * У
— 2х * + А = о

(Javob: arcsin ху — х 2 = С.)
4.28 + 28x6)c6c + (4x5j 3 — 3 y 2)dy  = 0.

(Javob:х "У4 ~ У 3 +4х?  = С?>

4 29 (2хе * +у + 2)dx + (2у е х +у -  3)dy =  0.

(Javob: 1
j x  +У + 2 х - 3 у  = С.)
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(.Javob:У3 s m 3 x - v 2 + 7 *  + C.)
5. Agar у ning ixtiyoriy nuqtasidagi burchak koeffitsiyenti, 

shu nuqtaning к  marta kattalashtirilgan ordinatasiga teng ekanligi 
ma’lum bo‘lsa, A(x0, y 0)  r.uqtadan o‘tuvchi egri chiziq 
tenglamasini yozing.

5.1. A (0,2), k=3. (Javob: y = -2 e x).
5.2. A(0,5), k=7. (Javob:y=5e?x).
5.3. A (-1,3), k=2. (Javob: y = 3 e 2x+2).
5.4. A(-2,4), k=6. (Javob: y = 4 e 6x+I2).
5.5. A(-2,1), k=5. (Javob: y= -e 5x+I0).
5.6. A (3,-2), k=4. (Javob: y = -2 e 4x~12).
Ixtiyoriy nuqtasidagi urinmaning burchak koeffitsiyenti, shu 

nuqtani koordinata boshi biian tutashtiruvchi to‘g‘ri chiziqning 
burchak koeffitsiyentidan n marta katta ekanligi ma’lum bo‘lsa, 
A(xnyn) nuqtadan o‘tuvchi egri chiziq tenglamasini yozing,

5.7. A(2,5), n=8.(Javob:y =5xs!256
5.8. A(3,l), n=3/2.(Javob :y=~x%-x /(3^
5.9. A(-6,4), n=9.(Javob:y=~xgl l  1664.
5.10. Af-8,-2), n=3.(Javob:yr= -x ,/256.
Egri chiziqning ixtiyoriy nuqtasiga o‘tkazilgan normalning 

ordinata o'qidan ajratgan kesmasiningmng uzunligi shu nuqtadan 
koordinata boshigacha bo‘lgan masofaga tengligima’lum bo‘lsa, 
A(xo,yo) nuqtadan o'tuvchi egri chiziq tenglamasini yozing.

5.11. A(0,4), (Javob: y = - x 2/16+4).
5.12. A(0,-8), (Javob: y=x2/32-8.
5.13. .4(0,1), (Javob: y=-x2/4+1.
5.14. A(0,-3), (Javob: y=x2/12-3.
A(xo,yo) nuqtadan o‘tuvchi va quyidagi xossaga ega boigan 

to‘g‘ri chiziq tenglamasini tuzing: koordinata boshidan egri 
chiziqning urinmasiga o‘tkazilgan perpendikulyarning uzunligi, 
urinish nuqtasining absissasiga teng.

5.15. A(2,3), (Javob: (x-13/4)2+u =169/16).
5.16. A(-4,l), (Javob: (x+17/8)2+u2=289/64).
5.17. A (1,2), (Javob: (x-2,5)2+u2=6,25).

4JO (3>’ ; cos 3x + 7)dx + (3y 2 sin3x — 2y)dy = 0.
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5. 18. A(-2,-2), (Javob: (х+2)2+и2=4).
5.19.А(4,-3), (Javob: (х-25/8)2+и2=615/64).
5.20. А(5,0), (Javob: (х-2,5)2+и2=6,25.
А(хо,Уо) nuqtadan o‘tuvchi va quyidagi xossaga ega bo‘lgan 

egri chiziq tenglamasini tuzing.
Egri chiziqning ixtiyoriy nuqtasining urinmasinmg Ou o‘qdan 

ajratgan kesmasi, urinish nuqtasi absissasining kvadratiga teng.
5 .21. A (4,1), (Javob: y  -^17x/4-x\
5.22. A(-2,5), (Javob: y=-9x/2-x2.
5.23. A(3,~2), (Javob: y=7x/3-x2).
5.24. A(-2,-4), (Javob:У-4Х-Х2).
5.25. A(3,0), (Javob: y~3x-xf).
5.26. A(2,8), (Javob: у-бх-х2).
Egri chiziqqa urinmaning ordinata o‘qidan ajratgan kesmasi, 

urinish nuqtasining koordinatalari yig‘indisining yarmiga teng 
ekanligi ma’lum bo‘lsa, A (xo, Уо) nuqtadan o‘tuvchi egri chiziq 
tenglamasini yozing.

- y f x - x )
5.27. A(9,4), (Javob: y ~  3

5.28 . A (4,10), (Javob: y= 7  -Jx -  x)

5.29. A(18,-2), (Javob:y= 4 4 x  -  x)

5.30. A(l,-7), (Javob: y - - 6  Jx  — x)
Namunaviy variantlar yechimi

1. Differensial tenglamaning xususiy yechimini toping va 
hosil qilingan funksiyaning x=-3 dagi qiymatini verguldan keyin 
ikki xonagacha aniqlikda hisoblang:

y " (x + 2 /= l, y (-l)= l/12 , y (- l)= - l/4 .
► Berilgan tenglamaning umumiy yechimini topamiz 

(§11.5ga qarang, 1 xildagi tenglama):
1 . ..I_f dx _  1 ■ c

(j: + 2)2 ’ У ] (x  + 2У 4(x  + 2)4 1

1 , 1У= f ( ---------— 7  + C .)d x  = -------------  + C 1x + C 2
' J 4(x + 2) 1 12(x + 2) 3
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Boshlang‘ich shartlardan foydalanib, С / va C2
1 arningqiymatl arinianiqlaymiz:

y (- l)=  1/12-C,+C2=1/12, С,- C2=0, 
y'(-l) = - l /4 + C i= -W  Сi=0, C2=0.

Boshlang‘ich shartlami qanoatlantiruvchi, dastlabki 
tenglamalaming xususiy yechimi quyidagi ko‘rinishda boMadi:

y= l/(12(x+2)3) 
y(x) funksiyaning x=-3 dagi qiymatini hisoblaymiz.

y(-3) = -------------= -  —  = -0,08 <
12(—3 + 2) 12

2. Tartibi pasaytirilish mumkin bo‘lgan differensial 
tenglamaning umumiy yechimini toping.

y'(ex+ l)+  y= 0 .
► Berilgan tenglaraa II xildagi tenglamadir. (§11.5. 2-misolga 

qarang).
Shuning uchun у ' =z(x) almashtirish bajaramiz. U holda y -

dz
dx

—  (e r+ l)+ z = 0 , — (er + l)= -z ,
dx dx

dz dx r dz r dx
z  — ex + 1’ J z  ex + 1 .

va ( f+ l= t  o‘zgaruvchilami almashtirish vo‘li bilan 
quyidagini topamiz.

In Ы  = In (ex+l)-ln ex+ln С 
Oxirgi ifodani potensirlab, dastlabki tenglamaning umumiy 

yechimini topamiz:

z=C j —-—  Ax = Ci(x-ex)+ C 2 y  =  C1f^—̂ -dx  =  
e x e

C^x  — e ~x) + C2 M
3. y ( l)= l ,  у '(l ) —0, boshlang‘ich shartlami 

qanoatlantiruvchi, tartibi pasayuvehi, у 3 у  — / differensial 
tenglamaning yechimini toping.
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► Berilgan tenglama Ш tip^a tegishlidir. (§11.5. 2-misolga 
qarang). Shuning uchun, у  =p(y) almashtirish yordarnida 
tenglamaning tartibini pasaytiramiz. U holda,

„ dPу  - p — .
ay

Bundan,
з dp dyy p  —  = -i, pdp = - ^

dy  /

|  PdP = |
dy p 2 1

С
У" 2 2 y 2

P *~T + 2C '> p  = ± \ \ + 2 C {
2У \ y

dy Ф  + 2 С У  dx = + — У&
dx у  ’ 4 1 + 2С У

х = ± 1 - = Ж =  + С* = - Ш ( 1  + 2 С У )  ™ i( l + C j ) ,
V1 + 2 с у  4C

х = + ^ - л[ \  + сУ  +c2.

ya’ni, dastlabki tenglamaning umiuniy yechimini hosil qildik. 
Endi boshlang‘ich shartlardan foydalanib, С,- va C2 laming 
qiymatlarini aniqlaymiz. x= l, y = l  va y '= 0  da quyidagiga ega 
bo lamiz.

1 = ± — ^/l + 2C, +C2,0 = ± J T + 2 Q  

bundan, 1+2C;=0, Cj=-l/2, C2= l.
Natijada, dastlabki yechim quyidagi ko‘rinishga ega bo‘ladi:

x = + ^ l ~ y 2 +1

Geometrik nuqtai nazardan bu yechim (x -V /W ^ l  
aylananing o‘ng yoki chap tomonining yarmini tasvirlaydi. M

318



(---- у 3 + A)dx+(~— -3xy2)dy=0.
X ' у

Quyidagi belgilashlami kiritamiz:
P(x,y)=l/x-y3+4, Q(x,e)=-l/y-3xy2 (11.26) tenglamaga 

qarang.
dP  2 dQ  ,

U holda, —  = —3у  , —- = -3 у '  
dy dx

~  = —  bo‘lganligidan, berilgan ter.glama to‘la differensial
dy dx

tenglamadir. Uning umumiy integrali (11.24) forrnuladan topiladi: 

f (~  -  >’3 + 4 )dx+ Г  ( - — -  3x„ y 1) dy = C0
■’ "о X  ^

4. Tenglamani integrallang.

Quyidagiga ega bo‘lamiz:

In \x\-ln\x0\-xy3+x0y 3+4x-4x0-h\y\+ln\yo\-xoy 3+X(J y l  = C 0,

ln \ — | -xv3+4x=C,
У

bu yerda,

C-Cg+ln  | —  1+ 4x0 -  x0y l .
Уо

5. Agar koordinata o‘qlari bilan hamda egri chiziqning 
ixtiyoriy nuqtasiga o‘tkazilgan urinma va urinish nuqtasining 
koordinatasi bilan chegaralangan trapetsiyaning yuzi o'zgarmas 
son bo‘lib, 3 ga teng ekanligi ma’lum bo‘Isa, (11.3-rasmga 
qarang) A(2,2) nuqtadan o'tuvchi egri chiziqning tenglamasini 
yozing.

► Quyidagiga ega bo‘lamiz:
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s DM СО"
, M 'oc\

|MCj=y, |DO|=
+ DB[ + BO = ± D £\ + \MC\ = ±\иЩ + >'•

OC|=x, ± DB |=- |BM|tga=—|BM|y ’=xy ’.
v I

\

a
Nr \

11.3-rasm

bu yerda, agar y' = tga< 0 bo‘lsa, (x<x1, 11.3-rasmga qarang) 
|DB| oldiga “+” belgisi qo‘yiladi, agar y '=  tga> 0, bo‘lsa, (x>xx) 
oldiga belgisi qo‘yiladi.

Shuning uchun ikkala holda ham \D O \~xy +u. Shularni 
e’tiborga olib, quyidagilami topamiz:

1 •, ■x = 3,— x  у  + xy =  3,

x2y  +2xu=6, у — у  -  ——,x  0.2 ’ ■

Birinchi tartibli chiziqli tenglamani hosil qildik. Buni 
yechamiz:

2u9 6
u~u&, y' = u'9 + u& , vl'9  + u9 ' --------= — j ,



d 3  2 9  d<9 _  2dx
3  x ’ i9 x

2 J  —  ,lw|i9j = 21n|jc|,i9 = x 2

Topilgan i9 =  X2 ifodani (1) tenglamaga qo‘yamiz: u '=—
ж

M=-

u= — + —  ,0 <x < x0 = л/l 6

U holda >'-w j9 — + C)x2 = — + Cx2 
x x

Egri chiziq A(2,2) nuqtadan o‘tganligi uchun, 2-2/2+4C, 
C =l/4. Izlanayotgan egri chiziq tenglamasi quyidagicha bo‘ladi,

2 -'2

x 4
Ushbu chiziq 11.3rrasmda tasvirlangan bo‘lib, x, = 1/4 da 

minimumga ega bo‘ladi.-4

11.3. Individual uy vazifalari
Differensial tenglamaning umumiy yechimini toping.

1. a) y"+4u=0; b) y"-10y'+25u-0; v) y"+3y' +2y=0.
2. a) y"-y'-2y=0; b) y"+9y=0; v) y"+4y' +4y=0.
3. a) y"-4y'=0; b) y''-4y'+J3y=0; v) y"-3y' +3y=0.
4. a) y"-5y'+6y=0; b) y"+3y'=0; v) y"+2y' +5y=0.
5. a)y''-2y'+10y=0; b) y"+y'-2y=0; v)y"-2y=0.
6. a) y"-4y=0; b) y"y"+2y'+17y=0; v) y"-y' -12y=0.
7. a) y" + y’-6y=0; b) y"+9y'=0; v) y ”-4y'+20y=0.
8. a) y"-49y=0; b)y"-4y'+5y=0; v) y"+2y'-3y=0.
9. a) y ”+ 7y’=0; b) y"-5y'+4y=0; v)y"+16y=0.
10. a) y"-6y!+8y=0; b) y"+4y'+5y=0; v)y"+5y'=0.
11 .a)y"-8y'+3y=0; b)y"-3y’=0; v) y"-2y'+10y=0.
12. a) y"+4y'+20y=0; b)y"-3y'-l6y=0; v)y"-16y=0.

1.13. a) 9 y"+6y'+y=0; b)y"-4y'-2ly-0; v) y"+y=0.
1.14. a) 2 y" +3y'+y=0; b) y"+4y'+8y=0; v) y" -6y'+9y=0.
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1.15. а) у"-10у'+21у=0; Ь) у"-2у'+2у-~0; v)y"+4y'=0.
1.16. а)у"+6у'=0; b) у"+10у'+29у=0; v) у"-8у'+7у=0.
1.17. а) у"+25у=0; Ъ) у" I бу' \ 9у=0; \)  у"+2у'+2у=0.
1.18. а) у"-3у'=0; Ъ) у"-7у'-8у=0; v)y"+4y'+13y=0.
1.19. а) у"-3у'-4у=0; Ь) у"+6у'+13у=0; v)y"+2y'=0.
1.20. а) у"+25у’=0; b) у"-10у'+!6у=0; v) у"-8у'+1 бу=0.
1.21. а) у ”-3у'-18у=0; Ъ)у"-6у'=0; v)y"+2y'+5y=0.
1 .22. а) у"-6у'+13у=0; Ъ) у"-2у'-15у=0; v) у"-8у'=0.
1.23. а) у"+2у'+у=0; Ъ) у"+6у'+25у=0; v) у"-4у'=0.
1.24. а) у"+10у'=0; Ъ) у"-6у'+8у=0; v) 4 у"+4у'+у=0.
1.25. а) у"+5у=0; Ь) 9 у"-6у'+у=0; v) у"+6у'+8у=0.
1.26. а)у"+6у'+10у=0; Ь) у"-4у'+4у=0; v) у"-5у'+4у=0.
1.27. а) у"г у=0; Ь) 4 у"+8у'-5у=0; v) у ”-6у'+10у=0.
1.28. а) и+8у'+25у=0; Ъ) у"+9у'=0; v) 9 у"+Зу’-2у-<).
1.29. а) 6 у"+7у'-3у=0; b )y '!+16y=0; v) 4 у"-4у'+у=0.
1.30. а) 9 у ”-бу'+у=0; Ъ)у"+12у'+37у=0; v) у"-2у'=0.
2.2.1.у"+у'~ 2х-1. (Javob: y= C j+ C 2e~x+x2~3x)
2.2. у"-2у'+ 5у = 10excosx. (Javob: y=e*(C]Cos 2х + С-> 

sin2x) + e xcos2x).
2.3. у"-2у' -8у =12sin2x-36cos2x. (Javob: у = С ]е 2х+С2е4х 

+3cos2x).
2.4. у"- 12y’ +36y =14e6x. (Javob: y= C , e6x+C2e 6x + 7x2e6x).
2.5.y"-y' +2y =(34-12x)ex. (Javob: y -C j^ +Сте2х + (4—2x)ex).
2.6.y"-6y' +10y =51ex. (Javob:y=e3x(C/cosx+C^sinx)+3ex).
2.7. y"+y=2cos x-(4x+4)sin x. (Javob: y=C]Cosx + C2sinx 

+(x2+2x)cosx).
2.8. y"+6y' +10y =74e3x. (Javob: y= e3x+(Cicos x+C? sin 

x)+2e3x).
2.9. y"-3y'+2y =3cos x+19sin x.(Javob: y=C;ex +C>e2x + 6 cos 

x + sin x).
2.10. y"+6y'+9y -  (48x+8)eK . (Javob: y= C ;e 3x +C2xe 

3x+(3x-l)e*).
2.11. y ”+5y'=72e2x. (Javob: у  =C/+C2xe ~5x+3e2x).
2.12. y"-5u'-6y =3cos x+19sin x. (Javob: у= С ]ёх 

+C2e6x+cos x -2 sin x).
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2.13. у"~8и'+12у =36х-96х2 + 16х-2. (Javob: y —Cie^ 
+ С1е6х+ 3 х -х 2).

2.14. у "-8и'+25у =18е5х. (Javob: у= е  -4х (С, cos Зх + C2sin

Зх) + ̂ е 5х)

2.15. у"-9и'+20у =126е2х. (Javob: у= С , е4х+ S2e5x+ 3 e2x)
2.16. у"+36у =36+66х-36х3. (Javob: y=C]Cos 6x+C2sin 6х

— х3+2х+1).
2.17. у  "+у =-4со$ х+2 sinx-36x3. (Javob: y=C i cos x+C2sin 

x + x(cos x -2sin x).).
2.18. y"+2y'-24y =6cos 3x-33 sin 3x.(Javob: y -C ie '6-x+C2 

e4x+sin 3x).
2.19. y"+6y'+13y =-75 sin 2x.(Javob: y=e'3x (C] cos2x+C2 

sin2x)+4cos2x- -3sin2x).
2.20. y"+5y'=39cos3x-105sin3x. (Javob: y= (Ci +C2 e Sx + 

4cos3x+5sin3x).
2.21. у  "~4y '+29y~104 sin5x.
(Javob: y= e2x(C] cos5x+C2Sin5x)+ 5cos5x+sin5x).
2.22. v "-4y'+5y=(24sinx+8cosx)e~2x,
(Javob: y= e2x(C] cosx+C2sinx)+ C2)+ e  ~2x(cos x+sin x).).
2.23. y"+16y=8cos 4x. (Javob: u=C] cos 4x+C2sin 4x+x 

sin 4x).
2.24.y"+9y~9x4+12x^~27. (Javob: Q  cos 3x~ C2sin Зх+х^З).
2.25. y" -l2y '+ 4Oy=2e6x. (Javob: y= e6x(C, cos 2x+C2sin

2 x ) + - e 6x).
2

2.26. y"+4y'=ex (24cos 2x+2sin 2x).(Javob: C]+C2 e4+2ex 
sin2x).

2.27. y"+2y'+y=6ex).(Javob: y= C i+ex +C2xe4+ 2 ex +3x2e~
v.

2.28. y ”+2y'+37y=37x2~33x+74. (Javob: y —ex(Cicos 
6x+C2sin 6x)+x~-x+2).

2.29. 6y"-y'-v=3e2x. (Javob:y=Cie x/2+C2e x/3- e 2x).
2.30. 2y"+7y'+3y=222sin3x. (Javob: y = (C je 3x +C2 e 

x/2+7cos3x+5sin3x).
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3.3.1. у"- 8у' + 17у = 10e2x;(Javob: y= e4x(CiCos+C2Sin х)+2!2х.)
3.2. у"+у'-6у= (6х+1)е3х; (Javob: y=C'i е 3х+С2 е2х ! f х-1)е3х.)
3.3. у"- 7у' + 12у = Зе4х;(Javob: у= С/ +Сг е4х+3хе4х.)
3.4. у"- 2у'^6 + 12у = 24х2;(Javob: у =  С/ +Сг 

3х2+3л.
3.5. у"- 6у' + 34у = 18 cos 5х ! 60 sin 5х;
(Javob: у= е3х(Сicos 5x+C2sin 5х)+2 cos 5х.)
3.6. у"- 2у'= (4х+4)е2х;(Javob: у= С/ е2х+ (х2 +х)е2х.)
3.7. j / '+  2у'+у= 4х3 +24x2+22x-4;(Javob: v= С /е1! b 

4хх-2х.)
3 .8 .у ”- 4у’~ 8 -1 6х;(Javob: у ~  С/ +Сг 2хг-х.)
3.9. у"-2у'+у= 4ex;(Javob: у -  Cj ех+С2 ех+2х2ех.)
3.10. у"- 8у' + 20у = 16 sin 2x-cos 2х;
(Javob: y= e4x(Cjcos 2x+C2sin 2x)+sin 2x.)
3.11. y"- 6y' + 13y = 3 4e3xsin 2x;
(Javob: y ~ e 3x(Cjcos 2x+C2sin 2x)+2—3xcos 2x.)
3.12. y"+ 2y'-3y = (12x2+6x-4)ex.;(Javob: y = C je 3x+C2 

ex+(x3-x)ex.)
3.13.>’"+ 4y' + 4y = 6e2x;(Javobi:y=Cie2x+C2xe2x+3x22~ex.)
3.14. v "+ 3y' =10-6x; (Javob: y~C /+C 2 e~JX -x2 4x.)
3.15. y"+ 10y’’+25y =40+52x-240x2~200x3;(Javob: y=C je  

5x+C2e 5x-8x3+4x.)
3.16. y"+ 4y'+20y =4cos 4x-52 sin 4x;
(Javob: y= e  2x(Cicos 4x+C2sin 4x)+3 cos 4x-sin 4x.)
3.17. y"+ 4y'+5y =5x2~32x+5;(Javob: y ~ e 2x(Cjcosx+C? 

sinx) +x2~8x+7.)
3.18. y"+ 2y'+_y = (12x-10)ex;(Javob: y~ C s e x+C2 xe 

x+(2x3~5x2) e x.)
3.19. y"-4y = (-2x-10)e2x;(Javob: y-C jCos 2x+C2 sin 

2x+(3x2+x)e2x.)
3.20. y"+ 6y'+9y = 72e3x;(Javob: y=C , e 3x+C2x e 3x+2e3x.)
3.21. y"+ 16y = 80e2x;(Javob: y=C,cos 4x +C,2 sin 

4x+4e2x.)
3.22. y"+ 4y' = 15e?;(Javob: y=C ]+C 2e~4x+3ex.)
3.23. y"+ y'-2y = 9cos x-7 sin x; (Javob: y=C<e"x +C2 

eJ+3sin x-2cos x.)
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3.24. у"+ 2у'+у = (18х+8)ех;(Javob: y=C j ех +С2 хе'*+ 
. (Зх, +4хг)  е х.)

3.25. у"-14у'+49у = 144 sin 7x;(Javob: у= С ге7х +С2хе7х+ 
2 cos 7х.)

3.26. у"+9у-10  e3x;(Javob: у=С; cos 3x+C2sin Зх +е3х.)
3.27. 4 у"-4у'+у =-25 cos х; (Javob: y —C i^ 2 + С2 ех/2 х+3 

cos х + 4 sin х.)
3.28. 3 у  "~5у '-2у =6 cos 2х+38 sin х 2х;
(Javob: y = C ie xh +С2хех/2 +cos 2х -2sin 2х.)
3.29. у"+4у'+29у = 26ex;(Javob: у = е 2х (Cicos 5х +C2sin 

5х)+ех.)
3.30. 4у"+3у'-у =11 cos х -7sin х;
(Javob: у = е 2х (С;ех/4 +С2 ех +2 sin х -  cosx.)
4. Boshlang‘ich shartlami qanoatlantiruvchi differensial 

tenglamaning xususiy yechimini toping.
4.1 .y"-2y'+y=-12cos 2x-9 sin 2x, y(0)=2, y'(0)~0.
(Jayob: y=-2ex-4xex+,3sin 2x.)
4.2.y " -6 y ’+9y= 9X2 39x+65, y(0)= -l, y '(0 )= l.
(Javob: y=-6e3]C+22xe3x+x2~3x+5.)
4.3. y ”+2y'+2y= 2x2+8x+6, y(0)= l, y'(0)=4.
(Javob: y= e  ~x (cos x+3sin x) -̂ x~ +2x.)
4.4.y"-6y'+25y= 9sin4x-24 cos 4x, y(0)=2, у '(())=-2.
(Javob: y= e  3x (2cos 4x-3sin 4x)+sin 4x.)
4.5. y"-14y'+53y= 53x3~42x2+59x-l4, y(0)=0, y'(0) = 7.
(Javob: y=3e 7x sin 2x+x3+x.)
4.6.y"+6y= e "(cos 4x-8 sin 4x), y(0)=0, y'(0)=5.
(Javob: y=sin 4x-cos 4x + ex cos 4x.)
4.1.y"-4y'+ 20y=  16xe2x, y(0)= L y'(0)=2.
(Javob: y= e 2x (cos 4x-l/4 sin 4x) +xe2x.)
4.8. y"-12y'+36y= 32 cos 2x+24 sin 2x. y(0)=2, y ’(0)=4. 
(Javob: y= e  6x -2xe6x+cos 2x.)
4.9. у  "+y=x3-4x2+7x-10, y(0) =2, y'(0) =3.
(Javob: y=4cos x+2 sin x+ x3~4x2+x-2.)
4.10.y"-y=(14-l6x)ex,y(0)=0} y'(0)=-l.
(Javob: y= ex-e'x+(4x2~3x)ex.)
4.П .у"+8у'+16у=16х2-16х+66, y(0)=3, y'(0)=0.
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(Javob: у--2е~4х-6хе4х+хг 2x+5.)
4.12. y"+10y'+34y=-9e3x,y(0)=0, y'(0)=6.
(Javob:y=e ~5x(cos 3x +2sin 3x)-e5x.)
4.13.y"-6y'+25y= (32x~12)sin x-36x cos3x, y(0)=4, y'(0)=0. 
(Javob: y= e 3x(4cos 4x -3 sin 4x)+2x sin 3x.)
4.14.y"+25y= e* (cos5x-10sin 5x), y(0)=3, y'(0)=-4.
(Javob: y=2cos 5x -  sin 5x+ex cos 5x.)
4.15. y"+2y'+5y= -8e x sin 2x, y(0)=2, y'(0)=6.
(Javob: y  = e x(2cos 2x +3 sin 2x)+2xe ~x cos 2x.)
4.16. y"-10y'+25y= e 5x, y(0)= l, y'(0)=0.
(Javob: y =  3e5x -2xe5x+ x2e5x.)
A.Y1.y"+y,-12y= (16x+22)e4x, y(0)=3, y'(0)=5.
(Javob: y ~  e3x + e 4x+ (2x+i)e4x.)
4.18. y"-2y'+5y= 5x2+6x -12, y(0)~0, y ’(0)=2.
(Javob: y — ex (2 cos 2x-sin 2x)+x +2x-2.)
4.19. y"+8y'+16y= 16x3 +24x2~1 Ox+8, y(0 )= l, y'(0)=3. 
(Javob: y=4xe 4x+x2-x+1.)
4.20. y"-2y'+3y= 36excos 6x, y(0)=0, y'(0)=6.
(Javob: y= exsin 6x+3xexsin 6x.)
4.21 .y"-8y'= 16+48x2 128x\y(0)=-l, y'(0)=14.
(Javob: y= 2e8x-3+4x4~2x.)
4.22. y"+12y'+36=72x3-18, y(0)=-l, y'(0)=0.
(Javob: y=cos 6x+8 sin 6x+2x3~2x.)
4.23. y"+3y'=(40x+58)e2x, y(0)=0, y ’(0)=2.
(Javob: y = 4 e 3x-7+(4x+3) e2x.)
4.24. y"-9y'+18y=26 cosx-8 sinx, y(0)=0, y'(0)=2. 
(Javob:y=2e6x-3e3x-sin x+cos x.)
4.25. y"+8y'=18x+60x2~32x3, y(0)=5, y'(0)=2.
(Javob: y~ 3 + 2 e8x-x4+3xs.)
4.26. y"-3y'+2y=-sin x-7 cos x, y(0)-2 , у '(0)=7.
(Javob: y - e x+2e2x-cos x+2 sin x.)
4.27. у "+2y '=6x2 +2x+J, y(0)=2, y'(0)=2.
(Javob: y = 3 -e 2x+x3-x2.)
4.28. y"+16y=32e4x, y(0)=2, y'(0)=2.
(Javob: y=cos 4x+sin 4x+e4x.)
4.29. у  "+5y+6y=52 sin 2x, y(0 )  =-2, у  '(0)= -2 .
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(Javob: y=2e'2x +e'3x-5cos 2x+sin 2x.)
4.30.y"-4y=8e2x, y(0)= l, y'(0)=-8.
(Javob:y=3e2x I 2e2x+2xe2x.)
5. /  (x) ftmksiyaning ko‘rinishi bo'yicha chiziqli bir jinsli 

bo‘lmagan differensial tenglamaning y* xususiy yechimning 
tuzilishini aniqlang va yozing.

5.1. 2y"~ 7y' + 3y=f(x); a)f(x)=(2x+l)e3x; b)f(x)=cos3x.
5.2. 3y"~ 7y' + 2y— f(x); a) f(x)=3xe2x; b) f(x)=sin 2x -  

3cos2x.
5.3. 2y"+y'-y=f(x); a) f(x)=(x?~5)e'x; b) f(x)=x sin x.
5.4.2y"- 9y'+ 4y=f(x); a) f(x)=- 2e4x; b) f(x)=ex cos 4x.
5.5. 2y"+49y=f(x); a) f(x)= x*+4x; b) f(x)= 3sin 7x.
5.6. 3y”+10y'+3y=f(x); a) f(x )= e3x; b)f(x)= 2 cos Зх-sin 3x.
5.7. y"-3y’+2y=f(x); a) f(x)-x+2e?; b)f(x)= 3cos 4x.
5.8.y"-4y'+4y~f(x); a)f(x)-=sin2x+2ex;b)f(x)= xr~4.
5.9•y"-y'+y=f(x); a)f(x)=ex cosx; b)f(x) = 7x+2.
5.10-y"-3y—f(x); a) f(x)=2x2 5x; b)f(x)~ e xsin 2x.
5.1 1 . у "+3y'-4y=f(x); a)f(x)=3xe4x; b)f(x)= xsinx.
5.12.y"+36y=f(x); a)f(x)=4xex; b) f(x)= 2 sin 6x.
5.13.y"-6y'+9y=f(x); a)f(x)=(x-2)e3x; b) f(x)= 4 cosx.
5.14. 4y"-5y'+y=f(x); a)f(x)=(4x+2)e'; b)f(x)= exsin 3x.
5.15. 4y"+7y’-2y=f(x); a)f(x)=3e ~2x; b)f(x)= (x-1) cos 2x.
5.16.y"-y’-6y= f(x); a) f(x)=2xe,x; b) f(x)= 9cosx-sinx.
5.17.y"~l6y~-f(x) ; a)f(x)=-3e4x; b)f(x)= cosx-4sinx.
5.18.y"-4y=f(x); a) f(x)=(x-2)eh; b) f(x)= 3cos 4x.
5.19.y"-2y’+2y=f(x); a) f(x)=(2x-3)e4x; b) f(x)~ e"sin x.
5.20. 5y"-6y'+y=f(x); a) f(x) =x"ex; b) f(x)= cosx  -sin x.
5.21. 5y"+9y'-2y~ f(x); a) f(xj=x3 2X; b) f(x) = 2sin 2x~ 

3cos2x.
5.22. у  "-2y15y= f(x); a) f(x)=4xe3x; b) f(x)= x sin 5x.
5.23.y"-3y-f(x); aj f(x)=2x3~4x; b)f(x)= 2e'x cosx.
5.24.y ”-7y'+12y=f(x); aj f(x) =xe3x + 2ex;b) f(x) = 3xsin2x.
5.25.y"+9y=f(x); a)f(x)=X' +4x-3; b)f(x)= xe2xsinx.
5.26. y"-4y'+5y=f(x); a)f(x)=-2xex; b) f(x)= xcos2x — sin2x.
5.27.y"+3y'+2y=f(x); a) f(x)=(3x-7)ex; b) f(x)= cosx — 3sinx.
5.28.y"-8y'+16y=f(x); a)f(x)--2xe4x; b)f(x)= cos 4x + 2sin 4x.
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5.29. y"+y'-2y=f(x); a) f(x)=(2x-l)e x; b) f(x) = 3xcos 2x.
5.30. y"+3y'-4y=f(x); a) f(x)=6x ex; b) f(x )= x 2sin 2x.

Namunaviy variant yechimi.
Differensial tenglamalaming umumiy yechimlarini toping.
1. a; 4y"~lly'+6y=0; b) 4y"-4y'+y=0; v) y"-2y'+37y=0;
Berilgan har bir tenglama uchun xarakteristik tenglama

tuzamiz va uni yechamiz. Xarakteristik tenglamaning olingan 
ildizlarining ko‘rinishiga qarab, differensial tenglamaning 
umumiy yechimini yozamiz (11.48 formulaga va § 11.6 dagi 5- 
misolga qarang).

a) 4 Л 2~11 Л + 6 = О, Я, =3/4, 2 ^ = 2  ildizlar har xil va 
haqiqiydir, shuning uchun tenglamaning umumiy yechimi 
quyidagicha bo‘ladi у= С 1е3х/4+С2в2х;

b) 4 A 2~4 A +1 = 0, A1 =  A, ~ 1 / 2 - ildizlar bir-biriga teng va 
haqiqiydir, bundan kelib chiqadiki, tenglamaning umumiy 
yechimi quyidagicha bo‘ladi.

у = С ^ /2+С2хе*'2

v) A 2_2 A + 37 = 0, = X, = 1 ± 6 i - ildizlar qo‘shma
kompleksdir, shuning uchun tenglamaning umumiy yechimi 
quyidagicha bo‘ladi.

у  = <? (C/cos6x+C-2Sin6x).
2. y"- 3y'-4y=6xex;
► A 2 3 /1 — 4 = 0 xarakteristik tenglamasi А \= 4 ,Л  =  — 1 

ildizlarga ega. Bundan kelib chiqadiki, bir jinsli tenglamaning 
umumiy yechimi quyidagi formula bilan aniqlanadi.

у  -  Cxe 4x+C2e x;
Tenglamaning o‘ng tomonida joylashgan f(x )= 6x e x fimksiya 

bo‘yicha xususiy yechim tuzilishini yozib olamiz ((11.50) 
formulaga qarang).

у  =(Ax+B)e~x -x

Bu yerda, z= a+ ib= -l xarakteristik tenglamaning ildizi 
bo‘lganligidan (Ax + Bx)e~x ifodani x ga ko‘paytirdik. A va V
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koeffitsiyentlami noma’lum koeffitsiyentlar usuli bilan 
aniqlaymiz. Buning uchun quyidagilaroi tuzamiz.

у  *  =  ( 2  A jc +  B  x — ( s i x 2 +  B x  )cj x 

2Ae~x + (A x 2 + B x)e'x -  2(2Ax + B)e~x; 
у  *', у*" lar uchun topilgan ifodalami berilgan tenglamaga 

qo‘yib, uning ikkala tomonini e x ga bo‘lib, x2, x va x°lar oldidagi 
koeffitsiyentlarini tenglashtiramiz va A va V lami topish uchun 
sistema hosil qilamiz. Shunday qilib, yuqorida bayon 
qilinganlarga mos ravishda quyidagilarga ega boMamiz:

2A + A x 2+Bx -4A x -2 B -6 A x -3 B + 3 A x 2+3B x -4A x z~4Bx ~ 6 x ,
A + 3 A - 4 A  = 0  ]

B - 4 A  - 6 A - 3 B - 4 B  = 6}
2 A - 2 B  -  3В = 0x

Bu yerda A B= -  — .3 5 25

U ho ldaj/=  ~ (~ *2 +  e~x
Berilgan, bir jinsli bo‘lmagan tenglamaning umumiy yechimi 

quyidagi formuladan aniqlanadi.
y = y +  у  =Cie4x + Cje x — f - x 2 + — x)  e~x. A\5  25 /
3. y"+ y'=5x+cos2x.
► Tenglamaning Л2 + А  = 0 xarakteristik tenglamasining

ildizlarini topamiz. Л, = О, Л, = —1. Bundan kelib chiqadiki, bir
jinsli tenglamaga mos keluvchi umumiy yechim quyidagi 
ko‘rinishga ega bo‘ladi.

у = С }+С2е х.
Tenglamaning o‘ng tomonidan turgan f(x)=5x+cos2x 

funksiya, fj(x)=5x  va f2(x)=cos2x fimksiyalaming yig‘indisidan 
iborat. Ularga quyidagi 2ta xususiy yechim mos keladi:

y  \ =Ax2+B, у  * =A/Cos 2x+B/sin 2x,
ya’ni,y*=y* + у 2 Quyidagilami topamiz.
y* '=2Ax+B-2Aisin2x+2B icos 2x, y* =2A-4A;cos 2x-4Bj 

sin2x.
y*' va y*" lar uchun olingan ifodalami dastlabki tenglamaga 

qo‘yamiz va A, B, AbBi koeffitsiyentlami hisoblaymiz.
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2А-4A iCos2x-4B]sin2x+2Ax+B- 
2А isin2x+2Bicos2x=5x+cos2x,

х I 2A = S  ) 
x°\2 A + B = Oj 

cos2x\ —4A-. + 2Вг = 1 ] 10Bt — 1, j 
sin2x\ -2 A 1- 4 B 1 = q) 'A 1 = - 2 B j  

bundan A=5/2, B=-5, A}=-]/5, B;=l/10.
Shunday qiiib, dastlabki tenglamaning xususiy yechimi 

quyidagi ko‘rinishga ega bo‘ladi:

y*= — x̂  5x- — cos2 x H—— sin2.x 
2 5 10

uning umumiy yechimi esa quyidagicha bo‘ladi
5 , 1  1

y=y+y*=C i+C 2e x+ — jc* 5x—  cos2x  H---- s in 2 x . A
2 5 10

4. Berilgan boshlang‘ich shartlami qanoatlantiruvchi,
differensial tenglamaning xususiy yechimini toping.

y ”+16y=(34x+13)ex, y(0)=-l, y'(0)=5.
A2 +16=0 xarakteristik tenglama A i.2 ± 4 г  mavhum

yechimlarga ega. Bir jinsli tenglamaga mos keluvchi umumiy
yechimi quyidagi formula bilan aniqlanadi.

y= C i cos 4x+C2 sin 4x,
Uning xususiy yechimi esa quyidagi ko‘rinishda bo‘ladi.

y*=(Ax+B)ex.
Quyidagilarni tuzamiz:

7 *' =A ex-(Ax+B)ex, y*"=-2Aex+(Ax+B)ex.
y*' vay*" laming ifodalarini dastlabki tenglamaga qo‘yamiz.
-  2A+Ax+B+16Ax+16B=34x+13, hosil qilingan ayniyatdan

A -2 , B--1 lami tuzamiz. U holda
y*= (2x+ !)ex

bo‘ladi va dastlabki tenglamaning umumiy yechimi quyidagi 
ko‘rinishda bo‘ladi

y=C]Cos 4x+C2sin 4x+ (2x+ l)ex. 
y(0)=-l, y'(0)=5 boshlang‘ich shartlardan foydalanib, Cj va 

C2 laming qiymatlarini hisoblash uchun quyidagi sistemani 
tuzamiz.

y (0 )= -l= C j+ l
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у '(0) =5=4С2+2-1  
bundan С/—-2, С2= i . С; va С2 laming qiymatlarini umumiy 

yechimga qo‘yib, dastlabki tenglamaning xususiy yechimini 
topamiz.

y=sin 4x-2cos 4x+(2x+l)ex. Л
5. f(x) funksiya ko‘rinishi bo‘yicha y ”-9y—f(x) chiziqli bir 

jinsli bo‘lmagan differensial tenglamaning y*  xususiy yechimini 
aniqlang va ko'rinishini yozing

a) f(x)=(5-x)e3x; b) f(x) =xsin 2x.
► Я2-9=0, tenglamaning yechimlari л,= -3 , X2=3 lardir.
a) f(x )T=(5-x)e3x bo‘lganligidan, uning xususiy yechimi 

quyidagi ko'rinishida bo‘ladi.
y*=(Ax+B)e3xx=(Ax2+Bx)e3x.

Bu yerda, z= a + ib -3  va k = l bo‘lganligidan x ko‘paytuvchi 
hosil bo‘ladi.

b) f(x)=xsin 2x bo‘lganligi uchun xususiy yechim 
quyidagicha bo‘ladi:

y*=(Ajx+Bi)cos 2x +(A2x+B2)sin 2x. Л

11.4 -IUT
1. Chiziqli bir jinsli differensial tenglamaning xususiy 
yechimini toping.
1.1. y"-7v"+6y'=0, y(0)=0, /(ОНО, у "(0)=30.(Javob: y=5-  

6ex+e6x.)
1.2 . / - 9 y m=0, y (0)= l, y ’(0)=-l, y"(0)=0, у '"(OH), f (0 )= Q .  
(Javob:y=l -x.)
1.3. у  "-y"-0, y(0)—0, /(0 )= 0 , y"(0)=-l.(Javob: y= l+ x -ex.) 
\A .y 'U /= 0 ,  y(0)=0, y ’(0)—2, y"(0)=4. (Javob: y= e 2x-l.)
1.5. y"'+yf=0, y(0)=0, y ’(0)=l, y"(0)=l.(Javob: y= l-co s  x- 

sin x.)
1.6. y " / = 0 ,  y(0)=0, Z(0j=2, y"(0)=4.(Javob: y= -4+e  

x+3ex.)
1.7. y IV +2y "-2y’-y=0, y(0)=0, Z(0)=2, y"(0)=0, у  "'(0)=8. 
(Javob: y = 2 e x-4xe ~x~4x2e x-2ex.)
1 .8. y m+y"-5y'+3y=0, y(0)=0, Z (0 )= l, y"(0)=-14.
(Javob: y= ex-3xe*-e 3x.)
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1.9. у т+у"=0, у(0)=0, у'(0)=1, у"(0)=-1.
(Javob: у=  1-ех.)
1.10. у  "-5у”+8у'-4у=0, у(0)=1, у ’(0) -I, у п(0) 0.

(Javob: у=  -  ех + - е 1х- ~  хе2х.
2 2 8

1.11. ^  /"+Зу"+2у'~0, у  (ОН), уЩ = 0. у"(0)=2.
(Javob: у =  1—2 ех * г ‘х.)
1 .12. у  т+3у"+3у'+у=0, у(0)=-1, у '(0)- (), у"(0)=1. 
(Javob: у = - г х(1+х).)
1.13. у т2у"+9у'-18у=0,у(0)~-2ё5 ,у Щ = 0 ,у п(0)=0.

45 ' 10 15
(Javob: у = — — 2 х ----- cos 2х 4-----sin 2 х ).

26 13 13
1.14. ^  т+9у'=0, у (0)4), у'(0)=9, у"(0)=-18.
(Javob: у= -2+2 cos Зх +3 sin Зх.)
1.15. v "-13y"+i2y'----0. v(0 )= 0 ,y’(0)=l, у"(0)=133 
(Javob: y= 1 0 -ll(? + e I2x. i
1.16. y 'v -5y"+4y=0, y(0)--2 , у '(0 )1 . y"(0)-2, у  "'(0)^0.

(Javob: y ~  — e K — e~x + - —  e 1 T + — e~' 1.)
3 12 4

1.17. )^ -10ущ+9у=0, y(0)=0, y'(0)=0, y ”(0)=8, у  "Щ=24. 
(Javob: y=-2eK+e~x+e3x.)
1.18. v "~y"+y'-y=0. y(0)=0, y'(0)=l,y"(0)=0.
(Javob: y=sin x.)
1.19. y"-3y"+3y'-y=0, y(G)=0, y'(0)=0, y"(0)=4.
(Javob: y=2x2e \)
1.20. у  m-y"+4y’-4y=0, y(0)~ -l, y'(0)=0, y"(0)=-6.
(Javob: y= -2ex+cos 2x+sin 2x.)
1.21. y?v-2y+y"=0, y(0)=0, y'(0)=0, y"(0)=l, y'"(0)=2. 
(Javob: y = l-e x-hxc\)
1.22. y*v-y=0, y(())=0, y'(0)=0, y ”(0)-0, у  f"(0)=-4.
(Javob: y= e  x+2 sin x.)
1.23. / v-16y=0, y(0)=0, y ’(0)=0, y"(0)=0, у  m(0)=-8.

(Javob:y= — e2x — — e2x H— sin2x.)
4 4 2
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1.24. у  "'+у"-4у'-4=0, у(0)=0, у'(ОУЛ  У"<0) ~ 11 
(Javob: у~ е  2х+3е~2х-4ех.)
1.25. у"'+у"+9у’+18у=0,у(0)--=1-У'(°' У '
(Javob: y=cos Зх-sin Зх.) ъ т -п
1.26. / - / + р  >■" =0, у((»= У ( Г  У (°)= У <°)-°‘ 

у у(0)=27.
3

(Javob: у -1 + 2 х + —х^ — е Ji \~хех)

1.27. у т+2у"+уЧ 18у=0, у(0)=0, у 1 ° ^ 2‘ уУ °)=~3- 
(Javob: у= 1 -ех+ хех.)
1.28. у  т-у"-у'+у=0, у(0)--1 . у Щ -А У (0)
(Javob: у = -4 е +  7хех+ 3 е \)  т.п. Г/Г
1.29. у 1У+5у "+4у 0 ,у (0 )= 1 ,уЩ  ^  у  (°) ~!’ у  (°)— !б 
(Javob: у - 2  sin 2х + cos х.) 
[Ж /'+ 1 0 > ’”+9у=0,у(0)=1,у'(0Н З,у(0) ~9>У (°)
Javob: V--  cos Зх^-sin Зх.) . . . . .  , , . •
2. Differensial tenglamalar sistemas'01 J 1 3 Уес ln®'
a) yuqori differensial tenglamaga b ’,t)nsh У° h bl,an;
b) xarakteristik tenglama yordamida-

2.1.

r - '  -  2x + y , 
— 3x + 4y.

x

\ y

2 .2 . l> '

Tv-

2.3.
У

(Javob :
j x = C^e5' + C2e

)

= x - y ,

= - 4  x + y .

= -x  + 8 j, 
— x + y.

у  = ЗСге5' —C2e'

| x -  Q e :' + 2C2ef 
(Javob : = __2С:е3' + 2C2e"

X =  C .e ’' + 2

(Javob i r .у — — Q e ^ C2e

x = C,e +C ,e(

-3 / )



2.5.

2.6.

2.7.

2.8.

2.9.
2 . 1 0 .

= х~у,
= -4x4-4 у.'

-  —2х + у,
-  -Зх + 2 у.

= 6 х - у ,
= 3дг + 2у.

= 2x4-у ,

= —6х—Ъу.

= У,
= х.

\ х = С. 4- С,е5'
. (Javob :< )

-  С, -4 С 2е5‘

Гх = С.е' -гС2е~‘
. (Javob :\ )

\у  = ЪСхе*—Сгё~‘

\ х = С.е1' 4- С,е5' 
( J a v o b 1 2 ) 

[у = ЪСхе~* -  С2е5'

f х = С, 4- С2е~'
. (Javob А )

\у  = -2Сх-ЪС2е-'

х = С.е' + С.е'  
( J a v o b 1 2 ) 

у = С.е* -ЗС,е~'

\х ’ = - х - 2  у, 
[_у' = Зх4-4>>.’

,21

2.11 . 
2 .1 2 .

| х ' = —2х,

1У - »

Гх' = 4х4-2>’,
' = 4х 4- 6у.' 

2.13.

fx' = вх-Зу, 
= 2х 4- _у.

х = Схе' 4- С2е
(Javob :• ? )

_у = -С,е ——С2е

Г х = С. 4- С2е-2'
(Javo6 : )

^ = -С>' + С2.

[х = С,е2' 4- С,е8'
\ у  = - С ^ + 2 С / ‘

(Javob :-
х = Схе 4- С2е 

у = 2 С / ‘ + 1- С 2е1'
)

2.14.

[х' = 3х4-у, 
L>-' =  X 4 -3 y .‘

х = С.е 4- С,е 
(Javob:\ 1 „ 2 ) 

(у = -С,е 4- С2е
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2.15.

jx ' = 2x + 3y, 
[>■' = 5x + Лу.

2.16.

ix' = x + 2 у, 
] j /  = 3;t + 6j ’.

(Javob:

(Javob:

2.17.
2.18.

j x ’ = x + 2y,
[y' = 4x + 3y. x
2.19.

\x' = x+4y,
Iy * = x + y .  .....

2.20.

j x ' - 3 x - 2 y ,  
{> ' = 2x + 8y.

2 .2 1 .

JV = x + 4 y, 
jy ' — 2x + 3y.

2 .22.

Гх' = 7х+3>’,
{ v ' = x +5 v.

x ' = 5x + 4 v, 
y' = 4x + 5y.

(Javob:

(Javob:

.y = —C,e~' -t-—C,e7' ̂
1 3 2

x = Cxe! + С2en
1 7,) 

v = — C.+3CV'
2 1 2 

fx = C.e, + C /  
(Javob-A 1 2 ) 

b  = -C ,e '+ C 2e9'

x = C,e“' +C2e7'

[x = C,e! + C2e3' 
v -  -C,e' + 2C,<?3'

x = C>-' + 1 > 3'

y  = - - C , e - 4 - C 2e3,)
2 1 2 2

(Javob: ■
\ = C / ‘ +C2eb

y  = —-C .e4' -2 C 2e7‘
2 1 2

(Javob:
x = C,e"’ + C2eu

J

(Javob:

y  = - - C le-, +C 2e,t

х = С / Ч С /

>; = -C 1e4' + - C / )
1 3 2
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2.23.
2.24.

\х' = 4 х - у ,
I у ' = - х  + 4 у.

Гх' = 2х + 8 у , 
\ у '  = х + 4у.

2.25.

|  х ' = 5 + 8;>, 
[У  = 3х + 3у.

2.26.
J х ' = Зх + у, 

[ у ' = 8х + у. 

2.27.

(х' -  х - 5 у ,  

\ у '  =  - х - 3 у .

2.28.

|  х ' = —5х + 2jy, 
[jy' = х — бу.

2.29.

Гх' — 6х + 3 j ,  
[у ' = -8 х -5 .у ,'

2.30.
|х '  = 4 х -8 у , 
\ у '  = - 8х + 4>’.

(J a vo b : •

{Javob :

\x  = Cle3> + С2е5\  
(Javob :\  I

Iy  = Cle3,- C 2es,

х  = С1+ С 2еы

у  —----C, + — C2e
4 2

x = C,e-' + C2e9'

3 -/ I p  9 
7 = ~ ^ I6 + ^ C2e

ix  = C,e + C 2e 
(Javob : ' 2 )

{у  = ~ 4 С ^  + 2С2е5!

{Javob :
x = Cxe^ ‘ + C2e2t

/-> -At . I /-< It ^v = C,e + —C,e
5

{Javob:
x = C,e_4? + C1e~lt

{Javob :

{Javob :

х ^ С / Ч С /

^ ~2? /nr 3/y = —  C,e — C,e
3

x = C e 4, + C / '  

[y — C,e C2e

)
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3. Differensial tenglamani ixtiyoriy o‘zgarmasni 
variatsiyalash usuli bilan yeching.

3.1. y ”- y = ex +1
ex 1 1 ex

(Javob у  -  (------ h — \n(ex + 1) + ex) -  + (— In-------- h e2 )ex.)
2 2 2 e* +1

1

3.2. v ”+4v= cos2x

{Javob : — (—  In | cos 2x| + C2) cos 2x + (— x + C2) sin 2x.)

2x

3.3. y"-4y+5y' cosx
(Javob: у  = (In cos x| + Q )e2t cos x + (x + C2 )e2" sin 2x.)

\

sinx

3.4. y"+y' = cos2x

(Javob: у  = ---- С, + (In Icos x] + C ,) cos x + (x - tg x  + C.) sin x.)
cos ' 1

1

y"+9y3.5. cos3x
1

(Javob : у  — (—  x + С ])cos3x + (— In Jsin3x| + C2) sin3x.) 
3 9

3.6.
xe +

y"+2y’+y xe'

(Javob: у  = Cxe x + C,xe x + — ex -  — ex -  xe x + xe x In x.)
4 4

3.7. y"+2y’+2y
cosx

(Javob: v = (In cosxj + C, )e x cosx + (x + C2)e x sinx.)
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3.8. у"-2у'+2у = sin“*
X. 1

{Javob : у  -  (ln(rtg —) + C\)e' cos x + (------- I- C2 )e sin x.)
2 sinx

3.9.y"+2y'+2y := e xctgx.

{Javob: у  -  Cxe~x cos x + C2e x sinx+e"'sinx-ln Jtg(x / 2)J.)

3.10. y"-2y'+2y --ex / sinx.

{Javob: у  -  ( - jc  + C] )ex cosx + (Injsinx\ + C2)ex sinx.)
3.11. y ’’-2y'+y =ex/x2.
{Javob : у  = (— Inx + C Je 1 + (—1 / x  + C2)xer.

3.12.
{Javob: ^ = Cj cos x + C2 sin x -  cos x ■ In\tg(x 12 + к  / 4)J).

3.13. у  "+4y =ctg 2x ■

Javob \ y - C x cos 2x + C2 sin 2x + -^sin 2x ■ In \tgx\.).

3.14. y" + y= ctgx
Javob: у  = С, cos x + C2 sin x + sin x ■ In jtgx(x / 2)j.).

ж  ^  в  I t  <4 f  . У /3.15. _y"-2y'+y =ex/x.
Javob: у  = {—x + С )<?* + (In x + C2 )xex).
3.16. / ' + 2/+ У  = e'%
Javob: >’ = (—x + Cx )e x + (In x + C2 )xe x).
3.17. y" +y'= l/cos x.
Javob: у  = (In jcos x\ + C,) cos x + (x + C2) sin x).

3.18. y"+y =l/sinx.

Javob: у  = ( - x  + C,) cos x + (In |sin x| + C2) sin x).
3.19. y"+4y =l/sin  2x.
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X 1
Ja vo b : у  -  (----- 1- С] ) cos 2x  + (— In |sin 2x] + C2) sin 2x).

2 4
3.20. y"+4y =tg 2x.

J a v o b у  = С, cos 2x ■+ C2 sin 2x  - - j ln

3.21. y"+4y'+4y = e 2x/x3.
4

- 2 x \

tg(x  +  —) cos 2x).
4

Javob \ y  — Cx + C2x +1 / (2x))x x).
3.22. y"-4y'+4y = e 2x/x3.
Javo b : у  -  C\e2x + C2x e x + e2x / 2x).

3.23. у  "+2y'+y = VjcTT
6

Javofc: >■ = (- - V(x + l7  + 2^j(x+\f + Q e "  + (2<j(x+\f + C2)x ex).

3.24. у  "+y = -ctgfx.

Javob : y - C x cos x + C2 sin x  + cos x ■ In j tg (x  / 2)| + 2.)

3.25. y"-y'=g2x cos(ex).

J a vo b : у  =  C]+ C2ex — cos(ec).)

3.26. y"-y’ = e 2x -sm (ex).
Javo b : у  — С, + C2e x — sin(^ '),)
3.27. y" + y = t^ x ,

Javo b : v = Cj cos x + C2 sin x + sin x ■ In , X  7ГЛ
- 2.)

3.28. y"+y =2/sin2x.

Ja vo b : у  =  C} cos x + C2 sin x + 2  cos x ■ In jctg(x  / 2)j -  2).

g*
3.29. j,"+2j '+ 5̂ =  sin2x

J 1
Javob : у  -  + С,)e“' cos2x + ( - in|sin2xj + C2)e x sin2x.)
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1

3.30. y" + 9y=  cos3x
1 | X

J avo b : у  = (—In cos3xJ + C,)cos3x + (—+ C2)sin3x.)
9 3

4. Quyidagi masalalami yeching:
4.1. Quyidagi xossaga ega bo‘lgan egri chiziq tenglamasini 

yozing: Egri chiziqqa urinma, urinish nuqtasidan abssissa o‘qiga 
tushirilgan perpendikulyar va abssissa o‘qi bilan chegaralangan 
uchburchakning yuzi o‘zgarmas kattalik bo‘lib b2 ga teng.

(Javob:y=2b2/(C ~ ^ )).
4.2. Egri chiziqqa ixtiyoriy urinmaning abssissa o‘qi bilan 

kesishish nuqtasi, urinish nuqtasi va koordinata boshidan bir xil 
uzoqlikda ekanligi ma’lum bo‘lsa, egri chiziq tenglamasini 
yozing.

(Javob :y= C(x2+y2)).
4.3. Quyidagi xossaga ega bo‘lgan egri chiziq tenglamasini 

yozing: koordinata o‘qlari, egri chiziqqa urinma va urinish 
nuqtasidan abssissa o‘qiga tushirilgan perpendikulyar bilan 
chegaralangan trapetsiyaning yuzi o‘zgarmas kattalik bo'lib, За2 
ga teng.

(Javob :y=Cx2+2a2/x ')
4.4. Quyidagi xossaga ega bo‘lgan egri chiziq tenglamasini 

yozing: urinma, abssissa o‘qi va koordinata boshidan urinish 
nuqtasigacha bo‘lgan kesma bilan chegaralangan uchburchakning 
yuzi a2 ga teng bo‘lgan o‘zgarmas kattalikdir. (Javob:x-a2/y+Cy).

4.5. Ixtiyoriy urinmadan koordinata boshigacha bo‘lgan 
masofa, urinish nuqtasining abssissasiga tengligi ma’lum bo‘Isa, 
egri chiziq tenglamasini yozing. (Javob :Cx=x2+y2.)

4.6. Quyidagi xossaga ega bo‘lgan egri chiziq tenglamasini 
yozing:

ixtiyoriy urinm aning  abssissa o‘qi bilan kesishish nuqtasi, 
urinish nuqtasining abssissasidan ikki marta kichik bo‘Igan 
abssissasiga ega.

(Javob :y=Cx2).

340



4.7. Urinma, urinish nuqtasidan abssissa o‘qiga tushirilgan 
perpendikulyar va abssissa o ‘qi bilan chegaralangan 
uchburchakning katetlari yig‘indisi o‘zgarmas kattalik bo‘lib, agar 
teng bo‘lgan xossaga ega egri chiziq tenglamasini yozing: (Javob; 
±  x С  + a  In v — y (0  < у  < a).)..

4.8. Ixtiyoriy urinmasining abssissa o‘qi bilan kesishish 
nuqtasi, urinish nuqtasi abssissasining 2/3 qismiga teng abssissaga 
ega bo‘lgan egri chiziq tenglamasini yozing. (Javob:y=Cxs)

4.9. Quyidagi xossaga ega bo‘lgan egri chiziq tenglamasini 
yozing:

Egri chiziqning ixtiryoriy nuqtasidan otkazilgan urinma va 
normalning abssissa o‘qidan ajratgan kesmaning uzunligi 2 3 ga 
teng.

(Javob:x=C+l-ln(l + -Je2 — y 2) ± -J(e2 — y 2).)

4.10. A(2,4) nuqtadan o‘tuvchi va quyidagi xossaga ega 
bo‘lgan egri chiziq tenglamasini yozing: Egri chiziqning ixtiyoriy 
nuqtasiga o‘tkazilgan urinmaning abssissa o‘qidan ajratgan 
kesmasining uzunligi, urinish nuqtasi abssissaning kubiga teng.

(Javob :y=  2л/3 х Ы х 2 — 1)
4.11. A(l,5) nuqtadan o'tuvchi va quyidagi xossaga ega 

bo'lgan egri chiziq tenglamasini tuzing: ixtiyoriy urinmaning 
ordinata o‘qidan ajratgan kesmasining uzunligi, urinish nuqtasi 
abssissasining uchlangani ga teng.

(Javob :y~3xlnx+5x.)
4.12. A(l,2) nuqtadan o‘tuvchi va quyidagi xossaga ega 

boigan egri chiziq tenglamasini tuzing: ixtiyoriy nuqtasining 
ordinatasining shu nuqta abssissasiga nisbati, izlanayotgan egri 
chiziqqa shu nuqtada o'tkazilgan urinmaning burchak 
koeffitsiyentiga proporsional. Proporsionallik koeffltsiyenti 3 ga 
teng. (Javob:y2=8x.)

4.13. Ixtiyoriy nuqtasidagi urinmaning burchak 
koeffltsiyenti, urinish nuqtasi ordinatasining kvadratiga 
proporsional ekanligi ma’lum bo‘lsa, A(2.-l) nuqtadan o‘tuvchi
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egri chiziq tenglamasini tuzing. Proporsionallik koeffitsiyenti 6 ga 
teng. (Javob.y =e6x I2.)

4.14. Ixtiyoriy nuqtasidagi urinmaning burchak 
koeffitsiyentining urinish nuqtasi koordinatalarining yig‘indisiga 
ko‘paytmasi, shu nuqta ordinatasining ikkilanganiga teng ekanligi 
ma’lum boMsa, A (1,2) nuqtadan o'tuvchi egri chiziq tenglamasini 
yozing. (Javob:y=2(y-xf.)

4.15. Ixtiyoriy nuqtasiga urinmaning burchak 
koeffitsiyenti, shu nuqta ordinatasining uchlangar.iga teng 
ekanligi ma’lum bo‘lsa, A(0,-2) nuqtadan o‘tuvchi egri chiziq 
tenglamasini yozing. (Javob:у--2е^ .)

4.16. Quyidagi xossaga ega bo‘lgan egri chiziq 
tenglamasini yozing:

Urinmaga koordinata boshidan tushirilgan 
perpendikulyarning uzunligi urinish nuqtasi absissasiga teng. 
(Javob :y2=Cx-x2.)

4.17. Biror nuqtasiga urinmaning burchak koeffitsiyenti, 
shu nuqtani koordinata boshi bilan tutasbtiruvchi to‘gbri 
chiziqning burchak koeffitsiyentidan n marta katta bo£lgan 
xossaga ega egri chiziq tenglamasini yozing. (Javob:y-Cxn)

4.18. Quyidagi xossaga ega bo‘lgan egri chiziq 
tenglamasini tuzing:

Egri chiziqqa urinmaning koordinata o‘qlari bilan 
chegaralangan kesmasi, urinish nuqtasida teng ikkiga bo‘linadi. 
(Javob :xy=C)

4.19. Egri chiziqning biror nuqtasiga o‘tkazilgan 
normalning ordinata o‘qidan ajratgan kesmasining uzunligi, shu 
nuqtadan koordinata boshigacha bo‘lgan masofaga teng degan 
xossaga ega egri chiziq tenglamasini tuzing.

(Javob:y=  ̂  (Cx2 -  ̂ ) . )

4.20. Egri chiziqning biror nuqtasining abssissasining shu 
nuqtaga o‘tkazilgan normalning OU o‘qidan ajratgan kesmasi 
uzunligiga ko‘paytmasi shu nuqtadan koordinata boshigacha 
bo‘lgan masofa kvadratining ikkilanganiga teng bo‘ladigan egri 
chiziq tenglamasi tuzilsin.
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(Javob :хг +y2=Cx4.)
4.21. Qu o‘qi, urinish nuqtasining radius vektori va 

urinmasidan tashkil topgan teng yonli uchburchak uchun egri 
chiziq tenglamasini tuzing.

(Javob:x2+y2=Cy, y 2=C2-2Cx, xy= C ')
4 .22. A(2,0) nuqtadan o'tuvchi va quyidagi xossaga ega 

bo‘lgan egri chiziq tenglamasini tuzing: Urinish nuqtasi va Ou 
o‘qi orasidagi urinmaning kesmasi, o ‘zgarmas kattalik bo‘Iib, 2 ga

teng. [J a v o b :± y -y j4  — x2 + ln(—— )
2 + л/х — x 2

4 .23. Barcha urinmalari koordinata boshidan o‘tuvchi egri 
chiziq tenglamasini yozing. (Javob:y=Cx.)

4.24. liar bir urinmasi, urinish nuqtasi abssissasining 
ikkilanganiga teng abssissali nuqtada u ~ l to‘g‘ri chiziqrii kesib 
o‘tuvchi egri chiziq tenglamasini yozing. (Javob:y=C/x+l.)

4 .25. Quyidagi xossaga ega bo‘lgan egri chiziq 
tenglamasini tuzing: Agar ixtiyoriy nuqtasi dan koordinata o‘qlari 
bilan kesishguncha, ularga parallel to‘g‘ri chiziqlar o‘tkazilsa, u 
holda hosil bo‘lgan to‘g‘ri to‘rtburchak yuzi egri chiziq biian ikki 
qismga ajraladi va ulardan birining yuzasi ikkinchisining 
yuzasidan ikki marta katta bo‘ladi.(Javob.y—Cx2.)

4.26. Agar egri chiziqqa urinmaning Ou o‘qidan ajralgan 
kesmasi uzunligi bo‘yicha urinish nuqtasi koordinatalari

yig‘indisining — ga teng. bo‘lsa, egri chiziq tenglamasini toping. 
n

(Javob :y-C-x(n~I}/n-x.)
4.27. M(x,u) nuqtadagi normalining Ox o‘qidan ajratgan 

kesmasiuing uzunligi uVx ga teng bo‘lgan egri chiziq 
tenglamasini yozing.

(Javob: у — x д/2 In(C  / x) )
4.28. Urinmasining Ou o ‘qidan ajratgan kesmasining 

uzunligi, urinish nuqtasi abssissasining kvadratiga teng bo‘lgan 
egri chiziq tenglamasini yozing.

(Javob.y—Cx-x2.)
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4.29. M(x,u) nuqtadagi normalining Ou o‘qidan ajratgan 
kesmasining uzunligi x2/u ga teng bo‘lgan egri chiziq 
tenglamasini yozing,

(Javob: C=x2/(2y ) +lny.)
4.30. Egri chiziq, ordinatasi 2 ga teng nuqtada Ou o‘qiga 

45° ostida og‘gan. Uning ixtiyoriy urinmasi abssissa o‘qidan, 
uzunligi bo‘yicha urinish nuqtasi ordinatasining kvadratiga teng 
kesma ajratadi. Berilgan egri chiziq tenglamasini yozing,

(Javob :x= (5-y)y.)
Namunaviy variantni yechish.

1. Chiziqli bir jinsli differensial tenglamaning xususiy 
yechimini toping.

y lV-y-0 , y(0)=5, y ’(0)=3, y"(0)^y",(0)=0.
Xarakteristik tenglamasini tuzamiz va uni yechamiz:
Л4-1=0, (Л2 - 1) (X2 +1)=0, i ,  =--1, =1, Л  ,4 = ± i.
Berilgan tenglamaning umumiy yechimi quyidagi ko‘rinishda 

bo‘ladi.
y - C ie x+C2ex+C2COS x + C4sin x.
Quyidagilarni topamiz: 
y ’= -C jex+C2ex-C3sin x+C4cos x, 
y"=C iex+C2e?-C}Sin x-C4sin x, 
у С i ex+С26х-С3Sin x-C4 cos x.
Boshlang‘ich shartlardan foydalanib, С/, C2, C3, C4 laming 

qiymatlarini topish uchun sistema tuzamiz va uni yechamiz:
Cj +  C2 +  C3 = 5 л

—Ci + C2 + = 3 2C] +  2C2 =  5 I
Сг +  C2 -  C3 =  0 - 2 Сг + 2C2 =  3J

— + C2 — =  5> 
bu yerdan C j=l/2, C2=2, C3= 5/2, C4=3/2.
Berilgan tenglamaning xususiy yechimi quyidagi ko‘rinishda 

bo‘ladi.
1 - ^ - 7  ^  5  д .  3  ■v= — e +2e + — cos x+ — sin x.

' 2  2 2
2. Quyidagi tenglamalar sistemasini 2  xil usulda yeching.
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a) yuqori tartibli differensial tenglamaga keltirish y o ii 
bilan;

b) xarakteristik tenglama yordamida.
x'~7x+y, x=x(t); x'= dx\dt, 
y'--2x-5y, y=y(t), y -d y \d t.
Berilgan sistemaning birinchi tenglamasini differensiallab, 

quyidagini hosil qilamiz, x"=-7x'+y'
So‘ngra oxirgi tenglamada y ' ni berilgan sistemadagi ikkinchi 

tenglamasidagi ifodasi bilan almashtiramiz: x"—-7x'-2x-5y. Oxirgi 
tenglamada у  ni sistemasining birinchi tenglamasidan topilgan 
y~x'+7x ifoda bilan almashtiramiz. Natijada. ikkinchi tartibli 
differensial tenglamani hosil qilamiz,

x "=-7x-2x-5(x'+ 7x), x "+ 12x'+37x=0.
Oxirgi tenglamani ma’lum usulda yechamiz (§ 11.7ga 

qarang)
Л2 + 12Я +37 = 0, \  2 = —6 ± л/36 — 37 = -6  + г,
x _ e~f,!(С i cos t+C:sint).
Bundan quyidagini topamiz. 
x'=-6e6t(Cicos t+C2sin t)+eAl(-Cjsin t+C2Cos t). 
x va x ' lar uchun olingan ifodalami y=x'+7x ga qo‘yib, 

quyidagini hosil qilamiz.
y '= -6 e 6t(CiCos t + C2 sin t)+e'6t(-Ci sin t+C 2 cos t)+7e 

6'(CiCos t+Czsin t).
Shunday qilib, izlanayotgan yechimlar quyidagi funksiyalar 

bo‘ladi.
x = e ot(Cjcos t+C2sin t),
y = e 6t(Ci(cos t-sin t)+C2(cos t+sin t)).
b) xarakteristik tenglamasini tuzamiz va uni yechamiz:
— 7 — Л 1

= 0, (7 + Л)(5 + Л) + 2 = 0
— 2 -5 - A,

Л2+ 12Я + 37 = 0, л]’2= - 6 ± 1, \ 2 = -6  + i,
?n =  — 6 +  i uchun quyidagi sistemani hosil qilamiz. (§ 11.7 

dagi 2-misol bilan solishtiring)

345



(—7 +  6 — i)a  +  /? =  0 л 
—2а  + (—5 + 6 — V)p =  О I 

—(1  +  i)a  +  Р =  О I
- 2а +  ( 1 - 0 0  = О J

а = 1. /? = 1+ / deb olib, dastlabki tenglamaning birinchi 
xususiy vecbimini topamiz.

yi=(l+ i>(_6+i)t 
Ax =  — 6 — i uchun

(—7 +  6 +  t)a  +  /? =  0 '
—2a +  (—5 + 6 + i)/? =  0 

(—1 +  i)a  +  /? =  0 

—2a  +  (1 + i)/S =  0 j 
a =  I va  (3 =  1 — i deb faraz qilib, dastlabki tenglamaning 

ikkmchi xususiy yechimini hosil qilamiz.
x2=e(-6-i)‘, y 2= (l-i)e(-6-i)t 

Quyidagi formulalar bo‘yicha yangi fundamentall yechimlar 
sistemasiga o‘tamiz.

x i =(x }+x 2) /2 ,  x 2=(x1-x2)/(2i),

У 1=(У1+У2)/2, у  2=(yi-y2}/(2i),
Eyler formulasidan foydalanib, e^a±^  — e at (cos fl t  ± 

isinfit), quyidagilarni topamiz

x i=e 6tco$t, x 2= e 6tsint, 

у  i= e al(cost~sint), у  2= e 6l(cost+sint),
Dastlabki sistemaning umumiy yechimi quyidagi ko‘rinishga 

ega bo‘ladi.

x=C; x i+C 2x 2,y= C , у  i+C 2 у  2, 
ya’ni,
x = e 6t(Cicos t+C2sin t),
y = e 6tCi(cos t-sin t)+C2(cos t+sin t)).
3. Differensial tenglamani ixtiyoriy o‘zgarmasni 

variatsiyalash usuli bilan yeching
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► Berilgan tenglamaga mos keluvchi bir jinsli tenglamani 
yechamiz.

y ”~y=0, A2 - 1  = 0, Л, = - 1 ,  A2 = 1

Bir jinsli tenglamaning umumiy yechimi quyidagicha bo‘ladi.
y = C je x+C2ex
C, va С2 larni x ning funksiyasi deb hisoblaymiz, ya’ni,
v= C ,(x)ex+C2(x)ex
quyidagi sistemadan C/(x) va C2(x) larni aniqlaymiz ((11.39) 

sistemaga qarang).

berilgan tenglama uchun bu sistema quyidagi ko‘rinishga ega.

Bu sistemadan aw alC ^x ), C'(x), lami, keyin esa C2(x) va 
C, (x) lami topamiz.

C{(x)y, + Cj (x )y2 -  0,

C ;(x)y[ +C'2(x)y'2 = f ( x ) .

C[(x)e~x +C'2( x )ex = 0 ,
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t - 1In J t  — lj— ln|f| +  С 2 =  In

CXx) = -C'2(x)e2* = e-2*!(e*-1),

, * г e2x , t = ex ,d t = exdx, 
Cl(x) = - \ - - r - ; dx =

+  С  2 =  In
.r 1e  — 1

e +

e
e" - 1  

tdt r t  —l + l

x -  In t

= - f ----- = - f  dt = - t  — In|f - 1| + C = -  In er - 1| + C,
h - 1  J r - i  i i i  !
Shunday qilib, (11.38) formulaga asosan, dastlabki 

tenglamaning umumiy yechimi quyidagicha bo‘ladi.

y = (-e x-ln ex — lj + C, )e  x+(ln e* - 1 + C 2J e x
ex

- Cje x+C2ex Jt-exln ex —1 — e xln
e x

r - l i - 1 .

4. R (l,2) nuqtadan o‘tuvchi va quyidagi xossaga ega 
bo‘lgan egri chiziq tenglamasini tuzing.

Egri chiziqning ixtiyoriy nuqtasining radius-vektori, shu 
nuqtaga urinma va abssissa o‘qidan tashkil topgan 
uchburchakning yuzi 2 ga teng.

11.4-rasmdan ko'rinib turibdiki, = |QS| + \AB\ -- x + \AB\
. BMA uchburchakdan quyidagini hosil qilamiz.
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о t о

\ВА\ ' , .
"— 1 = c tg (n - а ) = -c tg  а , \ВА\ = —yctg а ,

dx
СомА=0,5|а4| |МВ| = 2.
Oxirgi tenglikka \OA\va \MV| lar uchun hosil qilingan 

ifodalarni qo‘yib, quyidagi differensial tenglamani hosil qilamiz.

\ ( х ~ у ‘у ) у  = % x y - y 2~  = 4,
2 dy dy

11.4. -rasm

2 dx _   ̂ dx x _ 4 
dy ’ dy у  у 2

ya’ni, x=x(y) funksiyaga nisbatan chiziqli, 1-tartibli bo‘lgan
tenglamani hosil qildik. Bu tenglamani x=y d  almashtirish
yordamida yechamiz va quyidagiga ega bo‘lamiz.

, n  , u9 4 ,  n ,du  9  4 
v 9  + u 9 ------= — т , и 9 + u ( ---------- ) = —2 J  2У У dy у  у
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d 3  3  d 3  dy r d S  _  r dy 
dy у  ’ 19 у  ’  ̂ 3  у  ’

ln|i9j = ln]>7| , 3  = y , ^ГУ = -  4 “ ’
dy у  '

, Ady 2 2 2
= -----M = - 7  + C, jc = ( ~  + C)j  = C>’ + —. 

7 ------------- 7  7  7
Izlanayotgan egri chiziq R(I,2) nuqtadan o tadi. Shuning

uchun 1—2C+1, C—0. Natijada, uning tenglamasi x=2/y yoki
xy=2 bo‘ladi, ya’ni berilgan egri chiziq giperboladir.

11.9 11-bobga qo‘shimcha masalalar
1. Lokomativning tezlanishi tortisliish kuchi F  ga to‘g‘ri 

proporsional va poezd massasi m ga teskari proporsional. 
Lokomativning boshlang‘ich tezligi i90,tortishish kuchi F=b-k. 3
, bu yerda. 3  -tezlik b, &-o‘zgarmas sonlar. Agar boshlang‘ich 
vaqtda t=0  da F=F0=b-k3 ц bo‘lsa, lokomativning t vaqt ichidagi 
tortishish kuchini aniqlang.

(Javob:F=F0e kt/m,)

2. Uzunligi 1 va ko‘ndalang bo‘lgan kesim yuzi S bo‘lgan 
po‘latsim qiymati R gacha o‘suvchi o‘zgarmas kuch bilan 
cho‘zilmoqda. Agar simning cho‘zilishi quyidagi formula bilan

aniqlansa: Al = k ■ — /„, bu yerda fc-cho‘zilish koeffitsiyenti; l0- 
F

simning boshlang‘ich uzunligi bo‘lsa, cho‘zilish kuchining 
bajargan ishini aniqlang.

(Javob:A = —-  P 1)  
I F

3. Motorli qayiq ko‘!da 3  o=20 km/s tezlik bilan 
harakatlanmoqda. Motori o‘chirilgandan so‘ng 40 sekund o‘tgach
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qayiqning tezligi ,9 0=8m/s gacha kamayadi. Motor o'chirilgandan 
so‘ng 2 minutdan keyingi qayiqning tezligini aniqlang? (suvning 
qarshilik kuchi qayiq harakatining tezligiga proporsional)

(Javob: 1,28 km/soat)

4. Suv bilan to‘ldirilgan balandligi N  va asosining yuzasi 
Ci ga teng silindrik idishning asosida yuzasi C2 ga teng teshik bor. 
Suvning teshikdan to‘la oqib tushib ketish vaqtini aniqlang. (Oqib
tushish teziigi quyidagi formula bilan aniqlanadi: 3  — ^ 2gh bu
yerda h-o‘sha vaqtdagi suv qatlami balandligi, g-erkin tushish 
tezlanishi)

5. Zanjirli ko‘prik arqonining uchlaridan biri R=5m 
balandlikda, uning o‘rtasi esa, ko‘prikdan o'tish qismidan N=4m 
balandlikda joylashgan. Ko‘prikning uzunligi 21-20m. Arqonning 
egilish egri chizig‘ini toping.

(Javob: y-4=x2/ l  00.)

6. Tog‘ jinsining bo‘lagida lOOmg uran va 14 mg uranli 
qo‘rg‘oshin bor. Agar uranning yarim tarqalish davri 4-5-109 
yildan iborat va 238 g uranning to‘liq tarqalishida 206 g uranli 
qo‘rg‘oshin hosil bo‘lsa, tog‘ jinsining yoshini emiqlang. (tog‘ 
jinsining paydo bo‘lishi iarkibida qo‘rg‘oshin bo‘lmagan va tezda 
tarqaladigan oraliq birikmalarda uran va qo‘rg‘oshin tarqalishi 
e ’tiborga olinmagan deb hisoblansin)

(Javob: 975-106yil.)
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7. Raketaning massasi to‘liq yonilg‘T zahirasi bilan M  ga, 
yonilg'isiz esa m ga teng, yonilg‘I mahsulotining tugash tezligi -  
s, raketaning boshlang‘ich tezligi 0 (nolga) teng. Raketaning 
og‘irlik kuchini va havoning qarshiligini e’tiborga olmagan holda, 
uning yonilg‘i yonib bo‘lgandan keyingi tezligini aniqlang.

(Javob: C-ln(M/m).)

8. Jism yer sathidan 18m balandlikdan 30m/s tezlik bilan 
yuqoriga vertikal holatda tashlangan. Balandlikni vaqtning 
funksiyasi deb qarab, jismning t vaqtdagi balandligini toping. 
Jism ko‘tarilishining eng katta balandligini aniqlang.

1 9(Javob: S=h=- — gT  +30f + \%,h ekatta= 63,9m.)
2

9. Ma’lumki, havoda jismning sovush tezligi jism va havo 
temperaturalarining ayirmasiga proporsional. 20 minut davomida 
jismning temperaturasi 100°C dan 60°C gacha kamayadi. 
Havoning temperaturasi 20°C ga teng. Jism temperaturasining 
250°C gacha kamayish vaqtini aniqlang.

(Javob: 1 soat 20 min.)
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1.1.

ILOVA
I. Nazorat ishi. “Aniqmas integrallar” (2 soat) 

Aniqmas integarallarni toping.
j  dx

1.16.
- 3 dx.

r sin xdx 
b —\ 2 . " v7 + 2 cos x 
j л/sin x  cos5 xdx

x + (arccos 3x)'
1.3.

1.4.

1.5.

1 .6.

J X 'Г IIUVW J JA  / I---- ------------- ax
Vi -  9x2

f-v/l + Inx .I-----------dx

fi
\

X
^arclgx

dx.
+ x

dx
1.7 . Vv(l + V7)

П
cos xdx

i  ;
1.Н. VS1" r

r sill xdx 

1 9  ^3 I 2 cos jc
ДГ — f-dx.

1.10. 

I 11

1.12. 4л

1.13. !

4x + l7
dx

-dx

14.

2sin x —3cosx 
л-Г

1

1. 15.

+ 2x — x~.
f л2 -Iхdx.

хл1\ — In2 X 
dx

1.17. К ч х 2+\

I1.18. J W i + 4 - .
I sin 5x • cos xdx

1.19. J
x  + 2

1.20. jc3 -  2x2 + 2x
dx

sin5x -dx
1.21. 1 + cos2 5x

f 3~2cf  -dx
1.22. J cos x

г Зх2 + x2 + 5.x 4-1
1.23. ** *' + *

e dx

1.24. vv,aV’77. 
f.

dx

1.25. J <1 + x2 ){arctg x - 3)
г dx . ---- 2------------ -d x .

1.26. 008 *0 + &*)

f
e"xdx

1.27. * '^ - 5
J(x2 +2>)e~z*dx.

J (л 2) !л xdx.

г 8Г - 3*
1.30. ' 91

1.28.

1.29.

-ax
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jx ln (x 2 +\)dx  
2*2* *

2.
2 j  J arcsin xdx

C 8 jc —11

2.3. J V5 + 2 x -x z
5 x - l l

=fi6c

J2.4. + 2  + 1
d x

-ax

2.5, '  sin2 xcos2 jc■̂ sir

f x 2e~x/2dx.
2.6. ■»

2.7.

2 . 8 .

j x 2 cos Зла!*

J
arcsin x
Vl + .x

с/х

гих
dbc.

2.9. ^ * 2
r x + 2 7 —----------- ax.

2.10. 3 * + 2x + 5
ryl(4-x2)3
! j

2.11.

2.12.

dx.

r 3 x - 4  ,
... — ax.

л/бх—x 2 — 8
r sin2ja£cl _________
J2.13. 3sin x + 4

■ Vl + XX2 +«

2.14.
f x^ 4- 2

2.15. ^ 4 + 3x2

dx

dbc.

2.16.

2.17.

2.18.

2.19.

2.20. 

2.21.

2.22.

2.23.

2.24.

2.25.

2.26.

2.27.

2.28.

2.29.

2.30.

Зх—1 
x x + 2x + 2

■Jx \axdx.

Vx3 ~>fx

dx.

dx
6Mx 

(l-x)sinxiit.
2xО

-dx
e ‘ - !

arctg4xdx. 

x + 2
J 4 x 2 -  4x + 3 

5x -  3
■J2x + 8x +1 

(x2 +3)cosxt&

dx.

3x +2
x ‘ + 4x +12

-ax.

x +4
•Jl +  6x  — x ‘ 

dx

dx.

X  - - X

dx
л/3 —x —x 2

x + x + 5

б/х.

x (x + 3 )(x -2 ) 

2x + l

-с/х.

л/1 + б х -З х 2
c£c.
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3.

[ ~ ^ ± — dx.J t3.1. 5 л' + 3x + l 
3.x -13r ^ X  

J  r 2 _
-A.

3.2. x — 4x + 8
,■ Х‘й6с , 
h — 4 dx-3.3. ■’ I" - '
.• xdx

3.4. cos~x

3.5. . f "  л

I j - - d<
3.6. ' ^ З х : + 6x + l

г x +1— ------------- ax.
3>7> 4x - 1 2x + 3

x + 2

3.8. л/3 +  2 x  —;
:(fe.

dx
3.9. J 4x2- x '

3.10.

3.11.

3.12. 

.1.13.

3.14.

3.15.

x'dx
(x + 2) (x + 4)

l —2x ,
—- —— dx.

л 1 \-4 х 2

xdx

VI+ x 4 
Зх —7

x ' -i- x 2 + 4x  + 4
dx

2x1 — x — 1
dx.

x 1 -  x2 ~ 6x 

с 2л sm(e~2x)dx.

3.16.

3.17.

3.18.

3.19.

3.20.

3.21.

3.22.

3.23.

3.24.

3.25.

3.26.

3.27.

3.28.

3.29.

3.30.

r sin4x ,
J------------ dx.
J l + cos4x
r x + 5
* 2x2 + 2.X + 3

-dx.

J
dx

л/4х-Зхг -1
-dx.

с 2 x - l 0  .- -  — Qx. J • i , 2 
V1 +  X  -  X

!

y ll + X" 

x —4___

■Jx1 - 2 x  + 3 

xdx

fi£t.

г xdx 
- sin1 x

1 + Vx
-dx.

J~2—x + 42 + x‘~
•Ja - x

f llix
X

|£,2l SHl2x&.

r 5x + 3 
-j4x + 5 — x 2 

r dx 
■* x ln 5 x 

2x + 3

dx

dx.

f— —
J r 2 _x — 5x +7  

xdx

-Jx.

л/2х + 1 + 1
dLr.



\
4.

jc +  3

4 j ■* (x 4 2)(x2 4 x  4 1)
dx.

4.2.

J (Vx — V)(\[x 4
</x2

с x dx
4.3. > 9 ^ '

b  a •4.4. x +4x — x  —4

I— 3— 1— .fa.
4.5 . * —6x410

dx

dx

4.6. лД

r zx
J V1 4- vi

2x 41
4.7. * 4 2 x 4 2  

2x2 +1

-ox.

4.8. •*' + 2x 4 2x 
dx

ax.

J4.9. J 3 sin л:+ 4 cosx 

J  x2 cos 6xdx.
4.10.

f 2x -1
4.11. 5x2- x + 2 

г * -1-dx,

3.x - 7

4.13. x3+ x2+4x + 4 
r x - arctglx

dx.

4.14. J l + 4x
-dx.

4.15. J cos X

4.16.

4.17.

4.18.

4.19.

4.20.

4.21.

4.22.

4.23.

4.24.

4.25.

4.26.

4.27.

4.28.

2 xdx
(x + l)(x2 + X  4- 2) 

dx
5-4sinx

x2 -5xl2dx.

dx
V3JE41-1 

л/х' 1л xdx. 

dx.
x  - 1 6  

dx
\[x + 4 x  

dx
4sinx+3cosx + 5 

xdx 
2.x2 + 2x + 5 

2x —x
■dx.

( 7 - х У

X 2 — 2 x 4 1

X 4 2 x “ + X 
dx

dx.

x 4 2 x  — 9 

dx
x4 — 6x3 4  9x2 

dx

4.29. ' Vx 4 I 4 1

J  sin(ln x)dx.
4.30.
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йх

g  ■* у! \ - 2 х  — >]\ — 2 х

dx
I -J sir5.2 . J sm ^
с cosx

5.3. J 1 +■ siax
dx.

5.4.
j  cos3xcosxc£x

x  + 2
5.5. x ~2x +2x 

i- xdx

5.6. J

f ^ l * .
5.7. *

x 2dx

dx.

5.8. д/(2 - х 2)3 ' 

xdx

5.9. ’ Vl + 3

5.10.

5.11.

[  X s ^ / ( 1  4- X 3)

j 1112 xdx.

cos 2xcos2 xdx.
5.12. J

re*  +1
J dx.

5.13. J ^ - l

[х2е2*(&.
5.14. J

[ x2 sin xcfr.
5.15. J

1 - 25 .1 6 . J sin xcos x
dx

dx

V a+*2)3"5.17.
л

I sin x sin Зхйбг.
5.18. J

5.19. J d - s m 2 ) ^ .

f cfcc 
л/х —xz +15.20.

f. ‘dx
j ГГ 2

5.21. v4~*

5.22.
xdx

5.23. 2x' +5

f—-----<fc.
J v4 -  15.24. J x -1 6

л /2х-3
I dx.

5.25. '  x
dx

h5.26. J 5-3cosx 
|ln (x2 +1 )dx.

5.27.

J5.28.

f
dx

5 29 J  ( I - x 2) arcsin;

f - r — r — dx-5.30. } x * - 5 x 2 + 4
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f sin xdx  

V7~+2cosx 

f x 4 + 2 x - 2

6.2. b ? r r A

6.3 . l ^ y * -

6.4.

6.5. ^ ^ 7 * '

[Д -Л -
6.6 . ' 1 + ̂ *
^  Jcos2xsin x<£c. 

f sin2 xcos2 xdx.
6.8. J

I 3*zL  -A .
g ^ vx2 —4x4-1 

d x
f— — —6.10. s'n 3xcos 3x
I sin 2xcos 5xc&.

6.11. J

[
x + 1

6.12. j 3V3^+T
[х-5х<й.

6.13. J
x + 1

-dx.

h6.14. x2+x  + l

6.15.
f л/l + X
J Y-

6.17.

6.18.

6.19.

6.20.

6.21.

6.22.

6.23.

6.24.

6.25.

6.26.

6.27.

6.28.

6.29.

6.30.

6.16. J dx

г 5x3 - 8  ,
—:--------- dX.J Г3 - /

\ f \  +  X  -  л /Г +  X

J

x '  —4 x  

dx

x 4 + 2 x  + 2x2 
г 2x3 -  5x +1

-dx

,  t/x. 
■> X3 -2 x  + x
jsin5xcos3xdx 

rsm3x+ l ,
j ----- ~ dxJ COS X
f x2+l 
J ( * - l ) 3(* + 3)'

j (x + l)elt£t.

J sin2 xcos4 xdx.

J(l + sin4x)d!r.

з/Г
f---- JL. dx.
’ x(Vx+V 3x)

г dx
' 3 + 5sinx + 3cosx

L dx.
J 1 + cosx 
r dx

tg  3x

с/х
2sin x —cosx
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2. Nazorat ishi. 
“Differensial tenglamalar” (2 soat).

Berilgan differensial tenglamalami yeching.

1 .
1Л . у  '-y/x-1/(sin (y/x))=0.

1.2 . x d y - y c b ^ x 2 + y 2dX-
1.3. X2n ’=X)’+y2.
1.4. xdy=(x4~2y)dx.
1.5. y'+3y/x-2/xJ~0.
1-6. x 2dy+y2dx~3(x2-y2)dx. 
1.7. у'~4+у/х+(у/х)2.
1-8. (xJJry2)dx-xydy~ 0.
1.9. x y ’-y=x2cos x.

' 3
—y  = X.

1.10. y ’- x
1.11. y ’+2xy=2xy3.
1.12. x 3y'+x2y+x+l=0.

1.13. y'+2y/x= x

2.
2.1. y'cos2 x+y=tg x.
2.2. y'+y cos x~  cos x.
2.3. In cos ydx+x tgydy=0.
2.4. y'= tgx-tg у .
2.5. у  ’ cos x  In y~y.

2.x

e +x tg ydx  = —— dy.
2.6. x - l

t r%x—v
2.7. •
2.8. (l + e 2x) y ‘'dy = exdx.
2.16. y d x  ~(xy-x2)dy.

1.14. y'+ 2xy=  xe
1.15. xy+y2=(2x2+xy)y\
1.16. xy'+ y= sinx
1.17. xv'i y= sin  x.
1.18. xy '-y—x  tg (y/x).
1.19. y'-y/x=e>'/x
1.20. y'+ y tg x  = 1/cos x.
1.21. y'cos x-y  sin x  =sin x.
1.22. xy'= y+ x ev/x.
1.23. y '+ x y ^ x 3.
1.24. x  In (x/y)dy-ydx~0.
1.25. (xy ex/y+y2)dx=-x2 e *  dy.
1.26. x2y'~2xy+3.
1.27. dy= (y+ x2)dx.
1.28. (x2- l ) y ’-xy= x3-x.
1.29. y '-2xy= xe~ x2
1.30. x y '-3 y -x 4y 2.
1.31. у  '-у- e \

2.9.
3extg ydx = (1 + ex )sec‘ ydy.

2.10. УУ'!х +  еу =  0.
/у у  -j- y? —  ̂ sm x
2 (x "Ь ytycfcx -f ^
2.13. l+ ( l+ y '№ = 0 .
2.14.

2 15 У +  + + x2 "0 .
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—t V  = 1 -
2.17. y'+  x

4 xy  _ 1
2.18. _y'+ x 2 +1 x 2 +1
2.19. ху'=_у-лу.
2.20. (x2-2y2)dx+2xydy=0.
2.21 . x+j=xy'.

3 2

2.22. j '+  * x
2.23. >''x+y-=-xy2

2.24. xv 'in x  x
2.25. y 2+x2y'=xyy'.
2.26. y=y'!ny.
2.27. (x^-x^y'+j^+xy^O.
2.28. 5

y d x  = (1 — ex )scc2 ydy.

2.29. ( l+ y 2) d x - ^ * dy = ®
2.30. x +x_y +y '(y +xy) =0.

3.
3.1.j"co1?2x=/.
3.2 .y " tg y  = 2 (y )2.
3.3. y" x In x = yf.
3.4. ( l+ x 2)y"=3.
3.5. у " + 2y(y)3=0.
3.6. _y"+y' tgx=sin 2x.
3.7. y"=4 cos 2x.
3.8. yy"+y,2=0.
3.9. x3y"+x2y'= l.
3.10. х ^ б .
3.11. у  "sin 4x-sin  2x.
3.12. yyn+l=y*
3.13. x2y"=y"2.
3.14. y'2+2yy"=0.
3.15. y"=2yy\

3.16. 2xy 'y"= y '2-l.
3.17. 2yy"=l+y'2.
3.18. y " 2=y'2+l.

3.19. xy"-y'=x2e*' ■
3.20. x 2y"+ y'2=0.
3.21. x(y"+l)+y'=0.
3.22. x_y"=y'+x2.

-  y' = 0.
3.23. y " + x '
3.24. x 2y"=4.

3.25. y " = f i ~ y  •
3.26. у 3 у  ”--3=0.
3.27. xy"+2/=0.
3.28. 7+y'2+yy"=ft
3.29. ,y/'=y'2
3.30. / ’=2-.y.
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4.1 .y"-5y’+fy=x, у(0)=0, у ’(0)=1.
4.2. 4у”-8у'+5у=5 cos х, у(0)=0, у'(0)=-1/13.
4.3.у"+6у'+13у=26х-1, у(0)=0, у'(0)=1.
4.4. 2у"-у'=1 +х, у(0)=0, у'(0)=1.
4.5. у"-4у=2-х, у(0)= 11/2, у'(0)=1/4.
4.6. у"-у=со5 2х,у(0)=-1/5, у'(0)=].
4 .1 .у ,'-2у'+5у=5х2-4х+2, у(0)=0, уЩ =2.
4.8.у"+3у’-10у= хе 21, у(0)=0, у'(0)=0.
4.9.у"-2у'=ех(х2 + х -Ъ ) , у(0)=2, у'(0)=2.
4.10. у  "-4y'+4y=sin х„ у(0) -0, у ’(0)=0.
4.11.у ”-3у'+2у—- е~2х, у(0)=1, у'(0)=0.

4.12.у "+y=-cos З х ,у & / 2 ) =4, / О 72) =1.
4.13.у"-у= е2х, у(0)—1, у'(0)=2.
4.14. у ”-4у~ Зе~х, у(0)=0, у'(0)=0.
4.15. y"+4y~sinx, у(0)=0, у'(0)=0.
4.16. у"-2у'+2у=2х, у(0)=0, у'(0)=0.
4.17. 2у"+у’-у= 2ех, у(0)=0, у ’(0)=1.
4.18.у"-4у'+3у=--2е5,у(0)=3, у'(0)=9. 
4Л 9.у"+4у=5ех, у(0)=0, у'(0)=1.
4.20. у"+бу'+8у=3х2+2х+1, у (0)=17/64, у'(0)=0. 
4.21 ,у"+ у= хех, у(0)=0,5, у'(0)=1.
4.22.у"-у=2(1-х), у(0)=0, у'(0)=1.
4.23. у  "~у=9х е2х, у(0) =0, у'(О) =-5.
4.24. у  ”-бу '+9у= е3х, у(0 )=/, у  '(0) =0.
4.25. у  "+4у=х е~2х, у(0) =0, у  '(0) =0.
4.26.у"-4у+5у=хе2х, у(0)=-1, у ’(0)=0.
4.27. у  "-Зу '-4у=17 sin х, у(0) =-4, у  '(0)=0.
4.28. у"~3у'+2у= еЪх(Ь -  4х),у(0)=0, у'(0) =0.
4.29.у"+2у'+у= 9е2х +х,у(0)=1, у'(0)=2.
4.30. y"+y=sin 2х, у(0)=0, у'(0)=0.

4
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5.1 .у" + 4 у '+ 4 у= е2* / х У

5.2 .y" + 3y'+ 2y= l/eZ +1.
1

53.у"+ 4у=  cos2x

5 A . y " + y = - = i = .
V c o s 2 jc

1

5 .5 .у ”+5у'+6у=1 + е 2х'
5.6. y" +4y-ctg  2х.
5.7. y"-y=sh х.
5.8. у"-3у'+2у=2х

5.9. у"-4у'+5у= cos л:
5.10. y"+4y=cos2 х.
5.11. у"-бу+9у~- 
9х2 + 6 х  + 2 Зх  е
х  (Зх —2)

5.12. у " + 2 у '+ у = Ъ е~Х +

5.13. y"+y'=tgx.
1

5.14. у"+4у= °os2x

5.15. y" -y= ex - l '

5.16. _v 6у'+ 9у---36 ̂ хе~ *
1

5.17. y"+y = co s2 x
5.18. у"+4у=2 tgx.

1

5.19. у"-у'= 1 + е 'Х

1

5.20. у" + у=  s i n x '

5.21. у"+2у'+у= х

5.22. у"-2у'+ у= ^

2 + cos3 х
5.23. у"+у=  cos2 х
5.24. y"+y=tg2x.

5.25. у ”-3у'+2у= 1 + е \
4

5.26. у"+4у=  sin2 *

5.27. у"-2у'+у-~- х
1

5.28. / '+ у =  cos3 л-'
5.29. y"+y=ctgx.
5.30. у  "+4у '+4у= е ~2х 1п *•
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